CHAPTER?7

First Applications
of Invariance

We now begin to reap some of the benefits of the labor of Chapter 6. The
one unifying notion throughout this chapter is that of a group of transfor-
mations acting on a space. Within this framework independence and
distributional properties of random vectors are discussed and a variety of
structural problems are considered. In particular, invariant probability
models are introduced and the invariance of likelihood ratio tests and
maximum likelihood estimators is established. Further, maximal invariant
statistics are discussed in detail.

7.1. LEFT O, INVARIANT DISTRIBUTIONS ON n X p MATRICES

The main concern of this section is conditions under which the two matrices
¥ and U in the decomposition X = YU (see Example 6.20) are stochasti-
cally independent when X is a random n X p matrix. Before discussing this
problem, a useful construction of the uniform distribution on %'p, . 18
presented. Throughout this section, %X denotes the space of n X p matrices
of rank p so n > p. First, a technical result.

Proposition 7.1. Let X € £, | have a normal distribution with mean zero
and Cov(X) = I, ® I,. Then P(X € X) = 1 and the complement of % in
£,.» has Lebesgue measure zero.

Proof. Let X,..., X, denote the p columns of X. Thus X,..., X, are
independent random vectors in R” and £(X;) = N(0, I,), i = 1,..., p. It is
shown that P{(X € X} = 0. To say that X € %° is to say that, for some
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234 FIRST APPLICATIONS OF INVARIANCE

index i,
X, € span(X|j = i).

Therefore,

p
P(XeX)= P{ U [ X, € span{X)|j = i)]}

i=1
P

< L P(X, € span(X)j = ).
1

However, X; is independent of the set of random vectors { X;|j = i} and the
probability of any subspace M of dimension less than » is zero. Since p < n
the subspace span { X;|j = i} has dimension less than n. Thus conditioning
on X; for j = i, we have

P{X, € span{ X)|j = i}} = 6P{X, € span{X}|j = i}| X,, j = i} = 0.

Hence P{X € %) = 0. Since %X¢ has probability zero under the normal
distribution on £, , and since the normal density function with respect to
Lebesgue measure is strictly positive on £, , it follows the X has Lebesgue
measure Zero. O

If Xef, ,is a random vector that has a density with respect to
Lebesgue measure the previous result shows that P(X € %} = 1 since X ¢
has Lebesgue measure zero. In particular, if X € £ has a normal distribu-
tion with a nonsingular covariance, then P{X € GX,} =1, and we often
restrict such normal distributions to % in order to insure that X has rank p.
For many of the results below, it is assumed that X is a random vector in %X,
and in applications X is a random vector in £, ,, which has been restricted
to X after it has been verified that °X¢ has probablhty zero under the

distribution of X.

Proposition 7.2. Suppose X € %X has a normal distribution with £(X) =
NQO,I1,® I). Let X,,..., X, be the columns of X and let ¥ "}p,n be the
random matrix whose p columns are obtained by applying the
Gram-Schmidt orthogonalization procedure to X,..., X,. Then ¥ has
the uniform dlstnbutlon on ¥, ,, that is, the distribution of ¥ is the unique
probability measure on ¥ ,, » that is invariant under the action of 0, on %,
(see Example 6.16).
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Proof. Let Q be the probability distribution of ¥ of ¥, ,. It must be
verified that

Q(TB) = Q(B), T€&q,

for all Borel sets Bof §, . If T' € O, it is clear that £(T'X) = £(X). Also,
it is not difficult to venfy that ¥, wh1ch we now write as a function of X,
say ¥ (X), satisfies

¥(T'X)=T¥(X), red,.
This follows by looking at the Gram—Schmidt Procedure, which defined the
columns of ¥. Thus

Q(B) = P(¥(X) € B) = P(¥(T'X) € B) = P(T¥(X) € B)
= P(¥(X) € I"B) = Q(I"B)

for all T € O,. The second equality above follows from the observation that
L(X) = B(FX ). Hence Q is an O,-invariant probability measure on &, ,

and the uniqueness of such a measure shows that Q is what was called the
uniform distribution on 3, . a

Now, consider the two spaces X and %, , X G{;. Let ¢ be the function on
X to §, , X G, that maps X into the unique pair (¥,U) such that
X =VU. Obwously, (Y, U)= VYU € %.

Definition 7.1. If X € % is a random vector with a distribution P, then P
is left invariant under O, if £(X) = 2(T'X) for all T € 0,.

The remainder of this section is devoted to a characterization of the
0,-left invariant distributions on %X. It is shown that, if X € %X has an O, -left
invariant distribution, then for ¢(X) = (¥,U) € J X GL, ¥ and U are
stochastically independent and ¥ has a uniform dlStI‘lbuthIl on % . This
assertion and its converse are given in the following proposition.

Proposition 7.3. Suppose X € X is a random vector with an O,-left in-
variant distribution P and write (¥,U) = ¢(X). Then ¥ and U are
stochastically independent and ¥ has a uniform distribution on &

Conversely, if ¥ € 3, n and U € G, are independent and if ¥ has a

uniform distribution on % _n» then X = YU has an O,-left invariant distribu-
tion on .
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Proof. The joint distribution Q of (¥, U) is determined by

Q(B, X B,) = P($~'(B, X B)))

where B, is a Borel subset of ¥, , and B, is a Borel subset of G;,. Also,

Jf7(¥.v)e(a¥, av) = [(4(X))P(dx)

for any Borel measurable function that is integrable. The group 0, acts on
the left of G, , X G by

I(¥,U) = (TY,U)
and it is clear that

¢(TX)=T¢(X) forXeX, I €0,.

We now show that Q is invariant under this group action and apply
Proposition 6.10. For T € 0,

[[1(x(¥,U)Q(a¥, av) = [{(To(X)) P(dx) = [f(¢(TX))P(dX)
= [1(6(X))P(ax)

=fff(\I',U)Q(d\If,dU).

Therefore, Q is O -invariant and, by Proposition 6.10, Q is a product
measure Ql X 0, where Q, is taken to be the uniform distribution on %
That Q, is a probability measure is clear since Q is a probability measure
The first assertion has been established. For the converse, let 0, and Q, be
the distributions of ¥ and U so Q, is the uniform distribution on ¥, , and
Q, X Q, is the joint distribution of (¥, U)in F, , X G{;. The distribution P
of X = YU = ¢~ '(¥,U) is determined by the equatlon

[r(x)P(ax) = [[1(s7'(¥,0))Q,(a¥)Q,(dV),

for all integrable f. To show P is O,-left invariant, it must be verified that

[#(rx)P(ax) = [f(X)P(ax)
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for all integrable fand I € O,. But

[r(xx)P(ax) = [[7(Ts~}(¥,V))Q,(d¥)0,(dV)
= [[1(s7 (T ¥, 0))Q,(d¥)0,(av)

= [[£(671(¥,0)),(d¥)Q,(aU) = [f(X)P(dX)

where the next to the last equality follows from the O, -invariance of Q,.
Thus P is O,-left invariant. O

Whenp = 1, is interesting. In this case X = R" — {0} and
the O,-left invariant distributions on % are exactly the orthogonally in-
variant distributions on R" that have no probability at 0 € R". If X € R" —
{0) has an orthogonally invariant distribution, then ¥ = X/||X|| € ¥, ,, is
independent of U = || X|| and ¥ has a uniform distribution on %, .

There is an analogue of for the decomposition of X € X

into (¥, A) where ¥ € §, , and 4 € 5] (see Proposition 5.5).

Proposition 7.4. Suppose X € X is a random vector with an O,-left in-
variant distribution and write $(X) = (¥, A) where ¥ € J,  and 4 € 5
are the unique matrices such that X = ¥4. Then ¥ and 4 are independent
and ¥ has a uniform distribution on ¥, ,. Conversely, if ¥ € ¥, and

A4 €5, are independent and if ¥ has a uniform distribution on g, .» then
X = ¥4 has an 0-left invariant distribution on %.

Proof. The proof is essentially the same as that of and is

left to the reader. O

Thus far, it has been shown that if X € X has an O -left invariant
distribution for X = YU, ¥ and U are independent and ¥ has a uniform
distribution. However, nothing has been said about the distribution of
U € Gj,. The next result gives the density function of U with respect to the
right invariant measure

du
n{“fz‘

v(dU) =

in the case that X has a density of a special form.
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Proposition 7.5. Suppose X € % has a distribution P given by a density
function

h(XX), XeX

with respect to the measure

X

dx) = —2
p(dX) XX

on %X. Then the density function of U (with respect to v,) in the representa-
tion X = YU is

g(U) = 2],(\/%)”‘*’(”’ )L (UU).
Proof. 1f X € X, U(X) denotes the unique element of G, such that

X = YU(X) for some ¥ € 63;, . To show g, is the density function of U, it
is sufficient to verify that

JRUCON (X X)p(dX) = [1(U)go(U)r,(dU)

for all integrable functions k. Since X'X = U'(X)U(X), the results of
Example 6.20 show that

JRUCO) /U (X)U(X))p(dX) = ¢ [h(U) (U )5,(dU)

where ¢ = 27(Y27)"Pw(n, p). Since gyo(U) = ¢fy,(UU), g, is the density
of U. O

A similar argument gives the density of § = X’X.

Proposition 7.6. Suppose X € % has distribution P given by a density
function

W(XX), Xe%

with respect to the measure p. Then the density of § = X’ X is

go(8) = (V2m) " w(n, p)f,(S)
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with respect to the measure

ds

V(dS) = W

Proof. With the notation S(X) = XX, it is sufficient to verify that

SRS (X X)p(dx) = [h(S)go(S)v(dS)

for all integrable functions 4. Combining the identities (6.4) and (6.5), we
have

Jr(S(O) /(X' X)u(dX) = ¢ [R(S) £,(S)v(dS)

where ¢ = (V27 )"Pw(n, p). Since g, = cf,, the proof is complete. O

When X € % has the density assumed in and it is

clear that the distribution of X is O -left invariant. In this case, for X = VU,
¥ and U are 1ndependent ‘I' has a uniform distribution on % _, and U has
the density given in Proposition 7.5 Thus the joint distribution of ¥ and U
has been completely described. Slrmlar remarks apply to the situation
treated in The reader has probably noticed that the
distribution of S = X’X was derived rather than the distribution of 4 in the
representation X = ¥4 for ¥ € & , nand 4 € 8+ Of course, S = 42 so 4
is the unique positive definite square root of S. The reason for giving the
distribution of S rather than that of 4 is quite simple—the distribution of 4
is substantially more complicated than that of S and harder to derive.

In the following example, we derive the distributions of U and S when
X € X has a nonsingular 0,-left invariant normal distribution.

¢ Example 7.1. Suppose X € %X has a normal distribution with a
nonsingular covariance and also assume that £(X) = £(I'X) for all
'€ 0, Thusb6X =T&XforallT € O,, which implies that 56X = 0.
Also, Cov(X ) must satisfy Cov((I' ® I ) X) = Cov(X) since £(X)
= £((T ® 1,) X). From Proposition 2. 19 this implies that

Cov(X)=1,® =

for some positive definite = as Cov(X) is assumed to be nonsingu-
lar. In summary, if X has a normal distribution in %X that is O, -left
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invariant, then
£(X)=N(0,1,® Z).

Conversely, if X is normal with mean zero and Cov(X) =1, ® Z,
then £(X) = £(T'X) for all T € O,. Now that the O,-left invariant
normal distributions on %X have been described, we turn to the
distribution of S = X’X and U described in and
7.6. When £(X) = N(0, I, ® Z), the density function of X with
respect to the measure p(dX) = dX/| X' X|"/? is

fo(X) = (V27 ) " 127 ' X X|"%exp| - 1tr =7 'X'X].
Therefore, the density of S with respect to the measure

ds

v(dS) = S’

ses;

is given by
20(8) = «(n, p)I="'S|"%exp[ -} tr =7's]
according to This density is called the Wishart

density with parameters =, p, and n. Here, p is the dimension of S
and n is called the degrees of freedom. When S has such a density
function, we write 2(S) = W(Z, p, n), which is read “the distribu-
tion of S is Wishart with parameters 3, p, and n.” A slightly more
general definition of the Wishart distribution is given in the next
chapter, where a thorough discussion of the Wishart distribution is

presented. A dire(;t application of yields the density
g,(U) = 2%w(n, p)|Z~'UU|" %exp[ - 1 tr =~ 'UU]

with respect to measure

when X = YU, ¥ € § , and U € G{,. Here, the nonzero elements
J

p,n
of Uare u;;, 1 <i<j<p. When 2 =1, g, becomes

p
g1(U)7,(dU) = 276(n, p) [Tulexp[ - tUU]»,(aU)
i=1

P
= 2%w(n, p) ]_[u,.”,."'exp[—% D u?]] au.
i=1 ;

1<y
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In G}, the diagonal elements of U range between 0 and co and the
elements above the diagonal range between — oo and + co. Writing
the density above as

P
8(U)(dU) = 2%a(n, p)[ T (uf; ‘exp[ - u}] du,,)
1

x11 (exp[ - %u,zj] du,-j),

i<j

we see that this density factors into a product of functions that are,
when normalized by a constant, density functions. It is clear by
inspection that

£(u;;) = N(0,1) fori <.
Further, a simple change of variable shows that

B(ui2i)=x3:—i+l, i=1,...,p.

Thus when 2 = 1, the nonzero elements of U are independent, the
elements above the diagonal are all N(0, 1), and the square of the
ith diagonal element has a chi-square distribution with n — i + 1
degrees of freedom. This result is sometimes useful for deriving the
distribution of functions of S = U'U. ®

7.2. GROUPS ACTING ON SETS

Suppose X is a set and G is a group that acts on the left of X according to
Definition 6.3. The group G defines a natural equivalence relation between
elements of X—namely, write x, = x, if there exists a g € G such that
X, = gx,. It is easy to check that = is in fact an equivalence relation. Thus
the group G partitions the set X into disjoint equivalence classes, say

X= U %X,,

a€A

where 4 is an index set and the equivalence classes X, are disjoint. For each
x € %, the set {gx|g € G) is the orbit of x under the action of G. From the
definition of the equivalence relation, it is clear that, if x € X, then X _ is
just the orbit of x. Thus the decomposition of % into equivalence classes is
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simply a decomposition of X into disjoint orbits and two points are
equivalent iff they are in the same orbit.

Definition 7.2. Suppose G acts on the left of X. A function f on % to ¥ is
invariant if f(x)= f(gx) for all x € X and g € G. The function f is
maximal invariant if f is invariant and f(x,) = f(x,) implies that x, = gx,
for some g € G.

Obviously, f is invariant iff f is constant on each orbit in X. Also, f is
maximal invariant iff it is constant on each orbit and takes different values
on different orbits.

Proposition 7.7. Suppose f maps X onto %Y and f is maximal invariant.
Then A, mapping X into Z, is invariant iff A(x) = k(f(x)) for some
function k mapping % into Z.

Proof. If h(x) = k(f(x)), then A is invariant as f is invariant. Conversely,
suppose A is invariant. Given y € %, the set {x|f(x) = y} is exactly one
orbit in %X since f is maximal invariant. Let z € Z be the value of 4 on this
orbit (4 is invariant), and define k(y) = z. Obviously, k is well defined and

k(f(x)) = h(x). 0

is ordinarily paraphrased by saying that a function is
invariant iff it is a function of a maximal invariant. Once a maximal
invariant function has been constructed, then all the invariant functions are
known—namely, they are functions of the maximal invariant function. If
the group G acts transitively on %X, then there is just one orbit and the only
invariant functions are the constants. We now turn to some examples.

¢ Example 7.2. Let X =R"—(0) and let G=0, act on X as a
group of matrices acts on a vector space. Given x € %, it is clear
that the orbit of x is { y|||y|| = ||x|}}- Let S, = {x|||x|| = r}, so

X =US,

r>0

is the decomposition of % into equivalence classes. The real number
r > 0 indexes the orbits. That f(x) = ||x|| is a maximal invariant
function follows from the invariance of f and the fact that f takes a
different value on each orbit. Thus a function is invariant under the
action of G on %X iff it is a function of ||x|. Now, consider the space
S; X (0,0) and define the function ¢ on X to S, X (0, 0) by
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o(x) = (x/)|x|l; lIx|))- Obviously, ¢ is one-to-one, onto, and
¢~ (u, r) = ru for (u,r) € S, X (0, 00). Further, the group action
on % corresponds to the group action on S, X (0, o0) given by

T(u,r)=(Tu,r), Te€0,.

In other words, ¢(I'x) = I'¢(x) so ¢ is an equivariant function (see
Definition 6.14). Since 0, acts transitively on S, a function 4 on
S, X (0, 00) is invariant iff A(u, r) does not depend on u. For this
example, the space X has been mapped onto S, X (0, ) by ¢ so
that the group action on % corresponds to a special group action on
S, X (0, c0)—namely, O, acts transitively on S, and is the identity
on (0, c0). The whole point of introducing S, X (0, o0) is that the
function hy(u, r) = r is obviously a maximal invariant function due
to the special way in which 0, acts on S; X (0, o). To say it another
way, the orbits in S; X (0, c0) are S, X {r}, r > 0, so the product
space structure provides a convenient way to index the orbits and
hence to give a maximal invariant function. This type of product
space structure occurs in many other examples. *

The following example provides a useful generalization of the example
above.

¢ Example 7.3. Suppose % is the space of all n X p matrices of rank
P, p < n. Then O, acts on the left of X by matrix multiplication. The
first claim is that f,(X) = X'X is a maximal invariant function.
That f is invariant is clear, so assume that f,(X,) = f,(X,). Thus
X| X, = X} X, and, by Proposition 1.31, there exists a I' € 0, such
that I'X, = X,. This proves that f, is a maximal invariant. Now, the
question is: where did f, come from? To answer this question, recall
that each X € % has a unique representation as X = ¥4 where
Y €3 ,and 4 €5 . Let ¢ denote the map that sends X into the
pair (¥, 4) € §, , X & such that X = ¥A. The group 0, acts on
%, . X &, by

(¥, 4)=(TY, A)
and ¢ satisfies
¢(I'X) = T'p(X).

It is clear that hy(¥A4)= A is a maximal invariant function on
,,» X &, under the action of 0, since 0, acts transitively on &, .
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Also, the orbits in &, , X 5" are &, , X (4) for 4 € §. It follows
immediately from the equ1var1ance of ¢ that

¢“(Gfp’n X {4)) = {X|X = ¥4 for some ¥ € G, n)

are the orbits in X under the action of O,. Thus we have a
convenient indexing of the orbits in °X given by 4. A maximal
invariant function on % must be a one-to-one function of an orbit
index—namely, 4 € §. However, f,(X) = XX = 4> when

Xe{X|X=V¥4, forsome¥ € }.

Since A is the unique positive definite square root of 42 = X’'X, we
have explicitly shown why f, is a one-to-one function of the orbit
index A. A similar orbit indexing in % can be given by elements
U € G|, by representing each X € X as X = VYU, ¥ € 4, ,, and
U € G};. The details of this are left to the reader. *

¢ Example 74. In this example, the set X is (R? — {0)) X §,". The
group G/, acts on the left of % in the following manner:

A(y, ) = (Ay, ASA))

for (y,S)e X and 4 € Gl,. A useful method for finding a maxi-
mal invariant function is to consider a point (y, S) € X and then
“reduce” (y,S) to a convenient representative in the orbit of
(», S). The orbit of (y, S) is {A4(y, S)4 € Gl,). To reduce a given
point (y, S) by 4 € Gl,, first choose 4 = I'S~1/2 where T € 0,
and S~1/2 is the inverse of the positive definite square root of s
Then

ASA" =TS~ V288~ 12TV =TTV = I,
and

A(y, 8) = (TS, 1),

which is in the orbit of (y, ). Since S™'/2y and ||S~'/2y||¢, have
the same length (&} = (1,0,..., 0)), we can choose I' € 0, such that

LS~172y = ||S™12y]le,.
Therefore, for each (y, S) € %, the point

(1S~ 2ylle,, I,)
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is in the orbit of (y, S). Let

fo(p, 8) =y'S7ly =|IS™"2y|%.
The above reduction argument suggests, but does not prove, that f
is maximal invariant. However, the reduction argument does pro-
vide a method for checking that £, is maximal invariant. First, f is
invariant. To show f, is maximal invariant, if f,(y,, S;) = fo(»,, S,),

we must show there exists an 4 € Gl, such that A(y,, S}) = (3,, S)-
From the reduction argument, there exists 4; € G, such that

Ai(yi’ Si) = (”Si_ 1/2)’,‘“81’ Ip)’ i=12.
Since fo(yy, S1) = fo(125 S5),

IST 2wl = 1S5 2pall
and this shows that
4,(», 8)) = 4,(», S,)-
Setting 4 = A5 'A,, we see that A(y,, ;) = ()3, S,) 50 f, is maxi-
mal invariant. As in the previous two examples, it is possible to

represent X as a product space where a maximal invariant is
obvious. Let

Y ={(u,S)ue RS € S, ,uS lu= 1}.
Then G, acts on the left of %Y by
A(u, 8) = (Au, ASA).

The reduction argument used above shows that the action of G/, is
transitive on %Y. Consider the map ¢ from X to Y X (0, c0) given by

¢(x, S) = (((x’T‘x‘;)l?’ S),x’S“x).

The group action of G/, on ¥ X (0, c0) is

A((u,S),r)=(A(u, S),r)

245
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and a maximal invariant function is

fHi((u,8),r)=r

since Gl,, is transitive on %Y. Clearly, ¢ is a one-to-one onto function
and satisfies

¢(A(x, S)) = 4¢(x, S).

Thus f,(¢(x, S)) = x’S~ 'x is maximal invariant. S

In the three examples above, the space % has been represented as a
product space Y X Z in such a way that the group action on % corresponds
to a group action on ¥ X Z—namely,

g(y,2) = (g, 2)
and G acts transitively on %. Thus it is obvious that
fily,z)=z

is maximal invariant for G acting on %Y X Z. However, the correspondence
¢, a one-to-one onto mapping, satisfies

o(gx) = go(x) forge G,xeX.

The conclusion is that f,(¢(x)) is a maximal invariant function on %. A
direct proof in the present generality is easy. Since

fi(e(gx)) = fi(go(x)) = fi(#(x)),

fi(¢(x)) is invariant. If f,($(x,)) = f,(¢(x,)), then there is a g € G such
that g¢(x,) = ¢(x,) since f, is maximal invariant on ¥ X Z. But g¢(x,) =
o(gx,) = ¢(x,), so gx; = x, as ¢ is one-to-one. Thus f,(¢(x)) is maximal
invariant. In the next example, a maximal invariant function is easily found
but the product space representation in the form just discussed is not
available.

¢ Example 7.5. The group 0, acts on 5, by
I(s)=TsI", Teg,

A maximal invariant function is easily found using a reduction
argument similar to that given in From the spectral
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theorem for matrices, every S € S* can be written in the form
S = I',DT| where T, € O, and D is a diagonal matrix whose diag-
onal elements are the ordered eigenvalues of S, say

AM(S) = A, (8) = -+ = A,(8).

Thus I'{ST, = D, which shows that D is in the orbit of S. Let f, on
5; to R? be defined by: f,(S) is the vector of ordered eigenvalues
of S. Obviously, f, is O -invariant and, to show f, is maximal
invariant, suppose f,(S;) = f5(S,). Then S, and S, have the same
eigenvalues and we have

S,=TL,DI/, i=1.2

where D is the diagonal matrix of eigenvalues of S;, i = 1,2. Thus
LIS(ILIT)Y = S,, so f, is maximal invariant. To describe the
technical difficulty when we try to write 81,* as a product space, first
consider the case p = 2. Then §; = X, U X, where

X1 = {815 €5, A(S5) = A,(S))
and
Ky = (SIS €8, Ai(S) > Ay (S)).

That O, acts on both %, and %X, is clear. The function ¢, defined
on %X, by ¢,(S)=A,(S) € (0, ) is maximal invariant and ¢,
establishes a one-to-one correspondence between X, and (0, ).
For X,, define ¢, by
A(S) O
S) =

$0 ¢, is a maximal invariant function and takes values in the set %
of all 2 X 2 diagonal matrices with diagonal elements y, and y,,
Y1 >y, >0. Let 9, be the subgroup of 0, consisting of those
diagonal matrices with +1 for each diagonal element. The argu-
ment given in Example 6.21 shows that the mapping constructed
there establishes a one-to-one onto correspondence between %X, and
(0,/9,) X %, and O, acts on (0,/9,) X Y by

I(z,y)=(Tz,y); (z,9) € (0,/9,) X %Y.

247
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Further, ¢ satisfies

¢(T(z, y)) = T(¢(z, ).

Thus for p = 2, S; has been decomposed into X, and %,, which
are both invariant under 0,. The action of 0, on X, is trivial in that
I'x = x for all x € X | and a maximal invariant function on %X, is
the identity function. Also, X, was decomposed into a product
space where O, acted transitively on the first component of the
product space and trivially on the second component. From this
decomposition, a maximal invariant function was obvious. Similar
decompositions for p > 2 can be given for 8; , but the number of
component spaces increases. For example, when p = 3, let A((S) >
A,(S) = A;(S) denote the ordered eigenvalues of S € &;. The
relevant decomposition for &; is

Sy =X, UK,UX; UK,
where
Xy = {SIM(S) = A,(S) = A4(5)}
Ky = {SIN(S) = A, (S) > A5(S))
Ky = {SIA(S) > A, (S) = A5(5)}
Ky = {SIA(S) > A,(S) > A5(8)).

Each of the four components is acted on by 0, and can be written as
a product space with the structure described previously. The details
of this are left to the reader. In some situations, it is sufficient to
consider the subset £ of 5" where

Z={SIA(S) > A, (8) > -+ > A, (5)).

The argument given in Example 6.21 shows how to write Z as a
product space so that a maximal invariant function is obvious under
the action of 0, on Z. *

Further examples of maximal invariants are given as the need arises. We
end this section with a brief discussion of equivariant functions. Recall (see
Definition 6.14) that a function ¢ on %X onto % is called equivariant if
$(gx) = go(x) where G acts on X, G acts on ¥, and G is a homomorphic
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image of G. If G = (&) consists only of the identity, then equivariant
functions are invariant under G. In this case, we have a complete descrip-
tion of all the equivariant functions—namely, a function is equivariant iff it
is a function of a maximal invariant function on %X. In the general case
when G is not the trivial group, a useful description of all the equivariant
functions appears to be rather difficult. However, there is one special case
when the equivariant functions can be characterized.

Assume that G acts transitively on X and G acts transitively on %, where
G is a homomorphic image of G. Fix x, € % and let

H, = {glgxo = x,)-

The subgroup H, of G is called the isotropy subgroup of x,. Also, fix y, € %
and let

Ko = {218y =)o)

be the isotropy subgroup of y,.

Proposition 7.8. In order that there exist an equivariant function ¢ on % to
Y such that ¢(x,) = y,, it is necessary and sufficient that H, C K,,. Here
H, € G is the image of H, under the given homomorphism.

Proof.  First, suppose that ¢ is equivariant and satisfies ¢(x,) = y,. Then,
for g € H,,

$(x0) = ¢(gx,) = 86(x0) = 8o = ¥
s0 g € K. Thus H, € K,. Conversely, suppose that H, C K,. For x € ¥,
the transitivity of G on X implies that x = gx,, for some g. Define ¢ on % to
Y by
é(x) = gy, wherex = gx,.

It must be shown that ¢ is well defined and is equivariant. If x = 81Xp =
82X, then g5''g, € H, so g5 'g, € K. Thus

o(x) =200 =80

since

gz_lgl)b = g{lgl Yo =)o
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Therefore ¢ is well defined and is onto % since G acts transitively on .
That ¢ is equivariant is easily checked. ad

The proof of shows that an equivariant function is
determined by its value at one point when G acts transitively on .. More
precisely, if ¢, and ¢, are equivariant functions on %X such that ¢,(x,) =

¢,(x,) for some x, € X, then ¢,(x) = ¢,(x) for all x. To see this, write
X = gx, SO

o,(x) = ¢,(8x0) = 86,(x0) = 80,(x0) = $,(8x0) = b2(x).

Thus to characterize all the equivariant functions, it is sufficient to de-
termine the possible values of ¢(x,) for some fixed x, € X. The following
example illustrates these ideas.

o Example 7.6. Suppose X =¥ =5 and G = G= Gl, where the
homomorphism is the identity. The actlon of Gl, on S*

A(S)=A4S4; A€Gl,S€eS) .

To characterize the equivariant functions, pick x, = I, € S;. An
equivariant function ¢ must satisfy

¢(1,) = ¢(IT") = Tp(1,)T’

forall T € (‘) By Proposition 2.13, a matrix ¢(I,) satisfies this
equation iff ¢(I ) = kI, for some real constant k. Smce o(1,) € S+ ,
k > 0. Thus

o(L,)=kI,, k>0
and for S €5,
$(8) = ¢(S'/28'2) = §'%(1,)S'? = kS.
Therefore, every equivariant function has the form ¢(S) = kS for

some k > 0. ¢

Further applications of the above ideas occur in the following sections
after it is shown that, under certain conditions, maximum likelihood estima-
tors are equivariant functions.
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7.3. INVARIANT PROBABILITY MODELS

Invariant probability models provide the mathematical framework in which
the connection between statistical problems and invariance can be studied.
Suppose (X, B) is a measurable space and G is a group of transformations
acting on %X such that each g € G is a one-to-one onto measurable function
from % to X. If P is a probability measure on (%X, %) and g € G, the
probability measure gP on (%X, ®) is defined by

(gP)(B)=P(g"'B); g€G, Be%.

It is easily verified that (g,8,)P = g,(g, P) so the group G acts on the space
of all probability measures defined on (%X, B).

Definition 7.3. Let @ be a set of probability measures defined on (%X, B®).
The set @ is invariant under G if for each P € @, gP € @ for all g € G. Sets
of probability measures & are called probability models, and when % is
invariant under G, we speak of a G-invariant probability model.

If X & % is a random vector with £(X) = P, then £(gX) = gP for
g € G since

Pr(gX € B} =Pr{X € g 'B) = P(g"'B} = (gP)(B).

Thus % is invariant under G iff whenever £(X) € @, L(gX) € P for all
g €.

There are a variety of ways to construct invariant probability models
from other invariant probability models. For example, if @, a € 4, are
G-invariant probability models, it is clear that

UP, and N 9,

a€A a€A

are both G-invariant. Now, given (X, ) and a G-invariant probability
model ?, form the product space

KO =X XKX - X%

and the product o-algebra ™ on X™. For P € 9, define P™ on B by
first defining

n
P™(B, xB,x -+ xB,)=[]P(B)
i=1
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where B; € %. Once P is defined on sets of the form B, X --- X B,, its
extension to B is unique. Also, define G acting on %™ by

g(xy,..0sx,) = (8x5-.., 8%,)
for x = (x,..., x,,) € X",

Proposition 7.9. Let 9™ = (P™|P € 9). Then P is a G-invariant
probability model on (X, B™) when @ is G-invariant.

Proof. It must be shown that gP(™ € ™ for g€ G and P € P™,
However, P(" is the product measure

PM=PXPX--+-XP; Pe?®P

and P is determined by its values on sets of the form B, X - -- X B,. But

(gP)"(B, X -+ X B,)=P™(g"'B, X g"'B, X --- X g"'B,)
=f[P(g"Bi) =l':11(gP)(B,~)

where the first equality follows from the definition of the action of G on
(™. Then gP™ is the product measure

gP™ = (gP) x (gP) X --- X (gP),

which is in # as gP € 9. O

For an application of suppose X is a random vector with
£(X) € P where @ is a G-invariant probability model on %X. If X,..., X,

are independent and identically distributed with £(X;) € &, then the ran-
dom vector

Y=(X,..., X,) € X™

has distribution P € 9™ when £(X,)= P, i=1,..., n. Thus P is a
G-invariant probability model for Y.

In most applications, probability models ¥ are described in the form
% = (P,|0 € 0) where 0 is a parameter and O is the parameter space. When
discussing indexed families of probability measures, the term “parameter
space” is used only in the case that the indexing is one-to-one—that is,
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P, = P, implies that 6, = 6,. Now, suppose ¥ = {Py|6 € ©) is G-invariant.
Then for each g€ G and 0 ¢ O, gP, € P, so gPy = P, for some unique
0’ € 0. Define a function g on 0 to © by

gP 9= P 20° 0 (S @.
In other words, g@ is the unique point in © that satisfies the above equation.

Proposition 7.10. Each g is a one-to-one onto function from © to ©. Let
G = {g|g € G). Then G is a group under the group operation of function

composition and the mapping g — g is a group homomorphism from G to
G, that is:

® Eg__z = 88
i) g =gz"

Proof. To show that g is one-to-one, suppose g6, = g6,. Then
8Py = Py, = Pgoz = ghy,,

4

which implies that P, = Py, so 8, = 6,. The verification that g is onto goes
as follows. If # € ©, let §’ = g~ '6. Then

Py = gPy = g(gﬁlPo) = (gg7") Py = Py,
so g0” = 6. Equations (i) and (ii) follow by calculations similar to those
above. This shows that G is the homomorphic image of G and G is a group.
O
An important special case of a G-invariant parametric model is the

following. Suppose G acts on (%X, %) and assume that » is a o-finite measure
on (X, D) that is relatively invariant with multiplier x, that is,

[#(g7%)w(dx) = x(g) [f(x)r(dx), geG

for all integrable functions f. Assume that P = {P|6 € ©) is a parametric
model and

Py(B) = [15(x)p(xI8)¥(dx)

for all measurable sets B. Thus p(-|6) is a density for P, with respect to ». If
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? is G-invariant, then

gPy = Py forge G,0 € 0.

Therefore,

8Py(B) = Py(87'B) = [15(gx)p(x16)v(dx)
= [15(gx) p(g'gx0)(dx)
= x(g7") [1s(x)p(g~'x16) v (dx)

= Pyy(B) = [15(x)p(xI20)»(dx)
for all measurable sets B. Thus the density p must satisfy

x(g ") p(g 'x10) = p(x|gd) ae.(»)

or, equivalently,
p(x10) = p(gx|g8)x(g) ae.(»).

It should be noted that the null set where the above equality does not hold
may depend on both 8 and g. However, in most applications, a version of
the density is available so the above equality is valid everywhere. This leads
to the following definition.

Definition 7.4. The family of densities { p(-|0)|0 € ®) with respect to the
relatively invariant measure » with multiplier x is (G — G)-invariant if

p(x10) = p(gx|g8)x(g)
for all x, 4, and g.

It is clear that if a family of densities is (G — G)-invariant where G is a
homomorphic image of G that acts on ©, then the family of probability
measures defined by these densities is a G-invariant probability model. A
few examples illustrate these notions.
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¢ Example 7.7. Let % = R" and suppose f(|x]|?) is a density with
respect to Lebesgue measure on R”. For p € R" and 2 € Sp* , set

p(xlp, Z) = [Z72f((x — #)=7(x — ).
For each p and 2, p(-|n, 2) is a density on R". The affine group A4/,
acts on R" by (4, b)x = Ax + b and Lebesgue measure is relatively
invariant with multiplier

x(4, b) = |det(4)]

where (A, b) € Al,. Consider the parameter space R" X S; and the
family of densities

{p(-Ip, 2)(p, 2) € R" X 5.
The group A/, acts on the parameter space R” X S; by
(4,b)(p, Z) = (Ap + b, AZ4).

It is now verified that the family of densities above is (G — G)-
invariant where G = G = Al,. For (4, b) € Al,,

p((4,b)x|(4,b)(p, 2)) = p(Ax + b|(Ap + b, AZA'))
= |AZ A"V f((Ax + b — Ap — bY

X (AZA) (Ax + b — Ap - b))

(et 4171217 2f ((x = )27 (x = p))
1
= ———p(x|(p, 2)).
Therefore, the parametric model determined by the family of densi-

ties is A/ -invariant. *

A useful method for generating a G-invariant probability model on a
measurable space (X, B) is to consider a fixed probability measure P, on

(%X, %) and set
P = (ghlg € G).

Obviously, ¥ is G-invariant. However, in many situations, the group G does
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not serve as a parameter space for % since g, P, = g, P, does not necessarily
imply that g, = g,. For example, consider X = R" and let P, be given by

Py(B) = fR"IB(x)f(nxuz) dx

where f(|x||?) is the density on R” of [Example 7.7 Also, let G = Al,. To

obtain the density of gP,, suppose X is a random vector with £(X) = P,.
For g = (4, b) € Al,, (A, b))X = AX + b has a density given by

p(xlb, A4') = \det(44')""*f((x = b)(44)"'(x ~ b))
and this is the density of (4, b) P,. Thus the parameter space for
G‘P = ((A? b)POI(A’ b) € Aln)

is R" X §,". Of course, the reason that 4/, is not a parameter space for ¥ is
that

(F,O)Po =P,

for all n X n orthogonal matrices I'. In other words, P, is an orthogonally
invariant probability on R”".

Some of the linear models introduced in Chapter 4 provide interesting
examples of parametric models that are generated by groups of transforma-
tions.

¢ Example 7.8. Consider an inner product space (¥, [+, -]) and let P,
be a probability measure on ¥ so that if £(X) = P, then &X = 0
and Cov(X) = I. Given a subspace M of V, form the group G
whose elements consist of pairs (a, x) with @ > 0 and x € M. The
group operation is

(ay, x;)(ay, x,) = (a a5, a)x, + x,).

The probability model P = {gPy|g € G} consists of all the distri-
butions of (a, x) X = aX + x where £(X) = P,. Clearly,

&(aX+ x)=x and Cov(aX + x) = a’I.

Therefore, if £(Y) € @, then &Y € M and Cov(Y) = o2I for some
62> 0, so @ is a linear model for Y. For this particular example the
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group G is a parameter space for 9. This linear model is generated
by G in the sense that ? is obtained by transforming a fixed
probability measure P, by elements of G. ¢

An argument similar to that in shows that the multivariate
linear model introduced in Example 4.4 is also generated by a group of
transformations.

¢ Example 7.9. Let E , be the linear space of real n X p matrices
with the usual inner product {(-,-)onf . Assume that P is a
probability measure on £, , so that if E(X )= P,, then 6X =0
and Cov(X) = I, ® I,,. To define a regression subspace M, let Z be
a fixed n X k real matrix and set

M=(y|y=ZB,BEBp,k).

Obviously, M is a subspace of £, ,. Consider the group G whose
elements are pairs (4, y) with 4 € Gl and y € M. Then G acts on
£, .by

(A, y)x=xA+y=(I,® A)x + y,
and the group operation is
(41, y1)(4z, 32) = (4,145, 1,47 + y,).

The probability model & = {gP,|g € G} consists of the distribu-
tions of (4, y)X = (I, ® A)X + y where £(X) = P,. Since

E(I,®4)X+y)=yeM
and
Cov((I,® A)X +y)=1I,® A4,

if £(Y)€ P, then 6Y € M and Cov(Y) = I, ® = for some p X p
positive definite matrix 2. Thus % is a multivariate linear model as
described in Example 4.4. If p > 1, the group G is not a parameter
space for %, but G does generate 9. *

Most of the probability models discussed in later chapters are examples
of probability models generated by groups of transformations. Thus these
models are G-invariant and this invariance can be used in a variety of ways.
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First, invariance can be used to give easy derivations of maximum likeli-
hood estimators and to suggest test statistics in some situations. In addition,
distributional and independence properties of certain statistics are often
best explained in terms of invariance.

7.4. THE INVARIANCE OF LIKELIHOOD METHODS

In this section, it is shown that under certain conditions maximum likeli-
hood estimators are equivariant functions and likelihood ratio tests are
invariant functions. Throughout this section, G is a group of transforma-
tions that act measurably on (%, ®) and » is a o-finite relatively invariant
measure on (X, %) with multiplier x. Suppose that P = (P,|6 € ©) is a
G-invariant parametric model such that each P, has a density p(-|6), which
satisfies

p(x10) = p(gx|g8)x(g)

forall x € %X, 8 € ©, and g € G. The group G = (g|g € G) is the homo-
morphic image of G described in In the present context, a
point estimator of @, say ¢, mapping %X into ©, is equivariant (see Definition
6.14) if

t(gx) =gt(x), g€G, xeX.

Proposition 7.11. Given the (G — G)-invariant family of densities
{p(:]0)|0 € ©), assume there exists a unique function § mapping X into ©
that satisfies

sup p(x|6) = p(x|8(x)).
X=1¢]
Then 6 is an equivariant function—that is,

b(gx)=26(x), xeX, g€G.

Proof. By assumption, b( gx) is the unique point in © that satisfies
sup p(gx|0) = p(gx16(gx)).
[Z=]°]
But
p(gx10) = x(g7")p(x1z7'0)



PROPOSITION 7.12 259

SO

sx;pp(gxl0) = x(g")sgpp(xlg“(’) = x(g“)sgpp(XW)

= x(&7")p(x16(x)) = p(gxz0(x)).
Thus
p(gx18(gx)) = p(gx|zb(x))
and, by the uniqueness assumption,
0(gx) = g6(x). O

Of course, the estimator §(x) whose existence and uniqueness is assumed

in is the maximum likelihood estimator of 8. That  is an

equivariant function is useful information about the maximum likelihood
estimator, but the above result does not indicate how to use invariance to
find the maximum likelihood estimator. The next result rectifies this situa-
tion.

Proposition 7.12. Let {p(:|0)|@ € ©) be a (G — G)-invariant family of
densities on (X, ®). Fix a point x, € X and let 0, be the orbit of x,.
Assume that

Supp(x0|9) = P(Xolao)
6O

and that 6, is unique. For x € O, , define 6(x) by
6(x)=g50, wherex =g x,.
Then § is well defined on O, and satisfies

@ B(gx)=gb(x), x €0,
(i) supseep(x10) = p(x|6(x)), x €0, .

Furthermore, 6 is unique.

Proof. The density p(-|6) satisfies

p(»10) = p(2r126)x(g)
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where x is a multiplier on G. To show 8 is well defined on 0,, it must be
verified that if x = g xo = h, X, then g,0, = h,8,. Set k = h}'g, so kx, =
x, and we need to show that k6, = 6,. But

p(xol6p) = :ugp(kxolf)) = x(k“)sgpp(xollz“ﬁ)
= x(k“)SI;pp(xolﬂ) = x (k™) p(x016,)

= p(kxOIEHO) =p(x0|1'c-00).

By the uniqueness assumption, k8, = 6, so § is well defined on 0, To
establish (i), if x = g, x,, then gx = (gg,)x, S0

é(gx) = ngao = g(gxoo) = gé('x)

For (ii), x = g, x, so

Sl;pp(xlﬂ) sgpp(gxxolé’) = x(g;‘)Sl;pp(xolg; '6)

x(g;')sgpp(xolﬂ) = x(g:") p(xol6p)

= p(8:%018.8) = p(x18(x)).
To establish the uniqueness of 4, fix x € 0,, and consider 6, = z.6,. Then
p(x16,) = p(8:%02.85'0,) = x(&5") p(xol85'6))
< X(g;l)P(xolao) =p(x|9(x)).

The strict inequality follows from the uniqueness assumption concerning 6,.
O

In applications, is used as follows. From each orbit in
the sample space X, we pick a convenient point x, and show that p(x,|6) is
uniquely maximized at ,. Then for other goints x in this orbit, write
x = g x, and set 6(x) = g,0,. The function 6 is then the maximum likeli-
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hood estimator of # and is equivariant. In some situations, there is only one

orbit in %X so this method is relatively easy to apply.

o Example 7.10. Consider X = ® = 5, and let
P(SIZ) = w(n, p)|=~'S|"exp[ ~ } tr 27'S]

for S € S; and 2 € S;. The constant w(n, p), n > p, was defined
in Example 5.1. That p(+|2) is a density with respect to the measure

ds

v(dS) = S|P+ 172

follows from Example 5.1. The group G, acts on 5; by
A(S) = ASA’

for 4 € Glp and S € St and the measure » is invariant. Also, it is
clear that the density p(-|2) satisfies

p(ASA1ASA) = p(S|2).

To find the maximum likelihood estimator of £ € 5, we apply the
technique described above. Consider the point I, € Sp* and note
that the orbit of I under the action of G/, is S so in this case there

)4
is only one orbit. Thus to apply it must be verified

that

sup p(L,I12) = p(1,1Z,)

ze§,

where 2, is unique. Taking the logarithm of p(/,|Z) and ignoring
the constant term, we have

sup [%log|2“| - %tr E“] = sup [% log|B| — %trB]
ses) BeS;
n& 1
= sup 521(’8}\1-_ = YA,
A>0] < 29
where A,,..., A, are the eigenvalues of B = 2! € §. However,

for A > 0, nlogA — A is a strictly concave function of A and is
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uniquely maximized at A = n. Thus the function
n o 1 ¢
5; log A, — 5;}\,.
is uniquely maximized at A, = --- = A, = n, which means that
n 1
) log|B| — 7 tr B
is uniquely maximized at B = nl. Therefore,
sup p(1,|Z) =p(1p|-1—1p)
Ze§, n

and (1/n)1, is the unique point in S; that achieves this supremum.
To find the maximum likelihood estimator of =, say 3(S), write
§ = AA’ for A € Gl,. Then

A 1 1 , 1
3(8) —A(;Ip) = —ALA = —S.

In summary,

=

S |-

S

is the unique maximum likelihood estimator of = and

e p(S12) = p(stys)

w(n, p)n””/zexp[

The results of this example are used later to derive the maximum
likelihood estimator of a covariance matrix in a variety of multi-
variate normal models. ¢

We now turn to the invariance of likelihood ratio tests. First, invariant
testing problems need to be defined. Let P = {Py|0 € ©) be a parametric
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probability model on (%X, ®) and suppose that G acts measurably on %X.
Let ©, and ©, be two disjoint subsets of ©. On the basis of an observation
vector X € X with £(X) € %) U &P, where

GJ),-=(P0|0€("),-), i=0’1’
suppose it is desired to test the hypothesis

Hy:£(X) €9,
against the alternative
H:R(X)e?,.

Definition 7.5. The above hypothesis testing problem is invariant under G
if 9, and &, are both G-invariant probability models.

Now suppose that F, = (Py|0 € ©,) and P, = {P,|0 € O,) are disjoint
families of probability measures on (%X, %) such that each P has a density
p(+]0) with respect to a o-finite measure ». Consider

sup p(x|0)
e,

sup p(x|0)’
0€6,u8,

A(x) =

For testing the null hypothesis that £(X) € %, versus the alternative that
L(X) € 9, the test that rejects the null hypothesis iff A(x) < k, where k is
chosen to control the level of the test, is commonly called the likelihood ratio
test.

Proposition 7.13. Given the family of densities {p(-|6)|§ € 6, U 0,),
assume the testing problem for £(X) € %, versus £(X) € ¥, is invariant
under a group G and suppose that

p(x10) = p(gx1g8)x(g)
for some multiplier x. Then the likelihood ratio
sup p(x|0)
e,

sup p(x|6)
0eB,U0,

A(x) =

is an invariant function.
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Proof. It must be shown that A(x) = A(gx) for x € X and g € G. For
gEG,

sup p(gx|6) sup x(g7")p(xlz7'0)
A(gx) = —> - =%
( sup p(gx|0) sup x(g7')p(xlg™'0)

0€B6,U0, 0€6,uU08,
0sug p(x|0)
€9

L BN

sup p(x|0) (x)

0€6,U0,

The next to the last equality follows from the positivity of x and the
invariance of ®; and ©, U 0,. O

For invariant testing problems, Proposition 7.13| shows that that test
function determined by A, namely

(x) = 1 ifA(x)<k
ol ¥ {0 if A(x) > k,
is an invariant function. More generally, any test function ¢ is invariant if
o(x) = ¢(gx) for all x € X and g € G. The whole point of the above
discussion is to show that, when attention is restricted to invariant tests for
invariant testing problems, the likelihood ratio test is never excluded from
consideration. Furthermore, if a particular invariant test has been shown to
have an optimal property among invariant tests, then this test has been
compared to the likelihood ratio test. Illustrations of these comments are
given later in this section when we consider testing problems for the
multivariate normal distribution.

Comments similar to those above apply to equivariant estimators. Sup-
pose { p(+|0)|6 € O) is a (G — G)-invariant family of densities and satisfies

p(x16) = p(gx|20)x(g)
for some multiplier x. If the conditions of hold, then an

equivariant maximum likelihood estimator exists. Thus if an equivariant
estimator ¢ with some optimal property (relative to the class of all equiv-
ariant estimators) has been found, then this property holds when ¢ is
compared to the maximum likelihood estimator. The Pitman estimator,
derived in the next example, is an illustration of this situation.
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¢ Example 7.11. Let f be a density on R”? with respect to Lebesgue

measure and consider the translation family of densities { p(-|6)|d

€ R?) defined by

p(x|0)=f(x—0), x,0€<R?.
For this example, X = ® = G = R? and the group action is
g(x)=x+g, x,g€R"
It is clear that
p(gx|gd) = p(x10),

so the family of densities is invariant and the multiplier is unity. It
is assumed that

f xf(x)dx =0 and f||x||2f(x)dx < +o0.
R?

Initially, assume we have one observation X with £(X) € { p(:|9)|0
€ R?). The problem is to estimate the parameter §. As a measure of
how well an estimator ¢ performs, consider

R(t,0) = &lit(X) — 0]

If ¢1(X) is close to @ on the average, then R(¢, 6) should be small.
We now want to show that, if ¢ is an equivariant estimator of 4, then

R(t,0) = R(¢,0)

and the equivariant estimator ¢,(X) = X minimizes R(z,0) over all
equivariant estimators. If 7 is an equivariant estimator, then

t(x+g)=t(x)+g
so, with g = —x,
t(x) = x + ¢(0).

Therefore, every equivariant estimator has the form #(x) = x + ¢
where ¢ € R” is a constant. Conversely, any such estimator #(x) =
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x + c is equivariant. For #(x) = x + ¢,

R(1,6) = &llt(X) = ]2 = [llx + ¢ = 61>/ (x - 8) dx

= f||x + ¢||*f(x) dx = R(1,0).

To minimize R(¢,0) over all equivariant ¢, the integral

Jiix + el (x) dx
must be minimized by an appropriate choice of ¢. But
EIIX + > = 6IX = &E(X)? + 16(X) + ¢l
)

c=—6(X) =fxf(x) dx =0

minimizes the above integral. Hence #,(X) = X minimizes R(z,0)
over all equivariant estimators. Now, we want to generalize this
result to the case when Xj,..., X, are independent and identically
distributed with £(X,) € (p(:|0)/0 € R?), i = 1,..., p. The argu-
ment is essentially the same as when n = 1. An estimator ¢ is
equivariant if
t(x, +8g....,x,+g)=t(x,...,x,) + g
so, setting g = —x,,
t(Xqyenes X,) =%+ £(0, X, — Xqy000y X, — Xy).

Conversely, if

H(Xqyeees X,) =% + (x5 — Xq5000, X, — X))

then ¢ is equivariant. Here, ¥ is some measurable function taking
values in R”. Thus a complete description of the equivariant estima-
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tors has been given. For such an estimator,
R(1,0) = &lit( X,,-.., X,) — 01> =&llt(X, — 0,..., X, — 0)|*
= &ollt(X,5..., X,)II* = R(¢,0).
To minimize R(¢,0), we need to choose the function ¥ to minimize
R(t,0) = &)X, + ¥(X, — X,,..., X, — X))|I>.
Let U= X, — X|,i=2,..., n. Then
R(1,0) = &|| X, + ¥(U,,..., U)I?
=6{6(1X, + ¥(Uy,..., U)IWys- -, Uy})-
However, conditional on (Uj,..., U,)= U,
&(1X, + T(U)IMU) = 6(1X, — &(X,|U) + &(X,|U) + ¥(V)|*IU)
= 6(1X, — (XU +16(X,|U) + ¥ (V)]
Thus it is clear that
¥,(U) = -6(X,|U)
minimizes R(z,0). Hence the equivariant estimator
to( X, X,) = X, — &( X1 X, — Xp,--., X, — X))
satisfies
R(ty,0) = R(t,,0) < R(¢,0) = R(z,9)

for all @ € R? and all equivariant estimators z. The estimator ¢ is
commonly called the Pitman estimator. ¢

7.5. DISTRIBUTION THEORY AND INVARIANCE

When a family of distributions is invariant under a group of transforma-
tions, useful information can often be obtained about the distribution of
invariant functions by using the invariance. For example, some of the

results in are generalized here.
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The first result shows that the distribution of an invariant function

depends invariantly on a parameter. Suppose (X, ®) is a measurable space
acted on measurably by a group G. Consider an invariant probability model

%P = {P;|0 € ©) and let G be the induced group of transformations on ©.
Thus

8Py = Py, 0B, geG.

A measurable mapping 7 on (%X, ®) to (¥, @) induces a family of distribu-
tions on (%, C), {Q,|0 € ©) given by

0,(C)=Py(77(C)), Ce@C, de0.
Proposition 7.14. If 7 is G-invariant, then Qy = Qz for € @ and g € G.
Proof. For each C € C, it must be shown that
Qo(C) = an(c)
or, equivalently, that
Py(r7Y(C)) = Pgo("_l(c))-
But
Pyy(77'(C)) = (8Py)(v71(C)) = Py(g7'77'C)) = Py((78) ~'(C)).

Since 7g = 7 as 7 is invariant,

Q25(C) = Py((78)7'(€)) = P(771(C)) = ©4(C). O
An alternative formulation of is useful. If £(X) € {P,|0

€ 0) and if 7 is G-invariant, then the induced distribution of Y = 7(X),
which is Qy, satisfies Oy = Qz. In other words, the distribution of an
invariant function depends only on a maximal invariant parameter. By
definition, a maximal invariant parameter is any function defined on © that
is maximal invariant under the action of G on ©. Of course, © is usually not
a parameter space for the family (0|6 € ©} as Oy = Q, but any maximal
G-invariant function on © often serves as a parameter index for the
distribution of Y = 7(X).

¢ Example 7.12. In this example, we establish a property of the
distribution of the bivariate sample correlation coefficient. Consider
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a family of densities p(-|p, =) on R? given by
p(xlp, 2) = 12172 ((x — p) 27 (x — 1))

where p € R? and 2 € §; . Hence

[ folix12) dx = 1
R

and it is assumed that

/R X127 (1x11%) dx <+ oo.
Since the distribution on R? determined by f, is orthogonally
invariant, if Z € R? has density f,(||x||?), then
6Z=0 and Cov(Z)=cl,

for some ¢ > 0 (see Proposition 2.13). Also, Z, = 2'/2Z + u has
density p(-|u, =) when Z has density f,(||x||*). Thus

Z,=p and Cov(Z,) = c=.
The group A/, acts on R? by
(4,b)x =Ax+b

and it is clear that the family of distributions, say ¥ = (B, slp, 2)
€ R% X §;), having the densities p(-|u, =), p € R?, S €55, is
invariant under this group action. Lebesgue measure on R? is
relatively invariant with multiplier

x(4,b) = |det(4)|
and
p(xlp,2) = p((4, b)x|Ap + b, AZA')x (4, b).
Obviously, the group action on the parameter space is
(4,b)(p, ) = (Ap + b, AZ4')
and
(A,b)P",2=P(A,B)(F,2); P s€9.
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Now, let X,,..., X,, n > 3, be a random sample with £(X;) € ¥ so
the probability model for the random sample is A/,-invariant by
Consider X = (1/n)X7X, and S = L}(X, — X)(X,

— X) so X is the sample mean and S is the sample covariance

matrix (not normalized). Obviously, S = S(X,,..., X,,) is a func-
tion of Xj,..., X, and

S(AX, + b,..., AX, + b) = AS(X,,..., X,)A'.

That is, S is an equivariant function on (R?)" to S; where the
group action on &; is

(4, b)(S) = ASA".
Writing S € S, as

S Si2
s = (

Spp =38
SH1 522)’ 12 21»

the sample correlation coefficient is

S12

VS11522

Also, the population correlation coefficient is

r =

Oz

p 3
V011022

when the distribution under consideration is P, s, and
O Oy
2= .
( 0y O0p )
Now, given that the random sample is from P, 5, the question is:
how does the distribution of  depend on (., 2)? To show that the

distribution of r depends only on p, we use an invariance argument.
Let G be the subgroup of A/, defined by

an

0
G={(A,b)|(A,b)€A12,A=( ),ai,>0,i=1,2}.
0 a,

For (4, b) € G, a bit of calculation shows that r = r(X|,..., X,) =
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r(AX, +b,..., AX, + b) so r is a G-invariant function of Xj,...,
X,. By Proposition 7.14, the distribution of 7, say Q, s, satisfies

Qus=Qu bz (4,0)€G.

Thus Q, s depends on g, only through a maximal invariant
function on the parameter space R* X S under the action of G. Of
course, the action of G is

(4,b)(n, =) = (Ap + b, AS4’), (A,b) €G.

We now claim that

012

V011022

is a maximal G-invariant function. To see this, consider (p, =) € R?

X &, . By choosing
_ oi2 0
0 02—21/2

and b= —Ap, (4,b) € G and

oy = (55 1))

so this point is in the orbit of (1, =) and an orbit index is p. Thus p
is maximal invariant and the distribution of r depends only on
(g, 2) through the maximal invariant function p. Obviously, the
distribution of r also depends on the function f,, but f, was
considered fixed in this discussion. *

Proposition 7.14 asserts that the distribution of an invariant function

depends only on a maximal invariant parameter, but this result is not
especially useful if the exact distribution of an invariant function is desired.
The remainder of the section is concerned with using invariance arguments,
when G is compact, to derive distributions of maximal invariants and to
characterize the G-invariant distributions.

First, we consider the distribution of a maximal invariant function when
a compact topological group G acts measurably on a space (%X, ®). Suppose
that p, is a o-finite G-invariant measure on (%X, %) and f is a density with

p=rp(p,2)=
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respect to p,. Let 7 be a measurable mapping from (%X, %) onto (%, C).
Then 7 induces a measure on (%, C), say »,, given by

7(C) = po(77'(C))

and the equation
[ Dmo(dx) = [R(3)ro(dy)

holds for all integrable functions 4 on (%, ©). Since the group G is compact,
there exists a unique probability measure, say 8, that is left and right
invariant.

Proposition 7.15. Suppose the mapping 7 from (X, ®) onto (¥, C) is
maximal invariant under the action of G on X. If X € % has density f with
respect to pug, then the density of ¥ = 7(X) with respect to », is given by

a(r(x)) = [ f(gx)8(dg).
G
Proof. First, the integral
J1(gx)8(dg)

is a G-invariant function of x and thus can be written as a function of the
maximal invariant 7. This defines the function g on %. To show that q is the
density of Y, it suffices to show that

&k(Y) = f@ k(y)q(y)vo(dy)

for all bounded measurable functions k. But

Bk (Y) = 8k (r(X)) = [ K(r(x))f(x)no(dx)

= [ k() 7(gx)mo(dx).

The last equality holds since p, is G-invariant and 7 is G-invariant. Since § is
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a probability measure

Bk(¥) = [ [, (r(x))1(gx)no(dx)8(dg)-

Using Fubini’s Theorem, the definition of ¢ and the relationship between p,,
and »,, we have

Bk (Y) = [ k(r(x))a(r(x)ro(dx) = [K(2)a(r)n(d). O

In most situations, the compact group G will be the orthogonal group or
some subgroup of the orthogonal group. Concrete applications of

involve two separate steps. First, the function g must be calculated
by evaluating

fG f(gx)8(dg).

Also, given pu, and the maximal invariant 7, the measure », must be found.

¢ Example 7.13. Take X = R” and let p, be Lebesgue measure. The
orthogonal group O, acts on R” and a maximal invariant function is
7(x) =||x]|*> so ¥ =1[0,00). If a random vector X € R” has a

density f with respect to Lebesgue measure, [Proposition 7.15 tells us
how to find the density of Y = || X||? with respect to the measure »,.
To find »,, consider the particular density

fo(x) = (V2m) "exp[ — Hi1x12].

Thus £(X) = N(O, 1,,), so £(Y) = x2 and the density of Y with
respect to Lebesgue measure dy on [0, o) is

o(y) = 2L el =3y
2"2T(n/2)
Therefore,
p(y) dv = qo(y)vo(dy)
where

40(7(x) = [ o(Tx)3(aT).
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Since f,(I'x) = f,(x), the integration of f; over O, is trivial and

90(y) = (V27) "exp[ - y].

Solving for »,(dy), we have

(2'”)"/2 n/2—1 _ [r(%)]n
22 T(ny2)” = I(n/2)

vo(dy) = y/2 Ny

since T'({) = V. Now that », has been found, consider a general
density f on R". Then

q(r(x)) = fe f(Tx)8(dT)

and ¢q(y) is the density of Y = || X||*> with respect to »,. When the
density f is given by

f(x) = h(Ix)?),
then it is clear that

q(y)=h(y), »re[0,0)
so the distribution of Y has been found in this case. The noncentral
chi-square distribution of ¥ = || X||? provides an interesting exam-
ple where the integration over O, is not trivial. Suppose £(X) =
N(p, I,) so
f(x) = (V2m) "exp[ — 4llx — pll?]
= (vV27) "exp[ — 4(lIxII2 = 2x' + [|wl|?)]-

Thus

q(r(x)) = (V2w ) "exp[ — 4liml|* Jexp[ — 3l1x11%]
X ‘/;)"exp[(l‘x)'u]8(d1‘).

Since x and ||x|le; have the same length, x = ||x||I'\e, for some
I', € O, where ¢, is the first standard unit vector in R". Similarly,
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p = ||u||T,¢, for some T, € O,. Setting A = ||u||?,

q(y) = (V2m) "exp[— A Jexp[ - 3¥]
Xfeexp[M(FFlel)’TzeI]S(dI‘).
Thus to evaluate ¢, we need to calculate
H(u) = fe exp|ue;[{T'T,¢,]18(dT).
Since § is left and right invariant,

H(u) = /@ exp[ue|I"e,]8(dT) = fe exp|uy,,]8(dT)

where v,, is the (1,1) element of I'. The representation of the
uniform distribution on O, given in shows that when
I is uniform on O,, then

e(n) = 2 755

where £(Z) = N(0, 1,) and Z, is the first coordinate of Z. Expand-
ing the exponential in a power series, we have

H(u) = Z fu v/,8(dT) = z L (_)

11l

Thus the moments of U, = Z, /||Z|| need to be found. Obviously,
£(U)) = £(—-U,), so all odd moments of U, are zero. Also, U? =
Z}/(Z} + =2Z}), which has a beta distribution with parameters 4
and (n — 1)/2. Therefore,

- 2 l=r(n/2)r(]+%)
%= ) = T+ i)
SO
o ajuzj

H(u)= X

2@




276 FIRST APPLICATIONS OF INVARIANCE

Hence

() = (7)o = e - 3] T i

is the density of Y with respect to the measure »,. A bit of algebra
and some manipulation with the gamma function shows that

O o LN )
where

"/2 Yexp[ 3]

_Y
") = T ()

is the density of a x2, distribution. This is the expression for the
density of the noncentral chi-square distribution discussed in
Chapter 3. *

¢ Example 7.14. In this example, we derive the density function of
the order statistic of a random vector X € R". Suppose X has a
density f with respect to Lebesgue measure and let X,..., X, be the
coordinates of X. Consider the space % C R" defined by

Y={yly€ER", yy <y < - <))

The order statistic of X is the random vector Y € % consisting of
the ordered values of the coordinates of X. More precisely, Y, is the
smallest coordinate of X, Y, is the next smallest coordinate of X,
and so on. Thus Y = 7(X) where 7 maps each x € R” into the
ordered coordinates of x—say 7(x) € ¥. To derive the density
function of Y, we show that Y is a maximal invariant under a
compact group operating on R" and then apply
Let G be the group of all one-to-one onto functions from{1,2,..., n}
to{1,2,..., n)—that is, G is the permutation group of {1,2,..., n}.
Of course, the group operation is function composition, the group
inverse is function inverse, and G has n! elements. The group G acts
on the left of R” in the following way. For x € R” and 7 € G,
define 7x € R" to have ith coordinate x(#~!(i)). Thus the ith
coordinate of 7x is the 7~ !(i) coordinate of x, so

(mx)(i) = x(77' ().
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The reason for the inverse on « in this definition is so that G acts on
the left of R"—that is,

(mmy)x = m(myx).

It is routine to verify that the function 7 on X to % is a maximal
invariant under the action of G on R". Also, Lebesgue measure, say

1, is invariant so is applicable as G is a finite group

and hence compact. Obviously, the density g of Y = 7(X) is

4(r(x)) = o £ f(mx) = == T f(nr(x))

q(y) = %Zf(wy)

for y € %. To derive the measure », on %, consider a measurable
subset C € %. Then

(€)= U (nC)

and

(€)= 1(r(€)) = 1 U (nC)) = ¥ 1(n(C)) = m(C).

n€G

The third equality follows since (7,C) N (7,C) has Lebesgue mea-
sure zero for m = m, as the boundary of % in R" has Lebesgue
measure zero. Thus », is just n! times / restricted to %. Therefore,

the density of the order statistic Y, with respect to », restricted to %,
is

a(») =-nl—!Zf(ﬂy)-

When f is invariant under permutations, as is the case when
X),..., X, are independent and identically distributed, we have

9(y)=f(y), ye9%. .

The next example is an extension of Example 7.13| and is related to the

results in
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¢ Example 7.15. Suppose X is a random vector in £, > p, which
has a density f with respect to Lebesgue measure dx on B .Let~
map B , onto the space of p X p positive semidefinite matnces say
S by 'r(x) = x'x. The problem in this example is to derive the
densny of § = 7(X) = X"X. The compact group 0, acts on £, , and
a group element I' € O, sends x into I'x. It follows 1mmed1ately
from Proposition 1.31 that T is a maximal invariant functlon under
the action of , on £, . Since dx is invariant under 0,
shows that the densny of Sis

g(r(x)) = fe f(Tx)p(dT)

with respect to the measure Yo On 5+ induced by dx and 7. To find

the measure »,, we argue as in Example 7.13| Consider the particu-
lar density

fo(x) = (V2 ) "exp[ - 3 tr(x'x)]

onf, ,soL(X)=N(,I,® I,). For this f,, the density of S is
40(8) = 4o(7(x)) = [ fo(Tx)(dT) = (V27) "exp[ - 4 t($)]

with respect to »,. However, by [Propostion 7.6, the density of S
with respect to dS/|S|(P* /2 is

0,(S) = w(n, p)IS|"%exp[ - tr(S)].
Therefore,

ds
ql(s)W = 4o(S)ro(aS)

SO
w(n, p)|S|"=P= D/ %exp[ — 1 tr(S)] dS

= (V2m) "exp[— 3 r(S)] w (dS5),

which shows that

vo(dS) = (V2m )" w(n, p)|S| "7~ D72ds.
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In the above argument, we have ignored the set of Lebesgue
measure zero where x € £ has rank less than p. The justification
for this is left to the reader. Now that », has been found, the density
of S for a general density f is obtained by calculating

g(r(x)) = fo f(Tx)p(dT).

When f(x) = h(x'x), then f(I'x) = h(x'x) = h(7(x)) and g(S) =
h(S). In this case, the integration over O, is trivial. Another example
where the integration over 0, is not trivial is given in the next
chapter when we discuss the noncentral Wishart distribution. ¢

As motwatlon for the next result of this section, consider the situation
discussed in Proposition 7.3] This result gives a characterization of the
0,-left invariant dlstnbutlons by representing each of these distributions as a
product measure where one measure is a fixed 0,-invariant distribution and
the other measure is arbitrary. The decomposition of the space X into the
product space %, , X G, provided the framework in which to state this
representation of (9 -left invariant distributions. In some situations, this
product space structure is not available (see but a product
measure representation for O,-invariant distributions can be obtained. It is
established below that, under some mild regularity conditions, such a
representation can be given for probability measures that are invariant
under any compact topological group that acts on the sample space. We
now turn to the technical details.

In what follows, G is a compact topological group that acts measurably
on a measure space (X, B) and P is a G-invariant probability measure on
(X, ). The unique invariant probability measure on G is denoted by p and
the symbol U € G denotes a random variable with values in G and
distribution p. The o-algebra for G is the Borel o-algebra of open sets so U
is a measurable function defined on some probability space with induced

distribution p. Since G acts on X, %X can be written as a disjoint union of
orbits, say

%= U %,

acel

where @ is an index set for the orbits and X, N X, = ¢ if « = «. Let x,, be
a fixed element of X, = {gx,|g € G). Also, set

Y ={x,Ja€AAycX
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and assume that % is a measurable subset of . The function  defined on

% to Y by

(x)=x, ifxe¥X,

is obviously a maximal invariant function under the action of G on %. It is
assumed that 7 is a measurable function from % to % where %Y has the
o-algebra inherited from %X. A subset B, C % is measurable iff B, = Y N B
for some B € RB. If X € % has distribution P, then the maximal invariant
Y = 7(X) has the induced distribution Q defined by

0(B,) = P(7'(B,))

for measurable subsets B, C Y. What we would like to show is that P is
represented by the product measure u X Q on G X % in the following sense.
If Y € % has the distribution Q and is independent of U € G, then the
random variable Z = UY € %X has the distribution P. In other words,
£(X) = L(UY) where U and Y are independent. Here, UY means the group
element U operating on the point Y € %X. The intuitive argument that
suggests this representation is the following. The distribution of X, condi-
tional on 7(X) = x,, should be G-invariant on X, as the distribution of X
is G-invariant. But G acts transitively on %, and, since G is compact, there
should be a unique invariant probability distribution on %, that is induced
by p on G. In other words, conditional on 7(X) = x,, X should have the
same distribution as Ux, where U is “ uniform” on G. The next result makes
all of this precise.

Proposition 7.16. Consider X, %, and G to be as above with their
respective o-algebras. Assume that the mapping A on G X ¥ to X given by
h(g, y) = gy is measurable.

(i) IfU € Gand Y € % are independent with 2(U) = pand £(Y) = Q,
then the distribution of X = UY is a G-invariant distribution on %.

(i) If X € X has a G-invariant distribution, say P, let the maximal
invariant Y = 7(X) have an induced distribution Q on %. Let
U € G have the distribution g and be independent of X. Then
L(X) = L(UY).

Proof. For the proof of (i), it suffices to show that

6f(X) = &f(gX)
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for all integrable functions f and all g € G. But
&f(gX) = 6/(g(UY)) = 6f((gU)Y) = 66[f((gU)Y)IY]
= 66[f(UY)IY] = 6/(UY) = &f(X).
In the above calculation, we have used the assumption that U and Y are
independent, so conditional on Y, £(U) = £(gU) for g € G.
To prove (ii) it suffices to show that
6f(X) = &f(UY)

for all integrable f. Since the distribution of X is G-invariant

6f(X)=6f(gX), g€G.

Therefore,

8/(X) = 6,8,/ (UX),
as U and X are independent. Thus

[1G0P(ax) = [ [ £(gx)P(ax)n(dg) = [ [ f(ex)n(dg) P(dx).

However, for x € %, there exists an element k € G such that x = kx,.
Using the definition of 7 and the right invariance of pu, we have

fo(gx)u(dg) - fo(gkxa)n(dg) = fo(gxa)u(dg)

=fo(gT(X))u(dg)-
Hence
[fCP(@x) = [ [ 1(gr(x)m(dg) P(ax) = [ [ /(= )m(dg)(dy)

where the second equality follows from the definition of the induced
measure Q. In terms of the random variables,

6f(X) = 6,6f(UY)

where U and Y are independent as U and X are independent. O
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The technical advantage of over the method discussed in
is that the space % is not assumed to be in one-to-one
correspondence with the product space G X %. Obviously, the mapping A
on G X % to X is onto, but & will ordinarily not be one-to-one.

¢ Example 7.16. In this example, take X = &, the set of all p X p
symmetric matrices. The group G = (91, acts on SP by

I(S)=TISI", Se5, Teo,
For S € Sp, let

N

3%
(S)=Y= . €S

Yp

where y; > - -+ >y, are ordered eigenvalues of S and the off-diag-
onal elements of Y are zero. Also, let ¥ = (Y|Y = 7(S), S €5,).
The spectral theorem shows that 7 is a maximal invariant function
under the action of O and the elements of %Y index the orbits in Sp.

The measurability assumptions of are easily veri-
fied, so every 0, -invariant distribution on &,, say P, has the repre-
sentation given by

/S f(S)P(ds) = fe f@ F(TYT")Q(dY)p(dT)

where p is the uniform distribution on (‘)p and Q is the induced
distribution of Y. In terms of random variables, if £(S) = P and
L(IST)=L(S)forallT € (‘)p, then

£(S) = £(¥r(S)¥)
where ¥ is uniform on 0, and is independent of the matrix of

eigenvalues of S. As a particular case, consider the probability
measure P, on 5 C &, with the Wishart density

Po(8) = w(p, n)|S|"»~ D %exp[ - L tr S]I(S)

wheren > p, I(S)=1if S € S; and is zeto otherwise. That p, is a
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density on 5, with respect to Lebesgue measure dS on §, follows
from Example 5.1. Also, p, is 0,-invariant since 4S is 0 -invariant
and py(T'ST") = po(S) for all S €5, and T € 0,. Thus the above
results are applicable to this particular Wishart distribution. ¢

The final example of this section deals with the singular value decomposi-

tion of a random n X p matrix.

¢ Example 7.17. The compact group 0, X (‘)p acts on the space Bp’ i
by

(T,A)X=Tx&; (T,A)€0,x0, Xef .

For definiteness, we take p < n. Define 7 on B . DY

>\2
7(X) =
0 ) A,
0
where A, > -+ > A, > 0and Xj,... )\2 are the ordered eigenval-

ues of X"X. Let GZJ c £, , be the range of 750 % is a closed subset of
Bp . It is clear that T(FXA’) =7(X)forI'€0,and A €0, s07is
invariant. That 7 is a maximal invariant fo]lows easily from the
singular value decomposition theorem. Thus the elements of %Y
index the orbits in £, , and every X € £, can be written as

X=TyA=(T,A)y

for some y € ¥ and (T, A) € O, X 0, The measurability assump-
tions of Proposition 7.16| are easily checked. Thus if P is an
(9, X 0,)-invariant probability measure on £, ,and £(X)=P
then

s n

£(X) = £(TYA)

where (I', A) has a uniform distribution on O, X (‘)p, Y has a
distribution Q induced by 7 and P, and Y and (T, A) are indepen-
dent. However, we can say a bit more. Since 0, X 0, is a product
group, the unique invariant probability measure on (‘) X 0, is the
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product measure p, X g, where p,(p,) is the unique invariant
probability measure on 0,(0,). Thus I' and A are independent and
each is uniform in its respective group. In summary,

£(X) = £(TTA).

where I', Y, and A are mutually independent with the distributions
given above. As a particular case, consider the density

fo(X) = (V2m) exp[ -} tr(X'X)]

with respect to Lebesgue measure on Bp, .- Since fo(T'XA") = f,(X)
and Lebesgue measure is (0, X (91, )-invariant, the probability mea-
sure defined by f, is (0, X O,)-invariant. Therefore, when £(X) =
N(, I, X I,), X has the same distribution as I'YA” where I' and A
are uniform and Y has the induced distribution Q on %. ¢

7.6. INDEPENDENCE AND INVARIANCE

Considerations that imply the stochastic independence of an invariant
function and an equivariant function are the subject of this section. To
motivate the abstract discussion to follow, we begin with the familiar
random sample from a univariate normal distribution. Consider X € %
with £(X) = N(pe, 6%I,) where p € R, 6% > 0, and e is the vector of ones
in R". The set % is R" — span{e} and the reason for choosing this as the
sample space is to guarantee that =7(x; — x)* > 0 for x € %X. The coordi-
nates of X, say X,,..., X,, are independent and £(X,)= N(u,s?) for
i=1,...,n. When u and o? are unknown parameters, the statistic 7(X) =
(s, X) where
n
X, $=Y(x-X)

x=1
n 1

.—M:

is minimal sufficient and complete. The reason for using s rather than s2 in
the definition of #(X) is based on invariance considerations. The affine
group A/, acts on X by

(a,b)x = ax + be

for (a, b) € Al,. Let G be the subgroup of 4/, given by G = {(a, b)|(a, b) €
Al,, a > 0} so G also acts on %.



INDEPENDENCE AND INVARIANCE 285

The probability model for X € % is generated by G in the sense that if
Z € X and £(Z) = N(0, 1),

£((a,b)Z) = L(aZ + be) = N(be, a’I,).

Thus the set of distributions ¥ = {N(pe, 6*I,)|n € R, 6% > 0} is obtained
from an N(O, I,) distribution by a group operation. For this example, the
group G serves as a parameter space for . Further, the statistic ¢ takes its
values in G and satisfies

t((a,b) X) = (a, b)(s, X),

that is, ¢ evaluated at (a, b) X = aX + be is the same as the group element
(a, b) composed with the group element (s, X). Thus ¢ is an equivariant
function defined on %X to G and G acts on both ¥ and G. Now, which
functions of X, say h(X), might be independent of #(X)? Intuitively, since
t(X) is sufficient, #(X) “contains all the information in X about the
parameters.” Thus if A(X) has a distribution that does not depend on the
parameter value (such an 4( X) will be called ancillary), there is some reason
to believe that #(X) and #( X) might be independent. However, the group
structure given above provides a method for constructing ancillary statistics.
If A is an invariant function of X, then the distribution of 4 is an invariant
function of the parameter (g, 02). But the group G acts transitively on the
parameter space (i.e., G), so any invariant function will be ancillary. Also, &
is invariant iff A is a function of a maximal invariant statistic. This suggests
that a maximal invariant statistic will be independent of #( X). Consider the
statistic
X - Xe

2(x) = (1(x)) 'x = X=X,

where the inverse on #( X) denotes the group inverse in G. The verification
that Z(X) is maximal invariant partially justifies choosing ¢ to have values
in G. For (a, b) € G,

Z((a,0)X) = (1((a,5) X)) "'(a,5) X = ((a, b)1(X)) " '(a, b) X

= (¢(X))"'(a,6)"'(a,5) X = (1(X)) "' X = 2(X),

so Z is invariant. Also, if

(1(X))"' X =2z(x) = Z(Y) = («(Y))"'Y,
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then
Y = [(r)(e(x) 7] x,

so X and Y are in the same orbit. Thus Z is maximal invariant and is an
ancillary statistic. That Z(X) and #(X) are stochastically independent for
each value of p and o2 follows from Basu’s Theorem given in the Appendix.
The whole purpose of this discussion was to show that sufficiency coupled
with the invariance suggested the independence of Z( X') and ¢#( X). The role
of the equivariance of ¢ is not completely clear, but it is essential in the more
abstract treatment that follows.

Let P, be a fixed probability on (%X, 3) and suppose that G is a group
that acts measurably on (%X, ®). Consider a measurable function ¢ on
(%, B) to (Y, C,) and assume that G is a homomorphic image of G that
acts transitively on (%, C,) and that

t(gx)=gt(x); xe%, ged.

Thus ¢ is an equivariant function. For technical reasons that become
apparent later, it is assumed that G is a locally compact and o-compact
topological group endowed with the Borel o-algebra. Also, the mapping
(8, y) = gy from G X% to % is assumed to be jointly measurable.

Now, let & be a measurable function on (X, ®) to (Z, C,), which is
G-invariant. If X € % and £(X) = P,, we want to find conditions under
which Y = #(X) and Z = h(X) are stochastically independent. The follow-
ing informal argument, which is made precise later, suggests the conditions
needed. To show that Y and Z are independent, it is sufficient to verify that,
for all bounded measurable functions f on (Z, C,),

H(y) = &, (f(R(X))t(X) = y)

is constant for y € %. That this condition is sufficient follows by integrating
H with respect to the induced distribution of Y, say Q,. More precisely, if k
is a bounded function on (%, €,) and H(y) = H(y,) for y € %, then

&, [k (t(X)) F(R(X))] = [&p,[k(t(X))F(R(X))E(X) = y]Qo(dy)
= [K(») 8, [F(R(XDI(X) = y]Qo(dy)
= [k(»)H()Qo(dy) = H(3) [k()Qo(dy)

= &, f(h(X))&,k(1(X)),
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and this implies independence. The assumption that H is constant justifies
the next to the last equality while the last equality follows from

H(y) = [H(y)Qo(dy) = &,/ (h(X))

when H is constant. Thus under what conditions will H be constant? Since
G acts transitively on %, if H is G-invariant, then H must be constant and
conversely. However,

H(z™Yy) = 6, [F(R(X))t(X) = g7'y] = &, [ f(h(X))Igt(X) = y]
= &5, [F(h(X))t(gX) = y] = &5 [ f(R(gX))It(8X) = y]

= &gp, [F(R(X))t(X) = y].

The equivariance of ¢ and the invariance of 4 justify the third and fourth
equalities while the last equality is a consequence of £(gX) = gP, when
£(X) = P,. Now, if #(X) is a sufficient statistic for the family ¥ = {gP,|g
€ G), then the last member of the above string of equalities is just H(y).
Under this sufficiency assumption, H(y) = H(g 'y) so H is invariant and
hence is a constant. The technical problem with this argument is caused by
the nonuniqueness of conditional expectations. The conclusion that H(y) =
H(g™'y) should really be H(y) = H(g'y) except for y € N, where N, is a
set of Q, measure zero. Since this null set can depend on g, even the
conclusion that H is a constant a.e. (Q,) is not justified without some
further work. Once these technical problems are overcome, we prove that, if
t(X) is sufficient for {gP,|g € G), then for each g € G, h(X) and #( X) are
stochastically independent when £(X) = gP,.
The first gap to fill concerns almost invariant functions.

Definition 7.6. Let (%X, ®,) be a measurable space that is acted on
measurably by a group G,. If p is a o-finite measure on (%X, B,) and fis a
real-valued Borel measurable function, f is almost G -invariant if for each
g € G, the set N, = {x|f(x) = f(gx)} has p measure zero.

The following result shows that under certain conditions, an almost
G -invariant function is equal a.e. (1) to a G,-invariant function.
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Proposition 7.17. Suppose that G, acts measurably on (%X, ®,) and that
G, is a locally compact and o-compact topological group with the Borel
o-algebra. Assume that the mapping (g, x) = gx from G, X %X, to X, is
measurable. If u is a o-finite measure on (%X ,, B,) and fis a bounded almost
G -invariant function, then there exists a measurable invariant function f,
such that f = f, a.e. (p).

Proof. This follows from Theorem 4, p. 227 of Lehmann (1959) and the
proof is not repeated here. O

The next technical problem has to do with conditional expectations.

Proposition 7.18. In the notation introduced earlier, suppose (%X, ®) and
(%, C,) are measurable spaces acted on by groups G and G where G is a
homomorphic image of G. Assume that 7 is an equivariant function from
to %Y. Let P, be a probability measure on (X, %) and let Q, be the induced
distribution of 7(X) when £(X)=P,. If f is a bounded G-invariant
function on %, let

H(y) =&, (f(X)7(X) = y),
and
H(y) = &, (f(X)I7(X) = y).

Then H,(gy) = H(y) a.e. (Q,) for each fixed g € G.

Proof. The conditional expectations are well defined since f is bounded.
H(y) is the unique a.e. (Q,) function that satisfies the equation

LEODVHD)Qo(d) = [, (r(x))f(x) Bo(dx)

for all bounded measurable k. The probability measure gP, satisfies the
equation

f%fl(x)(gPO)(dx) = /%fl(gx)Po(dx)

for all bounded f,. Since 7 is equivariant, this implies that if £(X) = gP,,
then £(7(X)) = §Q,. Using this, the invariance of f, and the characterizing



PROPOSITION 7.19 289

property of conditional expectation, we have for all bounded k&,

LHOK)Qo(@) = [ £(x)ie(r(x) Po(ds)
= [£(gx)k(g'r(gx)) Py(dx)
= [1)k(g7'7(x))(gPo)(dx)
= [H(»)k(z"'y)(820)(&)
= [Hi(3y)k(g ') Qo)

= [H,(89)k(7)Qo(y)-

Since the first and the last terms in this equality are equal for all bounded &,
we have that H(y) = H,(gy) a.e. (Q,). ]

With the technical problems out of the way, the main result of this
section can be proved.

Proposition 7.19. Consider measurable spaces (X, ®) and (%, ©,), which
are acted on measurably by groups G and G where G is a homomorphic
image of G. It is assumed that the conditions of hold for
the group G and the space (%, C,), and that G acts transitively on %. Let 7
on % to %Y be measurable and equivariant. Also let (Z, €,) be a measurable
space and let 4 be a G-invariant measurable function from %X to Z. For a
random variable X € X with £(X) = P,, set Y = 7(X) and Z = h(X) and
assume that 7(X) is a sufficient statistic for the family {(gPy|g € G} of
distributions on (%X, ). Under these assumptions, Y and Z are indepen-
dent when £(X) = gP,, g € G.

Proof. First we prove that Y and Z are independent when £(X) = P,. Fix
a bounded measurable function f on Z and let

Hy(y) = &5 (f(R(X))7(X) = ).

Since 7(X) is a sufficient statistic, there is a measurable function H on %
such that

H/(y)=H(y) fory&N,

where N, is a set of g0 -measure zero. Thus (§Q0)(N,) = Qo(g~ 1Ng) = 0.
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Let e denote the identity in G. We now claim that H is a Q, almost
G-invariant function. By y Hy(y) = H,(8y) a.e. (Q,). How-
ever, H(y)= H,(y) ae. Q, and H (gy) = H(gy) for gy & N,, where
Q0(g™'N,) = 0. Thus H,(gy) = H(gy) a.e. 0, and this implies that H(y)
= H( gy) a.e. Q,. Therefore there exists a G-invariant measurable function,
say H, such that H = H ae. Q,- Since G is transitive on %, H must be a
constant, so H is a constant a.e. Q. Therefore,

H,(y) = &p(f(R(X))7(X) = y)

1s a constant a.e. Q, and, as noted earlier, this implies that Z = h(X ) and
= 7(X) are independent when £(X) = P,. When £(X) = g, P, let P, =
glPO and note that {gP)|g € G) = (gP0|g € G) so 7(X) is sufficient for
(gP,|g € G). The argument given for P, now applies for B,. Thus Z and Y
are independent when £(X) = g, P,. m|

A few comments concerning this result are in order. Since G acts
transitively on {gP)|g € G} and Z = h(X) is G-invariant, the distribution
of Z is the same under each gP,, g € G. In other words, Z is an ancillary
statistic. Basu’s Theorem, given in the Appendix, asserts that a sufficient
statistic, whose induced family of distributions is complete, is independent
of an ancillary statistic. Although no assumptions concerning invariance are
made in the statement of Basu’s Theorem, most applications are to prob-
lems where invariance is used to show a statistic is ancillary. In
, the completeness assumption of Basu’s Theorem has been replaced by

the invariance assumptions and, most particularly, by the assumption that
the group G acts transitively on the space %.

¢ Example 7.18. The normal distribution example at the beginning
of this section provided a situation where the sample mean and
sample variance are independent of a scale and translation invariant
statistic. We now consider a generalization of that situation. Let
X = R" — (span{e}) where e is the vector of ones in R" and
suppose that a random vector X € %X has a density f(||x||?) with
respect to Lebesgue measure dx on X.. The group G in the example
at the beginning of this section acts on X by

(a,b)x = ax + be, (a,b) €G.

Consider the statistic #(X) = (s, X) where

:I»—-‘

YX, and =Y (X, -X).
1 1
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Then ¢ takes values in G and satisfies
t((a,b)X) = (a, b)t(X)

for (a, b) € G. 1t is shown that #(X) and the G-invariant statistic

X— Xe
K

Z(x)= (¢(x))"'x =

are independent. The verification that Z(X) is invariant goes as
follows:

Z((a,5)X) = (1((a,5) X)) '(a, b) X

= ((a,)1(X)) " (a, b)X = (1(X))”'X = Z(X).

To apply let P, be the probability measure with
density f(|x||*) on X and let G = G = ¥. Thus #(X) is equivariant
and Z( X) is invariant. The sufficiency of #(X) for the parametric
family {(gP,|g € G) is established by using the factorization theo-
rem. For (a, b) € G, it is not difficult to show that (a, b) P, has a
density k(x|a, b) with respect to dx given by

x — be
a

K(xia,8) = 2cf|

2
), x € %.

Since

x — be
a

2 n n
= %(Zx,z —2bY x, + nb"),
a

1 1

the density k(x|a, b) is a function of ¥x? and ¥x; so the pair
(X2, ZX,) is a sufficient statistic for the family {gP)|g € G).

However, #(X) = (s, X) is a one-to-one function of (ZX?, ¥ X,) so
t(X) is a sufficient statistic. The remaining assumptions of
are easily verified. Therefore, #( X) and Z( X) are indepen-
dent under each of the measures (a, b) P, for (a, b) in G. ¢

Before proceeding with the next example, an extension of [Proposition 7.1

is needed.
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Proposition 7.20. Consider the space Ep,n, n>p,and let Q be an n X n
rank k orthogonal projection. If k > p, then the set

B={X|Xeg, , rank(QX) < p)
has Lebesgue measure zero.
Proof. Let X € £, , be a random vector with £(X) = N(0, I, ® 1,) = P,

It suffices to show that Py(B) =0 since P, and Lebesgue measure are
absolutely continuous with respect to each other Also, write Q as

Q=TDI, Teo,

where

Since
rank(I'DTX) = rank(DTX)
and £(TX) = £(X), it suffices to show that
Py(rank(DX) < p) = 0.

Now, partition X as

SO

Thus rank(DX) = rank(X;). Since k > p and £(X,) = N(0, I, ® 1),
implies that X, has rank p with probability one. Thus Py(B) = 0
so B has Lebesgue measure zero. O

¢ Example 7.19. This is generalization of Example 7.18| and deals
with the general multivariate linear model discussed in Chapter 4.
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As in Example 4.4, let M be a linear subspace of £, , defined by
M={x|xef, ,,x=ZB,BEL, )}

where Z is a fixed n X k matrix of rank k. For reasons that are
apparent in a moment, it is assumed that n — k > p. The orthogo-
nal projection onto M relative to the natural inner product { -, )
on £, ,is P,y = P, ® I, where

P=2(zz) 'z
is a rank k orthogonal projection on R". Also, Q) =Q, ® I,
where Q, = I, — P, is the orthogonal projection onto M+ and Q, is

a rank n — k orthogonal projection on R". For this example, the
sample space X is

X={xIxet, , rank(Q,x) = p}.
Since n — k > p, implies that the complement of

X has Lebesgue measure zero in £, - In this example, the group G
has elements that are pairs (7, ) with T € G} where T is p X p
and u € M. The group operation is
(T, w )(Ty, uy) = (T\Ty, uy + u,T7)
and the action of G on % is
(T, u)x = xT" + u.
For this example, ¥ = G = G and ¢ on % to G is defined by
t(x) = (T(x), Pyx) € G
where T(x) is the unique element in G7 such that x'Q,x =

T(x)T'(x). The assumption that n — k > p insures that x’Q,x has
rank p. It is now routine to verify that

t((T, u)x) = (T, u)t(x)

for x € % and (T, u) € G. Using this relationship, the function

h(x) = (1(x) '
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is easily shown to be a maximal invariant under the action of G on
%K. Now consider a random vector X € % with £(X) = P, where P,

has a density f({x, x)) with respect to Lebesgue measure on %X. We
apply to show that #(X) and h(X) are indepen-
dent under gP, for each g € G. Since ¥ = G = G, ¢ is an equiv-
ariant function and G acts transitively on %. The measurability

assumptions of are easily checked. It remains to
show that #( X) is a sufficient statistic for the family {gPy|g € G).
For g = (T, pn) € G, gP, has a density given by

p(x(T, w)) = 1TT1"f(((x = p)(TT) "', x = p)).
Letting £ = TT’ and arguing as in Example 4.4, it follows that
((x = )27 x = p)y = ((Pyx — p)27', Ppyx — )
+tr(27'x'Q, x)

since p € M. Therefore, the density p(x|(T, n)) is a function of the
pair (x'Q,x, P,,x) so this pair is a sufficient statistic for the family
{gP,|g € G). However, T(x) is a one-to-one function of x'Q,x so

t(x) = (T(x), Pyyx)
is also a sufficient statistic. Thus implies that #( X)

and h(X) are stochastically independent under each probability
measure gP, for g € G. Of course, the choice of f that motivated
this example is

f(w) = (V2m) "exp[ - 4w]

so that P is the probability measure of a N(0, 7, ® I,) distribution
on X.

One consequence of Proposition 7.19|is that the statistic 2( X) is

ancillary. But for the case at hand, we now describe the distribution
of h(X) and show that its distribution does not even depend on the
particular density f used to define P,. Recall that

h(x) = (1(x))"'x = (x = Pyx)(T'(x)) "' = (Qux)(T'(x)) "

= (Q.x)(T'(x)) ™
where T(x)T'(x) = x'Q,x and T(x) € G;. Fix x € X and set
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¥ = (Q,x)(T'(x))"". First note that
¥ = (T(x))"'xQx(T'(x) ' = 1,

so ¥ is a linear isometry. Let N be the orthogonal complement in
R" of the linear subspace spanned by the columns of the matrix Z.
Clearly, dim(N) = n — k and the range of ¥ is contained in N
since Q, is the orthogonal projection onto N. Therefore, ¥ is an
element of the space

3,(N)={¥|¥'¥ = I, range(¥) C N}.

Further, the group
H={I''re(,, T(N)=N)

is compact and acts transitively on %;(N ) under the group action
¥ - TI'Yy, ‘I’EGJ;(N), I'eH.

Now, we return to the original problem of describing the distribu-
tion of W = h(X) when £(X) = P,. The above argument shows
that W e @;(N )- Since the compact group H acts transitively on
9,(N), there is a unique invariant probability measure » on F,(N).
It will be shown that £ (W) = » by proving £(I'W) = £(W) for all
I' € H. 1t is not difficult to verify that TQ, = Q,T for I" € H. Since
£(TX)=£(X)and T(TX) = T(X), we have

B(FW) = B(rh(X)) = B(FQZX(T'(X))_I)

= £(@,TX(T(Tx)) ") = &(Q.X(T(x))™")
— e (h(X)) = R(W).

Therefore, the distribution of W is H-invariant so £(W) = ». .

Further applications of [Proposition 7.19 occur in the next three chapters.
In particular, this result is used to derive the distribution of the determinant

of a certain matrix that arises in testing problems for the general linear
model.
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PROBLEMS

1. Suppose the random n X p matrix X € % (% as in has a
density given by f(x) = k|x'x|"exp[— 3 tr x"x] with respect to dx. The
constant k depends on n, p, and y (see Problem 6.10). Derive the
density of § = X’X and the density of U in the representation X = YU
with U€ Gy and ¥ € §

2. Suppose X € X has an O,-left invariant distribution. Let P(X) =
X(X'X)"'X’ and S(X) = X'X. Prove that P(X) and S(X) are inde-
pendent.

3. Let Q be an n X n non-negative definite matrix of rank r and set
A ={x|x €L, ,, x'Ox has rank p). Show that, if r > p, then 4° has
Lebesgue measure zero.

4. With X as in 0, X Gl, acts on X by x » I'x4’ for T € 0,
and 4 € Gl,. Also, 0, X G, acts on S; by S — ASA’. Show that
¢(x) = kx’x is equivariant for each constant k > 0. Are these the only
equivariant functions?

5. The permutation group &, acts on R” via matrix multiplication x — gx,
g€P, Let YU={y|y €R", y, <y, < -++ <Y, Define f: R" > %
by f(x) is the vector of ordered values of the set {x,,..., x,} with
multiple values listed.

(i) Show fis a maximal invariant.
(i) Set Io(u)=1if u> 0 and 0 if u < 0. Define F,(¢) = n™ =/ (¢
— x;) for t € R'. Show F, is also a maximal invariant.

6. Let M be a proper subspace of the inner product space (¥, (-, -)). Let
A, be defined by Ayx = —x for x € M and Ayx = x for x € M*.
(1) Verify that the set of pairs (B, y), withy € M and B either 4, or
A%, forms a subgroup of the affine group A/(V). Let G be this
group.
(i) Show that G acts on M and on V.
(iii)) Suppose t:V — M is equivariant (¢#(Bx + y) = Bt(x) +y for
(B, y) € G and x € V). Prove that t(x) = P,,x.

7. Let M be a subspace of R” (M = R") so the complement of %X = R”
N M€ has Lebesgue measure zero. Suppose X € % has a density given
by

2
(i) = oo L
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where p € M and ¢ > 0. Assume that [||x||%f,(||x||*) dx < + o0. For

a>0,T €0,(M),and b € M, the affine transformation (a, I, b)x =

al'x + b acts on %.

(i) Show that the probability model for X (n € M, ¢ > 0) is in-
variant under the above affine transformations. What is the
induced group action on (g, 02)?

(ii) Show that the only equivariant estimator of p is P,,x. Show that

any equivariant estimator of o2 has the form k||Qx||> for some
k> 0.

With % as in suppose f is a function defined on G/, to
[0, o0), which satisfies f(AB) = f(BA) and

f flx'x |"/2

(i) Show that f(x'x=~"), = € §, is a density on X with respect to
dx/|x'x|"/? and under this dens1ty, the covariance (assuming it
exists) is cI, ® 2 where ¢ > 0.

(ii) Show that the family of distributions of (i) indexed by 2 € S; is
invariant under the group 0, X G, acting on X by (T, 4)x =
I'xA’. Also, show that (T, 4)Z = AZA4'.

(iii)) Show that the equivariant estimators of = all have the form
kX'X, k > 0.

Now, assume that

sup f(C) = f(G)

ces;
where G, € 5, is unique.
(iv) Show C, = al, for some a > 0.
(v) Find the maximum likelihood estimator of = (expressed in terms

of X and a in (iv)).

In an inner product space (V, (-, -)), suppose X has a distribution P,.
(i) Show that £(|| X)) = £(Y|[) whenever £(Y) = gP,, g € O(V).
(ii) In the special case that 2(X) = £(u + Z) where u is a fixed

vector and Z has an O(V)-invariant distribution, how does the
distribution of || X|| depend on p?

Under the assumptions of Problem 4.5, use an invariance argument to
show that the distribution of F depends on (p, 62) only through the
parameter (||p||? — || P, pl|*)/02. What happens when p € w?
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12.

13.

14.
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Suppose X|,..., X, is a random sample from a distribution on R?
(n > p) with density p(x|p, Z) = |2|""*f((x — p)Z""(x — pn)) where
LER?and 2 € 5;“ . The parameter § = det(Z) is sometimes called
the population generalized variance. The sample generalized variance is
V = det((1/n)S) where S = Z{(x; — X)(x; — X). Show that the dis-
tribution of ¥ depends on (p, £) only through 6.

Assume the conditions under which [Proposition 7.1 was proved.
Given a probability Q on ¥, let Q denote the extension of Q to
% —that is, Q(B) = Q(B N %) for B € . For g € G, g0 is defined
in the usual way—(gQ)(B) = Q(g~'B).

(i) Assume that P is a probability measure on X and

(71.1) P =ngQ_u(dg),

that is,
P(B) =fG(g§)(B)M(dg); Be®.

Show that P is G-invariant.
(i) If P is G-invariant, show that holds for some Q.

Under the assumptions used to prove Proposition 7.16| let P be all the

G-invariant distributions. Prove that 7(X) is a sufficient statistic for
the family <.

Suppose X € R" has coordinates X,,..., X, that are iid. N(p,1),
p € R'. Thus the parameter space for the distributions of X is the
additive group G = R'. The function ¢: R” > G given by #(x) =X
gives a complete sufficient statistic for the model for X. Also, G acts on
R" by gx = x + ge where e € R" is the vector of ones.

(i) Show that t(gx) = gt(x) and that Z(X)= (#(X))"'X is an
ancillary statistic. Here, (#(X))~! means the group inverse of
t(X) € Gso (1(X))"'X =X — Xe. What is the distribution of
VA9.9)

(i) Suppose we want to find a minimum variance unbiased estima-
tor (MVUE) of h(p) = 8ﬂ f(X;) where f is a given function.
The Rao-Blackwell Theorem asserts that the MVUE is
&(f(X)|t(X) = t). Show that this conditional expectation is

oC 1 22
+1 -—|a
f_wf(z ) 5es exP[ 202 | %
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where 82 = var(X, — X) = (n — 1)/n. Evaluate this for f(x) =
1if x < ugand f(x)=0if x > u,.

(iii) What is the MVUE of the parametric function (V27 ) 'exp
— 3(xo — p)*] where x, is a fixed number?

15. Using the notation, results, and assumptions of [Example 7.18 find an
unbiased estimator based on #( X) of the parametric function 4(a, b)

= ((a, b) Py)(X, < u,) where u, is a fixed number and X; is the first
coordinate of X. Express the answer in terms of the distribution of Z,
—the first coordinate of Z. What is this distribution? In the case that
P, is the N(O, I,) distribution, show this gives a MVUE for h(a, b).

16. This problem contains an abstraction of the technique developed in
[Problems 14 and Under the conditions used to prove
[1.19) assume the space (%, C,) is (G, B;) and G = G. The equivari-

ance assumption on 7 then becomes 7(gx) = g ° 7(x) since 7(x) € G.

Of course, 7(X) is assumed to be a sufficient statistic for {gP,|g € G).

(i) Let Z(X) = (7(X))~'X where (7(X))~! is the group inverse of
7(X). Show that Z(X) is a maximal invariant and Z(X) is
ancillary. Hence applies.

(i) Let Q, denote the distribution of Z when £(X) is one of the
distributions gP,, g € G. Show that a version of the conditional
expectation &(f(X)|7(X)=g) is &o,f(8Z) for any bounded
measurable f.

(iii) Apply the above to the case when P, is N(0, 1, ® 1,) on % (as in
and take G = G7. The group action is x — xT” for
x € X and T € G;. The map 7 is 7(X) = T in the representa-

tion X = ¥7" with ¥ € §,  and T € G7. What is Q?

(iv) When X € X is N(0, I, ® Z) with 2 €5, use (iii) to find a

MVUE of the parametric function

(V2m) 77121 2exp| — dup= g |

where u, is a fixed vector in R”.

NOTES AND REFERENCES

1. For some material related to I_’roposition 7.3[ see Dawid (1978). The
extension of [Proposition 7.3| to arbitrary compact groups (Proposition |
is due to Farrell (1962). A related paper is Das Gupta (1979).
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2. If G acts on % and ¢ is a function from %X onto %, it is natural to ask if
we can define a group action on %Y (using ¢t and G) so that ¢ becomes
equivariant. The obvious thing to do is to pick y € ¥, write y = #(x),
and then define gy to be #(gx). In order that this definition make sense
it is necessary (and sufficient) that whenever #(x) = #(%), then #(gx) =
t(gx) for all g € G. When this condition holds, it is easy to show that G
then acts on % via the above definition and ¢ is equivariant. For some
further discussion, see Hall, Wijsman, and Ghosh (1965).

3. Some of the early work on invariance by Stein, and Hunt and Stein,
first appeared in print in the work of other authors. For example, the
famous Hunt—Stein Theorem given in Lehmann (1959) was established
in 1946 but was never published. This early work laid the foundation
for much of the material in this chapter. Other early invariance works
include Hotelling (1931), Pitman (1939), and Peisakoff (1950). The
paper by Kiefer (1957) contains a generalization of the Hunt-Stein
Theorem. For some additional discussion on the development of invari-
ance arguments, see Hall, Wijsman, and Ghosh (1965).

4. [Proposition 7.15 is probably due to Stein, but I do not know a
reference.

5. Make the assumptions on %, %, and G that lead to [Proposition 7.16]

and note that % is just a particular representation of the quotient space
X/G. If v is any o-finite G-invariant measure on X, let & be the
measure on % defined by

8(C)=r(r"'(C)), Cc9.

Then (see Lehmann, 1959, p. 39),
[ r(r(x))v(ax) = [(y)8(dy)
X% Y

for all measurable functions 4. The proof of shows that

for any »-integrable function f, the equation

(7.2) fﬁx f(x)v(dx) = Ly fG f(gv)r(dg)8(dy)

holds. In an attempt to make sense of when G is not compact, let
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p, denote a right invariant measure on G. For f € H (%), set

7) = [ (g2, (dg).

Assuming this integral is well defined (it may not be in certain examples
—eg, X =R"—(0) and G = GI,), it follows that f(hx) = f(x) for
h € G. Thus f is invariant and can be regarded as a function on
% = %/G. For any measure 8 on %, write [fd8 to mean the integral of
f, expressed as a function of y, with respect to the measure 8. In this
case, the right-hand side of becomes

J(f)= x)p.(dg)| dé = [fdb.
(1= ([ temtae) as - [7
However, for h € G, it is easy to show

J(hf) = A1 (R)J(f)

so J is a relatively invariant integral. As usual, A, is the right-hand
modulus of G. Thus the left-hand side of must also be relatively
invariant with multiplier A, '. The argument thus far shows that when p
in is replaced by p, (this choice looks correct so that the inside
integral defines an invariant function), the resulting integral J is rela-
tively invariant with multiplier A !. Hence the only possible measures »
for which can hold must be relatively invariant with multiplier
A7'. However, given such a », further assumptions are needed in order
that hold for some § (when G is not compact and p is replaced by
p,). Some examples where is valid for noncompact groups are
given in Stein (1956), but the first systematic account of such a result is
Wijsman (1966), who uses some Lie group theory. A different approach
due to Schwarz is reported in Farrell (1976). The description here
follows Andersson (1982) most closely.

6. is a special case of a result in Hall, Wijsman, and
Ghosh (1965). Some version of this result was known to Stein but never
published by him. The development here is a modification of that which
I learned from Bondesson (1977).
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