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Oscillations of empirical distribution
functions under dependence*

Wei Biao Wu!
University of Chicago

Abstract: We obtain an almost sure bound for oscillation rates of empirical
distribution functions for stationary causal processes. For short-range depen-
dent processes, the oscillation rate is shown to be optimal in the sense that it is
as sharp as the one obtained under independence. The dependence conditions
are expressed in terms of physical dependence measures which are directly re-
lated to the data-generating mechanism of the underlying processes and thus
are easy to work with.

1. Introduction

Let &), &;,1 € Z, be independent and identically distributed (iid) random variables
on the same probability space (2, .4,P). For k € Z let

(1.1) Xk :g(...,Ek_l,Ek),

where ¢ is a measurable function such that Xj is a well-defined random variable.
Then {X}}rez forms a stationary sequence. The framework (1.1) is very general.
See [12, 15, 19, 23] among others. The process (X}) is causal or non-anticipative
in the sense that X} does not depend on future innovations €x41, €x42, . . .. Causal-
ity is a reasonable assumption in practice. The Wiener-Rosenblatt conjecture says
that, for every stationary and ergodic process Xy, there exists a measurable func-
tion g and iid innovations e; such that the distributional equality (Xi)kez =p
(9(...,ex-1,€k))kez holds; see [13, 20]. For an overview of the Wiener-Rosenblatt
conjecture see [9].

Let F' be the cumulative distribution function of Xj. Assume throughout the
paper that F has a square integrable density f with square integrable derivative f.
In this paper we are interested in the oscillatory behavior of empirical distribution
function

1 n
1.2 F, = — 1x, <z, e R.
(1.2) () n; X<z, &

In particular, we shall obtain an almost sure bound for the modulus of continuity
for the function G,,(z) = /n[F,.(z) — F(2)]:

(1.3) Ay (b) = | qu<b|Gn(x) - Gn(y)l,
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where b = b,, is a sequence of positive numbers satisfying
(1.4) b, — 0 and nb,, — oo.

Under the assumption that X; are iid, there exists a huge literature on the asymp-
totic behavior of A, (+); see Chapter 14 in [14] and the references cited therein. A
powerful tool to deal with the empirical distribution F,, is strong approximation
[1]. In comparison, the behavior of A, (-) has been much less studied under depen-
dence. In this paper we shall implement the new dependence measures proposed
in [23] and obtain an almost sure bound for A,,. For a recent account of empirical
processes for dependent random variables see the monograph edited by Dehling et
al [4].

The rest of the paper is structured as follows. Main results on A, (b) are presented
in Section 2 and proved in Section 3. Section 4 contains comparisons with results
obtained under independence. Some open problems are also posed in Section 4.

2. Main results

We first introduce some notation. For a random variable Z write Z € £LP (p > 0) if
12|, == (E|Z|P)Y/P < oo. Write || - || = || - ||2- Let for &k € Z,

& = ('-',Ekflafk)

and for k£ > 0 let & be a coupled process of & with gy replaced by &, i.e.,

5;; = (5—1a5,0351,"'a5k)~

We shall write X} = g(&;). Let k£ > 1 and define the conditional cumulative distri-
bution function Fj(-|&y) by

(2.1) F(z]éo) = P(Xk < x]&o).-

Note that (X;,&;) is stationary. Then for almost every £ € --- x R x R with respect
to P we have

(2.2) Fi(z|§o = &) =P(Xy < x[§o = &) = P(Xpqs < 2[& = &)

for all ¢ € Z. In other words, F(+|£) is the cumulative distribution function of the
random variable g(&,&;41,...,&i+%). Assume that for all £k > 1 and almost every
¢ € -+ x R x R with respect to P that Fj(z|¢y = &) has a derivative fi(z|¢ =
€), which is the conditional density of X} at z given & = & By (2.2), for any
i €Z, fr(x|&) is the conditional density of X4; at x given &;. Let the conditional
characteristic function

(23)  on(0léo =€) = E(e¥ ¥k |gy = £) = /R VT (16 = £)dt,

where v/—1 is the imaginary unit. Our dependence condition is expressed in terms
of the £2 norm [|¢1(0]80) — 1 (0155 -

Theorem 2.1. Assume that b, — 0, logn = O(nb,,) and that there exists a positive
constant cg for which

(2.4) sup f1(x|€) < co
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holds almost surely. Further assume that

o 1/2

(25) S| [+ #aie) - o] <.
k=1

Let

(2.6) v(n) = (logn)*/?loglogn.

Then

(2.7) Ap(bn) = Oas.(V/brlogn) + 045 [bpt(n)].

Roughly speaking, (2.5) is a short-range dependence condition. Recall that
fe(x|&) is the conditional (predictive) density of Xj at x given & and ¢ (0|&p)
is the conditional characteristic function. So ¢ (0|€0) — ¢r(0]£;) measures the de-
gree of dependence of ¢k (-|{y) on 9. Hence the summand in (2.5) quantifies a
distance between the conditional distributions [X}|¢o] and [X;]£5] and (2.5) means
that the cumulative contribution of € in predicting future values is finite.

For the two terms in the bound (2.7), the first one O, 5. (v/b, logn) has the same
order of magnitude as the one that one can obtain under independence. See Chapter
14 in [14] and Section 4. The second term o, s [b,t(n)] is due to the dependence of
the process (X}). Clearly, if bi/z(log logn) = o(1), then the first term dominates
the bound in (2.7). The latter condition holds under mild conditions on b, for
example, if b, = O(n~") for some n > 0.

Let k > 1. Observe that ¢x(0|&0) = E[p1(0]|k—1)|&0] and

(2.8) Elp1(01&k—1)|E-1] = Elp1(0&5_1)16-1] = Elw1(01€5_1)[&0]-

To see (2.8), write h(&,—1) = 1(0|ék—1). Note that €;,¢(, i € Z, are iid and
k—1 > 0. Then we have E[h(&x—1)|6—1] = E[h(&;_,)]€-1] since &_, is a coupled
version of {1 with &g replaced by (. On the other hand, we have E[h(&;_)|6-1] =
E[h(&_1)|&o] since g is independent of & _,. So (2.8) follows. Define the projection
operator Py by

PeZ =E(Z|&) - B(Z|¢—1), Z e L.
By the Jensen and the triangle inequalities,

e (01€0) — #r (B1€0) 1| < llox(01€0) — Elipr(01€0) €]l

+E[pr(01€0)IE-1] — wx(01€5) I
=2||Pop1(0|&x—1)|
< 2[|o1(0]6k—1) — 01(0165 1) |-

Then a sufficient condition for (2.5) is

00 1/2

(2.9) 3 [ [+ @)aia) - eoiia) <.

k=0

In certain applications it is easier to work with (2.9). In Theorem 2.2 below we
show that (2.9) holds for processes (Xj) with the structure

(2.10) Xp =ep+ Y1,
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where Y1 is&,—1 = (..., €k—2,€k—1) measurable. It is also a large class. The widely
used linear process X = Y ;o a;ex—; is of the form (2.10). Nonlinear processes of
the form

(2.11) X :m(Xk,1)+€k

also fall within the framework of (2.10) if (2.11) has a stationary solution. A promi-
nent example of (2.11) is the threshold autoregressive model [19]

Xk = amax(Xg—1,0) + bmin(Xy_1,0) + £,

where a and b are real parameters. For processes of the form (2.10), condition (2.5)
can be simplified. Let ¢ be the characteristic function of ¢;.

Theorem 2.2. Let 0 < a < 2. Assume (2.10),

(2.12) /|g0(t)|2(1+t2)|t|adt <o
R

and

(2.13) DIk = X5)18/? < o0
k=0

Then (2.5) is satisfied.

Condition (2.12) does not appear to be overly restrictive. It is satisfied if |p(t)| =
O(Jt|™™) as [t| — oo, where n > (3 + «)/2. It is also satisfied for symmetric-a-
stable distributions, an important class of distributions with heavy tails. Let
have standard symmetric « stable distribution with index 0 < ¢ < 2. Then its
characteristic function ¢(t) = exp(—|t|*) and (2.12) trivially holds.

We now discuss Condition (2.13). Recall X} = g(¢;;). Note that X and X, are
identically distributed and X} is a coupled version of X}, with &g replaced by . If
we view (1.1) as a physical system with & = (..., ex—1, k) being the input, g being
a filter or tranform and X; being the output, then the quantity || X;—X} ||, measures
the degree of dependence of g(...,ex—1,€x) on €g. In [23] it is called the physical or
functional dependence measure. With this input/output viewpoint, the condition
(2.13) means that the cumulative impact of ¢ is finite, and hence suggesting short-
range dependence. In many applications it is easily verifiable since it is directly
related to the data-generating mechanism and since the calculation of || X} — X} ||
is generally easy [23]. In the special case of linear process X}, = Z;io ajek—; with
e € L and o = 2, then || Xy — X[ |la = |allleo — €5lla and (2.13) is reduced to
> oo lak| < oo, which is a classical condition for linear processes to be short-range
dependent. It is well-known that, if the latter condition is barely violated, then one
enters the territory of long-range dependence. Consequently both the normalization
and the bound in (2.7) will be different; see [8, 21].

For the nonlinear time series (2.11), assume that e, € L% and p = sup,, |m’(z)|
1. Then (2.11) has a stationary distribution and || X — Xj|la = O(p*) (see [24]
Hence (2.13) holds.

<
).

3. Proofs

Lemma 3.1. Let H be a differential function on R. Then for any A > 0,

2 2 —1 rN2
(3.1) iléﬁH (x) < )\/RH (x)dx + A /R[H (x)]°dz.
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Proof. By the arithmetic mean geometric inequality inequality, for all =,y € R,

H?(x) < H?(y) +

/y 2H(t)H’(t)dt‘
(3.2) < H(y) + A [ H2(2)dw + A" / [H (2)]2da.
R R

If infyep [H(y)| > 0, then [, H?(x)dz = oo and (3.1) holds. If on the other hand
infyer |H(y)| = 0, let (yn)nen be a sequence such that H(y,) — 0. So (3.2) entails
(3.1). O

Lemma 3.1 is a special case of the Kolmogorov-type inequalities [18]. The result
in the latter paper asserts that sup,cp H*(z) < [ H*(x)dx % [, H'(x)*dz. For the
sake of completeness, we decide to state Lemma 3.1 with a simple proof here.

Recall that Fj(-|¢) is the conditional distribution function of X given &y (cf
(2.1) and (2.2)). Introduce the conditional empirical distribution function

n

Fo(z) = %ZE(1Xi§Z|£Z‘71) = % ZF1($|§'71)~
i=1

i=1
Write
(3.3) Gn(z) = G, (x) + Gy (2),
where

(34)  Gu(x) = Vn[Fu(x) - F(2)] and G} (z) = Vn[F, () - F(z)].

(3.5) VGi(a) =3 difw)

is a martingale with respect to the filtration o(¢,) and the increments d;(z) =
1x,<s —E(1x,<4|6i—1) are stationary, ergodic and bounded. On the other hand, if
the conditional density fi(-|¢;) exists, then G} is differentiable. The latter differen-
tiability property is quite useful.

Lemma 3.2. Recall (2.6) for v(n). Let g} (z) = dG}(z)/dx. Assume (2.5). Then
(3.6) sup |g;, ()] = oas.[1(n)].

Proof. Let k > 1. Recall that f;(z|€x—1) is the one-step-ahead conditional density
of Xy at x given {x—1. By (2.3), we have

Pop1(tEr—1) = / eV TPy fr (x]€g—1)dt.
R
By Parseval’s identity, we have

1
/|P0901(t|§k71)|2dt: 2—/ 1Pof1(z|&p—1) | dx
R T JRr
and

1
[ Poanttienn)Ped = 5 [ [Pofi(algn)de
R ™ JR
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Let
Olkz/HPofl(ﬂfkq)szx
R

and

B = / 1Pofi (elen_)| 2.

By (2.8) and Jensen’s inequality, [[Pog (0]¢e—1)| < o (01¢0) — o (01€5)I1- So (2.5)
implies that

(3.7) Z vVoag + G < oo.
k=1

Let A=Y}, Va, and for k >0

k

Hy(x) =Y [fi(@l&1) — f(2)].

i=1

Then Hy(z) = Vkge(z). Note that for fixed I € N, Pi_fi(z|€i 1), i = 1,2,...,
are stationary martingale differences with respect to the filtration o(&;—;). By
the Cauchy-Schwarz inequality and Doob’s maximal inequality, since Hy(z) =

Z?il Z']chl ,Piflfl (m‘gifl)a

/maka )dx <E Zman<n|Zz L Picifi(z]&i- )2 Ada
R kSn R=1 Vou

/Z‘mﬂpofl x|& - 1)H2Ad.%‘ 4nA2 = O(n).
R

=1 Ve

Similarly, since > o, VB < 00,

E/ max |Hj,(z)|*dz = O(n).
R k<n
By Lemma 3.1 with A = 1, we have

E[max <ga sup, cg |Hi(2)|?]
24,2(29)

- N\ Elmaxcse [ [Hi (@) + | Hj ()|*da]

= Z 24,2(24)

< X E [ maxy<oa [Hi(2)|* + maxy<oa |Hy (z)2da
- Z 2db2(2d)

M8

d=1

d=1
= 3 O(Qd) < 00
- £ 2d,2(2d) '
d=1

By the Borel-Cantelli lemma, sup, max;<ga |Hy(2)| = 0a..[2%/%1(24)] as d — oo. For
any n > 2 there is a d € N such that 2971 < n < 2¢. Note that maxy<, |Hg(7)| <
maxy<qa |[Hy ()| and ¢(n) is slowly varying. So (3.6) follows. O
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Lemma 3.3. Assume logn = O(nby,) and Xy € L* for some o > 0. Then for any
T > 2, there exists C = C; > 0 such that

(3.8) P| sup |Go(z)—Go(y)| > C/bylogn

|I7y‘§bn

Proof. We can adopt the argument of Lemma 5 in [22]. Let z¢p = nB+7)/e Then
for any C' > 0, by Markov’s inequality,

Pin{F,(—zo) + 1 — F,(z0)} > ¢\/by logn]
nE{F,(—x0) + 1 — F,,(x0)}

. <
(39) - C+/b, logn
nxy “E(| Xo]%) _
<=0 A0 /o ).
C+/b, logn O(n™)

It is easily seen that the preceding inequality also holds if F,, is replaced by Fr.
Recall (3.5) for G¢(z) and d;(z) = 1x,<s — E(1x,<z|&i—1)- Let <y < x + by,.
By (2.4),

D E[(di(y) — di(x))?i1] < Z Lo<x;<yl&i-1) < nbpco.

By Freedman’s inequality in [6], if |« — y| < by, we have
P [VilG (@) — G ()| > C/nby Togn] < 2 —C’nby logn
- n > X .
" n¥ & P Cv/nb, logn + nbycg

Let ©,, = {—xo + k/n®: k =0,...,[2xn?]}. Since logn = O(nb,), it is easily
seen that there exists a C' = C; such that

P l sup VG (@) — G (y)] > Cy/nby log n]

Ivyeeng*ylen
.1
(3.10) —C?nb, logn

Cv/nb, logn + nb,cq

For every x € [—x, x|, there exists a § € ©,, such that § < x < §+1/n>. So (3.10)
implies that

| =0t

= O(x2n?) exp

lz|<zo,ly|<z0,|z—Y|<bn

P [ sup VilGE () — G2 (y)] > (C + 1)/nb, Tog n]
CRTDR

in view of the monotonicity of F,(-) and the fact that, if § < ¢ < 0+ 1/n3,

n

> E(ly<x,<sléi-1) < |¢ — blnco = co/n® = o(v/nb, logn).

i=1
Combining (3.9) and (3.11), we have (3.8). O
Proof of Theorem 2.1. By (3.3), it easily follows from Lemmas 3.2 and 3.3. |
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Proof of Theorem 2.2. By Lemma 3.1 and Parseval’s identity, (2.12) implies

sup f(z /{f2 ) Ydx = / lp(t)|?(1 + t?)dt < oo.

Since ¢ and Y;_ are independent,

EleV =Tk 6] = eV 1p0(1).

Note that
e/t (1) — VT (1)
= [l o1 — VI
< \@(t)\Qllmln(l Y51 = 1Yy, )]
< Al E([#Yr—1 — 1Y 41]%).
Hence (2.5) follows from (2.13). O

4. Conclusion and open problems

Let X; be iid standard uniform random variables. Stute [16] obtained the following
interesting result. Assume that b, — 0 is a sequence of positive numbers such that

(4.1) logn = o(nb,) and loglogn = o(logb;').

Then the convergence result holds:

(4.2) lim —2n(Pn)

n—oc /b, log by !

If there exists n > 0 such that b, + (nb,)~* = O(n™"), then the bound in (2.7)

becomes /by, logn, which has the same order of magnitude as /b, logby ', the
bound asserted by (4.2). It is unclear whether there exists an almost sure limit for

n)/\ by log b, ! if the dependence among observations is allowed. Mason et al

[11] cons1dered almost sure limit for A, (b,)/v/bnlogb,’ when (4.1) is violated.
Deheuvels and Mason [3] (see also [2]) proved functional laws of the 1terated loga-
rithm for the increments of empirical processes. Local empirical processes in high
dimensions have been studied in [5, 7, 17]. It is an open problem whether similar
results hold for stationary causal processes. We expect that our decomposition (3.4)
will be useful in establishing comparable results.

= /2 almost surely.
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