Chapter 7

Stochastic models of
environmental pollution

7.1 Introduction

Stochastic partial differential equations (SPDE’s) arise from attempts to
introduce randomness in a meaningful way into the study of phenomena
hitherto regarded as deterministic. As examples one may cite recent research
in chemical reaction-diffusions, neurophysiology or turbulence. In almost
all cases, one takes as the starting point, the partial differential equations
(PDE’s) provided by the deterministic theories. The following PDE (given
here in a somewhat simplified form) has been used in a deterministic study
of pollution or water quality in a basin or reservoir:

DAG - (mg—iJrvzg—i) _K$+Q=0 (7.1.1)
with non-conductive boundaries. Here A is the Laplacian operator in a
bounded domain in RZ%, ¢(z1,z;) > 0 is the water quality or chemical con-
centration at the point (21, ;) in the basin, D is the diffusion coefficient, V;
is the convective velocity in the z; direction, K is the heat transfer coefficient
and @ > 0 is the “load” pollutant issued from waste outfall.

The above equation is taken from a paper of T. Futagami, N. Tamai and
M. Yatsuzuka [54] in which numerical methods for its solution are studied
in detail. A PDE that corresponds to a transient or dynamic version of this
model will be given in the next section (Eq. (7.2.1)).

Another model is the following river pollution model proposed by Kwak-
ernaak [36] and studied by Curtain [6]: Suppose that the number of deposits
in a section of the river of infinitesimal length dz (z being the distance co-
ordinate along the river) behaves according to a Poisson process with rate
parameter A(z)dz where A(z) is a given function. The number of deposits in
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212 CHAPTER 7. ENVIRONMENTAL POLLUTION

non-overlapping sections are assumed to be independent processes and the
amounts of chemical pollutant deposited each time at location = are inde-
pendent random variables with given distribution F,. The time evolution
of the concentration of the chemical at a location z and at time ¢, u(t, z) is
supposed to be described by

2
%u(t, z) = D%u(t, z) — V(%u(t, z) +&(t, z) (7.1.2)

where D is the dispersion coefficient, V is the water velocity and £(t, z) is the
(random) rate of increase of the concentration at (¢, ) due to the deposits
of chemical waste described above.

We consider the pollution in a domain X = [0,£]% where the case d = 1
is the river pollution problem and the case d > 1 can be applied to problems
of atmospheric pollution.

This chapter consists of our work in [30] and is organized as follows:

In Section 2, we first consider the pollution process on X = [0,£]¢ as a
distribution valued process u;. Then, we show the existence of the density
function u(t,z) so that the pollution process can be studied as a random
field. Finally, we point out the difference between the case d =1 and d > 1,
i.e. the second moment of the L?-norm of u(t,-) is finite for d = 1 and,
usually, infinite for d > 1.

In Section 3, we consider a more realistic model for the river pollution
problem. For this model, we calculate the covariance structure of the ran-
dom field u(t,z) and study the limiting behavior as ¢ tends to infinity. A
relationship between the deterministic PDE (7.1.1) and the stochastic evolu-
tion equation (7.1.2) is also obtained when the leakage rate of the pollution
process is strictly positive.

In Section 4, we study the river pollution model in which a tolerance
level is imposed. In contrast to the models of Sections 2 and 3, this model
leads to a nonlinear (or quasilinear) equation. For this model, we consider
the smoothness and boundedness of the random field u(t, z).

As mentioned at the end of Theorem 7.2.1, when d > 1, the basic result
on the existence and uniqueness of solution (Theorem 7.2.2) is obtained as
an application of the general theory of nuclear space valued SDE’s studied
in Chapter 6. We have to rely on this theory also for the quasilinear SDE
treated in Section 4.

We consider the following filtering problem in Section 5: Suppose we have
k stations to measure the water pollution and the observations are given by

. t 1 [zite :
Ytt:,/ % U(S,:E)d:l)ds-l—B:,i:l,"',k
0 2¢ Ti—€;

where 1, - - -, z) are the stations and B}, - - -, BF are independent Brownian
motions.
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7.2 Environmental pollution model with Poisson
deposits

In this section, we first introduce the stochastic model of chemical concen-
tration in a region assumed for simplicity to be X = [0, £]¢ due to dispersion,
drift, leakage of the environment and random deposits of chemicals. Then,
we solve the stochastic partial differential equation (SPDE) model for d = 1
by making use of the Green’s function. This method does not apply to the
case d > 1, so we introduce a nuclear space ¢ and consider the model as
a SDE on the dual space ' of . After the existence and uniqueness of
solution of the ®’-valued SDE are established by making use of the results
of Chapter 6, we show that the solution actually lies in a suitable L? space
by verifying Sazonov’s theorem in this setup.

In the absence of random deposits, the chemical concentration u(t, z) at
time t and location z should satisfy the following partial differential equation

0
au(t, z) = Lu(t, z) — au(t, z) (7.2.1)

with Neumann boundary conditions, where L = DA+ V -V, D is the
dispersion coefficient, V' = (V4,--+,Vy) is the drift vector, a is the leakage
rate, Au = g%‘-{—---—}— gz%, V= (3‘%1-,---,31%) and V - V denotes the inner
product of V and V.

The chemicals are deposited at sites in A’ at random times 7 (w) <
To(w) < - - - and locations K;(w), ko(w), - - - with positive random magnitudes
Ay (w), Ay(w), -+ Taking these random deposits into account, (7.2.1) can
be written formally as the SPDE

)
;9_tu(t’ z,w) = Lu(t, z,w) — au(t,z,w) + Z Aj(W)0x;(w) () 1rj(w)=¢ (7-2:2)
j

with Neumann boundary conditions where 6, is the Dirac measure at z.
For AC X and B C Ry, let

N([0,] x Ax B) = Y 1p(4;(w))Lla(k;(w)).

i<t
We make the further assumption that 7y,7y,---, are the jump times of a
Poisson process and that (k;, 4;),7 = 1,2, - are .t.d. random variables so

that N is a Poisson random measure on Ry X & x Ry with characteristic
measure y (In Kwakernaak’s model y(dzda) = A(z)H(da)dz) on & x R..

For d = 1, the SPDE (7.2.2) has the following meaning as an integral
equation: For any continuous f on [0, 4],

f: ulty2)f(=)de - /Ol u(0,2)f(2)da
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/Ot /:<DAU(S, z) — (V- V)u(s,z) — au(s,z)) f(z)dzds
+ /Ot /X /0 N af(z)N(dsdzda). (7.2.3)

The following theorem solves the SPDE (7.2.3) when d = 1.

Theorem 7.2.1 Suppose that

L poo
/ / ap(dzda) < oo
0 Jo

then the SPDE (7.2.3) has a unique solution given by
L
u(t,z) = e'“t/O uo(y)p(t, z, y)dy (7.2.4)
t pl poo
+/ / / ae_a(t")p(t — s,z,y)N(dsdyda)
0 Jo Jo

where p(t, z,y) is the Green’s function of the operator L = D 8:2 - Vb% with
Neumann boundary conditions (¢'(0) = ¢'(£) = 0) given by

p(t,z,y) = Ze ;t¢;($)¢;(y)

7=0

. 2
A=0, AX=D (cf + (%) ) ; (7.2.5)

2¢c 2 .z (IT
#s(z) = 1___;—12717’ ¢;(:c) = \/;ecl sin (—Z—m + a}) ;

i=1,2,

and

v
1= 2D’
In this case, u(t,z) is a random field defined for each (t,z).

L
a} = tan 1(—E),

Proof: If « > 0, then

t L 00
/0 /0 /0 ae—a(t—s)p(t - s,z,y)u(dyda)ds (7.2.6)
X st pL poo
Z/ / / ae‘a(t—a)e—k}(t-—S)|¢}(m)”¢}(y)lu(dyda)ds
;=070 Jo Jo

IN

[e.e]

> o [ [ entdvda)suptig}(e)? 5202 € 0,8} < .

3=0



7.2. POLLUTION WITH POISSON DEPOSITS 215

For a < 0, since only finite many terms of a + )\;- can be non-positive, the
conclusion in (7.2.6) still holds. Hence u(t,z) in (7.2.4) is well-defined.

The SPDE (7.2.3) has at most one solution as can be seen as follows: Let
ui(t, z), 2 = 1,2 be two solutions of (7.2.3) with the same initial condition.
Writing 4(t, z) = w1 (¢, z) — u(t, z) we have

L t
/0 u(t,z) f(z)dz = /0 /0 (DAU(s,z) — (V- V)i(s,z) — aii(s, z)) f(z)dzds
which yields the PDE

gz'&(t,a:) = DAi(t,z) — (V - V)i(t, z,w) — ai(t, z,w), t > 0,0< z < £
@(0,2) =0

and 5 5
%u(t, 0) = Eu(t,f) =0,t>0.

The above Neumann problem has the unique solution % = 0 thus proving
the assertion.
By direct verification, u(t,z) given by (7.2.4) solves the SPDE (7.2.3). i

The method used in the above theorem is not applicable to the case
of d > 1 since the series corresponding to (7.2.6) does not converge. To
avoid such convergence difficulties, we formally regard u(¢,z) as an infinite
dimensional process u; determined by its action on all “smooth” functions
¢ in the sense

ulg] = [ vt 2)(e)p(e)de (7.2.7)

where p(z)dz is appropriately chosen such that the operator L on H =
L?(X, p(z)dz) is positive definite and self-adjoint. The appropriate form of
(7.2.3) is now the integral equation

t t o
wl¢] = wld] + [ (wl-18) - auf@)ds+ [ [ [ ap(e)o(e)N(dsdeda)
(7.2.8)
where u; is a continuous random linear functional on a space ® of “smooth”
functions. It is convenient in the present context to take ® to be the CHNS
constructed below: Let

d
p(z) = exp (—22 Ci-’b‘i) )
=1

where ¢; = 2%—, 1=1,---,d. Itis easily verified that the operator L with Neu-
mann boundary conditions on H has eigenvalues and eigenfunctions given
by
1 d
AJIJd == A]l + M '+ )‘.‘Id



216 CHAPTER 7. ENVIRONMENTAL POLLUTION

and
¢jl"'jd($1’ e "md) = ;1 (z1) - '¢§d(wd)

respectively where ) and ¢%(z) are defined by (7.2.5) with the index 1
replaced by 7, fori=1,.--,d and j = 1,2,---. Let T} be the semigroup on
H generated by L. For ¢ € H and » € R, let

1117 = D2 < b dsia > (L4 Ajys) ™
J1-da
where < ¢, > is the inner product on H. Define

&={pcH:|¢| <ooVreR)

and let &, be the completion of & with respect to the norm || - ||,. From
now on we shall write &, for H. It is easy to show that the canonical
injection from ®,.,, to ®, is Hilbert-Schmidt if we take r; > %. Hence, ¢
is a countably Hilbertian nuclear space. Applying Theorems 6.2.2 and 6.3.1,
we have

Theorem 7.2.2 If there exist ro and ry such that E||ug||%, < oo and there
ezists a constant K such that, for any ¢ € @,

2 oo
+ [ [ lad(e)o(e) Pu(dada) < K112,
(7.2.9)
then (7.2.8) has a unique ®_,, -valued solution where p; = ry + max(ry +

T2, TO)-

Proof: Take

A(t,)g) = —olLe] - avld) + [ [ ap()o(e)u(drda)

’./x /ooo ag(2)p(z)p(dzda)

and
G(t,v, (2, ))[¢] = ad(2)p(2).

It is easy to see that (A, G, u) satisfies the assumptions (I) and (M) with
po =71+ 79 and ¢ = p+ 1. Hence, by Theorem 6.2.2 and 6.3.1, (7.2.8) has
a unique solution which lies in ®_,,. |

(7.2.9) is an important sufficient condition in the above theorem. The
next theorem gives an equivalent condition for (7.2.9).

Theorem 7.2.8 (1°) Condition (7.2.9) holds if and only if

/ /oo a(1+ a)p(dzda) < 0. (7.2.10)
x Jo
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(2°) Suppose that (7.2.9) holds and let v, and v, be two finite positive mea-
sures on X given by

v1(dz) = p(z) /:o ap(dzda) and vy(dz) = p(z)? /Ooo a’u(dzda).

Then ry = 0 if and only if vy (dz) < dz, v2(dz) < dz, p(:l:)"lﬂé‘i—’cl € H and

'%?l is bounded. Here dz is d-dimensional Lebesgue measure (d > 1).

Proof: (1°) For the “only if” part, (7.2.10) follows from (7.2.9) by letting
¢ = ¢o..0 in that inequality. Now, we only need to prove the “if” part. For
simplicity of notation, we assume that d = 1. Note that (7.2.10) implies that
both v and v, are finite measures. For any ¢ € ®, we have

2

/Ot /Ooo |a¢($)P($)|2u(dmda) + ‘/Ol /Ooo ad(z)p(z)pu(dzda)

2

Y L
= ]0 ¢(z)2dw([0,m])+} /0 ¢(z)dv([0, 2])

= 300,62 [ $) (o, a])de

2

74
|60mt0.0) - [ #emto ees

IN

([0, 4) (¢(e>2 + [ oerans [ ¢'(w)2dz)

+2(11 ([0, £]))? (¢(€)2 +4 /0 ‘ ¢’(:c)2da:) . (7.2.11)

_ 2¢1 \/5 leale [ 2 et
M‘max{\h-e—?cﬂ’ ¢ Vip©

@< M, 16(=)] < My,
From ¢(z) = Y < ¢;,¢ > ¢;j(z), we have

Let

and note that

807+ [ erde st [ $leyae

2 2
M? (Z|<¢,¢,~>|) + M?*¢ (Z|<¢,¢j> I)

7=0 7=0

IN
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2
+M?%¢ (Z] < b d; > |,/Aj)
=1

2
< M?*1420) (Zl < ¢, 0> 4/1+ }\j) <ClolF  (7.2.12)
7=0

where

C = M*(1+2¢) i(l +2)7L,

3=0

So, (7.2.9) follows from (7.2.11) and (7.2.12).
(2°) The “if” part is straightforward. For the “only if” part, suppose that
ro = 0. Since

/X ,/ooo (a¢(m)p(a;))2 p(dzda) < KH(}SH%
we have

/X¢($)2V2(d$)ﬁK/:Yqb(z)zp(a:)dm. (7.2.13)

As ®is dense in H, (7.2.13) still holds for ¢ € H. Hence, for any measurable
subset C of X', we have

w(C) < K /C p(2)de.

So, v(dz) < dz and Mdi_zl < Kp(z) is bounded. For vy, we note that, by
assumption,

¢—>/X¢(m)ul(d$)

is a linear functional on ® and continuous with respect to the norm || - ||o,
this implies that there exists h € H such that

v1(dz) = h(z)p(z)dz.
Our result follows immediately. |

Asry > % > 0, Theorem 7.2.2 only tells us that (7.2.8) has a unique solu-
tion u; as a distribution valued process. The next theorem gives a sufficient
condition under which the density function u(t, z) exists and the expression
(7.2.7) makes sense.

Theorem 7.2.4 Suppose that 1o = ro = 0 and p is a finite measure on
X X Ry. Then, for anyt >0, u; € g a.s.
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Proof: Let 7; = e *Tyug. It follows from ry = 0 that 7; is a ®p-valued
random variable. It is easy to see that the unique solution u; of (7.2.8) can
be represented as

ug =yt + M;

where M, is a ®'-valued random variable given by

Mt[¢]=/0 v/X/o ae‘a(t")(Tt_sqb)(a:)p(w)N(dsdwda), Vo e ®. (7.2.14)

It is easy to see that the characteristic function of M; on & is

. t (o) L s
(4) = EeMl?l = exp ( ] / / (e'“ (Tet)(@)olz) _ 1) y(da:da)ds) .
0 Jx Jo

Let ¥ be a function on & defined in the same way as ¥ with ¢ replaced by
h € ®y3. As ry = 0, it follows from Theorem 7.2.3 that U is well-defined. If
we can prove that ¥ is a characteristic function on ®g, then there exists a
probability space (Q, F, 15) and a ®¢-valued random variable M; such that,
Vo € @,

E exp(:M:[¢]) = EF exp(th[gb]).

As ®'-valued random variables, Mt and M; have the same distribution and

hence,
P(w:MtEQO):P((ZJZMtGQ()):l.

Therefore we only need to show that ¥ is a characteristic function on Py.
It is easy to see that ¥(0) = 1 and ¥ is positive definite function in ®o.
By Sazonov’s theorem, we only need to prove that ¥ is continuous at 0 in
the S-topology. Suppose that ¥ is not continuous at 0 in the S-topology.
Then there exists ¢g > 0 such that, for any nuclear operator S, there exists
a Pg € $g such that < Stg,¥s >0< 1 and I\if(¢s) - 1| > .
Consider a sequence of mappings S, on ®g defined by

[eo]

n
Snp= > S5 < ¥ Bivsa >0 v

J1-3a=1

It is clear that S, is a self-adjoint nonnegative definite nuclear operator on
®y. Therefore for this S,, we have ¥, € &, such that < Spt,, P >0< 1
and [¥(¢,) — 1| > €.

As |exp(tae™**(Tstpn)(z)p(z)) — 1| < 2 and u is a finite measure, we see
that

R t (o) . as
lim log ¥ (¢,) = fo /X /0 lim (g™ (T4 _ 1) y(doda)ds.

n—oo
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But, for s > 0, we have

l(T5¢n)(m)l < Z e A aal |<¢j1"'jd’¢")0 ¢jl"'jd($)|

J1dd
_ ' 271+++7a
< K, Z e )‘Jl"'“s\/T < S%n, ¥n >0
J1Jd
. [2nttda
S Kl Z e—AJI...st ___)0,
A n
J1°°3d

where

Kl = sup{l¢]1]d(z)‘ HES ijlv .t ‘1jd € N}
is finite. Hence, lim,_.o, log ¥(¢,) = 0. This contradicts from |¥(¢,,) — 1| >
€p.

Under the conditions of Theorem 7.2.4, we know that u; is ®p-valued
and we are interested in its second moment. The following theorem tells us

that in most applications the second moment of ||u||o is finite if d = 1 and
infinite if d > 1.

Theorem 7.2.5 Suppose that ro = ro = 0 and p is a finite measure on
X x R+.

(1°) If d = 1, then E||u||3 < oo for any t.

(2°) If d > 1 and there ezists a positive constant ¢ such that %i—zl > cp(z),
then, for any t, we have E||lu|2 = .

Proof: (1°) As in the proof of Theorem 7.2.1, we may assume that a > 0.
Let M, be given by (7.2.14). We only need to prove that E||M]|3 < oo.
Note that

E(< Mh ¢_7 >(2))
= /’t/ /oo a‘26_2(a+>‘j)s¢j($)2P($)2N(d2}da)ds
0 JXJO

+ ( / ‘ /X / ” ae—<a+%->’¢j<m>p<zm(dwda)ds)2

2
K (/t e~ 2(at2j)s 4o + /t e~ (atXi)sgg )
0 0

1 1
here K is the constant appearing in (7.2.9). As \; = j2, we have

IA

= K(2<Aj+a) * (Aj+a)2)’

Y] )
BIMIE = E [ M(t0) p(e)da <Y B(< Miy 6 >F)
J=0
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>, K K
: ;,(2(/\j+a)+(/\j+a)2) R

The assertion (2°) of the theorem can be proved similarly. |

Example 7.2.1 In Kwakernaak’s model pu(dzda) = A(z)Hy(da)dz. Take
A(z) =1 and H,(da) = H(da), then

B = o) [ e (e 2 o)

and hence E||w|2 = oo in this case.
7.3 Pollution emissions at different sites along a
river

In this section, we consider a more realistic model for concentration of unde-
sired chemicals which are released by different factories along the river. Sup-

pose that there are r such factories located at different sites k1, - - -, &, € [0, ]
where the interval [0, £] represents the river. Each of the factories deposits
chemicals in terms of independent Poisson streams Ny(t),---, N.(t) with

random magnitudes {A’ (w), 7=1,2,---} which are mdependent and have
common distribution F;(da). The chemicals deposited are uniformly dis-
tributed in (k; — €,k +€),t=1,---,7.

The model described above can be written mathematically as follows

0 9? 0
b—tu(t, z) = D—u(t z) — Vé—w-u(t, z) — au(t, z)

B3iE

=1 3

("t—Ean-I-E,)(m)lt_TJ(w) (731)

where {7 (w), 7 = 1,2,---} are the jump times of N;(¢). This model can be
regarded as a special case of the SDE studied in Chapter 6 and be solved
by applying Theorems 6.2.2 and 6.3.1 if we make the following definitions.
Let ® be defined as in the last section with d = 1. Define a Poisson random
measure N on space R4 X [0,£] x Ry by

Ni(t)

N([0,t]x Ax B) = ZIA(m 3 1p(4l(w))

1=1
for any A C [0,£] and B C R;. Also define two measurable maps A :
R x® —>® and G: Ry x®' x[0,{] xRy — &' by

A@I = ol - enldl + 25 [ g0ppay (732)
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Gz, )] = { % [ g@)pw)dy  m=kii=1eer

otherwise

where a; = fg, aFi(da) and f; is the parameter of the Poisson process N;(t).
It is easy to see that the characteristic measure of IV is

1(A x B) = Z La(ki) f: F;(B) (7.3.3)
i=1
for any A C [0,4] and B C R, and (4, G, ) given by (7.3.2) and (7.3.3)
satisfies the assumptions (I) and (M) of Chapter 6. Hence, (7.3.1) has a
unique $’-valued solution.
Because of the practical importance of the model (7.3.1), we study its
various properties. First of all, we consider the regularity of the solution of
(7.3.1) and calculate its mean and covariance.

Theorem 7.3.1 u. € D([0,T],®0) and, for anyt' >t >0, z,y € [0, £],
Eu(t,z) = Ze‘("‘“ﬂ‘@(z)Euo[«zsj]

1-— e‘("“""a)t
+sz“a"‘ ¢J(’91;€z)¢g( ) (734)
=1 3

and

Cov(u(t, z), u(t',y)) (7.3.5)

Z e”(a+>\j)t—(a+)\k)t'¢j (z)r(y)Cov(uo[d;], uo[#x])

j ke

] r 1 — e~ (2otXj+Ax)t

+ %k: ; fib"’ )‘J + Ak + 2a ¢J (m)¢k(y)¢3(nzv fi)",bk(ﬂi, E,‘),
where

bj(ris &) = 5 /n K: bi(v)p(y)dy and b; = / a’Fi(da).  (7.3.6)

‘l

Proof: It follows from (7.3.1), (7.3.2) and (7.3.6) that
wldi = wolds] -~ () [ wlgilds
+ /0 t / / ” G(s, a)[¢;]N (dsdwda)
= wltl - [ (et rls] - 3 bt e ds
+ /ot /X /0 Gz, a)[6;] N (dsdzda). (7.3.7)
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Making use of Ité’s formula, we have
ue[;]* — wolg)? (7.3.8)
t r
= /0 (—2(‘1 + Aj)us[i] + 2us[$] D fiaith;(i, &)

=1
+ i:fibi¢j("9i, €i)2> ds
* /ot /X /ooo ((ua-[] + G (2, )[$:])? — uo-[¢5]) N (dsdada).
Hence

Euy[¢;]* — Euolg;]?

t T
< (2ef+1) /0 Bu[g;]2ds + 3 (ra? f2 + b fi)obj (s, )2,
i=1
It follows from Gronwall’s inequality that, for any ¢t < T

Eu¢;]* < (EUO[¢j]2 + Ti(mfff + bi fi) b5 (ki fi)z) exp((2|e| +1)T).

=1

Hence

Y Eu¢]’ < (Ellfmll2 +TY (ralff + bifi)di) exp((2lal +1)T) < o
=0 =1
(7.3.9)

where
2

(o]
1
d; = E 'lﬁj(/‘%; Gi)2 = HT]-(K,'—E;‘,M’+G;‘)
=0 € 0

Note that

t<T

gES“" /ot /X /ooo ((us-185] + G(2, 0)[85])? — s_[$]2) N (dsdada)

IN

g)E /;T /X /0°° (ZG(‘”’ a)[¢3)* + us—[¢j]2) (N (dsdzda) + p(dzda)ds)
= i2[)TZ::fz /(;oo (2a2¢j([§,‘-,€i)2 + Eus[¢j]2) E(da)ds

r r T o0
= 4TS fibids +22; fi /0 EOEus[ddes < 0. (7.3.10)
=1 1= 9=
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It follows from (7.3.8)-(7.3.10) that
[ee]
ZE’sup ug[@;]* < oo. (7.3.11)
= t<T

As u.[¢;] € D([0,T],R) for each 7, (7.3.11) implies that u. € D([0, T}, ®o).
The derivations of (7.3.4) and (7.3.5) are routine and we leave them to the
reader. [

The following theorem studies the limiting behavior of the solution u; of
(7.3.1) as t tends to infinity.
Theorem 7.3.2 Suppose a = 0, then, as t tends to infinity
(1°)
_ut - Zfza'z'ﬁbO(K'nft) _—TﬁqSOa a.s. in ‘I'O

(%) Let

Yt = \}E (ut - tz atfz":bo(""‘n Gz) ——_m%)

Then, as ®g-valued random variables, v; converges in distribution to gy,
where € is a real-valued Gaussian random variable with mean 0 and variance

Yien Fibivo(ws, €5) =20z -
Proof: (1°) By (7.3.7) and u; € ®¢, we have

ue = Tyuo + /0 t jx /0 ” G(e, a)[¢oN (dsdada)do + & (7.3.12)

where o
{-‘t:;/()/x‘/o G(z, a)[¢;]e** N (dsdzda)e™ 7t p;.

Note that )
< |lzuo
0 t

As N;(t)/t — f; almost surely, we have

— 0, a.s.

1
=T,
“ gt 0

l/‘t/ /‘” G(z, a)[¢o] N (dsdzda) o
Ni(t)

=1

- Zfzaz'ﬁbo("‘"zyft) _—_5‘:7‘1(’0; a.s.
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We only need to prove that %ft tends to 0 a.s. Without loss of generality,
we assume that » = 1. Then

Ni(t)

=33 W)k, @)eMT@g,

721 k=1

Let 7, = T (w)— 71! (w). Then {7,} is a sequence of i.i.d. random variables
with exponential distribution with parameter f;. Note that, V& > 0

k k ?
Bl sl = E Y wi(k1, 1)’ (Z A7 (w) exp ("\J’ > ""'))

321 n=1 i=n+1
k kl -1 fl k] —k2 fl k_kl
= s, a)? |2 2 ( ) (__)
J}Z;: ’ klz=:1kzz=:1 VDY fr+2X;

k f k—ky
1
* z_: h (fl +2}\j) )
< DYk, e)? ( T b ) fl_;—)\_”l
J

7>1

2 fi f1-|—2>\1=
< 4 (20 )\ +b1) 2 =C<

where d; is given by (7.3.9). Hence
ZP (w : ”E,’_k(w)”g > ek2) < Ze_lk_2C’ < 0.
k ! k
It follows that, as k tends to infinity, %frlk(w) tends to 0 a.s. and hence
1 Ny (t) 2
= ZETiNl(t)(w) exp (—)\j (t -7 (w)))

0
< 7

Jie]

2
— 0 a.s.

Mo 1,
t N Y@,

(2°) Let
1 gt i -
[¢] = %/0 /X/o G(z, a)[Ti-s¢)N(dsdzda), Yo € ®.

Then, by (7.3.12)

T = 7 (Tt'u0+/ / / (z,a)[T;—sp] N (dsdzda)
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—t Z a,,fﬁbo(&,, 61) ——2cl¢0)

- R+ \/_Ttu0+ ( / / / G(z, a)[Ts—od] p(dzda)ds

=1

-t Z azf1.¢0(’5u 51,) —mqbo)

[e e}

= R+ 7Ttu0 + E fia; Z S X \/- ¢J(K‘“ €)P;-

1=1 1=1

It is easy to see that the second term tends to 0 almost surely. The third
term also goes to 0 as t — 00, so that we only need to show that R; tends to
E¢po in P¢ in distribution. We show this in two steps. First, we prove that
{D(R;)} is tight as probability measures in ®;. Then, we show that it has
only one cluster point which is the distribution of £¢g. For the first step, let
P, = D(R;) € P(®o) and

vi(h) =" <h,¢; >}  Vhe &

I=n
Note that
sup / 2(R)P,(dh) = supEZ < Ry, ¢; >3
j=n
1 rt o . 2
= stgfi)EJZ <—\/—£/0 /X/o G(:c,a)[Tt_,¢j]N(dsd:cda)>
= stgll)z / / / (G(z, a)[Te-s¢;])*(dzda)ds
= Stl>111)2 Zfz (1/’1("“"”51))2
< ZZf,-b,-(zp,-(m,ei))?.
j=ni=1
Hence

lim sup / YA(RP(d) =0 and sup / Y2(h)P,(dh) <

n—o0 t>

It then follows from Corollary 2.3.1 that the family {P;} is tight. Next, let
P* be a cluster point of {P;}. As P(®o) C P(®'), P* and D(£¢o) can also
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be regarded as elements in P(®’), we only need to show that they have the
same characteristic function on ®. Note that, V¢ € &,

Eexp(iRy¢]) = exp (Z fg/ / (exp( G(k;,a)[Ts ¢])
_1- %G(nj, QIT, ]) F}(da)ds) .

We then have

[ (om o)

) 1
~1 = Z-G(s;, T4] + 3Gl )LL) Fy(da)ds

z 2
< // mm( G(n],a)[ s] tG’(nj,a,)[T,qS] >Fj(da)ds
< [ min ((ell ot Z(alldlody)?) Fi(da) =0 ast— oo
and

r t o 1
_ij/o/o EG(/@j,a)[T@]sz(da)ds
7=1
~ - 2 [ 65,0 6,0 >0 801 Ey(do)
= Zf]b < ¢, 0 >* ¢0(KM€1) _e—2ct’

Hence P* and D(£¢o) have the same characteristic function on & and hence,

P* = D(£4o). n

The next theorem shows the existence of the equilibrium state for the
pollution process when the leakage rate is greater than zero. It also estab-
lishes the relationship between the deterministic equations of the type (7.1.1)
and the stochastic evolution equation (7.1.2).

Theorem 7.3.83 If a > 0, then u; converges weakly in ®¢ to a random field
Uo. For z € X, let u(z) = Fuc(z). Then u(z) is the solution of the
following differential equation

dzu(z)
dz?

b - Vdf) — au(z) + Q(z) =
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where

Q(:l:) - Z azjef] (K.‘)_EJ’K'J-"GJ)(x)

Proof: It follows from the same arguments as in the proof of the previous
theorem that u; converges weakly in ®; to a random field u,, with charac-
teristic function

E exp(tuco[h]) (7.3.13)
= exp (Z fi ] / (exp(ie"**G(k;, a)[Tsh]) — 1)F,~(da)ds) :
j=1 0 JO
Let i, be an ®p-valued random variable given by
foo[h] = / / / e~ **G(z, a)[Tsh]|N (dsdzda), Vh € Po.
0 X JO

Comparing the characteristic function of %y with (7.3.13) we see that i
and ue, have the same distribution, and hence recalling (7.3.3), we have

Buo[h] = Eiino[h] = fo - fX /0 ” Gz, a)[T,h|u(deda)ds

_ Z 5 /0 ~ fo e G(;, a)[Th]F (da)ds

= Zf, / / " 1 h(y)p(y)dyFy(da)ds.

2 €5 Jrj—e;
i.e.
u(z) = Euco(z)
= ;ajij e™**T, ( ("j‘ea"‘7+51)> (z)ds
= [T e TQE)s = (- 1)7QG)
0

where the last equality follows from (1.2.14). Hence

d’u(z) Vdu(z)

2 - vEE -~ aue) + Q) = .

D
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7.4 Water pollution problem
with a tolerance level

In this section, we suppose that there is a mechanism to clean up the river
when the chemical density exceeds a fixed level £(z). For the sake of math-
ematical simplicity, suppose that the changes in the chemical concentration
do not depend on the locations where the chemicals are deposited. In this
case, we consider the following integral equation

wldl = wld]+ [ (ul-L6) - aulg)ds
+ [ [ aleld) - va- )N (dsda) (7.4.1)

where N is a Poisson random measure on R} X R4 with characteristic
measure g on R;. Let A = [0,£] and consider (7.4.1) on ® constructed in
Section 2.

As in the previous sections, we can solve (7.4.1) by making use of The-
orems 6.2.2 and 6.3.1. The next theorem considers the regularity of this
solution.

Theorem 7.4.1 Let £ € &, and E||ug||Z < co. Then u. € D([0, ), &p).
The proof is similar to that of Theorem 7.3.1 and is omitted.

Corollary 7.4.1 If ¢ € &, and E||ug||2 < oo for any p € Z, then u. €
D([0, ), ®).

If the Poisson deposits are bounded, then the following result shows that
the magnitude of the random field u(¢, z) can be controlled by the magnitude
of the initial random field u(0, z) and the tolerance level &(z).

Theorem 7.4.2 Suppose that the following conditions hold.

(1°) There ezists a constant M such that p{a:a > M} = 0.

(2°) There ezists a constant C such that u(0,z,w) < C for any z € [0,4]
and w € Q, where ug[p] = f(f u(0, z)¢p(z)e™*dz, c is given by (7.2.5) with
subscript 1 dropped.

(3°) a > 0 and p is a finite measure.

Then
sup u(t, z,w) < max {Msupf(w),C} .
t,o,w T
Proof: Let 74 < 73 < --- be the jump times of the Poisson random mea-

sure N and Ay, A, - - - be 7.2.d. random variables with common distribution
w(-)/n(Ry4). By (7.4.1), for 0 <t < 71, we have

wld] = wold) + [ (ual-L4] - au,[g)ds. (74.2)
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Asu; € H,let w[g] = fLu(t,z)d(z)e *dz. Then, by (7.4.2), u(t, z) satisfies
the following Kolmogorov equation

d 9? d
Ezu(t, ) = Da—xiu(t’ z) — Vb—wu(t’ z) — au(t, z)

0 0

with initial condition »(0, z). Let y; be a [0, £]-valued Markov process gener-
2 . oy

ated by D%—V‘% with the Neumann boundary conditions and let p(¢, z, y)

be the Markov transition density. Then

£
u(t,z) = e™** /0 u(0, y)p(t, z, y)dy.

Hence
u(t, z) < supu(0,z) < C.
T

For t = 71, we have

Ur [@] = ur, - [8] + A1 (w) (€[8] — ur, - [¢])-

ie.
u(ry, z) = w(ri—, ) + Ay (w)(€(z) — w(n—, 2)). (7.4.3)
By (1°) we know that A;(w) < M a.s. Hence, by (7.4.3),

u(m, ) s{ uln—z)  ifé(z) < ul(r—,z)

M¢(z) if §(z) > w(m—,2).
€ C if {(z) < u(mi—, )
’U,(Tl,fl?) < { Mf(it) 1f§(:l:) > U(Tl_v :1:)
So

w(ry, z) < max {M¢(z),C} < maX{MSI;PE(-"«‘),C}-

By induction, we see that u(t,z) < max {M sup, £(z),C} forany t > 0. W

7.5 Filtering problem

In actual practice it is not possible, in many instances, to directly observe
the amount of pollution. Information about the latter is obtained through
noisy observations. In such cases we have a statistical filtering problem to
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solve. Making the usual assumption that the noise is Gaussian we have the
following observation model:

. t .
Y[:/O us[x:]ds + Bi (7.5.1)

where B; is a k-dimensional Brownian motion, E(B})? = o2t and x; € &,
it =1,2,---,k. In (7.5.1) we have assumed the weighted functions to be
“smooth” instea.d of 5e-1(zi—ei mies)-

Our problem is to find the best linear filter for u; based on the observed
data {Y; : s < t}. i.e. V¢ € ® and ¢t > 0, we want to find a function K¢(t,s)
with [7|K®(t,s)|?ds < oo such that

t
=V+ / K%(t,s)dY, (7.5.2)
0

is the best linear unbiased estimate (BLUE) of u[¢], where Vi and K®(t, s)
are deterministic. By the unbiasedness, we have

LY’
Vt"5 = Fuy¢] — Z/ K¢(t, s)iEus[x:]ds
i=1v0

So, we only need to study the process mt defined as the second term on the
right hand side of (7.5.2).
For any t,s > 0 and ¢,¢ € P, let

Tis(4,9) = Cov(ud[g], us[¢]). (7.5.3)
For fixed T > 0, let
Dr={(t,s):0<s<t<T}

Lemma 7.5.1 There ezist indez p and I' € C(Dy — L(1)(®p)) such that,
Vo, % € @p

Tes($) %) =< L(t, 8)¢, % >, (7.5.4)
where L(1)(®p) denotes the collection of all nuclear operators on &, (cf.

Definition 1.2.6). Further, for s fized, T'(t,s) is continuously differentiable
with respect to t € [s,T] and

sup{"6 I'(t, s)

: (t,8) € DT} < oo. (7.5.5)

L(1)(®p)
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Proof: We give an outline of the proof and leave the details to the reader.
Let p; be given by Theorem 7.2.2 and p = p; + 1. For any (¢,s) € Dr, it
follows from (7.5.3) and Theorem 7.2.2 that there exists I'(¢, s) € L1)(®p)
such that (7.5.4) holds. As up and N are independent and

t o)
wld] = wlligle ™ + [ [ [ ae=t=(T,¢)(c)p(c) N (dsdada),
V¢ € &, and (t,s) € Dr, we see that

Teo(¢y¥) = e+ (T, (6, 9) + T (4, ) (7.5.6)

where

ng (¢a ¢) =Cov (uO [Tt¢]a ’LL()[T,’(,L'])

and
o) = [ [ [ @)@ T ) @)p(e) il doda)dr.
Choose the CONS of &, given by

¢§1"'jd = ¢jl"'jd(1 + )‘J'x"'jd)_p

For (t,s) and (¢, s) in D7, we have

”Fts Ft’s”L(l) (®p)

1
< <(Ft’ P") ¢.71 “Ja’ J1 ]d>
J1°°3d
1
< Z |F ( g1 Jd’ J1- Jd) ——Ft’s (¢.I1?1“'jd’¢§1"-jd)
J1-3d
< Z Var (ug [ﬁl"'jd]) (e_khmjdt — e~ dinaat!
J1+9a

and

||F2 = Tallz gy (@y)

/ / / e ((Tt—r — Tor—r)8%,...;,) (<)

(To—r jl,__jd)(z)p(a:)zp,(dmda)dr :

J1+Jd

It follows from the dominate convergence theorem that I'(t, s) is continuous
in ¢ uniformly for s in [0,7]. The continuity in s is proved similarly and
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hence I € C(Dr — L(1)(®p))- Similarly, there exists I:‘(t, 8) € L(1)(®p) such
that
[ € C(Dr — Lu)(®p) and Te((a+L)g,¥) = (Tt 5, ¢)

Making use of (7.2.8), we have

14

Tl #)=Tw(,9) - [ Tullat D), 9)ds.  (157)

Then for (¢, s) € Dr,

< sup E||u3||2_(p_1)h

“1 (Bt + b, s) - T(t, ) - (2, )
h L(y(®5)  0Ls<T

Hence T'(t,s) is differentiable with respect to t € [s,T]. The continuity of
g—tl"(t, s) and the inequality (7.5.5) can be proved in the same way. ||

Lemma 7.5.2 (1) For any (t,s) € Dr, ¢ € ® and i =1,---, k, we have
kot
) / K*(t,7);Ts (s, X:)dr + 02 K# (2, 8); = Tes(, X:) (7.5.8)
=170

and K*(t,s) is uniquely determined by (7.5.8).
(2) Let p be given by Lemma 7.5.1, then there ezists K € C(Dy — R*@®_))
such that

K%(t,s) = K(t,5)[¢], V¢e &, (7.5.9)

Furthermore, for s fized, K (t, s) is continuously differentiable with respect to
t€s,T].

Proof: By the definition of m®, for s < t we have
Cov <ut[¢] - mf,/ U [Xs]dr + B:) =0.
0
Hence

/s Ftr (¢7 Xi)dr
0

k t t )
= ZCO’U(/ K¢(t,r)ju,[xj]dr+/ K*%(t,r),;dB?,
0 0

=1

/s up [xs]dr + Bi)
0
k s t s
— Z/ / K¢(t,'r')jl"":(xj,xg)drdr'+02/ K‘i’(t,r)idr.
o Jo 0

=1
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Taking the derivative with respect to s on both sides, it is clear that (7.5.8)
holds. It follows from the positivity of the kernel function {T':.(x;, x:)} that
K*%(t, s) is uniquely determined by (7.5.8).

For f € C(Dr — RF @ ®_,), let

kot
()t = 3 [ Tor i 5) £ (87

Then II is a continuous linear operator on C(Dr — R*®®_,) and its norm
is smaller than a finite constant C given by

kT
Cr= SUP{ ZL IFsr(Xi1Xj)ld3+ |Ptr(Xian)| T E [OvT] 1<2< d}
1=1

Furthermore, for f € C(Dr — Rk®§_p) which is continuously differentiable
with respect to t € [s,T] and such that

0 .
My = Sup{”af(t, s); N f@s)jll-p: (8,8) € Dr,j=1,--+,kp < o0,
—-P

(7.5.10)
it is easy to see that, for any s > 0 fixed, IIf(t,s) is continuously differ-
entiable with respect to t € [s,T] and Mpy < CiMy. Without loss of
generality, we may assume that C; < 1 as we can multiply ¥;, x; and B;,
t=1,---,k, by a small constant without changing the observation equation
(7.5.1).

Let f(t,s):[¢] = Tts(4, x:). Then by Lemma 7.5.1, f € C(Dr — R* @
®_,) and satisfies (7.5.10). Let

(t,s)= 3 (C1" I f)(t,5)

n=0

and K%(t,s) = K(t,s)[¢]. One can then show that K%(t,s) solves the
equation (7.5.8) and hence (7.5.9) holds. It follows from Lemma 7.5.1 and
(7.5.10) that, for s fixed, K(t,s) is continuously differentiable with respect
tot € [s,T). [

Finally, we state and prove the main result of this section. For simplicity

of notation, we take ¢ = 1 and a = 0.
Fort € [0,T] and ¢, ¢ € ¥, let

Ye(¢, %) = Cov (ut[¢] - f,}tﬁ, we[4h] — ,&1/;) .
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Theorem 7.5.1 (1°) Let p be given in Lemma 7.5.1. Then there exists
;}" € C([O,T], L(l)(ép)) such that

7t(¢1 "p) =< ;?t¢1 'I)b >p \V’¢, ¢ €

and ; is the unique solution of the following equation on L1)(®,):

t k
Y = Yo — /O (%L + LA+ Y (Fax3) ® ('"yin)) ds +tG, (7.5.11)

=1
where G, is a nonnegative operator on ®, given by

(Gpd, %), = G(d¥) = ./X fooo a’é(z)¢(z)p(dzda).

(2°) There ezists a continuous ®’'-valued process m; such that m¢ = my[¢]
for any ¢ € ® where m, is the unique solution of the following SDE on ®'

: k
mt[¢] = _L (ms[L¢]+275(¢a Xi)ma[Xi]> ds (7‘5'12)

=1
koo .
+3 [neayi,  vees,
1=1

Proof: It follows from (7.5.7), (7.5.8) and standard Hilbert space techniques
that, V(t,s) €Dr,¢gecPandi=1,---,k,

k
%Kﬁt, )i — K~E(t,s)i + > K*(t,t); K% (t,5); = 0.
=1
Then
k t )
me[d] = Z / K%(t,s);dY? (7.5.13)
- 0

_ Z/ (/ 9 g#(r,s); dr)dY1+Z/ K®(s,5);dY?
= Z/ (/ —K*(r, s),dY’) dr-}—E/ K*(s,s);dY?
= Z/CJA (K"Ld’(r,s)j—ZK¢(r,r)in‘(r,s)j) dY?dr
J=1k t =1
+3 JRSCO%E

. k kot .
= /O <m,[_L¢] _zm(s, s),-ms[x,']> ds+$; /0 K%(s,s);dY7.
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Letting s =t in (7.5.8), we get
LY
KO0 = Tu(dx) = 2 [ KO(tr),Ln(x)dr
=1
J .
= Cov(uldl,ubxl) — Y [ KOt r);Covlurli), uxl)dr
7j=1

kot
= C’ov(ut[gb]—z'/o K¢(t,r)jur[Xj]dryut[Xi])
7=1

= Cov(w[d] - if, wxi]) = Cov(ue[g] — af, uelxs] — )
= 7 x:)- (7.5.14)

Hence, it follows from (7.5.13) and (7.5.14) that m, satisfies (7.5.12).
Note that

Yi(#, %) = Cov (ut[¢] - mf’ut[¢] _ m;p)
= Ftt(¢’ 1/)) - COU(mt[¢]’ mt[¢])

By (7.5.6), we have
Ptt(¢a 1/)) - I‘OO(Tt¢, Tﬂb)
= [) fx Aoo a2 (Tt—1‘¢) (z)(Tt_,-'l,b) ($)P($)2u(dmda)dr

Hence

%Ftt(d’a ¥) = —Too(TeL, Tstp) — Too(Ted, T: L)
+ [ [ @o(e)b(eIn(e) u(dad)
- /Ot /X /000 a*(Te—r L9) (z)(T—rtb) (z) p(z) *u(dzda)dr

_AtALm a2(Tt—r¢)(w)(Tt—r'¢')($)P($)2p(dwda)dr
= —Twu(Lo,¥)— Tu(o, L)+ G(¢, ).

On the other hand
Cov(my[g], mi]) = Cov(my[¢], ue9])
k
- 3 / " K92, 5)T (i, $)ds.
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Hence

d
aCov(mt[<151a m[p])

k kot g
= L K*OTul W)+ Y [ 5Kt 5Tl ¥)ds
=1 i=1 Y0
koot
DM R COR MR
k ko ¢
= w6 x)Tu(t¥) = [ KO 9)Tatls, Lp)ds
=1 =1

kot k
+ Z/(; {K_L¢(t’ S),’ - Z 7t(¢’ Xj)KXj (ti S),‘} Pst(X‘ia '¢‘)ds

=1
k
= > 1 x:)1e(¥, x:) — Cov(me[Lg], me[4p]) — Cov(mel@], mdLp)).
1=1

Therefore

k
Ln($,8) = 1L, )~ W(& T9) + G(6,9) ~ 3 W(d (¥ X9

=1

Now we prove the uniqueness for the solution of (7.5.11). Let 4’ be
another solution of (7.5.11), & =4 — 4 and

k
M =sup {Z llx:l13 (||’7t||L(<1>,,) + ||’7£||L(<1>,,)) :0<t< T} .

1=1

Lol ¥) = —oulLd,9) - (4, L¥)

k
- Z {at(¢a Xi)’Yt(‘l)ba Xi) + 7£(¢1 Xi)at(¢a Xt)} )

=1
it is easy to see that

o (¢, %)

k

t
=~ Z/O {as(Tt‘-’d)’ Xi)’Ys(Tt_s'Sb, Xi) + 'Y;(Tt__,(,b, Xi)as(Tt_s'(ﬁ, Xi)} ds.

—
Therefore .
lelzca,) < M [ lldillzcopds
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and hence &; = 0 for all t € [0, T]. The uniqueness for the solution of (7.5.12)
is verified in a similar fashion. [ |

Remark 7.5.1 One can show that V¥ = Vi[§] for V; € & and, moreover
that

U =Vi+my € 2_p, a.s.





