3. INTEGRALS

Besides an integrating gauge, p, on a family of functions, £, we consider a
functional, g, on K which can be extended to a continuous linear functional, u x
defined on the whole of £ = L(p,£) . The continuity is understood with respect to the
seminorm, 7> induced by p on £, defined in the previous chapter. More generally,
we consider a map, 4, from K into an arbitrary Banach space, E, and a continuous
linear map, Hy s from £ into E, generated by u. Given a function fe L, the
number, or vector, u p( f) is looked upon as the integral of f with respect to .

The classical case of integration with respect to a (positive) measure, ¢, is
obtained by taking for K a sufficiently rich family of (characteristic functions of) sets
of finite measure and putting both p and g equal to (the restriction to £ of) ¢. If y
is an additive set function having finite and o-additive variation, then integration with
respect to p can be introduced by choosing p equal to the variation of p. Of course,
this choice is not available in general, and so, given an additive set function, u, the
problem of integration with respect to p is reduced to that of finding a suitable p.
This problem will be treated more systematically in Chapter 4.

Here we show how the integration with respect to Banach space valued
measures, due to R.G. Bartle, N. Dunford and J.T. Schwartz, [2], fits into the
presented scheme. Also in this chapter, the definitions of the Orlicz, the Sobolev and

the Hardy spaces are shown to be special cases of the construction of the space £L(p,X)

for suitable choices of £ and p.

A. Let £ be a nontrivial family of functions on a space . Let E bea
Banach space. Let u: X - E be a linear map. Recall that the domain of a linear map,
or a linear functional, is not necessarily a vector space. (See Section 1E.)

We shall say that a gauge, p, on XK integrates for the map p if it is
integrating (see Section 2D) and |u(f)| < eq (f), for some number ¢ >0 and every

P
function f € sim(X) .

7
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If the gauge p integrates for the linear map p:X- E, then there exists a
unique linear map u 7% L(pX) - E such that u p(f) =u(f), for every fek, and
Iup(f)l < cqp(f) , for some number ¢ >0 and every fe€ L(p,X). In fact, x has a
unique linear extension on sim(X). In fact, © has a unique linear extension on
sim(X) (see Section 1B) which, by the assumption, is continuous with respect to ¢ )
and sim(K) is qp—dense in L(p,X) .

We shall also use the conventional notation

(A1) J o fa= | e =l

p

for every f € L(p,X) . The subscript is omitted when p is understood or immaterial.

If ¥ happens to be a vector space, thén an integrating gauge p on X
integrates for the additive map p: X~ E if and only if there exists a constant ¢ >0
such that |u(f)| < cp(f), for every fe K. In fact, in this case, sim(k)=£k and
g () =p(f) for every feX. For an arbitrary nontrivial family of functions X, we

P
have the following

PROPOSITION 3.1.  An integrating gauge p on K integrates for the additive map
p:X=E if and only if there exists a constant ¢ >0 such that |u(f)] < co(f), for
every fek, and

n

(A.2) lim | ¥ c]ﬂ(f)l -0

noo ' §=1

for any numbers c], and functions fj ek, j=12,.., such thal

(A.3) f Ic].!p(fj) <o
7:

and

(A4) T ef(w)=0

for every we Q for which

(A.5) L lef (@)l <o
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Proof. Let the gauge p integrate for u. Let ¢, be numbers and f,' € I functions,
j=1,2,..., satisfying condition (A.3), such that (A.4) holds for every w € © for which
(A.5) does. Then, by Proposition 2.1,

limqp[i cf,}=0.

n- 0 =1 7

Because, by the assumption,

< qu[jzl c]f].} ;

for some ¢ > 0 and every n=1,2,..., the equality (A.2) follows.

Conversely, assume that p is an integrating gauge on X, that there exists a
number ¢ >0 such that |u(f)| < co(f), for every fe X, and that (A.2) holds for
any numbers 2 and functions f], ek, j=1,2,.., satisfying (A.3), such that (A.4)
holds for every we€ Q for which (A.5) does. Then, for any function f€ £L(7,K), let

i(f) be the element of the space E such that

0

B =§ eulf),

=1

where the ¢, are some numbers and the fj some functions from £, j=12,...,

satisfying condition (A.3), such that

=1
for every we ) for which the inequality (A.5) holds. By the assumption, the vector
I(f) depends on the function f alone and not on a particular choice of the numbers cj

and the functions fj , §=12,... Consequently, (f)=u(f) for every fesim(X).

Furthermore, for every ¢ > 0, we can choose these numbers and functions so that

o]

L lelalf) < gff)+e.

=1
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Hence, |u(f)] < cqb(f) + ¢, because lu(f]_)l < cp(fj) for every j=1,2,.... So,
|BN1 < eq)(f), forevery fe Lip).

Whenever applicable the following proposition is of course easier to use. By

Proposition 2.27, it can be used, in particular, when £ is a quasiring of sets.

PROPOSITION 3.2. Let p be an integrating gouge on K such that, for every

function f € sim(k) ,

0D =inf § lelo(f),

p =1

where the infimum is taken over all expressions of f in the form

n
=X ofy
with arbitrary n=1,2,..., numbers ¢ and functions ijIC, i=12,...,n. Let

p:K-E be an additive map such that |u(f)| < co(f), for some ¢ >0 and every
fek.
Then the gauge p integrates for the map u .

Proof. The assumptions imply that |u(f)| < cqp( f), for every fe sim(K).

B. Let g be a quasiring of sets in a space . Let ¢ be a o¢-additive
non-negative real valued set function on @ . (See Sections 1D and 1F.)
Because [u(f)] < «(|f]), for every fesim(g), by Proposition 2.13, & is a

gauge which integrates for itself. So, there exists a unique linear functional, ¢ , on

A 7
L(1,9) such that LL(X) =4(X) for every Xe g, and the inequality !LL( Nl < qL( f)
holds for every function fe £(¢,0). Conforming to standard notation, we shall of

course write
uf) = jﬂ du= JQ f@ildw) = o

for every function fe £(1,9) .
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PROPOSITION 3.3. If fe L(s,9), then also |f| € L(+,9) and qb(f) = u(]fl) for
every function f€ £(:,9) .

Proof. Let p(f) = «(|f]), for every f€ sim(9). Then the seminorm p is monotonic
and, by Proposition 2.13, £(1,9) = L(p,sim(d)) . Hence, by Proposition 2.20, if
feL(:,9), then also |f| € £(:,d) . Now, the seminorms fw«(|f]) and fr qL(f) ,
feL(,9), are both qb—continuous and they agree on a qb—dense subspace, sim(4) ,

of £(¢,9) . Therefore, they agree on the whole of £(4,9) .

The Beppo Levi monotone convergence theorem and the Lebesgue dominated
convergence theorem are now special cases of the two respective statements of
Proposition 2.21. The Fatou lemma can then be deduced in the well-known manner.
(See e.g. [59], no. 20.)

Let 2(:) be the family of all +~integrable sets, that is, sets with characteristic
function belonging to £(¢,d) . Then R(s) is a d-ring of setsin 2 . The existence of a
(finite) non-negative a—a,dditix}e extension of ¢ onto the whole of %(:) is now
obvious. Moreover, by Proposition 2.7, L(4,%(:)) = £(1,9) . Therefore, we may
suppress the domain, @, of ¢ in the symbol for the space of i-integrable functions
and write simply £(¢) = £(:,9) .

There are now several possibilities of defining ¢-measurable sets and functions.
We may call a set (~measurable if it belongs to the o-algebra or just the o-ring of
sets generated by 7A(¢) . A larger family of i-measurable sets is obtained if we call
(-measurable any set X C§ such that XnQ such that Xn ZeR(:) for every
Z € (¢) . The choice of the definition depends of course on the purpose to which it is
to be used. But in either case, it is customary to put «(X) = o for every ;-measurable
set X which is not ¢-integrable.

So, the set function : determines a measure in the space £ which is of course
denoted still by ¢.

It should be noted perhaps that the term "measure" is not used in the same
fashion throughout the literature. It often designates a non-negative extended real

valued (w is allowed as a value) set function on a o-ring of sets covering the whole
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space or a o-algebra. Other authors designate by this term the corresponding
integral, that is, the linear functional whose value at an integrable function, f, is
equal to the integral of f with respect to the measure in question, or even its
restriction to a linear subspace dense in the I'-seminorm in the space of all integrable
functions.

This lack of uniformity will not cause any inconvenience in the sequel, because,
however the term "measure" is interpreted, specifying a measure, ¢, entails the
specification of the following objects: a vector lattice, £(¢), of functionson @ and a
positive linear functional, ¢, on £(¢) such that L(p,L(:)) = L(¢), where p(f) = u|f])
for every fe L(¢), and if R(:) is the family of sets (with characteristic functions)
belonging to £L(¢), then L(p,R(s)) = £L(+) . The functions belonging to £(:) and sets
belonging to %(:) are then called integrable with respect to the measure ¢ or
t-integrable.

Now, returning to the the measure, ¢, determined by its values on the
quasiring @, let us note that, in view of Proposition 2.13 and Proposition 3.1, the
definitions adopted in Sections 2A, 2D and 3A, give us a direct and economical
representation of integrable functions circumventing the Carathéodory theory of
extension of ¢ onto all measurable sets. Namely, a function f is i-integrable if and

only if there exist numbers ¢ and sets Xj €9, j=1,2,.., such that

00
,21 le, ] dX) < o
and
) oY)
flw=7} c¢X(w)
F=EA
for every we Q for which
9]
Y olelX(w)< .
F= T

The integral of such a function f is then given by the formula

JQ fde = OZO ch(Xj) .

=
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It is striking how close this characterization of integrability and integral is to
the ideas of Archimedes, especially to one of his calculations of the area of a parabolic
section; see e.g. [21]. As noted by J. Mikusiski in the Preface to his book [50], it
makes the presentation of the Lebesgue integral at elementary level more viable than
that of the Riemann iﬁtegral. For further elementary comments, see [33].

An approach to integration along similar lines was suggested by J.L. Kelley and
T.P. Srinivasan, [28]; see also [29]. » 7

As suggested, a measure in the space 0 is sometimes spe&iﬁed by specifying
the values of the corresponding integral on a sufficiently rich vector subspace of the
space of all integrable functions. It is done by invoking a theory of the Daniell integral
or its generalization. Such theories too are instances of the general scheme presented
in Section A. To describe the main points, let us recall some notation.

For a real valued function, f, on ), we write f+ =4(f1+f),  =4(f1-D
and fAl =g, where ¢g(w)=4(f(w)+1-|f(w)-1|) for every we Q. For a nontrivial
family, £, of real valued functions on €, we write £ = {fek:f>0} and
K-K = {f-g:fextget’}.

Let £ be a vector lattice of real valued functions on the space §2. A positive
linear functional, ¢, on X (see Section 2E) is called a Daniell integral, if fn) -0,

as n-w, for any functions fn € £ such that fn(w) >f (w), n=12,.., and

n+l
fn(w)—>0, forevery we, as n-w.

It is easy to show using Proposition 2.12, say, that a positive linear functional,
¢, on K is a Daniell integral, if and only if, the seminorm, p, defined by
p(f) = «(|f|), forevery fe K, isintegrating.

Assume now that ¢ is a Daniell integral on X . It is then obvious that the
seminorm p integrates for the functional ¢. Let us write £(¢) = L(p,X) and denote
by R(:) the family of sets (with characteristic functions) belonging to L(¢) .

We say that the Daniell integral & satisfies the Stone condition if the function

JAl belongs to £(:) whenever the function f does. It is well-known that, if fAl

belongs to K whenever f does, then ¢ satisfies the Stone condition.
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Let o 5 be the unique continuous linear functional on £(:) that extends .
(See Section A.) Its restriction to R(:) is a non-negative o-additive set function.

M.H. Stone has shown, [62], that £(¢) = £(¢ ,R(¢)) if and only if ¢ satisfies the Stone

0
condition.

M. Leinert, [40], and H. Konig, [36], have generalized the notion of a Daniell
integral by requiring that X be merely a vector space and not necessarily a vector
lattice. Such generalization is interesting because it represents the abstract core of
situations not infrequently occurring in analysis; see [37], [41].

So, let X be a vector space of real valued functions on Q and let ¢ be a

positive linear functional on X . For any real valued function f on Q, let

+ .. R
V(f)=inf }df),
=
where the infimum is taken over all choices of functions fj ext , J=1,2,..., such that
o8]
(B.1) flw) < I f(w)
5=1

where the infimum is taken over all choices of functions fl €kl and f;e I,
J=2,3,..., such that (B.1) holds for every we Q.

We say that the functional ¢ satisfies the Konig continuity condition, if
Sy = uf) + S(), for every function fe K.

We say that the functional ¢ satisfies the Leinert continuity condition, if
S5 = uf), forevery fek.

Clearly, if ¢ satisfies the Ko6nig continuity condition then it satisfies the
Leinert continuity condition. Moreover, if £ happens to be a vector lattice, then
satisfies the Konig continuity condition if and only if it is a Daniell integral, and also it

satisfies the Leinert continuity condition if and only if it is a Daniell integral.
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Now, assume that X =X"-X". Then we can define gauges, p, and Py, O K
by letting pl(f) =7(|f1) and pz(f) = Lf( [fl), respectively, for every fe k. Let,
further, Py be the gauge on X" such that p3( f) = uf), for every f€ ICf .

If ¢ satisfies the Leinert continuity condition, then the gauge Py is
integrating. The gauge Py, Which is a seminorm, is automatically integrating. If ¢
satisfies the Konig continuity condition, then Py =Py the gauge Py is integrating
and £(p1,IC) = £(p3,IC+) . We may note that, while the Koénig condition is sufficient, it
is not necessary for the gauge p, to be integrating. However, the Kdnig condition is
convenient to use without loss in the context of uniform algebras.

For a more complete consolidated exposition we refer to [37].

C. Natural seminorms in the classical function spaces defined in terms of a
measure usually turn out to be integrating.

Let ¢ be a measure in a space 2 and p a real number such that 1 < p< w.
The family of all functions f on € such that f|f|” '€ £(s) is denoted by £P(s).
So, in particular, l:l(é) =L(:). Tt is well-known that £P(s) is a vector space.

Moreover, if

i, =[] e,

for every fe LF(:), then ”’”p,a is an integrating seminorm on £P(;) such that
£(|- ||p7 L,ﬂp (¢)) = LP(s) . This fact is implicit in the standard proof of the completeness
of £P(:) which avoids the notion of convergence in measure. The induced normed
space is of course denoted by LP(:). M.H. Stone, [62], introduced the LP-spaces
along these lines in the context of Daniell integrals instead of measures.

These spaces (based on a measure rather than a Daniell integral) are special
cases of the general Banach function spaces studied systematically by
W.A.J. Luxemburg and A.C. Zaanen in a series of papers of which the first one, [47],
contains an introduction to the ‘subject with the relevant historical background. See

also [72], §§63-64.
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Let & be a o-algebra of sets in the space 0 and let Z be a o-ideal in the
space  (see Section 1D) such that ZC 8. Let M= MS) be the family of all complex
valued S-measurable functions and A the family of non-negative real-valued
functions belonging to #. Let ¥= MZ) be the family of all functions f on € such
that the set {w: f(w) # 0} belongs to Z. Clearly, ¥ C M because ZCS.

Following [48], Definition 3.1, a functional, p, from X into [0w] (the value
w is allowed) will be called a function norm (with respect to & and Z) if it has the
following properties:

(i p(f) =0 if and only if fe J¥;
p(f) =
(

plef) = |a|p(f) for every number « and every function fe X;

(i

)

) p(1f1) for every feM;
(iii)

)

)

p(f+9) < plf) + plg) forevery fe M and ge M ; and
if fel, geMd and f< g, then p(f) < plyg) .

(iv

(v

Given a function norm, p, let £ )= {feH:p(f) < o} . Then the restriction of

p to Kk ) is a seminorm; it will be called the seminorm induced by the function norm

p and still denoted by p. Our aim is to characterize those function norms which

induce in this manner integrating seminorms such that le =L(p,k p) and the family of
p-null functions coincides with V.

The function norm, p, is said to have the Riesz-Fischer property, see [48],

Definition 4.1, if, for any functions f,- €M, j=12,.., such that

00

(C.1) X of) < w,

=1

the set, Y, of all points we  for which

belongs to Z, and, if f is a function on Q such that
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(C.2) flw)=} f(w)

for every w € Q not belonging to Y, then fe ICp .

For the sake of unity of style, our formulation differs from that of W.A.J.
Luxemburg and A.C. Zaanen, but the difference is merely technical. Luxemburg and
Zaanen achieve some simplicity of the formulation by admitting into 4 also functions
with infinite values. However, the resulting theories are equivalent because then, for
every function fe X such that p(f) < o, theset V={w: |f(w)|=w} belongsto Z.
Indeed, Y < n_llfl , and, by (iii) and (v), p(Y) < n_lp(f) , for every n=12,...
So, p(Y) =0, and, by (i), Ye Z.

The following lemma and proposition are due to I. Halperin and W.A.J.

Luxemburg, [20].

LEMMA 3.4. If p has the Riesz Fischer property, then

whenever fj €M, j=12,.., are functions satisfying condition (C.1) and fe M isa

function such that

for every we ).

Proof. If not, there exist such f]_, j=12,.., and f as in the statement of the

lemma, but

oD > s § o)
1

]‘:
with some « > 0. Consequently, for each k=1,2,..., there exist functions fk], eu ,

j=1,2,..., and a function fk € X" such that

)=} e

for every we Q for which
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El fkj(w) <
and
(C3) o> olf) >k L olfy)
j:

Because

(3,5 = £ oy

=1

for every r=1,2,..., we can assume that, besides (C.3),

i plfy) < K°

=1
for every k=1,2,.... Let us arrange the functions fk],, j=12,.., k=12,.., intoa
single sequence q,, n= 1,2,.... Then
0 o] -9
T oag)< 3 Kl<a.
n=1 k=1

Let g be a function such that

for every we O for which
9]
). gn(w) <.
n=1

Then, for every k=1,2,..., there is a function h, € X such that gw) > fk( w) + hk(w) ,

for every we Q, and, hence,

plg) 2 p(f) 2 k.
So, p(g) =w, contrary to p having the Riesz-Fischer property.
PROPOSITION 3.5. The function norm p has the RieszFischer property if and

only if the induced seminorm on K y is integrating and L(p,X p) =K 5
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Proof. If p has the Riesz-Fischer property, let fj ex 5 Jj=12,.., be functions
satisfying (3.2) and let f be a function on € such that (C.2) holds for every we Q
<such that

(C4) | IR
=

Then fe M and p(f) < 0, that is, fE,’Cp, because ZCS and p has the

Riesz-Fischer property. Furthermore,

fw -1 1= F 1w
=1 j=nt+l

for every w e @ for which (C.4) holds, and so, by Lemma 3.4,

pi[f- f f} < %E of),

j=n+l 7

for every n=1,2,.... Therefore, p is integrating and £(p,Kp) = ICp .

Conversely, if the seminorm induced by p is integrating and L(p,X p) = le .

then, obviously, p has the Riesz-Fischer property.

Besides the -IP-spaces, the classical spaces which are covered by this
proposition include notably the Orlicz spaces.

Let ¢ be a o-finite measure-in the space € ; that is, the space Q is equal to
the union of a sequence of :-integrable sets. Let M be the family of all :-measurable
functions; the assumption of o-finiteness implies that the definitions of measurability
mentioned in the previous section are equivalent. A is the family of ¢-null functions.
Let @ be a Young function. {See Section 1G.)

For any function fe M, let
Mgl =] a(ifia.

We are using the convention that, if the function ww @(|f(w)|), we, is not

t-integrable, then M<I>( f) =w . Let, further,
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pp) =inf{k: k>0, Mg(K'f) < 1}

for every fe€ M. Now we are using the convention that the infimum of the empty set

is .

PROPOSITION 3.6. The functional Pp is a function norm having the Riesz-Fischer

property.

Proof. For brevity, we write p = pg .

If the set {w: |f(w)] > 0} has non-zero measure, then, for some ¢ >0, the
set X={w: |flw)| = ¢} has non-zero measure and, hence, Mq)(f) > ®(e)u(X) >0.
Consequently, 0< p(f)<w. Conversely, if o{w:|f(w)] >0})=0, then
M@(af) =0, for every a > 0, and, hence, p(f)=0.

Assume that 0 < p(g) < w. Choosing a decreasing sequence of numbers k,,
n=12,..., tending to p(g) and applying the sequential form of the Beppo Levi
theorem on the functions k;ll g, n=12,.., tending point-wise monotonicaliy to

h(p(g))_llg |, we deduce that Mg((pl g))_1 g) < 1. From this observation we deduce
further that, if |f] < |gl, then p(f) < p(g). For, if |f| < |g|, then
My((o(9) ) < Mgl((p(g) g < 1.

Now, assuming that f>0, g>0, p(f)+p(g)=7 >0, let p(f)=ay and
p(g) = By, sothat a+ #=1. Then, by the Jensen inequality,

Mg((f+9)/7) = Mg(af/ oy + Bg/By) < aMy(f/p(f) + BMy(g/p(g)) < a+ B=1,

and so, p(f+g) < 7.
From these remarks and from the definition of p, it follows easily that p
satisfies all the requirements (i) - (v), which means that it is a function norm on X .
To prove that p has the Riesz-Fischer property, let g, € i , n=12.., be
functions forming a non-decreasing sequence such that 0 < a = sup{p( gn) :
n=12,..} < w. Because M(I)(af—lgn) <1, forevery n=1,2,..., by the Beppo Levi

1

theorem, Mg(a “g) < 1. Hence, p(g) < «. In particular gek 5 It is now evident

that p has the Riesz-Fischer property.
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The proof of Proposition 3.6 gives slightly more than the Riesz-Fischer
property of the function norm pg . For more details we refer to [72].

Let us note that the space £ "z for p= Pg > consists of all functions fe€ M for
which there exists a number k& >0 such that M(I)(kf) < w. Furthermore, if the
Young function @ satisfies condition (A2) , then fe€ ICp if and only if M <I>( fl<w.
If Q)< w and & satisfies condition (AQ) for large values of the argument, then
f§ ICp if and only if M@(f) <.

The space £ - is conventionally denoted by £®(L) and the corresponding

normed space by L(D(L) . These spaces are known as Orlicz spaces. One writes

”f“q’,b = p@(f) , that is,

flg,, = imf(k>0: [ @G If(w)])lde) < 13

for any function fe€ ,C(I)([,) . The seminorm ||| &, and the induced norm on L(I)( t)
are called the Luxemburg seminorm and the Luxemburg norm, respectively. Another

seminorm on ,C(I)(L) is defined by the formula
191§, = sup{l | _fgdul s | wlghdi< 1},
D 0 Q lg] }

for every fe€ L'(I)(L) , where ¥ is the Young function complementary to @ . (See
Section 1G.) The so-defined seminorm and the corresponding norm on Lq)(a) are

called the Orlicz seminorm and the Orlicz norm, respectively. The inequalities

Iflg, < g, < 2,

hold for every fe€ L'CI)(L) , so that the Luxemburg and the Orlicz norms are equivalent.
The classical reference about Orlicz spaces is [38]. Useful information can also
be found in [39], especially Sections 3.1-3.9, and of course elsewhere.
For the definition of the class £¢)(/,) , the assumption that the measure ¢ be

a-finite is of course not necessary. Explicitly, L(I)(L) consists of the i-measurable
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functions f on  for which there exists a number % >0 (depending on f) such
that
JQ B f(w))i(dw) < w .

D. Another class of important and extensively studied integrating
seminorms is constituted by the seminorms inducing the natural norms of the Sobolev
spaces. Following A. Kufner, O. John and S. Fuéik, [39], Section 5.1, we present a
general scheme for introducing these spaces which may be useful also in other contexts.

Let £ be a vector space of functions on a space 1. Let I be an integrating
seminorm on L. Let J be an index set. For every a€ J, let p o be an integrating
seminorm on a vector space, £ o’ of functions on a space Qoz such that
£a = £(pa,£a) and let Sa 3 AN Ka be a linear map.

The maps S o € J, will be called collectively closable if pa(ha) =0 for
any functions % o€ L o for which there exist functions g, € K, n=1,2,.., such that

(D.1) lim po(gn) =0 and lim pa(%g

- 00 7 00

_fa)zoa

n

for every a€ J.

PROPOSITION 3.7. If the set J is finite and the maps S _, a€J, are collectively

a 9
closable, then the functional, p, defined by

(D.2) AN =pN+ 3

S0,
aera(af)

for every fe kX, is an integrating seminorm on X .

Proof. Clearly, p is a seminorm. Let fj ek, j=12,..., be functions such that

2M0<w

and

for every we Q for which
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Y f (W) <o
=1 7
Then
Q0 Q0
) po(f.) < o and E f, (f,-) <
=1 =1
for every a€ J. Let
)
9,= L I
n 17
for n=1,2,... Then, by Proposition 2.8, po(gn)—>0 as 7n-w, because the

seminorm Po is integrating. Furthermore, by Theorem 2.4, for every « € J, there
exists a function ha € Ka such that pa(Sagn—ha) -0 as n-ow. Then pa( ha) =0,
for every a€J, because the maps S o € J, are collectively closable. By
Proposition 2.1, pa(Sagn) -0, for every a€J, and, hence, p(gn) -0 as n-w,

because the set J is finite. By Proposition 2.8, the seminorm p is integraiing.

To describe the most important particular cases, let n > 1 be an integer. Let
¢ be the Lebesgue measure in R". Let 0 be a non-empty bounded open set in R".
Let k>0 be an integer and 1< p<w. For J, we take the set of all n-tuples

o= (al,a2,...,an) of integers @ 20,0, 20,0 20 such that

0<]a|=§:

a < k.
=17

For any such a€J, let D%-= DileZ2 D:" , Where Dl’Dz""’Dn are the
operators of partial differentiation on R"™ with respect to the first, second, ..., n-th
variable, respectively.

Now, for I, we take the space of all restrictions to Q of C™-functions on R”

and let
p_ Pyd ,
(py(1) jﬂ | /() P4 dw)

for every fe k. Forevery a€J, wetake £ o to be the space of all ¢-measurable
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functions on £ such that (po(f))p < o and put pa(f) = pO(f) , for every fe€ Ea'
Finally, we put S af =DY%, forevery feX and every a€ J.

LEMMA 3.8. Forevery o€ J, themap S o’ K-L o is closable.

Proof. Let 9, € K, n=12,..., and ha € £a, be functilons such that (D.1) holds.
Then, by the Green formula and the Holder inequality,

J h&<de=limJ D% di = (1) ¢! 1imJ g D%di =0,
Q n o’

no0 Y {1 n— 00

for every (*-function ¢ whose support is contained in €. Consequently,

polh,)=0.

This lemma obviously implies that the maps S o Q€ J, are collectively
closable. So, by Proposition 3.7, the seminorm, p, defined by (D.2) for every fe X,
is integrating. The corresponding Banach space L(p,L) is usually denoted by
whe(Q) .

Let KO be the space of all C* functions with supports contained in € . Then
IC0 C X, but the restriction of p to ICO is still denoted by p . The corresponding space
L(p,}CO) is denoted by Wg’p () . The spaces WhP(Q) and Wg’p (Q) do not coincide,
in general.

For further discussion, examples and ramification along these lines we refer to

[39], Chapters 5, 7 and 8. The literature on the Sobolev space is of course very large.

E. Both the classical and the real-variable definitions of the Hardy spaces
can be viewed as the special cases of the construction of the space L(p,X) with a
suitably chosen integrating gauge p on a family of functions X . Let us start with the
classical definition.

Let 1<p<ow. Let £=X 5 be the family of complex functions on the closed
unit disc Dl ={z€eC: |2| < 1} for which there exists a ¢ such that 0 < §< o and
fek if and only if f has an analytic continuation on the disc

D, s= {#zeC€:|z] <1+ 6. In particular, IC00 consists of the restrictions to Dl of
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the entire functions. Given an r such that 0 < r< 1, let

27 1/p
oD = (35 | tresioyi?as

for every fe X . Finally, let

p(f) =sup{p,(f) : 0 < r< 1}
for every fe k.
PROPOSITION 3.9. The functional p is an integrating seminorm on K .

Proof. We have p(f) < o for every fe€ X because every function belonging to £ is
bounded on ]31 . Using the analyticity of the functions in £, it is easy to deduce
that each seminorm Py 0 < r< 1, isintegrating. Then, by Proposition 2.14, the

seminorm g is integrating too.

The space L(p,X) is usually denoted by H? .

It may be noted that, for X, the space of all complex polynomials could be
taken, which is even smaller than IC00 , or, on the other hand, the space of all functions
continuous in Dl and analytic in the open disc D1 , Which is larger than all the
spaces IC§, §>0.

The given definition of the space HP can of course be adapted to the case of
the space le ={(zy):zeR,y >0}, oreven [Rj:’+1 ={(z,y) : zeR", y > 0} for any
n=1,2,..., replacing the disc I_)1 .

Let us turn now to the real variable definition. We will consider only the Jig
spaces on R™. That will suffice for our purposes; any attempt to treat systematically
the Hardy spaces, or even just their connection with the theory of integrating gauges,
is out of place here anyway. We may refer, however, to the survey [6] in which the
history and the richness of the subject are elegantly presented.

Let n >1 bean integer. Let ¢ be the Lebesgue measure in R" .

By an H'-atom in Q=R is understood any function, f, for which there

exists a (solid) ball B such that |f(w)| < (L(B))_IB((U) , for t-almost every we ),
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and «f)=0. We say that the atom f is supported by the ball B. Let
K=ICa(H1([Rn)) be the family of all H'-atomsin Q.

For every fek, let

p,(f) = inf ,-02-01

c
el s
where the infimum is taken over all choices of the numbers cj , j=1,2,..., such that

Qo0
(E.1) yolel<w,
17

and there exist functions fj ek, j=1,2,.., such that

o]

(E2) fw)= 3 1w,
=1
for every we Q for which
(£3) L lel 1)l <o
=1

If ¢ is a number and fe X, then, clearly, «(|cf]) < |e¢|. Therefore,
condition (E.1) implies that the inequality (E.3) is satisfied ¢-almost everywhere. So,

by the Beppo Levi theorem, o(|f]) < p a( fl<1, forevery fek.

PROPOSITION 3.10. The functional Py, is an integrating gauge on the family of
functions K=K aJ(Hl([R")) . A function [ belongs to the space £(pa,lC) if and only if
there exist numbers € j=1,2,..., satisfying condition (E.1), and functions fj exr,
Jj=12,..., such that the equality (E.2) holds for every we€ Q) for which the inequality
(E.3) does.

Proof. Let o(f)=1, for every function fe€ X which does not vanish ¢-almost
everywhere, and o(f) =0, if f(w) =0 for almost every we Q. Then qo( f) = pa( fl,
for every fe X, Dby the definition of q, (Section 2A) and that of Py - Because, by
Proposition 2.7, a, is an integrating seminorm on £( a,k) , its restriction, Py > to

the family X too is integrating.
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Now, by Proposition 2.7, £( qa,ﬁ( o,k)) =L(o,)X) and, by Corollary 2.5,
£(pa,K) = E(qo,L(G,IC)) . So, £(pa,IC) = lI(a,IC) which means that the space ,C(pa,IC)
consists precisely of those functions f for which there exist numbers ¢ and atoms
f], ek, j=1,2,..., such that (E.1) holds and the equality (E.2) holds for all we Q for

which the inequality (E.3) does.

In view of the atomic representation of Hl([R") , this proposition says that the
spaces L(pa,lC) and Hl(lR") are identical and their respective norms are equivalent.
This fact can also be deduced from the consideration of their duals; cf. the discussion
in [6]. We will only identify the dual of the space L(pa,kf) by showing that the
continuous linear functionals on it are generated by functions of bounded mean
oscillation. Let us recall the definition.

A function F on Q=R" is said to have bounded mean oscillation if it is

locally integrable and there is a constant M such that
(E.4) («(B)) fB | Flw) - (B))™ JB Fdiu(dw) < M,

for every ball BcC Q. The infimum of all the constants M for which (E.4) holds is
denoted by [[Fll5,;q - Let us note that 1 Fllgpo = O if and only if the function F' is

t-almost everywhere equal to a constant.

PROPOSITION 3.11. If F is a function of bounded mean oscillation, then there
erists a unique continuous linear functional, £, on the space L(p,K) , K = ICa(Hl([R")) ,

P=py s such that
(E5) af) = | Ao

for every fe k; the norm of £is equalto ||Fl|g, . Conversely, for every continuous
linear functional, £, on L(pX), there is a function F of bounded mean oscillation

such that (E.5) holds for every fek .

Proof. Let the function F have bounded mean oscillation. Then the formula (E.5)

determines the number 4[f] ) unambiguously for every atom f. Moreover, if fel,

p
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let ¢, be numbers satisfying (E.1) and fj € X atoms, j=1,2,..., such that (E.2) holds
for every we Q) for which (E.3) does; let the atom fj be supported by the ball Bj ,

j=1,2,.... Then, by definitions of atoms and of ”F”BMO ,

| jﬂ P4 <] jB. o)) - B jB. FaiJudo)| < 1 Plgyyo
J

7

for every j=1,2,.... So, by the series version of the Beppo Levi theorem,

aln) = JQdeL - zl : j i

Consequently, lf([f]p)l < p(f)HFHBMO, because the numbers ¢ j=1,2,..., can be
chosen so that the sum of their absolute values is arbitrarily close to p(f). This
argument can obviously be applied to any function fe€ L(p,X). Alternatively,
Proposition 3.2 implies that there is a unique continuous linear functional ¢ on
L{p,X) , satisfying (E.5) for every f€ X, whose norm is not larger than ||F||BMO .
Because, however, there are atoms, f, such that p(f)=1 and «fF) is as close to
”F”BMO as we please, the norm of ¢ is actually equal to ”F”BMO .

Conversely, assume that £ is a continuous linear functional on L{p,X). For
n=1,2,..., let £n be the subspace of L{p,X) consisting of the (equivalence classes of)
functions, f, represented in the form (E.2), where the numbers ¢ satisfy (E.1) and
the atoms f,' are supported by balls wholly contained in Bn: {w: |w| < n},
7=12,.... Then £n containg all essentially bounded functions supported by Bn with
integral equal to 0. Because the dual space of L® (on a space of finite measure) is
equal to It , there is a function Fn , determined uniquely (-almost everywhere on

B, such that t’([f]p) = l,(an) , for every fe £n , and

J Fdi=0,
B’Il
n=1,2,... Consequently, there is a locally integrable function F which coincides
(-almost everywhere on Bn with the function Fn , forevery n=1,2,... Then, using

a similar argument as in the first part of the proof, it is straightforward to deduce that
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A p) = y(fF), for every fe€L(p,k), or just for every fe k. By what we have

proved already, the function F has bounded mean oscillation.

F. Let E be a Banach space. Let & be a quasiring of sets in a space £
and p:9-F an additive set function. (See Sections 1D and 1E.)
For every set Xe g, let

Y X) = sup f: IM(X].)I s
=1

where the supremum is taken over all integers n=1,2,... and all choices of pair-wise
disjoint sets X],E 9, j=12,..,n, whose union is equal to X. Then : is an
extended real valued additive set function on ¢ such that

(i) [m(X)| < X), forevery Xe@; and

(ii) if &k is any extended real valued additive set function on ¢ such that
|u(X)| < #(X), forevery X€ @, then X) < k(X), forevery Xe@.

The set function o+ is called the variation of p. We write o(y) =1,
o, X) = (X) for X €@ and even v(pf)=f) for any function f such that «(f) is
defined. Alternatively, we write |u| =¢.

The set function g is said to have finite variation if (,X) < « for every
Xed.

It is well-known that the variation of a o-additive set function is o-additive.
Also, if the space E is finite-dimensional, ¢ is a §-ring and the set function
p:9- E is o-additive, then g has finite variation.

The conventions about the integration 'with respect to u ' are not fixed even if
the set function p:8- E is o-additive. The reason being that there may exist
several gauges on @, or sim(g), integrating for g but generating different spaces of
integrable functions, all considered 'natural' from alternative points of view.

If p has finite variation which is o-additive then we can let ©(y) integrate
for 4. That is to say, we let ¢ = o(y) and note that there exists a unique linear map

b, L(t) = E such that
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(i) ,uL( f) = (X)), whenever [ is the characteristic function of a set X € g;
and

(i) |1 < «If1), forevery feLls).
Then we write L(u) = £(+) and

) = | dan= | feua)=un

for every fe€ L(u). It is often assumed that & is a o-algebra, or at least a 4-ring,
[10], but this assumption has no significant bearing on the theory.
Another posgibility arises when, for every z’ € E’ , the set function z’oy has

finite and o¢-additive variation and

(F.1) sup{v(z’op,X): 2" €E' |, |2'| < 1} < w
for every X € @. In that case, let
(F.2) p(f) = sup{v(z’op,|fl) : 2" € B, |2"| < 1},

for every fesim(d). By Proposition 3.3 and Proposition 2.14, p is an integrating
seminorm on sim(g) . Obviously, the seminorm p integrates for x. So, one can

define L(u) = L(p,sim(g)) and
uf) = jQ fdu= jﬂ fa g

for every fe L(u) .
Condition (F.1) is surely satisfied and the seminorm (F.2) integrates for u if u
has finite o¢-additive variation. In that case, L(v(u)) C £(p,sim(g)) and the inclusion

may be proper even when @ is a o-algebra.

EXAMPLE 3.12. Let Q={1,2,...} be the set of all positive integers and let @ be

be an absolutely summable sequence of

the family of all subsets of Q. Let {xj}‘;’zl

elements of the space E. Let



3.13 101 3F

for every Xe Q.
Then L(v(y)) consists of all functions f on  such that the sequence
{f( j):vj}‘);:l is absolutely summable. The space L(p,sim(g)) consists of all functions f

on  such that the sequence {f{( j)zj}?zl is unconditionally summable.

So, if p has finite and o-additive variation, then the symbol " L{u) " is
ambiguous and would remain so even if the domain of y were indicated. Though, if
the space FE is finite-dimensional, then £L{(:) = L(p,sim(d)), with ¢=ov(y) and p
defined by (F.2), and the respective seminorms are equivalent.

Of course, it might be possible to form the space L(p,sim(g)), with p defined
by (F.2), also when g does not have finite variation. By the following proposition,

this space surely can be formed when ¢ isa &ring and p is o-additive.

PROPOSITION 3.13. Let @ be a &-ring of sels in the space . Let & be the
o-algebra of all sets X C Q) such that XN ZeQ forevery ZeQ. Let p: 9~ F bea
o-additive set function.

Then, for every z’ € E’ , the set function z’op has finite variation and the
inequality (F.1) holds for every X e @.

Let the seminorm p be defined by (F.2) for every fesim(d). Then the
seminorm p integrates for p. The seminorm p is monotonic and the space
Llp,sim(9)) is a vector lattice. A function on Q is p-null if and only if it is
oz’ op)-null for every z’ € E . The seminorm p is equivalent to the seminorm o
defined by

o(f) = sup{|u(Xf)| : X € G}
for every [ € sim(Q) . |
Let | be a function on Q. Then the following statements are equivalent:
(i) 1€ Lpsim(Q)) .

(ii) There exist Q-simple functions fn , n=12,.., such that

?
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(F3) | fw) = lim £ ()

- 00

0

=1 converges to an element of

for p-almost every we O and the sequence {u(an)}
the space E, forevery XeS§.
(iii) For every z’ € E’ , the function | is v(z’ ou)-integrable and, for every

X €S, there exists an element V(X) of E such that

2 (U X)) = j e on)

for every z’ € £’ .

Proof. Some of the statements were already proved. The equivalence of the
seminorms p and o was noted by R.G. Bartle, N. Dunford and J.T. Schwartz in [2];
see also [14], Lemma IV.10.4(b). They also noted that a set is p-null if and only if it
is o(z’op)-null for every 2’ € E’ . Hence, by Proposition 2.2, a function is p-null if
and only if it is {2z’ oy)-null for every z° € £ .

Given a function f on 2, the equivalence of the statements (i), (ii) and (iii)
was essentially proved by D.R. Lewis in [44]. In fact, (i) obviously implies (ii) and (ii)
implies (iii). Now, let X be the family of all functions f for which the statement (iii)
holds. Define p(f) by (F.2) for every feX. Then p(f) < w, for every fek

because, by the Orlicz-Pettis lemma, the set function v is co-additive and
o(f) = sup{v(z'or,Q) : 2" € B’ | < 1} .

By Theorem 3.5 of [44], for every fe X and ¢ > 0, there exists a function g € sim(9)
such that p(f-g) < ¢. Hence, by Theorem 2.4, for every f€ X, one can produce a

sequence, { j‘n}"zz1 , of J-simple functions such that

lim p(f-f,) =0

n—00

and (F.3) holds for p-almost every we Q. So, k¢ L(p,sim(g)) .
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This proposition summarizes the main approaches to integration 'with respect
to Banach valued measures' of not necessarily finite variation which appeared in the
literature. R.G. Bartle, N. Dunford and J.T. Schwartz, [2], used condition (ii) to
define integrability in the case when ¢ is a o-algebra; see also [14], Section IV.10.
Property (iii) was used by D.R. Lewis in [44] and [45]. Different approaches, leading to
different spaces of integrable functions are of course possible. One of them will be

described in Example 4.27 (Section 4F).

G. The structure described in Section 3A represents a possibility for

defining, in a reasonably systematic manner, integrals of the form

jZfdw,

where w is an arbitrary continuous function in the interval [g,b] . In this section, we
present a way of doing so sketched in [32]. We shall return to this theme again in
Sections 4C and 4D, where we impose on w some additional conditions, similar to but
still much weaker than the finiteness of variation, and, on the other hand, extend the
generality of the whole set-up.

Let w be a bounded continuous real or complex valued function on the
real-line, Q = (~o0,0) .

Let CO((—oo,oo]) be the Banach space of all functions continuous on the
two-point compactification, [-ww], of the space €} and vanishing at -w, under the

usual sup-norm, || ||00 . Let E be the space of all bounded sequences of elements of

CO( (-w,0]) equipped with the norm defined by

lell = sup{llo,ll,: n=1,2,..} ,

for every element, ¢ = {(pn}‘::l , of E. Let F be the subspace of E consisting of
those sequences of elements of CO((—oo,oo]) which are convergent in CO((-oo,oo]) .
Let ¢ be the Lebesgue measure in the space 1. As usual, this measure is not

shown in integrals written down using a dummy variable. For the functions f and ¢
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on 2, we denote
(ﬂmm=j flt-s)gls)ds ,
9

for every t€ Q for which this integral exists (in the sense described in Section B).
Now, let kn, n=1,2,.., be continuously differentiable functions on £,
(-integrable together with their derivatives such that kn*w - ¢, as n- o, uniformly
on , for every continuous function ¢ on £ with compact support, and
k;*<p—> @', as mn-w, uniformly on £, for every continuously differentiable
function ¢ on Q with compact support (the dash denotes the derivative). For

example, we can take

forevery t€Q and n=1.2,...

Given a function fe L(s), let

t
v (0= fo)Epu)(e)ds,

for every t€ [-om| and n=1,2,...
Let K be the vector space of all functions fe€ £(:) such that the sequence

uf) = {un( ]‘)}‘Z:1 belongs to E, and let

p(f) = L151) + [l

for every feX. Let J be the subspace of X consisting of the functions fe€ X such
that (f) belongsto F.

PROPOSITION 3.14.  The functional p is an integrating seminorm on K such that
LpX) =K and LipJ)=17.

Proof. It is obvious that p is a seminorm. So, let f,- ek, j=12,..., be functions

such that
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floy=3 0,
=1

for every ¢€ Q for which
LG
=1

Then
RCARES
=1

and, by the Beppo Levi theorem (or Proposition 2.1 applicable by Proposition 2.13),
feL(s). Also

E Il < a,
7=1

and, because the space F is complete, there exists an element, ¢ = {“’n}:q , of E

. such that

Y uf)=9

=1 7

in the sense of convergence in the space E. It follows that I/n( f) = Y, because the

continuity of the map v L(1) = CO((O,oo]) implies that

o

v(N=3 v(f),

=1 !
for every n=1,2,... So, by the definition of £, the function j belongs to it, by
Proposition 2.8, the seminorm p is integrating and, by the definition of the space

L(p,X) , the equality L(pX) =L holds. Then also the restriction of p to J is
integrating and the same argument shows that L(p,J) =J .

Let LIM be a Banach limit. That is, LIM is a continuous linear functional

on the space of all bounded sequences of scalars equipped with the sup-norm,
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independent on any finite number of coordinates, such that

LIM{e }>_ =lima
n— 00

whenever the sequence {an}°:=1 is convergent.

Given a function fe X = L(p,X), we define

i
J fdw=LIM {z (N(H)®

n=1
-00
for every € [-oo,w| . Then
frapdf =] fdv,fer,
—Q0

is a continuous linear functional on the complete space L(p,X) such that

J:ofdw= - Ji F (Db,

for every continuously differentiable function f on Q with compact support. This
functional depends of course on the choice of the Banach limit LIM . However, its

values on the functions belonging to J are determined uniquely.





