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In this paper described is a novel method of generation
of nonnegative random variables T1,...,T,, which may
be dependent and which have an absolutely continuous
joint distribution. In this method first min(73,...,T,) is
generated and then one of the indices 1,...,n (j1, say)
is chosen and Tj,, is determined. Once Tj,,...,Tj, have
been determined, then minje(y,...n}—{j,,....jx} (Tj) is gen-
erated and one of the remaining indices (jr4+1, say) is

chosen and T; is determined. The novel method has

Jk41
a clear intuitive meaning, mainly for applications in re-
liability theory. The new method is applied to obtain
stochastic comparisons of two absolutely continuous ran-
dom vectors consisting of nonnegative random variables.
Also, the use of the new method is illustrated in obtain-
ing some multivariate aging properties and positive de-

pendence properties of vectors of random lifetimes.

1. Introduction. Consider an absolutely continuous nonnegative random
variable T with distribution function F, survival function F = 1 — F and hazard
function A = —log F. The random variable T’ can be thought of as a lifetime of a
device. The hazard rate (or the instantaneous failure rate of the device) at time ¢
is defined as

f(?) f@) _d
A(t) = ==%=—A(t),t>0,
@) P(T>t) F(t) dt ), 2
where f = %F is the density function of T'. It is well known (and easy to verify)
that T is stochastically equal to (that is, has the same distribution as) the time
of the first epoch of a nonhomogeneous Poisson process on [0, 00) with intensity
function A. Thus, in order to generate a random variable 7" which has the same
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distribution as T, one can generate a nonhomogeneous Poisson process with inten-
sity function A and let T be the time of the first epoch in that process. ThisAcan
be done by generating a standard exponential random variable S and define T' by

=inf{t : A(t) > §} = A71(S);

see, e.g., Lewis and Shedler (1979), Ross (1985), and Shanthikumar (1986).

The purpose of this paper is to give a multivariate analog of this univariate
result. This is done in Section 2 where we introduce a method (called the dynamic
constructzon) which, for every nonnegative absolutely continuous random vector

= (Ty,...,Ty,), constructs a random vector T = (Tl, LT ) of times of first

epoch of some nonhomogeneous Poisson processes such that T st T (in this paper

St Jenotes stochastic equality).
A random variable X is said to be stochastically smaller than a random variable

st
Y (denoted X < Y) if, for every t, P{X > t} < P{Y > t}. A random vector
X = (Xi1,...,X5) is said to be stochastically smaller than a random vector Y =

(Y1,...,Y;) [denoted X S<__t Y] if g(X) sst g(Y) for every increasing Borel measurable
real function g. A function g is called increasing if g(z1,...,Zn) < 9(¥1,-+-,¥n)
whenever (z1,...,2,) < (¥1,---,Yn). [In this paper ‘increasing’ and ‘decreasing’
are not used in the strict sense. For vectors x = (21,...,2,) and y = (¥1,.-+,Yn)

s
we denote x < y to mean z; < y;, i,...,n.] It is well known that X < Y if and
only if

(1) Eg(X) < Eg(Y)

for every increasing Borel-measurable real function g for which the expectations

st
exist. Another condition which is equivalent to X <Y, is
P{XeU} < P{YeU}

for every Borel set U which has an increasing indicator function [such sets are
called increasing (or upper) sets].

If X and Y are nonnegative absolute continuous random variables with hazard
rate functions p and 7, respectively, then it is well known (and easy to verify) that

(2) (1) 2 (1), > 0] = X SV,

It follows that if X = (X3,...,X,) and Y = (Y3,...,Y,) are vectors of inde-
pendent nonnegative absolutely continuous random variables such that the hazard
rate functions of X; and Y; are yu; and 7;, respectively, ¢ = 1,...,n, then

st
(3) [wi(t) > mi(2), t20, i=1,...,n] = X< Y.
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It is not hard to show that the converse of (2), and hence also of (3), is false.

In this paper we extend (3) to random vectors X and Y which may have
dependent components. This is done in Section 3 where random vectors X and
Y are constructed simultaneously (on a common probability space), using the

dynamic construction, such that X and Y satisfy: x st X, Y st Y and P{X <
Y} = 1. The results are similar to those of Shaked and Shanthikumar (1987a),
but the proofs are different.

The rest of the paper (Sections 4 and 5) consists of applications of the results of
Section 3. In Section 4 we identify some conditions on the hazard rates of a random
vector T (the hazard rates are defined in Section 2) which imply that T satisfies
the MIHR| F; property of Arjas (1981a). In Section 5 we show that another set of
conditions on the hazard rates imply that T has the WBF (weakened by failures)
property of Arjas and Norros (1984). In particular, such random variables are
associated in the sense of Esary, Proschan, and Walkup (1967).

In this paper, for ¢, > 0, we will consider nonhomogeneous Poisson processes
on [t.,00) with intensity function A defined on [t.,00). By this phrase we mean
nonhomogeneous Poisson processes which start counting at time ¢,, or, equiva-
lently, nonhomogeneous Poisson processes with intensity 0 on [0,¢,) and intensity
A on [t,,00).

2. The Dynamic Construction. For the purpose of generating a random

vector T, such that T st T for some given T, two alternative constructions have
been used. They are the standard construction (see, e.g., Arjas and Lehtonen
(1978)) and the total hazard construction (see, e.g., Norros (1986) and Shaked and
Shanthikumar (1986a, 1987b)). If T is n-dimensional, then each of these construc-
tions requires n uniform random variables in order to generate T. The dynamic
construction, described below, requires more than n uniform random variables
but it has an intuitive meaning which has theoretical and practical advantages,
especially in reliability theory.

In the dynamic construction, the random variables Ti,...,T,, are thought
of as the lifetimes of n components numbered 1,2,...,n. The dynamic point
of view can be described as follows: Let ¢ > 0 be zero or an observed time of
failure of one of the components. Assume that at that time ¢, it is known which
components are still alive and the failure times of the components which fail before
or at time t. Given this information, the dynamic construction considers then
the conditional distribution of the time to next failure, t’ say (¢ > t), and the
conditional probability that this next failure is of a particular component of those
still alive at time ¢t. The time t’ is a new starting point at which the conditional
distribution of the following failure and the identity of the next failed component
are considered. This is done inductively until all n components have failed.

Given that ¢t > 0 is a failure time of a component and that components #;,..., %
are still alive then [if £ = 0 then k = n and {¢1,...,i,} = {1,...,n}], the next
failure time is min(7;,,...,T;,) and, in the dynamic construction below, this time
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is described (as in the univariate case, see Section 1) as the time of the first
epoch of a nonhomogeneous Poisson process, starting at time t, with intensity
function depending on the observed ‘history’ up to time ¢. Once min(73,,...,T5,)
is observed, at time t’, say, the identity of the failed component (which must be one
of 41,...,1x) is chosen according to the conditional distribution [on {71,...,%}] of
the component identities given in the history up to time t'— and that a failure has
occurred at time #'.

For example, in the bivariate case there are two components, 1 and 2, which
start to live at time 0. First consider the distribution of min(77,7;) with hazard
rate function A, say, on [0,00). It is the distribution of the time of the first epoch
in a nonhomogeneous Poisson process with intensity function A. Next, given that
min(Ty,T>) = t, say, choose an i from {1,2} according to the probability p(7),
i = 1,2, where p;(¢) is the conditional probability [given min(Ty,T2) = t] that
component ¢ fails at time ¢ [that is, that in fact min(Ty,T;) = T;]. Note that
p:(1) + pi(2) = 1 for all t. This way, one of the T;’s (the smallest of the two)
is stochastically represented as the time of the first epoch of a nonhomogeneous
Poisson process. Finally, given that min(7},T;) =t and that min(Ty,T%) = T; for
some i€{1,2}, let A3_; (which may depend on t) be the (conditional) hazard rate
function of the surviving component on [¢,00). The random variable T3_; can also
be stochastically represented as the time of the first epoch of a nonhomogeneous
Poisson process (with intensity function A3_;). It is not hard to see that the func-
tions A(+), p.(1), p.(2), A1(-) and Ay(-) determine the distribution F of (T3,T5)
[see, e.g., Cox (1972) or Shaked and Shanthikumar (1986b)]. In the bivariate case
these functions (and similar ones in the case n > 2) will be the building blocks of
the dynamic construction described below.

In general, let T = (T1,...,T,) be a nonnegative absolutely continuous ran-
dom vector to be thought of as a vector of lifetimes of » components. For
I={i,...,i} C{1,...,n}, let t; denote (¢;,,...,t;,). The complement of I will
be denoted by I = {1,...,n} =T and if I = {ji,...,Jn-k} thent; = (¢, ..., % _,)-
Let e = (1,...,1). The length of e will vary from one formula to another, but it
will always be possible to determine it from the expression in which e appears.

We will often consider the conditional distribution of T given that T; = t;
and that Ty > te for some t; > Oe and t > \/;.rt; = max{t; : iel}. Then, for éel,
the conditional density of T}, at time ¢, given the above information, will be called
the conditional hazard rate of T; (or the conditional instantaneous failure rate of

component ¢) at time ¢. It will be denoted by A;(t | Tf = t;, Tr > te). Formally,
for iel,

Ai(t | T;=t; Tr>te)

1
(4) =Alitri10EP{tSﬂSt+At|Tj=tj, Ty > te}.

The absolute continuity of T ensures that this limit exists. To save space we
sometimes suppress the condition Ty > te and just write A\;(t | Ty = t7, -) but
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the reader should keep in mind that ‘> means Ty > te with ¢ being the same as the
first argument of A;. The function A;(- | Ty = tf, -) will be of interest to us only
on the (random) interval (ma.chf T;, min;s T,'), however, to avoid a discussion
of such random hazard rate functions [such a discussion can be found in Arjas
(1981b)] we do not emphasize this point here. Note however, that A(- | T = tz,-)
of (4) is well defined for almost every ¢ > V/;rt;.

The absolute continuity implies that, with probability one, no two failures can
occur at the same time. Thus, for ¢t > \/, rt;,

(5) Ar(t| Tr=tr, Tr>te)=> X(t|Tr>tr, Ty > te)
tel
is the conditional hazard rate of min;.7(7;) at time ¢. For ¢el, denote

pi(i | Tr=ty, Ty > te)
Ai(t| Tp=t;, T 2>te)
Ar(t| Ty = ty, T > te)

(6) = P {mm TJ = T‘t I TI‘ = tf, TI 2 tea mln(I}) = t} :
jel gel

In the sequel we will also suppress sometimes the condition T; > te in (5) and (6)
and just write A7(¢ | Ty = tr,-) and pi(é | Ty = tr,-). Note that for t > V;rt;,
Eie[ pt(l l T]" = tI‘, ') =1 and that

(7) At | Tr=tr,-)=pe(¢| Tr=tp,)As(t | Tr = tp,-).
For a nonnegative random vector (73,...,7,) the dynamic construction of

(Tl,...,Tn), such that (Tl,...,ff’n) st (Th,...,Tys), consists of the following n
steps:

Step 1: Consider n independent nonhomogeneous Poisson processes on [0,00) in-
dexed by ie{1,...,n} with intensity function \;(¢ | T > te), t >0, i =1,...,n.
If Process j; yields the first epoch (out of all the n processes) then let the time of
this epoch be 77,.

Step 2: Given that Step 1 resulted in 7}, = t;,, consider n — 1 independent
nonhomogeneous Poisson processes on [t;,,00) indexed by iel = {1,...,n} — {j1}.
For iel let the intensity function of Process i be (¢t | T}, = tj, Tr > te), t > t;,.
If Process ja(el) yields the first epoch (out of all the n — 1 processes) then let the
time of this epoch be T7,.

Step k + 1: Given that Steps 1,...k resulted in T}, = t;,,...,Tj = tj,, let
I={1,...,n} = {s,...,Jk} and consider n — k independent nonhomogeneous
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Poisson processes on [V/;.rt;,00) indexed by iel. For iel let the intensity function
of Process 7 be A;(- | Ty = ty,) on [V 1 tj,00). If Process ji41(el) yields the first

epoch (out of the n — k processes) then let T, +1 be the time of this epoch.

Step n: Given that Steps 1,...,n — 1 resulted in le = 1j,.. "Tjn—l =tj._,, let
I={i.}=1{1,...,n} = {j1,-.-,Jn-1} and consider a nonhomogeneous Poisson
process on [V/; 7%, 00) with intensity functions A;, (¢ | T = tf, Tj, > t). Let the
time of the first epoch of this process be Tj,,.

The verification that (T}, ...,T,) &t (Ty,...,Ty) is straightforward. It follows
from the following representation of the joint density f(t1,...,t,) of (T1,...,Ty):
For0<t <--- <y,

fQ1,--5tn) = Mt | T > t1e) exp{—Ag,. .n)(t1)}
x{ Tt | Tq,.i-1) = t,..i-13 )
s

X exp{—(Ag,.n3(t: | Tqa,.ic1) = tg1,.i-1}> Tiirny 2 ticae))}},

and similar expressions are valid when 0 < #,(;) < - -+ < ty(,) for any permutation
7 of (1,...,n) [see, e.g., Cox (1972) or Lemma 1.1 of Shaked and Shanthikumar
(1986b)]. Here Agy . .3(t) = IN A,..m)(u | T > ue)du, for t > 0, and Af(t | Ty =
tr, Tr > (Viertie) = f\t/,.dt.' Ar(u | Ty = ty, Tr > ue)du for I C {1,...,n} and
t2 Vierti-

For some purposes the following modified dynamic construction is more useful
than the dynamic construction described above:

Step 1: Consider a nonhomogeneous Poisson process on [0, c0) with intensity func-
tion Agy, . n)(t| T > te), t > 0. At the time s, say, of the first epoch, choose an
index ¢ with probability P{the index i is chosen} = p,(i | T > se), i =1,...,n.
If the chosen ¢ is 7; then let le =s.

Step k 4 1: Given that Steps 1,...,k resulted in T}, = t;,,...,T;, = t;, let
I={1,...,n} - {j1,---,7%}. Consider a nonhomogeneous Poisson process on
(Vier ti, 00) with intensity function Af(- | Ty = tz,-). At the time s, say, of the
first epoch, choose an index from I with probability p,(i | Tf = tz,-), sel. If the

chosen index i is jx41 then let T}, n =S
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Step n: The last step is the same as in the dynamic construction.

3. Stochastic Ordering Via Conditions on the Hazard Rates. Let
X =(X1,...,Xn)and Y = (Y1,...,Y,) be two nonnegative absolutely continuous
random vectors. For any set I C {1,...,n} and fixed t; > Oe, t > \/; rt; and iel,
let the conditional hazard rates of X; and Y; be defined (as in (4)) by

pi(t | Xy =tr, X1 > te) = pi(t | X = tf,°)

1
(8) = lim —P{t< X;<t+At|Xp=1p, X; > te}

and

n(t | Yr=tr Yr>te)=ni(t| Yr=1p,-)

9) =A]_31£0—Al—t-P{tSY,'St+At|YI-=tj, Y > te}.

In this section we find sufficient conditions on the p;’s and 7;’s which imply

st
that X < Y. The following main result of this section is a multivariate analog of
(2). Here, and in the remainder of the paper, for I C {1,...,n} and t; > Oe, we
denote M(t;) = V. ti where \/;;t; = 0if I = . Similarly, for (not necessarily
disjoint) sets I,J,K,--- C {1,...,n} and t; > Oe, t; > Oe, tx > Oe,..., we
denote M(tr, ty, tx,...) = (Vi ti)V (VjeJ tj) VVieexte) V...

THEOREM 3.1. Let X and Y have conditional hazard rates as in (8) and (9). If
for all disjoint sets I,J C {1,...,n} such that IU J # 0 and for all fized t; > Oe,
the following holds:

pe(M(ts,t0) +u | Xy = tr, Xy = ty, Xg7 > (M(ts, t1) + u)e)
(10) >me(M(ts,tr)+u|Yr=tp, Yf > (M(ty,tr) + u)e)

- - st
whenever t; < ty, u > 0 and kel UJ (J may be the empty set), then X < Y.

REMARK 3.2. Roughly speaking, the events on which the failure rates are
conditioned in (10) are two histories of the same length M(t,ts). The history on
the left hand side of (10) has more failures than the history on the right hand side,
and, for components which failed in both histories, the failure times in the former
are earlier than in the latter. Condition (10) says that whenever the histories of
X and Y can thus be compared, then the failure rate, under the law of X, of each
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surviving component in the history of X, is larger than the failure rate of the same
component under the law of Y.

REMARK 3.3. If X and Y are vectors of independent random variables with
hazard rate functions satisfying the condition in (3) then (10) holds. Thus Theorem
3.1 contains Result (3) as a special case.

The proof of Theorem 3.1 is given in the Appendix.

In Sections 4 and 5 we need a slight generalization of Theorem 3.1. We will
need to compare random vectors X = (Xy,...,X,) and Y = (¥3,...,Y,) where
Y is nonnegative and absolutely continuous on [0,00)", but X may have some
components which are identically zero, that is, X is of the form [relabelling com-
ponents if necessary] X = (0,...,0, X¢41,...,Xy5) for some £e{0,1,...,n — 1},
where (X¢41,...,Xy) is nonnegative and absolutely continuous on [0, 00)"~¢. We
will condition on events of the form {X; = t;, X; > te} t > M(t;) where
I>{1,...,£} and t(y, ¢ = Oe. For ieI, the conditional hazard rate at time t of
X, given X; = t; and Xj > te, denoted by u;(t | X1 = tr, X > te), t > M(ty),
is well defined as in (8). Condition (10) then is well defined for every I > {1,...,4}.

THEOREM 3.4. Let X and Y be as described above. If for all disjoint sets I,
J CA{1,...,n} such that (U J) D {1,...,£} and TU J # 0 and for all fized t;,
- - st
condition (10) holds whenever t; < tr [t51,..03 = Oe], and kel U J, then X < Y.

The proof of Theorem 3.4 is similar to the proof of Theorem 3.1. Instead of
starting with Step 1 one defines X; = --- = X, = 0 and then starts the construction
(described in the proof of Theorem 3.1) in step (£ + 1).1. We omit the details.

4. Hazard Rates and the MIHR| F; Property. Let T},...,T, be non-
negative random variables to be thought of as lifetimes of components numbered
1,...,n. Let Z; be the life indicator of component %, that is,

Z,'(t) = 1ift < T;,
= 0ift > T;.
For t > 0, let F; be the o-field generated by {Z;(s):0<s<t, ¢ =1,...,n}, that

is,

(11) Fi=0(Zi(s):0<s<t, 1<i<n).
We will condition on sets in F; of the form
Ay = {T1 =t1, T; > te},

where I C {1,...,n} and ¢t > M(ty). Thus A, is an observed history of components
1,...,n until time ¢. It describes which components are still alive at time ¢ and
the failure times of the components that are already dead at time ¢.
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Let 6, denote a shift by ¢ in time and define
0:T; = (T; — t)* = max(T; -, 0), i=1,...,n, t>0.

Denote T = (Tl, e ,Tn) and OtT = (0tT1, ceey 0,Tn)
Arjas (1981a) considered the class of multivariate increasing hazard rate (MIHR)
random vectors described in the following definition.

DEFINITION 4.1. The random vector (T4,...,T,) is called MIHR relative to
(Ft)t>o0 [denoted by MIHR| (F;)¢>0 or just by MIHR| F;] if for all ¢ < ¢ and all
Borel upper sets U in R™,

(12) P{OtTeU | ft} Z P{Ot:TeU I ftl} a.S.
For the random vector T let the conditional hazard rates be defined as in (4).

THEOREM 4.2. Suppose that the conditional hazard rates of T satisfy:

(i) For disjoint sets I, J C {1,...,n}, J # 0 and fized t;y5 > Oe,
t; > Oe, kel U J,

Me(M(tr,tnts)+u| Tr=t1, Ty =ty,-)
(13) > M(M(tn,t,t)+u| Tr=15,), u> 0.

(ii) For disjoint sets I, J C {1,...,n} and firedkeIUJ, t < t', t; < te, t; > te
and tj > te such that t; —te > t; — t'e,

Ak(t’-*'M({J) —t+u|Tr=t;, Ty=ty,-)
(14) > /\k(M(EJ) +u|Tr=t;, Tyj= {J,'), u > 0.

Then T is MIHR| F;.

REMARKS 4.3.

(a) Condition (i) means that the smaller is the working set, the larger are the
instantaneous failure rates of the surviving components.

(b) In Condition (ii) two histories are compared. The ‘future’ of one starts at
M(ty) = t + M(%;) — t and the future of the other starts at ¢’ + M(ts) —
t. In both histories t; are identical. The (known) T; may be different,
however the (known) Ty in the respective histories satisfy 0,85 > 6uty.
Condition (ii) states that then 0M(E,)TI—U7 (which are the ‘future’ of one
history) have smaller instantaneous failure rates than 6,, M(E)- . T157 [Which

are the ‘future’ of the other history].



424 Moshe Shaked and J. George Shanthikumar

(c) Substituting t = 0, t; = ts, I = 0 in (14) we see that for every set
J Cc{l,...,n} and every ¢ > 0 and keJ,

M(M(ts)+t +u|Ty=ty,)
(15) > M(M(ty)+u|Ts=ts,-), u>0.

That is, all the conditional hazard rate functions are increasing between
failures. Our condition (ii) requires more than this local IHR property.

(d) In the proof of Theorem 4.2, Condition (i) is used to compare two conditional
hazard rates given (two) histories in which different numbers of components
are known to have failed already. In contrast, Condition (ii) is used to com-
pare two conditional failure rates given (two) histories in both of which the
same components (indexed by iel U J) have already failed and the compo-
nents indexed by il U J are still alive.

(e) If T1,...,T, are independent, absolutely continuous IHR random variables
then it is easily seen that (i) and (ii) hold. Thus Theorem 4.2 agrees with a
result of Arjas (1981a) which states that independent IHR random variables
are MIHR| F;.

ProoF oF THEOREM 4.2.: Fix t and t' (¢ >t > 0). Let

(16) D; = {Tp=tp, Tg 2 te}
(17) Ey, = {Tg=tp, Tc=tc, Tgges2> t'e}

where B, C C {1,...,n} are disjoint and tp < te, te < t¢ < t'e. Denote the
cardinality of B by #(< n). Notice that given D; [respectively, Ey], 6;Tp = Oe
[respectively, 8, Tp = Oe]. Let V [respectively, W] be an #-dimensional random
vector distributed according to the conditional distribution of 6;T5 given D; [re-
spectively, 0y T g given Ey]. We will show that

st
(18) V>W
and then (12) follows.

Notice that when C # ( then, with probability one, W¢ = Oe whereas Vo >
Oe. Hence in order to prove (18) we will use Theorem 3.1 when C = () and Theorem
3.4 when C # 0.

Given, for some I C B, that Vi = sy and Vigg > se (where se > sy), the
conditional hazard rate of Vj at s (where kel U B) is

€ | Vi =sj, V_BW > se)
(19) = X(t+s| T =tp, Ty =sr+te,-), s > M(sy),



Dynamic Construction and Simulation of Random Vectors 425

where )y, is the conditional hazard rate function of Tk as defined in (4). Similarly,
given, for some ¢ C BUC, that Wy = sy and W—lB c = se (where se > sy), the
conditional hazard rate of Wy at s (where kel UBUC) is

pr(s | Wi = s, Wggegr 2 se)
= X(t'+ s | Tp =tB, Toc =tc, Ty =sr+te,
(20) Tm 2 (S + t')e), s> M(S[).
In order to prove (18) we will show that the 7’s and pi’s defined in (19) and

(20) satisfy the fi-dimensional version of (10), that is, for all disjoint sets I, J C B,
such that BN(JUJ)# @ and (JUJ) D C,

pe(M(tg, 1)+ u | Wr =11, Wy =t5, Wagog = (M(ts,t1) + v)e)
(21) > nk(M(tJ,iI) +u|Vr= E[, Vm > (M(t,],%[) + u)e),

whenever t; < t7, > 0 and keI UJ U B.
Two cases will be considered.

Case 1: C = . First we show that (21) holds when J # . Let I and J be as in
(21) and let t; < ty, u > 0 and kel U J U B. Then, from (19) and (20) [here LHS
and RHS stand for ‘left hand side’ and ‘right hand side’],

LHS(21) = /\k(M(t’e+tJ, t'e + i[) +u|Tg=tg, Ty =t;+te,
Ty=ts+te, ),

RHS(21) Ar(M(te + tg, te +{1) +u|Tg=tg, Tr=tr+te, ).

Hence

RHS(21) < Me(M(t'e + ty,t'e + E[) +u|Tg=tg, Tr =17+ te, 2
(22) < LHS(21),
where the first inequality follows from (15) and the second from (13).
Now we show that (21) holds also when J = () (recall that we still assume
C:@) Let I C B,
(23) t; < tg,
and kel U B. Then

LHS(21) = ,uk(M(EI) + u | Wi =tj, Wm > (M(i[) + u)e)
(24) =)\k(M(t'e+E1)+u|TB =tg, T1=t/e+t1, ),
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RHS(21) = ﬂk(M(EI) +u|Vy= {I, VIUB > (M(tI) + u)e)
(25) = M(M(te+tr)+u|Tp =tp, T =te+ts, ),

Now, in (14) plug:

B in place of I,
I in place of J,
t;+t'e in placeofty,
(26) t7+te in place of t;.

The resulting LHS (14) is equal to (24) and the resulting RHS (14) is equal to (25).
By assumption, (14) holds if ¢, ¢/, t; and £ there (in (14)) satisfy t; —te > t;—t'e.
This inequality translates (through substitution (26)) to t; < t; here (in (24) and

(25)); the latter is true by (23). Thus, from (ii) we obtain that LHS (21) [i.e., (24)]
> RHS (21) [i.e., (25))].

Case 2: C # 0. Let I, J C B be disjoint sets such that BN (TUJ) # @ and
(uJ) D> C. In LHS (21) we only have to condition on W5 and W j~ because

W = 0. Let tjnc > Oe, tjng > Oe, t;ng > t;na > Oe, u > 0 and kel UJ U B.
Then

LHS(21) = M(M(tjop + t'e, tjnc +t'e) + u |
T =tB, Tc =tc, Ting =ting + te,
(27) T = tinc + t'e, ‘),

RHS(21) = Ae(M(tjnc + te, i3'Inc_’
(28) +te) + u | Tp = Tp, TI=E1+te, ).

If J # 0 then in LHS (21) [of (27)] it is given that more components have
already failed than in the condition given in RHS (21) [of (28)]. So the fact that
(27) > (28) follows from (15) and (i) as in (22).

If J = 0 then in both (27) and (28) it is given that the same number of
components have failed (though possibly at different times). For this case the
proof of (27) > (28) uses (ii) and is similar to (though notationally somewhat
more involved than) the proof of (24) > (25). We omit the details. ||

REMARK 4.4. Condition (i) of Theorem 4.2 looks simple (see Remark 4.3 (a))
but it is stronger than what is really required. A careful study of the proof of
Theorem 4.2 shows that the following condition (which is weaker than (i) and (ii)
combined) implies that T is MIHR| F:
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(iii) For disjoint sets I, J, L C {1,...,n} and fixed keTUJUL, ¢t < ¥, t1 < te,
ty > te, t; > te and tr > te such that t; —te > t; —t'e (L may be empty),

/\k(t'—t-l-M(E_], tr)+u|Tr=t;, Ty=ty, T =1, 2)
(29) > M(M(ty, tr)+u | Tr=t;, Ty=1y,), u>0.

To see that indeed (iii) is weaker than (i) and (ii) combined, note that if L # 0
then (29) follows from (13) and (15). If L = @ then (29) is the same as (14).

5. Hazard Rates and the WBF Property. Let T7,...,T, be nonnegative
random lifetimes as in Section 4. Fixt > 0, B C {1,...,n} [such that B # 0], £eB
and tg < te. Consider the two histories

(30) D= {TB =tg, TB 2 te}a

(31) E={Tg=tp, T;=1t, Tg_(g 2 te}.

Let V [respectively, W] be distributed according to the conditional distribution of
6, T given D [respectively, E]. Arjas and Norros (1984) studied random vectors
T = (T1,...,T,) which have the property given in the following definition.

DEFINITION 5.1. The random vector T = (T3, ...,T,) is said to be weakened
by failures (WBF) if for all t > 0, B C {1,...,n} [such that B # 0], £eB and
tp < te, the random vectors V and W satisfy

st
(32) V>W.

THEOREM 5.2. Suppose the conditional hazard rates of T satisfy (i) of Theorem
4.2 and

(iv) For every set I C {1,...,n} and fized t1, t; [such that t; < t7] and kel,
/\k(M({I) +u|Tr=tr ) > /\k(M(EI) +u|Tr= tr, ), u>0.

Then T has the WBF-property.

REMARK 5.3. In Condition (iv) two histories of the same length and with the
same number of failures are compared. The history with the earlier failure times
yields higher failure rates for the surviving components.

ProoF oF THEOREM 5.2: Suppose the cardinality of B is #(< n). Since
W, = 0 with probability one, whereas V; > 0, use will be made of Theorem 3.4.

For I C B, given V1 = sy and Vigg > se (where s > M(sy)), the conditional
hazard rate of Vj at time s, where keB U [, is
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(33) m(s|Vi=s, Vgr > se)=A(t+s|Tp =tp, Ty =sr+te, ),

where Mg is defined as in (4). Similarly, for I C BU{{}, given W = sy,

WWJ{T} > se (where s > M(sy)), the conditional hazard rate of Wy at s, where
keBUITU {¢}is

(s | Wi =s1, Wegiorg 2 se)
(34) =Ak(t+S[TB=tB, Tl=ta Ty = sy +te, ')‘

In order to prove (32) we will show that the 7;’s and p’s defined in (33) and
(34) satisfy the #i-dimensional version of (10) required in Theorem 3.4. That is,
for disjoint sets I, J C B, such that BN (JUJ) # 0 and £el U J,

pe(M(tg,80) +u | Wy = t1, Wy =t5, Wegrgs = (M(t5,%1) + u)e)
(35) > m(M(ts,tr) +u| V=11, Vgg7 > (M(ty,t1) + we),

whenever t; < t7, u > 0, keI UJ U B. Since £el U J, the LHS (35) is well defined
only if t, = 0, #, > 0.
If £ ¢ I then J # () because £eJ. Then from (i) it follows that

Ae(M(tg,tr)+t+u| Tp,=tp, Tr=tr+te, Ty =1t;+te,-)
(36) > M(M(ts,tr)+t+u| Tp,=tp, Tr=tr+te, -).

But in this case [J # 0] (36) is equivalent to (35).
If eI and J # 0 then, in a similar manner, one can again obtain (35) using (i).
If J = @ (then of course £eI) then (35) is equivalent to

M(M(&1)+t+u|Tp=tp, Tr=tr+te, )
(37) > M(M(E1) +t+u| Tp =tp, Tr =11 +te, ).

But (37) follows from (iv).

Thus (35) holds for every choice of I, J C B [such that BN (TUJ) # 0 and
Le(TUJ)], t; < t7,u > 0 and keI UJ U B and the stochastic comparison (32) now
follows from Theorem 3.4. ||

From Theorem 1 of Arjas and Norros (1984) it follows that if an absolutely
continuous T has the WBF property then T is a vector of associated random vari-
ables (in the sense of Esary, Proschan, and Walkup (1967)). Thus from Theorem
5.2 we obtain:
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THEOREM 5.4. Suppose the conditional hazard rate functions of T satisfy (i)
of Theorem 4.2 and (iv) of Theorem 5.2. Then T is a vector of associated random
variables.

REMARK 5.5. In the proof of Theorem 5.2, Condition (i) is applied only with
t; < 7. Thus the conclusions of Theorems 5.2 and 5.4 are valid under the following
condition (which is weaker than (i) and (iv) combined):

(v) For disjoint sets I, J C {1,...,n} and fixed t, t;, ts [such that t; < t]
and kel U J (J may be empty),

Me(M(Er,t5)+u| Ty =tr, Ty=ty)
> M(M(tr,ty) +u| Tp=t, -),u>0.

The results of Sections 4 and 5 can be applied to various stochastic models.
We will not give details of the applications here because they are similar to the
applications given in Section 6 in Shaked and Shanthikumar (1987a).

Appendix: Proof of Theorem 3.1. Using the dynamic construction de-
scribed in Section 2 we will construct simultaneously two random vectors X and
Y on a common probability space such that

(38) X¥x,

(39) vy,

and

(40) X < Y with probability one.

Then, for every increasing Borel measurable function g,
Eg(X) = Eg(X) < Eg(¥) = Eg(Y),

provided the expectations exist, and the desired result then follows from (1).
We describe the construction of X and Y according to the steps (Step 1 through
Step n) of the construction of X.

Step 1: Consider n independent nonhomogeneous Poisson processes on [0, 00) in-
dexed by €{1,...,n} with intensity functions p;(t | X > te),t > 0,i=1,...,n. If
Process j; yields the first epoch (out of all n processes) at time ¢;, , say, then let this
time be X;,. Also, with probability 7, (¢;, | Y > tj,e)/p;, (¢, | X > tj,e) let this
time, t;,, be also Y;, and with probability 1—n, (;, | Y >t e)/p; (8, | X 2> tje)
delay the determination of Y;, for a later step. If X;, = YJ1 then go to Step 2.2.
If Y]] has not yet been determined then go to Step 2.1.
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The proof of Theorem 3.1 continues after Remark A.1.

REMARK A.l.

(a) For Step 1 to be sensible it is required that
i, (8, | Y > t;,€)/p;, (8, | X > tj,e) < 1, but this follows from (10).

(b) At the conclusion of Step 1, X j; has been determined (and perhaps also f’]l)
and

(*.1) X; < Y]1 with probability one,
because either ¥;, = X;, or YJl is going to be determined at (and then be
equal to) some time after t;,

(c) The next steps will be indexed by a pair m.£ (£ < m). For 1 < £ < m < n,
Step m.£ produces one of the following:

(a) Generates just the m-th X (and the procedure then proceeds to Step
(m+ 1).0).

(B) Generates just the £-th Y (and the procedure then proceeds to Step
m.(£ + 1)).

(7) Generates both the m-th X and the £-th ¥ (and the procedure then
proceeds to Step (m + 1).(£ + 1)).

For £ = me{l,...,n}, Step m.m produces either (e) or (7). For £ < m =
n+ 1, Step (n + 1).£ produces only (8). The procedure ends upon entrance
to Step (n + 1).(n + 1) which is vacuous.

ProOF OF THEOREM 3.1 (continued):

Step 2.1: 1t is given, for some jie{1,...,n} and t;, > 0, that le =, X{l,...,n}—{j;}
> t;e and Y > t; e. Consider (n — 1) + 1 independent nonhomogeneous Poisson
processes on [tj,00). Let the first n — 1 processes be called processes of type 1
and call the last one a process of type 2. The n — 1 type 1 processes are indexed
by iel = {1,...,n} — {j1}. For iel let the intensity function of the type 1 process
i be pi(t | X;, =tj, Xy > te), t > t;,. Let the intensity of the type 2 process
be n;,(¢ | Y > te), t > ¢;. If the type 2 process yields the first epoch (out of
all n processes) at time £j, , say, then let the time of this epoch be ¥;, and go to
Step 2.2. If the type 1 process jy(el) yields the first epoch (out of all n processes)
at time t;,, say, then let the time of this epoch be X jp- Also, in this case, with
probability n;,(t;, | Y > tj,e)/u;, (2, | X; = t;, X1 > tj,e) [which is < 1 by (10)]
let the time of this epoch, t;,, be also Y}, and go to Step 3.2. With probability
1 -5, | Y > ti,e)/p;,(t, | Xj =tj,, X1 > tj,e) delay the determination of
sz for a later step and go to Step 3.1.
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Step 2.2: 1t is given, for some ji€{1,...,n} and fixed t; < t~j1 , that X'jl =t;, f’jl =
Gy X1, ={ia} = 1 Jle and Y{l n}={i1} > tje. Consider n — 1 independent
Poisson processes on [f;,,00) indexed by iel = {1,...,n} — {j1}. For iel let
the intensity function of Process i be pu;(t | X; = tn, Xr>te),t>1t,. If
Process jp yields the first epoch (out of all the n — 1 processes) at time ¢, say,
then let the time of this epoch be X;,. Also with probability M3 (i, | Vi = 15,
Y1 > tj,e)/pi(t, | Xj) =tj,, X1 > tj,e) let the time of this epoch also be Y;, and
with probability 1 — n;,(;, | Yj; = B Y1 2 tie)/pp(ty, | Xiy = tjy, X1 2 tje)
delay the determination of Y;, for a later step. Again, the last sentence is sensible
bec?,use, b}’ (10), mj, (25, | Y5, = {jl’ Yr2> tihe) (i, | Xj =tj,, X1 > tj,e) < 1.
If X;, =Y, then go to Step 3.3. If Y}, has not yet been determined then go to
Step 3.2.
The proof of Theorem 3.1 continues after Remark A.2.

REMARK A.2. After the conclusion of Step 2 (that i is, just after the last step
of the form 2.i, for some ie{1,2}, has been executed) X;, and X;, (and perhaps
also ¥j, and Y;,) have been determined. In addition to (*.1) we also have

(*.2) X;, < Y;, with probability one.

Proor oF THEOREM 3.1 (continued):

STEP (m + 1).({ + 1) [for £ < m < n, £ < n]: It is given, for some I =
{jl,-“ajl} - {1’---’"'}’ J =~{jl+l’°'°,jm} - {17'--)"’} [SUCh tha’j’ InJ= 0]
and for some fixed 0e < t; < t; and t; > Oe, that X; = t;, Y7 = t;, Xs = tj,
X157 > (M(ts,t1))e and Y; > (M(ty,t1))e [note that if £ = m then J = 0 and if
m+1=n+1then TUJ = §]. Consider (n—m) nonhomogeneous Poisson processes
of type 1 indexed by kel UJ and (m — £) nonhomogeneous Poisson processes of
type 2 indexed by jeJ. All processes are independent and on [M(tz,t;),0). For
keI U J let the intensity function of type 1 process k be pux(t | X1 = t1, X5 = tJ,-).
For jeJ let the intensity function of type 2 process j be n;(t | Y = tr,-). If type 2
process jey1€J yields the first epoch (out of all n—£ = (n—m)+(m —£) processes)
at time %, +1» 52y, then let the time of this epoch be Yn +1 and go to set (m + 1).
(£+42). If type 1 process jm+1€l U J yields the first epoch (outofall n—¢ processes)
at time t;, ., , say, then let the time of this epoch be X;,. +1- Also, in this case,
with probability 7j,.,: (tjms: | Y1 = 15 )/ tjmps(times | X1 = tr, X7 = ts, +)
[which is < 1 by (10)] let the time of this epoch, ¢;,.,, be also Y;,_ ., and go to
Step (m + 2).(£ + 2). With probability 1 — »;,,.., (t]m+1 | Y7 =121, )/ times e |
X = t;, Xy = tJ, :) delay the determination of Y,m + for a later step and go to
Step (m + 2).(£+ 1).

If m < n — 1, then at the conclusion of Step m + 1 (that is, just after the
last step of the form (m + 1).i for some ie{l,...,m + 1} has been executed)
Xjisevy Xjyy (and some of Yiiseoos Vi) ha,ve been determined. In addition

to (*.1) (*.2),...,(*.m) we also have
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(*.m+1) Xjmer < Y., with probability one.

m+1

Executing all the steps in sequence (the last step must be the one before en-
trance to Step (n + 1).(n + 1)) we obtain (*.1),...,(*.n). From this it follows
that (40) holds. Notice that at the conclusion of Step m, the m-th X; has been
determined as described in the dynamic construction in Section 2, m = 1,2,...,n.
That is, X and X have the same instantaneous failure rates. Hence, by Lemma
1.1 of Shaked and Shanthikumar (1986b) we have (38). Using well known results
about thinning of nonhomogeneous Poisson processes (see e.g. Savits (1988)) it is
seen that for each £, just after the last step of the form 7., the £-th YJ have been
determined as described in the dynamic construction in Section 2. Hence, again
by Lemma 1.1 of Shaked and Shanthikumar (1986b), we have (39).
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