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Complex geometry and supergeometry

Eric D’Hoker and D.H. Phong

ABSTRACT. Complex geometry and supergeometry are closely en-
tertwined in superstring perturbation theory, since perturbative
superstring amplitudes are formulated in terms of supergeometry,
and yet should reduce to integrals of holomorphic forms on the
moduli space of punctured Riemann surfaces. The presence of su-
permoduli has been a major obstacle for a long time in carrying out
this program. Recently, this obstacle has been overcome at genus
2, which is the first loop order where it appears in all amplitudes.
An important ingredient is a better understanding of the relation
between geometry and supergeometry, and between holomorphic-
ity and superholomorphicity. This talk provides a survey of these
developments and a brief discussion of the directions for further
investigation.

1. Introduction

String theory is a theory of random surfaces. Perturbative scatter-
ing amplitudes of string states are sums over the fluctuating worldsheets
spanned by evolving strings. Conformal invariance reduces these sums
to sums over only conformally distinct worldsheets. Thus, perturba-
tively, string scattering amplitudes should be given by series of integrals
over the moduli space M}, of Riemann surfaces of genus A > 0.

An early major success of superstring theory was the explicit one-
loop (h = 1) amplitudes obtained by Green and Schwarz [1] for the
superstring and by Gross et al. [2] for the heterotic string. However,
the general loop order h has remained intractable to this day. This is
due to a fundamental geometric difficulty beginning at h = 2, which is
the occurrence of 2h—2 odd supermoduli inherent to the Neveu-Schwarz-
Ramond formulation of the superstring [3, 4].
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In the NSR formulation, the sums over fluctuating worldsheets for
the superstring are realized by integrating over all supergeometries
(gmn, xm®) instead of over all geometries gmn, where gp,, are metrics on
a fixed smooth surface 3 and x,,“ are gravitino fields on 3. The stan-
dard Faddeev-Popov gauge fixing procedure reduces these sums to inte-
grals over the supermoduli space sMy, of inequivalent supergeometries
instead of integrals over the moduli space My, of inequivalent geome-
tries. The space sMy, is a (3h—3|2h —2) superspace, and the 2h—2 odd
supermoduli have to be integrated out in order to arrive at the desired
integrals over Mp. This is a new step beyond the standard gauge fixing
procedures of quantum field theory. It is not made any easier by our
insufficient understanding of the interplay between local supersymme-
try and the complex structures of Riemann surfaces and their moduli
space.

Recently, however, the supermoduli problem has been overcome for
the case of genus h = 2 and even spin structures [5, 6, 7, 8, 9, 10|, which
is the first loop order where it appears in all amplitudes. The progress
is based partly on an improved understanding of the interplay between
worldsheet supersymmetry and complex structures. In particular, at
genus h = 2 and even spin structures, we have now:

e A gauge-fixing procedure which reduces the sums over fluctuat-
ing worldsheets in superstring theory to well-defined integrals over the
moduli space My of Riemann surfaces of genus h = 2, in [5, 6].

e These integrals are independent of the choice of gauge slices [6, 7].
As pointed out in [11, 12], gauge slice independence is a crucial require-
ment which was not satisfied by the Anséatze for superstring amplitudes
proposed in the past.

e Underlying this gauge slice independence is the remarkable fact
that gauge slice changes produce global forms which are de Rham-exact
in all insertion points, point by point over moduli space [9].

e The integrands of the superstring scattering amplitudes are her-
mitian pairings of holomorphic forms of maximal rank on the moduli
space of Riemann surfaces with punctures. Holomorphicity is a particu-
larly important property for string theory, indispensable for example in
the construction of heterotic strings. The holomorphicity of the super-
string integrand is recovered from superholomorphicity by extracting a
term which is Dolbeault exact in one insertion point and de Rham exact
in the remaining insertion points [9, 10].

e The measure on the moduli space of Riemann surfaces for each
spin structure § has been evaluated in terms of ¥-constants [8]. It is
given by a modular covariant form =g[d](€2) of weight 6, which may be
interesting in its own right.
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e Using the above measure, the 0-, 1-, 2-, and 3-point scattering
amplitudes for massless NS states have been evaluated and found to
vanish identically, both for the type II and heterotic superstrings [10].
These results provide a proof, from first principles and to two-loop order,
of “non-renormalization theorems” which had been conjectured [13] on
the basis of space-time supersymmetry.

e The first non-vanishing two-loop amplitude, namely the scattering
amplitude of 4 massless NS bosons, has also been evaluated explicitly,
for the first time in a gauge slice independent formalism for both the
type II and heterotic superstrings [10]. Its surprisingly simple form may
give a clue to the 4-point function for higher genus.

e The two-loop string corrections to certain terms in the low energy
effective action for both type II and heterotic superstrings have been
computed precisely [10, 14]. In particular, for the type II theories,
the R* correction is absent, while for the heterotic theories, the trF™?,
trF2trF?, R%trF2, and R* corrections are all absent, thus confirm-
ing predictions made on the basis of S-duality in type IIB theory and
space-time supersymmetry. The non-vanishing two-loop correction to
the D*R* term in Type IIB theory has been matched precisely against
earlier predictions made on the basis of S-duality and space-time su-
persymmetry, by Green and collaborators (joint work with M. Gutperle
[14]).

e The issue of whether the two-loop cosmological constant vanishes
point by point on moduli space for certain Zs-orbifold models proposed
by Kachru, Kumar, and Silverstein [15] has been resolved. These are
models with broken supersymmetry but vanishing one-loop cosmological
constant. There had been hope that the two-loop cosmological constant
would also vanish, but we find that this is not the case (joint work with
K. Aoki [16]).

The goal of this lecture is to provide a brief survey of these de-
velopments, with emphasis on the geometric aspects. Superstring per-
turbation theory has received sustained attention over the years [11,
17, 18, 19, 20, 21, 22, 23], and has motivated many mathemati-
cal developments (see e.g., [24, 25] and references therein). The for-
mulation of superstring perturbation theory adopted here is the NSR
formulation. Though complicated by the presence of supermoduli at
higher loop level, and by the necessity to perform summations over spin
structures, the NSR formulation is based on the worldsheet action of
2-d supergravity whose quantization is well-understood, and on firm
ground. The Green-Schwarz formulation has the advantage of manifest
space-time supersymmetry and no need for supermoduli and spin struc-
tures, but its systematic quantization beyond 1-loop order has not yet
been achieved, in part because of the presence of delicate second class
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constraints. Perhaps more promising is the pure spinor formulation of
Berkovits [26], which circumvents the second class constraints, and per-
mits direct quantization. Yet, it is unclear whether this formulation
possesses an ungauge-fixed action, as is customarily used for a starting
point. (See however [27].) !
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to thank Costas Bachas, Gerard van der Geer, Michael Green, Sam
Grushevky, Boris Pioline, Jacob Sturm, Tomasz Taylor, Richard Went-
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2. Description of the Main Results

In this section, we provide a fuller description of the main results,
leaving a sketch of their derivation to the next section.

Our main goal is a systematic method for the evaluation of scattering
amplitudes at genus 2 of N massless bosonic states in superstring the-
ory. This can be viewed as the string analogue of the Feynman rules of
quantum field theory, with the two-loop diagram being a unique topolog-
ical surface ¥, and Feynman parameters given by moduli. We consider
both the type II superstring and the Spin(32)/Zy and Eg x Eg heterotic
string theories. In the type II superstring, the massless bosonic states
are the graviton multiplet, while they can also be gauge bosons in the
heterotic theories. The corresponding amplitudes are functions of the
10-dimensional momenta k; = (k') and polarization tensors ¢; = (€') of
the N massless states, 0 < u < 9,1 <i < N. Henceforth we restrict to
genus 2, so the moduli space M has dimension 3.

2.1. General form of the scattering amplitudes. We concen-
trate on the amplitude of gravitons in the type II superstring, which we
denote by Ajs(k;,¢€;), the others following by combining the holomor-
phic factors of Ajs(k;,€;) with the chiral correlators of gauge bosons,
which can be computed directly. By the chiral splitting theorem of [28],
the amplitude Ajr(k;,€;) is of the form

(2.1)  Aqr(ki,e) _/d]??/ H(zi; ki, €3 07) N H(zis ki, €35 0%).
MoxEN

Here we have fixed a canonical homology basis A, By, #(ArNAy) =
#(BrNBy) =0, #(Ar N By) = dry. Let wr(z) be the basis of holo-
morphic (1,0)-forms dual to the A cycles, and set Q77 = §B[ wy. The
moduli space My is identified with a fundamental domain of Sp(4,Z)

LSince the version of this paper was submitted for publication in Current Devel-
opments in Mathematics in late September 2005, there have been several advances
in the pure spinor formulation [51].
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in the Siegel domain of symmetric matrices €27y with positive imaginary
part. The parameters pf, 1 < I < h, 0 < p <9 are internal loop mo-
menta. The expression H(z; ki, €;;p5) is a A¥0(My) ® (®¢]\L1A}:§0(E))
form on My x 2V which is holomorphic in both moduli and insertion
points z; away from z; # 2, but which are twisted by the following
monodromy as a point z; is transported along a closed cycle

H(zi + 6ijAx; kiseis o) = H(zis ki, €5 07)
(22)  H(z +0yBrikiespy) = H(zi ki e pf + o1xcky).

The problem of evaluating the amplitude A;; reduces to that of deter-
mining H(z; ki, €;;p). The holomorphicity of the desired form H(z;
ki,ei;p’; ) is an essential requirement for the construction of heterotic
string theories.

2.2. Holomorphic H, chiral 5[j], and Dolbeault cohomology.
The following algorithm, based on a Dolbeault cohomology procedure,
gives a solution to the problem of finding H(z;; ki, €;; p) [9].

For each even spin structure d on X, there exists a form B[d](z;; ki, €;;
plf) which is a correlation function on the worldsheet ¥ and which can
itself be evaluated explicitly. We shall give the full prescription for
B[6](zi; ki, €35 ) in the next section, but for the moment, we stress
that B[0](zi; ki, €:;pr) is a closed form in each z;, and that for N > 1,
B[6](zi; ki, €3 pf) is a 1-form in each point z; which may incorporate
(0,1)-components. For such forms B[d](z;; ki, €;; P ), there is no notion
of holomorphicity. These forms arise from the chiral splitting theorem
of [28] and are sometimes referred to as “chiral”, since they are built
only from correlations functions of chiral spinors on ¥. However, we
stress that they are in general not holomorphic in z;.

e Consider first the N-point function with N = 0, which corresponds
to the cosmological constant. Then there are no insertion points z;, and
B[6](zi; ki, €35 ) is a holomorphic function B[6] on Ms. The relative
phases €5 2 can be determined by the requirement that H = Y5 e;8[9]
transforms so that the expression Ay of (2.1) be modular invariant. The
summation over spin structures § is the Gliozzi-Scherk-Olive projection,
and, physically, it is necessary to project out tachyonic states and insure
space-time supersymmetry.

e Once the phases €5 have been determined by the 0-point function,
we can consider the sums Y s esB[0](2;; ki, €5 pf) directly for N > 1.
Then Y, €5B[0](zi; ki, €i;pf) = 0 for N < 3, while for N = 4, there exist
forms S;(z;; ki, €; Py ) which are scalars in z; and closed 1-forms in z; for

2The phases €5 should not be confused with the polarization tensors €; of the
external states. Both notations are standard, which is why they have been kept.
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1 # j so that
(2.3)
4 4
> esB(0](zi; ki, i3 ) = > dZ; 05,8 (zi ki, eispf) € QR AL(T).
5 =1 i=1

The form H(z;; ki, €;; ) can now be obtained by

4

(2.4) H(zi ki e307) = Z esB[6](zi; ki, €5 1) — Z d;S;(zi; kis €5, 0%),
5 j=1

where d; is the de Rham exterior differential in each variable z;. The

closedness of B[6](zi; ki, €;; pf) implies that H(z;; ki, z;; pf) is automati-

cally holomorphic in each z;.

We shall see below that the chiral forms B[] (z;; ki, €;; pf) arise from
superholomorphic forms with respect to a supergeometry (gmn, Xm®)-
The above Dolbeault cohomology procedure solves an old puzzle: there
is no relation between superholomorphicity and holomorphicity with
respect to gmn, but there is a deformed metric G, with respect to
which holomorphic forms can be extracted from superholomorphic forms
modulo forms which are Dolbeault-exact in one and de Rham-closed in
the other insertion points.

2.3. The forms B[] in terms of Green’s functions. The am-
plitudes B[6](z;; ki, €;; Py ) are to be determined by taking the chiral con-
tributions of functional integrals over all fluctuating worldsheets and
all insertion points z; for the emission of the N massless bosons, and
factoring out correctly the gauge symmetries to arrive at well-defined,
finite-dimensional integrals.

The basic result is that, by following the gauge-fixing procedure
outlined in Section §3, the B[6](z;; ki, €;; pf) are found to be [9]

(2.5) B[6] = B[6] + B[6]©.

Here the “connected” and “disconnected” components B[5](%) and B[5](¢)
are given in terms of two basic measures dpus2[d] and dyg[d] on the moduli
space My and Wick contractions of vertex operators V0, Y1) and V(2.
The vertex operators VO, V() Y2 are defined by

VO (2) = efdz (B2 — ik ) (2)exp(ik - x4 (2))
VO (2) = — etz st (2Jesplik - o (2))
(2.6)  VO(2) = —eMfi2dz (Dsat — ik P ) (2)exp(ik - z4(2))

where 2!/ is an effective chiral scalar field with propagator (/) (z)a* (w))
= —0" In E(z,w), E(z,w) being the prime form on the Riemann surface

Y. The spin structure ¢ determines a square root A%’O[é](E) of the
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canonical bundle of ¥. The gravitino field x(z) = (xm®) is a section of
AOL(Y) ®A‘é’0[5](2). It is given by x(z) = 22:1 (*Xa(2) where xq(2)
are two fixed, generic, but otherwise arbitrary sections of A®}(¥) ®
Afé’o[é](E), (™ are two anti-commuting parameters (corresponding to
the odd supermoduli of sM3 to be discussed in Section §3), and fi(z) =
(f1z°) € A=H1() is a Beltrami differential defined modulo  T*°(%) by
the condition

(2.7)
8171_/E/Ed2zd2wuJ[(Z)X(z)S(;(z,w)x(w)cu(](w):/(‘;I(Z)WJ(Z)'LAL(Z>7

3

where S5(z,w) is the Szegd kernel. The measures dpusa[d] and dpg[d] on
M are defined by

(2.8) dpo[0)(Q) = Z[8] [] dus
<J
6
dp2[0)(Q) = Z[0) Y & [[
j=1 I<J

with the following expressions for Z[6] and X;, 1 < j < 6:

_ (1 b(Pa) [14 0(8(90)))

(2.9) 20 = det (wrw,(pa)) - (Xal¥5)’

where pq, o are two sets of respectively 3 and 2 arbitrary generic points,
and 1/;2 are the holomorphic forms of weight 3/2 normalized at the

points g, by wg(qa) = 0q8. The fields b(z) = b.., B(2) = [.4 and their
partners c(z) = ¢, v(z) = v are the so-called superghost fields, with
propagators

(2.10) (b(2)c(w)) = Ga(z,w),  (B(2)v(w)) = =G32(z,w)

where G, (z,w) are the Green’s functions on tensors of weight n. Next,
let S(z) = S.+ and T'(2) = T, be the supercurrent and the stress tensor
defined by

(2.11)
1 1 3
S(z) = —§wﬁ‘r@xi + 5b’y — 56820 —(0.8)c

1 1 1 3
T(2) = —50:a" 0" + iwiazwi +c0:b +2(0:0)b — 570:5 — S(9:7)8.
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Then the expressions X;, 1 < j < 6, are given by

(2.12)
= [t [ Pua® (S(2)5w)

Xo+ X = +1617r2 / d’z / d*w x="xw T wi(2) 95 (2, w)w, (w)
Xy = +161772/d2w Op, Ow lnE(pa,w)Xu—}Jr/dQUSg(w,u)Xa+wZ(u)
Xs = +1617Tg /d%/d% S5(Pas w)Xa  Op, S5(Pas v)Xo @a (U, v)
o= i [ () [ EuGapuia” [ EogtAato)

where A (w, v) =2G2(w, v) 0,1} +30,Ga(w, v)k (v), the sections x5*(2)
are the linear combinations of the sections x(2) normalized by (xj[v7)

= 0ap, and T’ IJ are the coefficients of the holomorphic quadratic differ-
ential defined by

(2.13)

T wiwy(w)

_{T() [Tazy b(pa) TTay 8(8(4a)))
(ITa=1 0(pa) TTomy 8(5(40)))

+ [ 22 = J0uGaaer )i w) = 5 Gaya(e,w)u (w)

3
-2 Z Opo Ow In E(pg, w)w, (w)
a=1

+ Galw, 2)0.03(2) + 50.Galw, )43 (2)).

and w; and w, are holomorphic forms in v and v defined by w}(u) =
wa(u, pg) and

w (u U) _ det{wle(pb[uvv;a])}
“r det{wrw,s(py) }

oy = Jerws () it b7 a
(2A4) rstptu,vicl) {é(wf(u)wj(v)+wI(U)WJ<U)) if b=a.

In (2.13), all the apparent poles cancel, which is why T is well-defined.
In the expressions for w, and w,, the indices IJ and a are both 3-
dimensional, and hence it makes sense to take the 3 x 3 determinants
indicated.
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We can now give the expressions for B[6](¢) and B[§](V),

N
BIJD = dus6](Qpr) [TV (21 k)
=1

2 5
(2.15) BAY® = duols) [ []ac Yo
a=1  j=1

where Q(pr) = exp(ip} $p, dz 0.7%(2)), and

1 N
5= g [xs [xs T
=

1 N
v = g [ar )
]:

_ 1y (1) (0)
v = oo >Qen [asv TV
=1

2 vy
JF#i
1
io= Qv T v
1#i,j
N
2
(2.16) Vs = S Qv TV
i=1 J#i

The preceding formulas give a complete and systematic way of ob-
taining the scattering amplitude for N massless bosons to two-loop or-
der. Their interpretation is roughly as follows. The choice x(z) =
23:1 (*Xa(2) is a choice of gauge slice. The fundamental guiding
principle of our gauge-fixing method is to project the supergeometry
(gmn, Xxm®) on a super period matrix invariant under supersymmetry,
rather than on the metric g,,,. Since the functional integrals are origi-
nally defined in terms of the metric g, this requires a deformation of
complex structures implemented through the Beltrami differential ji(z).
The terms &, 2 < j < 5, incorporate both local and global effects of
this deformation of complex structures. In general, the emission of a
string state is implemented by insertion of a vertex, in this case, the
vertex V(O which is the naive vertex for graviton emission. However,
due to the gauge-fixing procedure and the deformation of complex struc-
tures, the naive vertex must be corrected by the vertices V() and V(2.
This produces the terms );, 2 < 7 < 5. Note that VO ig a (1,0)-form,
but VM, V@ are (0,1)-forms. The period matrix €7 of the previous
formulas is actually the period matrix Q77 of the metric Gmn, but after
the deformation of complex structures, we drop the “hat” notation for
simplicity.
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2.4. Gauge-slice independence of the measure dus [d](12).
Next, the amplitudes A;; have to be shown to be independent of all the
choices of gq, Pa, Xa(2), 11(2) entering the amplitudes B[0](z;; ki, €5 k7).
This is important because it had not been satisfied by earlier Ansétze,
and there had been concern that superstring scattering amplitudes could
be ambiguous. It also paves the way for the evaluation of B[d](z;; ki, €;;
p) in terms of ¥-functions.

We begin with the measure dus[0](£2) [6, 7]. The gauge slice in-
dependence of dpus[d](Q2) is established by showing that its variational
derivative with respect to any of the above choices vanishes identically
on the moduli space M3 [6]. The following special case is of consider-
able practical value, and produces relatively simpler expressions which
can independently be shown to be independent of all remaining choices.
Choose xq(z) to be a Dirac measure at a point x, and let £, — ¢,. All
dependence on p(z) cancels out completely, and the resulting expression
for dus[0] becomes

(2.17) dp2[0] = Z[0] Y X,
j=1
with
_ ([To b(pa) [Toz 6(5(4a)))
(2.18) Z[0] = detwrew (pa)
and the terms X given by
(2.19)
¢'¢?
X +Xs = 162 [—10S55(q1,92)9q, O, In E(q1, g2)
— 0, G2(q1,42) 9097 (q2) + 0g, G2(q2, q1)0v5(q1)
+2Ga(q1, 42)007 (42) f5)5(42) — 2G(a2, 1) 003 (@) fi 7 (a1)]
X = S o (anwr(a)Ss(an ) 050y 20O oo m(Dy)]
27 1672 I\q1)wWJj\q2)o5\41,q2)1010g 9[6](Dy) 10 b
1,2
X3 = %Sé(cqu) za:wa(QMQZ)[BQ(pa) + Bs/2(pa)]
¢'¢?
Xy = 2551, ¢) ;[Gpﬁql In E(pa, q1)w,(g2)
+ Op, 0g, In E(pa, q2)w,(q1)]
¢'¢?
X5 = 125 Xaj[sg(pa,ql)apasa(pa,@)

— S5(Pa» 42)Op, S5 (Pas q1)|@alq1, G2)-
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Here Dy = p1 +p2 +p3 — 3A, Dg = q1 + g2 — 2/, and the expressions
Fa(w), f35(@), F(x), Ba(w) and Bys(w) are given by

2n—1
fu(w) = wr(w)d; n¥[8](Dy) + dy In(o(w)?" ! H E(w, z;))
i=1

$a(@) = wr(a)dr V3] (z + g2 — 24)

+ 9y In(E(q1, 92) E(q1, )0 (q1)?)
S (@) = wi(g2)or 9 [s)(z + q1 — 240)

+ Og, In(E(q2, q1) E(q2, 2)0(q2)?)
Ba(w) = 2Ty (w) + 3 fa(w)? = 00 falw)

-2 Z Opo Ow In E(pq, w)w, (w)

(220) Byya(w) = 12Ta(w) ~ 3 fojow)? + 0 fapa(w)

with A the vector of Riemann constants, o(z) the basic function with
monodromy introduced in [29, 30, 31], and E(z,w) = (z —w) + (z —
w)?Ty (w) + O((z — w)?) defining the chiral scalar bosonic stress tensor
—7100»

Compared with the earlier expression (2.12) for X; and for dus[d],
all field theoretic correlation functions have been worked out, and the
new expression only involves complex function theory on the Riemann
surface . It can be checked directly to be independent of the choice

points pq, qa [7].

The measure dus[d] suffices to determine the N = 0 amplitude,
which is also the space-time cosmological constant. In fact, in this
case, there is no vertex operator, and the internal momenta p? can be
integrated out to give

(2.21) Ajg

= / (det Tm Q)~° Z esdpuz[0](2) A Z esdpz[0](€2)
N=0 Mo 5

0

with the phases €5 yet to be determined by modular invariance.

2.5. Gauge-slice independence of the N-point function. We
consider next the slice-independence of the N-point function [9]. Since
the correlator (Q(pr) vazl VO (2;)) is manifestly independent of any
choice of gauge-slice, and since duz[d] has been shown to be slice-indep-
endent, the term B[6](? is slice-independent.
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The term B [5](‘3) is not invariant under changes of gauge slices, but
it transforms by [9]
(2.22)
N
B8]\ (zi; ki, €33 p1) — BlO) ) (245 iy €5 p1) + Z diRi[0] (25 ki, €53 01)
i=1
where the forms R;[0](z; ki, €; p7 ) are scalars in z;, de Rham closed
forms in z; for j # ¢, and have the same monodromy as B[d]. Since
the forms B[0] are closed in each z;, and since by analytic continuation
[32], the singularities at coincident insertion points z; = z; are harmless,
it follows from a Riemann bilinear relations argument that the terms
R;i[6] do not contribute to the integrated amplitudes Ar(k;,€;). Thus
the N-point functions Ajr(k;,€;) are gauge slice-independent.

2.6. The measure dus[é] and the modular covariant form
E6[0]. Once the gauge slice independence has been established, the chi-
ral amplitudes B[d] can be evaluated explicitly by making convenient
choices for the points pg, qa-

The first fundamental term is dus[6](€2), which is the chiral string
measure, and which will determine the phases es. We find [5, 8]

1 E[d](Q
2.2 Q) = Qry
1<J
The form Wy(2) is the familiar modular form of weight 10 defined by
(2.24) (@) = [ 262
§ even

The key new form is Z4[d](€2), whose construction depends on some
particular properties of even spin structures in genus h = 2. Recall
that, in genus h = 2, there are 10 even spin structures § and 6 odd spin
structures v, denoted by v1,--- ,v6. Any even spin structure § can be
decomposed as a sum of 3 odd spin structures. If we write § accordingly
as 0 = vy + vo + v3, then Zg[0](Q) is given by

(225)  Elo]= > (i) [ ol +vi+wl' ().
1<i<j<3 k=4,5,6

A very important property of Zg[0](£2) is its transformation law under
Sp(4,Z), which is not quite that a modular form, but rather

(2.26) Z[0)(Q) = e*det (CQ + D)?Z6[0](Q), (é g) € Sp(4,7),

where Q0 = (AQ + B)(CQ 4 D)~!, § is the corresponding transform of
the spin structure J, and € is exactly the same 8th-root of unity which
occurs in the transformation law for ¥-constants, 9[6](Q) = e*det(CQ +



COMPLEX GEOMETRY AND SUPERGEOMETRY 13

D)59[6](£2). There would have been no such factors e* in the transfor-
mation law for modular forms. This shows that there is a unique choice
of relative phases €5 = +1 between the various even spin structures for
the GSO projection, given by > s du[d](€2). By examining degenerations
of the surface X, it is then not difficult to show that

(2.27) > Selol(@)9[](Q)" =0,
1

and hence ) 5 du2[0](€2) = 0. Physically, this means that the cosmolog-
ical constant vanishes in superstring theory, which is a consequence of
space-time supersymmetry. Mathematically, for genus A = 1, the van-
ishing of the cosmological constant was known to follow from the Ja-
cobi identity for ¥J-constants, and thus from the Riemann identities. In
genus 2, however, the identity (2.27) does not follow from the Riemann
identities alone. Rather, it is equivalent to the fact that an Sp(4,Z)
modular form of weight 8 must be proportional to the square of the
unique Sp(4,Z) modular form of weight 4.

2.7. Explicit formula for the holomorphic form H. Once the
relative phases €5 = 1 have been determined, we can evaluate directly
the Gliozzi-Scherk-Olive sum ) 5 esB[d] = > 5 B[d] instead of evaluating
each B[d] separately. Using now the unitary gauge with ¢, the divisor
of a holomorphic one form w(z), we find [10]

(2.28) > Blo](ziikiespf) =0,  0< N <3,
6
while for N = 4, we find

(2.29) Y BI0](zi; ki, €3 ) = H(z4; Ky 33 p)
5

4
+ (A [[ee) [Tw(:))
i=1 i
where A(z) is a certain single-valued smooth scalar function, and the
holomorphic form H(z;; k;, €;; p) is given by

1
(2.30)  H(zi; ki, €35 07) = ——5 KYVsexp(inpy Q!

6472
4 N
+27Ti2p‘;k:§‘/ wI)HE(zi,zj)ki'kf

j=1 i<j
where the factor Vs is defined to be
3Vs = (k1 —ka)- (k3 —ks) A(z1,22)A(23, 24)
+(k1 — k3) - (k2 — ka) A(21, 23)A(22, 24)
(2.31) + (k1 — kq) - (ko — k3) A(21, 24)A(22, 23)
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and A(z,w) = wi(z)wz(w) — wi(w)wz(z) is the basic anti-symmetric
biholomorphic form. The kinematic factor K = K (1,2,3,4) is the same
one as in tree-level and one-loop amplitudes. Explicitly, in terms of the

gauge-invariant field strengths f/" = el'k¥ — /!, it can be written as

K(1,2,3,4) = (fif2)(fsfs) + (ffs)(fafa) + (frfa)(fof3)
(2.32) —4(f1fafsfs) — 4(f1fafafa) — 4(f1fafaf3),

with (fif;) = fI" £, (Fififuft) = £ 0 127 170

2.8. The 4-point function. Using equation (2.1), the 4-point
function Ay follows readily from the exact formula for H(z;; ks, €; pf)
which we just obtained. The integral over the internal momenta p/
completes the factors E(z;,z;) into Green’s functions, and we obtain
[10]

Arr(ki,€)

KK |H1§J dQr|?

2.33) =
(2:33) 2274 [ fyxxa (detIm )5

VsPexp(= Y ki - kiG(zi, %)),

1<j

where G(z,w) is the conformally invariant Green’s function
(2.34) G(z,w) = —1n|E(z,w)\2+27r(ImQ)I_}(Im/ wl)(Im/ wy).

An expression in the hyperelliptic representation equivalent to (2.33)
was partly guessed in [33], starting also from the measures dus[d] and
dugld] given in [5, 6, 7, 8]. The derivation in [33] is not gauge slice in-
dependent, however, because the corrections V() and V@ to the vertex
operators were not taken into account.

The 4-point functions for the heterotic string are obtained by re-
placing in (2.1), at common loop momenta p%, the holomorphic factors
by the holomorphic blocks of the 10-dimensional bosonic string coupled
with 32 worldsheet chiral fermions. They are of the form

(2.35)

Aper

KK [ TTi<y du?
2124 Mayx st W12\P10(Q)(detImQ)

X exp< - Z ki - kj Gz, zj)>,

1<j

5W(Z17 22,23, Z4)yS(Z1, 22,23, 24)

where the holomorphic block W(z1, 29, 23, 24) depends on the external
states and can be written down explicitly. For example, for the relatively
more complicated scattering of two gravitons and two gauge bosons, we
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have respectively W = W p2p2) and W = W sy, with
Wirzr2y = Wrz) (21, 22){6‘1L658233Z4G(237 24)
-2k iRy 0., Gz, 20)0:, G2, 7)) |

<H4 165 Loz J)‘fik]”gc(zj)>
(2.36) Wirty = ’ j4 ikj-x(z;)
<Hg:1 e >

where x(z, z) is a non-chiral scalar field with propagator G(z,w), and

1
Wirz) (21, 22) = 5tr(THT) > 9[k]E Sk (21, 22)
1
(2.37) Wiz (21, 22) = 2tr(T“1T“2)zR:19 Zﬁ Sp(21,22),

depending on whether the heterotic theory is the Spin(32)/Zs or the
FEg x Eg theory.

2.9. Non-renormalization theorems. The low-energy effective
action of superstring theories provides corrections to the Einstein action
involving higher order curvature terms as well as couplings to additional
fields such as gauge bosons [34]. The amplitudes A7, Agpr we just
obtained allow us to determine readily the two-loop corrections to terms
such as R* in the type II superstring, and F*, F2F?, R?F?, R* in the
heterotic strings [10]. Here R* = tgtsR*, R is the space-time Riemann
curvature tensor, and F' is the curvature of the gauge bosons. In de-
termining the low-energy corrections, we have to let k; — 0, but only
after the amplitude has been expressed in terms of the field strengths
1 = €e'kY — e/k!. A strong motivation for determining these correc-
tions are the conjectured dualities between the Spin(32)/Zy heterotic
theory and the type I superstring, as well as the S-duality of the type
IIB superstring (see the next section).

For the type II superstring, it is manifest from the explicit form of
Ar(ki, €;) that the two-loop contribution to R* vanishes. The heterotic
strings are more subtle, because the contributions of the bosonic left
sector necessarily have poles in the Mandelstam variables s;; = —2k;-k;.
Nevertheless, we find that terms such as sijW(Rz) and sijslmW(R4) can
be expressed in expressions such as

(2.38)  02,0:,G(21, 22) exp(— Y _ ki - kG2, 25)),
1<j

ZC” 8 G Zl,Zi)ang(Z27zj)7

1<jJ
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whose integrals against holomorphic differentials tend to 0 as k;-k; — 0.
This turns out to suffice to establish the desired non-renormalization
theorem, by which the terms R%2F? and R?* in the heterotic string do
not receive corrections to two-loop order [10].

2.10. S-duality for the type IIB superstring. Here we discuss
joint work with M. Gutperle on a partial check of the famous SL(2,Z)
dualities for the type IIB superstring conjectured by M. Green, M. Gut-
perle, P. Vanhove, H.G. Kwon, and others (see [35, 36, 37], and refer-
ences in [14]). S-duality provides powerful constraints on the form of
the low-energy effective actions. In particular, it was conjectured in [36]
that the D*R?* terms in the type IIB effective action are of the form

(2.39) Spigs = Cpags / 42/ =G D*R*e292((5) Es o (7, 7)

where 7 = x + ie~? is the axion/dilaton field, ((s) is the Riemann
zeta function, and Fj/o(7, 7) is the non-holomorphic Eisenstein series of
weight s = 5/2,

(2.40) 2(s)Es(r,7) = Y
(m,n)#(0,0

s
) |m + nt|2s’

Expanding 2((5)Es5/2(7,7) in 7, this conjecture predicts in particular
the precise value of the contribution to the D*R* of the two-loop per-
turbative amplitude.

This prediction can be compared with that of the formula (2.33),
which gives the two-loop amplitude up to an overall constant due to
bosonization formulas. The precise value of this constant can be de-
termined using factorization. We find that it matches exactly that
predicted from Eisenstein series, and thus the perturbative two-loop
amplitude provides a partial confirmation of the conjectured S-duality
[14].

2.11. Orbifolds and Kachru-Kumar-Silverstein models. So
far, we have considered only superstrings evolving in flat Minkowski
space-time. However, the preceding gauge-fixing procedure adapts read-
ily to other space-times, simply by replacing the correlation functions of
the fields 2/, /) by those of the corresponding conformal field theory
[5]. Here we discuss joint work with K. Aoki on the cosmological con-
stant of some orbifold models proposed by S. Kachru, S. Kumar, and E.
Silverstein [15]. These KKS models are of particular interest since their
supersymmetry is broken, yet their cosmological constant vanishes to
one-loop. There was initially some hope that the cosmological constant
would still vanish to two loops, but we can now show, using the new
gauge-fixing method, that this is not the case [16].
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The KKS models are constructed with an orbifold group G gener-
ated by two elements f = ((rz,sr)'* (1,5%)° (s£,sr)% (—)™"), g =
(sL,sr)*™, (sL,5R)%, (s2,1)% (—)FL) acting on a square torus with self-
dual radius. Here sy, sg, 7, 7r are chiral and reflections acting on the
left and right sectors, and the superscripts denote the dimension on
which the operator acts. The orbifold action creates sectors for the the-
ory, indexed by two twists €, a, and the chiral string measure dusg[d] is
replaced now in each (e, ) sector by the following measure,

(2.41)
it 15} 2010 )

ducldie, ovL) = om0 50,7 ;<a|5>56[6w[61219[6+e]2.

Here 7¢ is the Prym period matrix associated to the twist €. In genus h =
2, the even spin structures ¢ fall into two groups, depending on whether
0 + € is even or odd. The group with § + € even consists of 6 elements,
which can be divided themselves into §;" and (5;7, J =234 46 =
(5; + €. These are the spin structures occurring in the above formula

for ducld;e, al(pr). The Schottky relations imply that the choice of j
is immaterial.

The asymptotic behavior of the measure du[d; €, a](pr) is now easily
determined along the divisor of separating nodes. For example, in the
sector e = (00[03), a = (003 0),

(2.42) > (al6)E[0]9[8)*0[0 + € £ 0,
§

so that the KKS cosmological constant does not vanish point by point
on moduli space.

3. Outline of the Derivation
We now provide an outline of the construction of the scattering
amplitudes Aj; described in Section §2. In the Neveu-Schwarz-Ramond
formulation of superstrings, the superstring action is given by

L (2, K5 Gmns xm™) = ﬁ /2 d*2(0,2"Osat — Yoy — PP ot

- 1 -
(3.1) +X2+¢iazx# +Xz ¢—32$”—§X2+Xz PP

Here we have fixed a smooth surface ¥ of genus h, ¢p, is a met-
ric on X, and a#, 0 < p < 9, are scalar fields on ¥ which can be
interpreted geometrically as a map from ¥ into 10-dimensional flat
Minkowski space-time. The fields ¢4 and x,,* are respectively (anti-
commuting) Majorana-Weyl spinors and gravitino fields, defined with

respect to a given spin structure J, so that ¥ € Ai%’o[(ﬂ(E) and
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x:t e A% e A_%’O[é](z), .~ € AV AO’_%[d](Z) if we view § as
a choice of a square root A%’O[é](Z) of the canonical bundle of ¥.

The sums over the fluctuating worldsheets spanned by evolving
strings are realized by summing over all fields z#, gy, ¥, Xm®. With-
out the spinor fields ¢} and x,,“, the action I,,, would reduce to the
action for harmonic maps from 3 in flat space-time, and its conformal
invariance would clearly produce an integral over the moduli space M,
of Riemann surfaces of genus A. In the present superstring context,
the metric g, has been replaced by the “supergeometry” (gmn, Xm®),
and the action acquires a new symmetry, namely local supersymmetry.
We discuss geometric aspects of this symmetry before returning to the
evaluation of the sums over fluctuating worldsheets.

3.1. Two—dimensional supergeometries and supermoduli.
The infinitesimal generator of a local supersymmetry is a spinor field
0¢%, and its infinitesimal action on supergeometries is

(3.2) oem® = 0CY " m, Oxm® = —2V., 6C%,

% ijs an orthonormal

with similar actions on pairs (a#,¢). Here e,
frame for the metric gmn = em®en’dap. There is an evident similarity
between local supersymmetry transformations and infinitesimal diffeo-
morphisms, which are generated by a vector field Jv”, and are given
by den® = v"Vien® + eV v™, dxm® = 60" Vaxm® + xn*Vmov™.
This similarity can be made more precise in the superspace formalism
[38]. Let s¥ be a supermanifold with 3 as body, and local coordinates
z = (zM) = (2,%,0,0), where 6,0 are anti-commuting. A supergeome-
try can then be identified with a superframe (or superzweibein) Ej;4
and a U(1) superconnection €y, satisfying the Wess-Zumino torsion
constraints

(3.3) T’ =Tog” =0,  Top=2(7)as,

where the torsion T45¢ and curvature Rap of the superconnection
are defined by [Da, D] = Tag®Do+inRap, and DAV = ExM (03 Vp+
indprV') is the covariant derivative on fields V' of U(1) weight n. The
group sDif f(X) acts on supergeometries by

(3.4) 0ENE = EyfA(DadVE — VT AP + 6VOQeELD).

The equivalence with the earlier definition of a supergeometry as
(gabs Xa®) is obtained by putting the superframe Ey? in the Wess-
Zumino gauge, where the frame components £, and E,,* are required
to satisty B, ~ 0,% + 0"e;5, E,* ~ 07e;" for some e}, and e;"
symmetric in v and p. In such a gauge, the component F,,* takes the
form

(3.5) En* =en® +0v"xm — %HéemaA,
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with all other components of Ey 4 and Q) expressible as well in terms
of e, Xm, and A. The auxiliary field A can be set to 0 for all prac-
tical purposes, and we obtain in this manner the desired identifica-
tion of the supergeometry FEp;?, Qs with the pair e,,% xm. A vector
field 6VM in superspace can then be decomposed into components Jv™
and 6¢%, and the corresponding superdiffeomorphisms decompose cor-
respondingly into diffeomorphisms and local supersymmetry transfor-
mations. Similarly, super Weyl transformations can be defined which
decompose into the standard Weyl transformations and the super Weyl
transformations proper. The fields z# and ¥ can also be grouped into
a scalar superfield X#(z, 0, 0) = 2/ 40y} +6¢" . In Wess-Zumino gauge,
the covariant derivative of a superfield V(z,0,0) = Vy + 0V, + 0V_ of
U(1) weight n becomes [28],

n - 1
(3.6) DMV =V_ +0(9:Vp + XV
_ 1 1
—00(0:Vy + §X2+82V0 +ndx:" Vo — ZXerXz*V—)-

Introducing the measure d?%z = d22dfdf and the volume element
E(z) = sdet Eyd = (det e, ) (1 + %99_)(5*)(2*), the action I,,, can be
expressed in the following manifestly supersymmetric and super Weyl
invariant form

1
(3.7)  ILn(Ey?, XM = 4/d“zE(z,z) D XHD_XH,

™

e Associated to each supergeometry is a notion of superholomor-
phicity. In the superspace formalism, we can define a supercomplex
structure JpN by [23]

(3.8) In = Exted" BN + Ey®(15)a” Eg"

which satisfies Jy ™V InT = —05/Y and the integrability condition d¢M =
0 (mod ¢V), where (M = dz™ — idzNJNM. A scalar function f(z,0) is
then defined to be superholomorphic if Jy/NDyf = 0, or equivalently
D_f = 0. More generally, a field w(z,0) on sM of U(1) weight n is said
to be superholomorphic if

(3.9) pP™e =0,

where ’D(_n) is the covariant derivative on fields of weight n with respect
to the given supergeometry. In particular, for a form @ of U(1) weight
1/2 of the form @(z,0) as @w(z,0) = wy + w4, the superholomorphicity
condition is equivalent to the following system of partial differential
equations on X

1 1
(310) (95(4.)0 + §X§+W+ = 0, agW+ + 58,3 (Xg+ CU()) =0.
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e A key property of supergeometries (gmn, xm®) defined by an even
spin structure ¢ is that, generically, there exists a unique basis of su-
perholomorphic forms @y of U(1) weight 1/2 dual to the A; cycles, and
hence a super period matriz Q7 can be defined by

(3.11) 7{ Gy =61y, 7{ oy = Q7.
AJ BJ

Here the integral over a cycle C of a form @ = wy + w4 of U(1) weight
1/2 is defined by §. & = §.(dzwy — 3dzxzTwp). Explicitly, Q7; and
Q77 can be determined from each other by the following equation

612 Q=01 - o [ [ @ys o S o),

where wy is a basis of holomorphic 1-forms with respect to the complex
structure defined by gy, and Ss(x,y) is the modification of the Szegd
kernel of g, by

(3.13)  Ss(z,w) = S5(z, w)

Z’ A~
~ Tom2 / / d*ud®v S5(z,u)xa ™ 0udy In B, v)xs™ Ss(v, w),

with F(u,v) the prime form. By construction, the super period matrix

Q7 is invariant under all symmetry transformations, including super-
symmetry. In genus h = 2, the super period matrix Q;; is always
well-defined for even spin structures.

e We come now to the essential relation between superholomor-
phicity and holomorphicity that underlies our derivation of superstring
scattering amplitudes. First, we note that there can be no intrinsic re-
lation between the superholomorphicity of a form @ = wg+ 6w, and the
holomorphicity of its components, if the latter notion of holomorphicity
is taken with respect to the metric g,,,. This is simply because the con-
formal class of the metric g, is not left invariant under supersymmetry
transformations. The only candidate for a supersymmetric substitute is
the super period matrix QIJ.

Thus, we choose a metric g, whose period matrix is ¢ 1J- Such a
metric is only determined up to diffeomorphisms, and the relation we
need between superholomorphicity and holomorphicity with respect to
the metric g, has to take into account this gauge choice. Furthermore,
because of the deformation of complex structure from gy, to gmn, the
forms wy and w4 are no longer pure (p, 0)-forms with respect to G, SO
they cannot possibly be holomorphic. The guiding principle is that the
f-component of a superholomorphic form with respect to the superge-
ometry (gmn, xm®) is a holomorphic form with respect to gmn, up to a
de Rham exact differential. We provide below some explicit examples
of this relation between holomorphicity and superholomorphicity in the
case of genus h = 2. In this case, the calculations are relatively simpler
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because there are only 2 odd supermoduli (%, and perturbation theory
need only be worked out to first even order ('¢2. Similar formulas can
be expected to hold in higher genus.

(a) Let w(z,0) be a weight 1/2 superholomorphic form with respect
t0 (Gmmns Xm®). Let the supervolume form d??z E(z,z) be chirally split
as d?Pz E(z,2) = df A e N df A e* with e = dz — 20x:Tdz. (c.f. [23],
egs. (3.32)-(3.33)). Then

(3.14) /d0 e w=uw(z)+d\(z),

where w(z) is a holomorphic (1, 0)-form with respect to Gmn, and A(z)
is a C'°° scalar function. Under changes of metrics §pn, A changes by
A = —dv*w(z).

(b) Let &s(z, w) be the super prime form (see [28] for the definition).
Then there exists a scalar function fy(z,w) so that

/d@zi /d&zj e e%i ijij In&5(zi,z;)
(3.15) =dz N de 8228% In E(Zz‘, Zj) - didjfo(zi, Zj),

up to Dirac measures supported at coincident points. By the can-
celled propagator argument, amounting to an analytic continuation in
sij = —2k; - k; [32], such Dirac measures can always be dropped in pres-
ence of the factor [, _; E(zi, zj)¥'*i. Thus, up to exact de Rham differ-
entials, the highly non-holomorphic term D% DY In &s(z, w) reduces to
the holomorphic function 9,0, In E(z, w).

(c) The relation between holomorphicity and superholomorphicity
leads to many new holomorphic forms on moduli space, the existence
of which may not have been suspected otherwise. For example, if we
write wr = wrg + Bwr4, and let A\ be the scalar function defined up to
a constant by wro = wr(z) + dA;(2), then the expression

(3.16) 1) (2) = wr(2)As(2) — ws(2)A1(2) — Dro(2)@s0(2)

is a holomorphic form. Many other holomorphic forms in more variables
can be constructed in the same manner from components of superholo-
morphic forms.

(d) In superstring perturbation theory, it is necessary to consider su-
perholomorphic forms with certain non-trivial monodromies, as in (2.2).
Here the relation between superholomorphicity and holomorphicity has
been established so far only through involved explicit calculations, for
the specific superholomorphic forms arising from correlation functions
of scalar superfields. The relation between the holomorphic form H and
the combination ) s esB[d] described in Section §2 is a prime example.
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e The supermoduli space of the surface ¥ is defined to be

(3.17) sMp, = {(gmn, xm®™) }/{symmetries},

where the symmetries are generated by Weyl, super Weyl, diffeomor-
phisms, and supersymmetry transformations. The tangent space
T(sMy) to sM;j, decomposes as {dgmn} ® {0xm®}. In local complex
coordinates z,z for the metric g,,,, we may set dgz, = 0 and dxz~ =
dx-T = 0 by Weyl and super Weyl transformations. The dimension of
the remaining modes 6g,, and dx:" in T'(sM},) after diffeomorphisms
and supersymmetry transformations can be easily determined by their
values at x = 0, where they are given respectively by the codimensions
of the O operators on tensors of U(1) weights 2 and 3/2 respectively.
By the Riemann-Roch theorem, we obtain

(0]0), if h=0
(3.18) dim (sMp,) = < (1]0)e or (1]1), if h=1
(3h —3]2h —2), if h>2,

where the dimensions indicated for genus 1 depend on whether the spin
structure 4 is even or odd, as indicated by the indices e or o.

3.2. Functional integrals. We return to the derivation of the su-
perstring scattering amplitudes. We start from sums over fluctuating
worldsheets given by the following functional integrals

N
(3.19) A[5] = / DEN"DQyd(T) / [[ %%z E(z:)
i=1

N
X /DX“eImHV(ZuZi;Gi,Guki)
i=1

where V(z;,%i; €, €, ki) = exp(ikl' X*(z;) + €/ DL X" + e'D_X*), k? =
k-e=k-€=0,is the generating vertex for the graviton multiplet [39].
Factoring out all symmetries reduces these functional integrals to an
integral over supermoduli space ([23], eq. (3.143))

N
Ald] = /|HdmA|2/HdMZiE(Z@')/D(BBCC‘X“)eI’"Igh
A i=1

(3.20) < | TT0CHAIB)IPV (25, 233 i, & Ks).
A

Here m# are (3h — 3|2k — 2) local complex parameters for a slice S for
supermoduli space,

(3.21) (Ha)-* = (-0 E M=
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are the super Beltrami differentials tangent to the gauge slice S, and
the Faddeev-Popov determinants of the gauge-fixing procedure have
been encoded in an integration over the superghost fields B = 3 + 6b,
C = c+ 0y of U(1) weights 3/2 and —1 respectively with action Iy, =
% fdmz E(BD_C + BD.C). In components, the superghost action
can be expressed as

(3.22) Iy = /d2z {bdzc + BOzy + xz T Sgn + c.c.},

where Sgp = %b’y - %ﬁ@zc — (0.0)c is the ghost supercurrent.

e The integrals A[0] are only a preliminary step in constructing the
superstring scattering amplitudes. To obtain these, one has to identify
in A[d] the contributions of each chiral sector, and sum these contribu-
tions over 9, with suitable phases €5 so as to insure modular invariance.
The chiral sector corresponds to the correct degrees of freedom of the
Minkowski formalism, and the summation over spin structures is the
Gliozzi-Scherk-Olive projection, necessary for eliminating tachyons and
insuring space-time supersymmetry.

The identification of the contributions of each chiral sector is pro-
vided by the chiral splitting theorem of [28], which asserts that

N
/ DXH* H e_ImV(Zi, Z; €, €, kq)
i=1

N
1 2
23 = [al@enes(y [ xS [[Wiaiak)]
i=1
where Q(pr) = exp{ip} $5 dz 0.2 (2)}, W(z;e k) is the chiral gener-
ating vertex given by

(3.24)  W(z;e, k) = exp{ikt (2!, + 00 ) (2) + €' (V4 + 002 )(2)}.

The expectation value (-)4 is taken with respect to an effective bosonic
chiral field 2/} (z) with propagator (/| (z)2* (w)) = —0"" In E(z,w), and
a fermionic field ¥/} (2) with propagator (4 (2)¢4 (w)) = —6"*S5(z, w),
where Ss(z,w) is the Szegd kernel. The expression S, is the effective
matter supercurrent S, = —%Wi@zm’fr. The point of this formula is
that, by introducing the parameters p//, the real bosonic field z#(z)
has been replaced by a chiral field x’fr, and all terms mixing opposite
chiralities such as xz, ¢/ with x.™, 4" have cancelled out. Physically,
as in the case of the bosonic string discussed in [11], the parameters pf,
1<TI<h, 0<u<9, can be interpreted as internal loop momenta.

e We also need to split chirally the super volume form d*?zE(z, z)
on the superworldsheet. As we saw earlier, from [23], eqs. (3.32)-(3.33),
we have d*?z E(z,z) = df A e* A df A e* with e* = dz — $0x="dz. If we
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now let

V(zye, k) = /dGeZW(z;e, k)

v v L. ik-xy (2
(3.25) = e"{(D.aly — ik P )dz — 5dZX2+T/}i}€ k()

we can write

(3.26) / " /

(3h— 3|2h 2)

dm* ([ [ 5(HalB) Q(pr)
A

1 ANE
xexp{%/xS}HVj>
j=1

Here the expectation value is with respect to all chiral fields xi,wi,
b,c,3,7v, and S = S, + Sy, is the total supercurrent, incorporating the
effective matter supercurrent S, as well as the ghost supercurrent Sy,
from the superghost action I,,. Naively, after implementation of the
Gliozzi-Scherk-Olive projection, the scattering amplitude Aj; should
be given by

(3.27) AH_/dp,/

(3h— 3|2h 2)

dm* Zq H (Ha|B) Q(pr)
N 2
xexp{;ﬁ/xS}HVﬁ
j=1

We should stress that all complex coordinates and correlation functions
are at this time written with respect to the metric g, from the slice S.

So far, the gauge-fixed formula (3.26) holds for an arbitrary choice
of (3h — 3|2h — 2)-dimensional slice S in the space of supergeometries.
The issue is whether the odd supermoduli dm® can be integrated out
to produce a global form over moduli space. Perhaps surprisingly, this
turns out not to be the case with the naive projections used in the early
1980s, and the origin of the problem has been somewhat of a mystery
ever since [11, 12]. We discuss it and its resolution in the next section.

3.3. Deformation of complex structures. The above Faddeev-
Popov type gauge-fixing procedure shows that, upon cancellation of all
anomalies, the sums over all supergeometries can be reduced to sums
over supermoduli space, after factoring out all symmetries. The new
difficulty peculiar to superstring perturbation theory is that the super-
string amplitudes have to be expressed as sums over moduli space and
not as sums over supermoduli space. To go from supermoduli to mod-
uli, a correct structure for supermoduli space as a fibration over moduli
space has to be identified, and the odd supermoduli degrees of freedom
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integrated out. This deceptively simple problem has to be approached
with some care.

e The projection (gmn, Xm®) — gmn from supergeometries to ge-
ometries seems a natural candidate for constructing such a fibration.
However, it is not well-defined as a projection from supermoduli space
to moduli space, as supergeometries equivalent under supersymmetries
do not project to geometries equivalent under diffeomorphisms and Weyl
transformations

(gmrw Xma) ~ (gmn + 5gmnu Xma + 6Xma)
(3.28) ! !
Imn %* gmn + 0Gmn

The only alternative is to rely instead on the super period matrix Q) and
the projection

(gmn> Xm®)
(3.29) R
Qry
which is invariant under supersymmetry and does descend to the com-
plement of a lower-dimensional subvariety in supermoduli space. We
develop now the gauge-fixing procedure based on this projection.

e As in our earlier discussion of the relation between super-
holomorphicity and holomorphicity with respect to Q 7, the projection
(Gmn, Xm®) — 0 77 has to be supplemented by a choice of metric §mp
whose period matrix is QI 7. There is no canonical §,,,, and different
choices of Gmnmn are related infinitesimally by 0Gmn = Vmdvn, + Vpov,,
where 0v™ is a smooth vector field on X. In genus h = 2, the deforma-
tion from Gmn to gmn is only of first order in ¢('¢?, and we may define
its Beltrami differential fiz* = % 7% gz in local holomorphic coordinates
for gmn. Then fi5* is defined by the condition

(3.30) Z/ wIWJﬂgz dQZ = Q]J - Q[J.
P

This equation determines fiz* only up to a gauge choice of §iz* = 0z0v7.

A choice of metrics is necessary because the correlation functions
of conformal and superconformal field theories require an underlying
geometry or supergeometry, and not just an equivalence class under
diffeomorphisms and/or supersymmetry transformations. It will be an
important check of the consistency of our gauge-fixing procedure for
superstring amplitudes that, after integration over all insertion points,
the final amplitude is independent of the choice of jiz*.

e We can construct a slice S for supermoduli space which fibers over
the period matrices Q2 as follows. Let Q77,1 < I < J < 2, be the 3 local
holomorphic coordinates for moduli space, and choose a 3-dimensional
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slice S of frames ém® whose period matrices are the matrices O 1J. For
each of these frames é,,%, choose 2 generic gravitino sections xq, «
1,2, and set y = Zi:l (*Xa, where (¢ are 2 anticommuting parameters.
We can choose next a (3]2)-dimensional slice of supergeometries (ey,%, x)
whose period matrices €275 and Oy satisfy the equation (3.12). This can
clearly be done, because 2;; and Q7 differ by terms of order O(¢'¢?),
and thus gravitino sections x, with respect to é,,* can be considered as
gravitino sections x, with respect to e;,*.

There are three significant complications in this gauge-fixing proce-
dure, compared to the earlier one based on the simpler but ill-behaved
projection (gmn, Xm®) — Gmn: B

(a) The first is that the Beltrami superdifferentials H4 = 0(ji4 —
Ox 4) defined by the slice S have components 4 and v4 which are both
non-vanishing, unlike in the earlier case where one of the components
14 or vy is always 0. This reflects the fact that, to maintain 0 1 fixed,
both ¢, and x,,* have to be deformed simultaneously.

(b) The second is that the correlation functions of the underlying
conformal field theories are expressed in the background of the metric
Jmn- 10 re-express them in the background of the metric gy, we need
to carry out a deformation of complex structures, and hence an insertion
of the stress tensor T'(z).

(c) The third is that the vertex operators V have to be deformed as
well. This produces new vertex operators

(3.31) V(iz) = VOL)+ VD) + V@ (2),

where V(©) is the naive vertex operator of (2.6), and Y Y@ are de-
formation corrections.

Taking all these points into account, we obtain the following first
formula for the gauge-fixed amplitude,

(332) Al = / dpy /MMN

where the chiral forms B[6](z;; ki, €;; D) are given by

B8 ki) = [ s [ T ac (T, b(pa) I, 9(5(40)))

1<J a=1.2 det (I)IJJr(pa) det (Ha|q)%>

2
0] (25 ki, €5, 07)

1 N
(3.33) < (Qnexply- [+ AATEN V),
j=1

Here py, 1 < a <3, and qq, 1 < a <2, are two sets of arbitrary auxiliary
points on X, ®1;(z,0) = @10+ 0P+ is the basis of superholomorphic
differentials of weight 3/2 defined by —%((:J[D_H:)] +wrDiwy), CIDE =
Do + 9@;‘3 + is another basis of superholomorphic differentials of weight
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3/2 normalized by ®3,(¢a) = dap and @3, (ps) = 0, and S(z) is the
supercurrent.

The three points which we stressed above are reflected in the ap-
pearance in this formula of the full vertex operator V(z;), of the finite-
dimensional determinants ®;;4(pqs) and (Ha[®}) corresponding to the
gauge slice constructed, and of the insertion of the stress tensor T,,
implementing the deformation of complex structures.

At this moment, after the deformation of complex structures has
been carried, all correlation functions in B[d](z;; ki, €;; p) are expressed
with respect to the metric §,,,. The metric g, and its period matrix
no longer enter the picture, and we can now just denote Q1 by Q;; for
simplicity.

3.4. Gauge slice independence. We derive next explicit formu-
las for B[0](z; ki, €5 ). In the process, we establish the independence
of the amplitudes from all choices entering the gauge-fixing process.
This also facilitates later explicit evaluations, since we shall be free to
make convenient choices for different calculations.

e We begin with the 0-point function, in which case the dependence
of B[0] on the external momenta is trivial, and B[] reduces essentially
to the measure dusa[d],

(3:34) BIS\(p)) = explimphQusply) dials)(©), N =0,
and dpus[d] is itself given by

__(I1ab(pa) T4 6(8(ga)))
Apizo]($Y) = det@IJJr(pa - det (Hq|®})

1— /dQZXz /dQU}Xw (2)S(w))
(3.35) +% / P2 (T() )

The correlation functions of the supercurrent and stress tensor can now
be evaluated in terms of prime forms and Green’s functions. This gives
the expression (2.8)-(2.12) for dus[d] described earlier. The indepen-
dence of gauge choices is then obtained by showing that the variations
of dus[d] under changes of x,(z) as well as u(z) vanish point by point
on the moduli space M. The case of x(2) = 0(z, ) is particularly
convenient. In this case, dusa[d] reduces to the expression (2.17). This
expression can be independently verified to be independent of all points
Das o, and x,. Note that the Beltrami differential ji(z) has cancelled
out, so we have manifest independence from the choice of metrics gmp,.

e Next, we show the gauge slice independence of the N-point func-
tion. Since dusg[d] has been shown to be gauge slice independent, and
since the factor (Q(pr) Hf\i 1 V(z;)) does not depend on any gauge choice,
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the term B[0] (@) is gauge-slice independent. As for the term B(©), we can
show that it transforms as

N
(3.36) B[] = " diRi[d]
=1

with R;[d] given respectively by
N
(3:37)  Rilo] = —0v*(Q(p H V) do

Jj=

Rild] = —(Qpr)deT (1) ety (z5) e+ (2)

( /XSHV(O) +Y v I v >>du0
JFi l#i,j
under changes of Beltrami differentials by §iz* = 9z6v* and changes
of gravitino slices by 6xzT = —20:6¢1, 81z = 661 xZ. Note that there
are no exterior derivative in the moduli variables ;5. As explained
in Section §2, changes in B[d] of the above form leave the integrated
amplitudes invariant.

3.5. Modular forms and ¢ constants. The chiral amplitudes
B[6](zi; ki, €i; ) have now to be evaluated, certainly explicitly enough
so that the relative phases e¢5 can be determined, which would lead
to a modular invariant integral formula for the superstring amplitude
A;r(ki,€;). In principle, all the correlation functions needed are of free
fields, and the chiral determinants needed can be obtained from the
chiral bosonization formulas of [29], [30], [31]. However, these formulas
depend typically on many extraneous points whose presence makes the
modular transformations obscure. For our purposes, it is then important
to completely eliminate these points, and remarkably, this turns out to
be possible.

e We begin with the evaluation of the O-point function, or equiv-
alently, of dus[d]. Here we exploit the independence of the expression
(2.17) to work in the split gauge, where the points ¢, g2 are chosen to
satisfy the 0 dependent relation

(3.38) Ss(q1,q2) = 0.

All dependence on pg, g, then manifestly cancels out, and we obtain
the expression

(3.39)
Ml/ ve T <V2|V3>MV vy <V3|V1>Mu v
diol§] = dQ 7954<V1‘V2> 112 2V3 3V1
pal KHJ 1010) 1672 M2, , M2, M2, ’

where the bilinear ¥-constant M,,,; is defined by
(340) Myiyj = 8119[Vi]82’l9[yj] - 8229[1/,’]8119[1@'].
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In general, derivatives of ¥ functions do not transform well under mod-
ular transformations. However, the following identity overcomes this
difficulty and leads to the expression (2.25) announced earlier for dys[d]

(3.41) M2, =701 ] 9l +ve + il
k=3,4,5

e To evaluate the N-point function, we need to evaluate the contri-
butions of the vertex operators as well as of the component dy[d] of the
string chiral measure. Since the relative phases ¢5 of the GSO projection
have been already determined to be 1, it suffices to consider the sum
over spin structures § of these contributions with these phases. In this
case, clearly the split gauge is not appropriate since it is d-dependent.
Instead, we shall work in the unitary gauge, where the points g, are
chosen to be the zeroes of a fixed holomorphic (1, 0)-form w(z)

(3.42) @(q) =0, w(g2) =0.

This gauge has the very important property that there exists a single-
valued scalar function A(z) satisfying

fiz* = Ss(qr,q2)p(2)
(3.43) wz)w(z) = 0:A(2).

We then need many 9 function identities, of which the most difficult
are perhaps the ones involving the fermion stress tensor, and hence the
term

(3.44)  @[0](w; 21, 22) = S5(21, w)0wSs(w, z2) — Ss(22, W)y Ss(w, 21).
For the N-point function with N < 3, the existence of the function A(z)

turns out to imply the integral identities

/,u(w)[lg(w;zl,zz) =0
/,u(w)w(w){IM(w;z1,22,23)

(3.45) + Ia(w; 22, 23, 21) + Tia(w; 23, 21, 22) } = 0
where the expressions [13(w; 21, z2) and I14(wj; 21, 22, 23) are defined by
(3.46)

Ig(w; 21, 22) = Y Z[0]S5(q1, g2)p[8] (w; 21, 22)S5(22, 21)
5

Na(w; 21,22, 23) = Y Z[6]85(q1, q2)[8] (w3 21, 22) S5 (22, 23) S5 (23, 21).
5

These identities imply in turn that ) 5 B[6] = 0 for N < 3.

e The 4-point function is considerably more complicated, since we
need to extract Dolbeault exact differentials from ) ;B[d] before we
can arrive at a holomorphic and gauge-independent form H. Also, we
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need identities of two types, those involving sums with Z[d], and those
involving sums with Zg[d]. We illustrate these identities with some
examples. Consider first the sums involving Z[4]:

(3.47)
115(’[1]; 21,22, 23, Z4)

= Z18] S5(q1, 42) 0] (w; 21, 22) S5 (22, 23) S5 (23, 24) S (24, 21)
5

L (w; 21, 22, 23, 24)

= Z Z[6] Ss(qu, q2)@[6](w; 21, 22) S5 (22, 21) S5 (23, 24),
5

I35 (w; 21, 22, 23, 24)

1
= —(Li5(w; 21, 22, 23, 24) + I15(w; 22, 21, 23, 24))
2
Iy (w; 21, 29, 23, 24)
1
= 5(115(11’; 21,22, 23, 24) — L5 (w; 22, 21, 23, 24)),

their integrated versions,
1
Tis(21, 22,23, 24) = o [ p(w)lis(w; 21, 22, 23, 24)
1

(3.48) Tig = o p(w)Ivs(w; 21, 29, 23, 24),

the following cyclically permuted integrated versions,
I (21, 20, 23, 24) = +T15(21, 22, 23, 24) + T15(22, 23, 24, 21)
+ Ti5(23, 24, 21, 22) + T15(24, 21, 22, 23)
(3.49) Il%(zl, 29; 23, 24) = —G—Ilg(zl, 22, 23, 24) + 1'16(Z3, 24, 21, 22),
their symmetrized versions,
33521, 22, 23, 24) = Ti5(21, 22, 23, 24) + I3 (21, 23, 24, 22)
+IG (21, 24, 22, 23)

3T55(21, 20, 23, 24) = LG(21, 22; 23, 24) + T5(21, 23; 24, 22)
(3.50) + IG(21, 245 22, 23),

and their anti-symmetrized versions,

3-2'{?5('217 Z4|ZQ7 23) — Ilc:f)(zb 22,23, Z4) - IEB(ZM 23,22, Z4)

(3.51) 31{%(21, 24‘2’2, 23) = Il%(zl, 29523, 24) - 1-16(;(2’1, 23529, 24).
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Then we have the following identities

(3.52)
4
I%(Z]_,ZQ,Z?),ZA) = —211%(21,22,23,24) = —4Z, Z@A(zi) Hw(zj)
i—1 i
A A ¢t
Ti5(21, 24|22, 23) = —ZLig(21, 24|22, 23) = WA(ZLZAL)A(Z%ZS%

where A(z,w) is the bi-holomorphic form in z, w introduced earlier,
and Zj is the following quantity,
ZlQ

- w2 W50(Q) E(q1, ¢2)%0(q1)%0(q2)?’
with Z the partition function of a single chiral boson, expressible in
terms of arbitrary points rq, 19,73,
Hry+ro —r3 — A)E(r1,r2)0(r1)o(ra)

E(ry1,7m3)E(r2,13)0(r3) detwr(r;)

(3.53) 2y

(3.54) 7%=

Next, consider the sums involving =Zg[d](€2)

(3.55)

Ino(21, 22 23, 24) = > Zg[0]0[0]*S5(21, 22)S5(23, 24)
5

Ini(21, 22, 28, 24) = »_ Zg[0]0[0]*S5(21, 22) S (22, 23) S5 (23, 24) S5 (24, 21).
5

Then we have the identities
(3.56)
Ioo(21, 295 23, 22) = =47 U10(Q) (A(21, 23) A(2a, 24) + A(21, 24) A(22, 23)

Io1(21, 29, 23, 24) = 47U 10(Q) (A(21, 22) A(23, 24) — A(21, 24) A(22, 23)

as well as the identity

(3.57)
> wi(z)ws(z2)wi (z3)wr(z4) > B6[0]0[0]°010,0k0.,915)(0) = 0.
IJKL é

All these identities combine to give the desired formulas for ) s B[6](2;
ki, ei;pt) and H(z; ki, €5 ). A crucial phenomenon is that all effects
of gauge choices reside only in the exact differentials R(z;; ks, €; D)
which drops out of the final physical amplitude Ajr(k;,€;), and that
H(zi; ki, €3 p) is completely gauge independent.

3.6. Proof of non-renormalization theorems. To obtain scat-
tering amplitudes in the heterotic string, we combine the anti-holo-
morphic factors from the type II superstring amplitudes with the holo-
morphic factors from the 10-dimensional bosonic string and internal
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fermions. The correlation functions can be evaluated in a straightfor-
ward manner. The main issue in the non-renormalization theorems is
whether the poles in the Mandelstam variables s;; = —2k; - k; from the
holomorphic sector survive after combination with the anti-holomorphic
sector and integration on the worldsheet. The most difficult amplitudes
are the R2F? and the R* amplitudes, so we discuss them briefly.

For R?F?, the holomorphic sector is W =Wir2(21, 22)W(r2) (23, 24),
with

(3.58) W(Rz) = (61 . 62) 021822G(z1, Zg)
= (e ki) (e kj) 02, G (21, 2)0:, G (22, 7))
ij

This term leads to poles in s;;. However, up to total derivatives on 3,
sijWW(r2) can be replaced by expressions of the form

(3.59) S12W(R2) — 2(f1f2)8Z1822G(2’1, ZQ)
=2 KA R0, G (21, 2) 02, G20, 25).
]

Since the anti-holomorphic sector Vg always includes an si; factor, and
since the above right hand side integrates to 0 against anti-holomorphic
forms, these amplitudes do not contribute to the low-energy effective
action.

For R*, the holomorphic sector is given by the expression W =
Wigsy in (2.36). In this case, only the expressions s;;sg )V ge) can be
replaced, up to total derivatives and to terms which vanish when s;; —
0, by sum of regular expressions tending to 0 as s;; — 0. However, when
we expand the exponential factor exp(3_;; 5iG(2i, 2j)) at low energy, we
find that the contributions of the constant term integrate to 0. Thus we
need only consider the terms from the exponential factor with at least
one power of s;;. Combined with the other factor si; from Vg, we can
apply then the previous result for s;;sg )V sy, and obtain the desired
non-renormalization theorem.

3.7. S-duality and factorization. The expressions (2.33) deter-
mine the superstring scattering amplitudes only up to a constant factor
depending only on the topology of the worldsheet. This constant factor
C5 should be determined ultimately by the factorization properties of
the physical amplitudes. To compare with the S-duality predictions for
the two-loop correction to the D*R* term in the effective action, we
need to compare two non-vanishing quantities, and the above constant
factor has to be determined precisely. For this, we have to analyze the
contributions in Ajr(k;,€;) of the region of the moduli space Mo near
the divisor of separating nodes, and identify the resulting pole in s = s19
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at s = é. Restoring the string tension parameter o/, the coupling con-
stant A, and the normalization x for the massless vertex operators, we
can write the amplitude A;; as

_ [ T1r<y dQ1s?
3.60) Ajr(kie;) = Coe KK 4/ <
( ) II( '€ ) 2¢ a Mo (det IIIl 9)5

O(/
X / |ys|2exp( - — Z ki - k;G (2, zj))
o 2 i<j
and we find [14]
267T302/O/

_ (3 3
S — 4/0/ ezAKKB% )(k17k27 _Q)Bg )(k37k47Q)7

(3.61) A =—-d(k)

where B§3)(k1, k2, q) and Bf’)(kg, k4, —q) are one-loop 3-point functions

given by

/
5) (ky, ko, — :/ /d2 d2zpexp >
By (k1, k2, —q) i Tm P a1d”zexp—={G(21, 2)

- G(prl) - G<227p1)}
!
(3) ka ke :/ |dT22] /dz d2 s
By (k3, ka, q) i, Tm maaP z3d”zaexp——{G(z3, 24)

— G(z3,p2) — G(24,p2)}.

Comparing this with the factorization of tree-level and one-loop ampli-
tudes, we obtain the desired constant C's. With the normalization for

|d7‘11|

the tree-level 4-point function given in [14], we have Cy = %

Taking the limit k; — 0in Aj7, the low-energy two-loop contribution
to the D*R* is then found to be

3.62)  AP'ED Z 8Vp0he? ()2 (s? + £ + u?)RAK R,

where V5 is the volume of the fundamental domain of Sp(4,Z)/Z5. This
volume has been determined by Siegel [41], and combined with the value
for Cs just found, we find complete agreement with S-duality.

3.8. Orbifolds and KKS models. The difficulties with gauge-
fixing superstring amplitudes reside only with the superghost part of
the theory. For more general space-times, the same method applies
and gives well-behaved amplitudes, as long as the earlier matter part
x, Yk is replaced by a compactification which respects world-sheet
supersymmetry.

For Zo orbifold models, the essential new features are the twisted
bosonic propagator Be(z,w) = (0,x(w)dyz(w))., and the supersym-
metric extension of the Prym period matrix. The first is found to be
(3.63) Be(z,w) = Sg+ (2, w)S5- (2, w) + bjwe (2)we(w)

i
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where w(z) is the Prym differential. On the other hand, there are
subtleties with the second: while the supersymmetric extension QI J
can be identified both as period matrix of a new complex structure
Jmn and as covariance matrix of the chirally split amplitudes [28], the
Prym matrix 7. of g, and the covariance 7. of the chirally split twisted
amplitudes are distinct supersymmetric extensions of the Prym matrix
7. Their difference is

(3.64) At = —8;//dzdewXZJrS(;(z,w)xw+

x {we(z)we(w) —wi(z)ws(w) a?;; } ’

where 7 is viewed as a function of Q7. Only after taking properly into
account such corrections can we arrive at the correct Zs gauge-fixed
orbifold measure.

4. Directions for Further Investigation

In this section, we discuss a number of directions for possible further
investigation.

4.1. Higher genus superstrings. The solution of two-loop su-
perstrings gives us some optimism for an eventual complete solution of
superstring perturbation theory. Nevertheless, the two-loop case ben-
efits of a number of simplifying features: the @ operator is always in-
vertible for even spin structures §, the super period matrix Q7 of a
supergeometry is always defined (instead of away from a subvariety),
and we can construct explicitly the fiber of supermoduli space over a
fixed 7. In the bosonic string at 3-loops, it has been pointed out that
the spurious poles in the bosonic string integrand resulting from the
¥ divisor can be cancelled by the zeroes from the measure [[,.;dQ;s
[42]. We can hope that a similar mechanism will take place for the
superstring. However, a manageable construction of the fibers remains
a challenging problem, and clearly much work will be needed.

Alternatively, we can look for Ansétze for the 3-loop superstring
measure from factorization constraints, now that the 2-loop measure is
known. For example, if in analogy with the 2-loop case, we take as
Ansatz for the 3-loop string measure an expression of the form

_ I[AJQP) Eg[A](QP) (3)
(41)  du[A](Q®) = Sy (00) g]dﬁu,

where Wg(Q3))2 = T[4 sven VIAI(QO)) is Tgusa’s modular form [43],
then Z6[A](23)) must be a modular covariant form of weight 6 satisfying
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the factorization constraint
(4.2) lim, o =6[A) () = n(QM) 12 Zg[6](QP)

in the limit where the genus 3 surface with period matrices degenerates
into surfaces of genera 1 and 2 with period matrices Q) and Q®),
and the genus 3 spin structure A factors into two even spin structures.
Polynomials in ¢ constants have been found which can be candidates
for Z[A](Q23)2. It may be valuable to pursue this further [44].

In another direction, we may try to generalize directly the higher
genus 4-point function from the very simple final expression (2.33) for
genus 2 and factorization properties. Several candidates have now been
proposed along these lines [45].

4.2. Odd spin structures. For N sufficiently large, the odd spin
structures of the worldsheet ¥ will begin contributing to the N-point
function. It would be important to extend our gauge-fixing method to
this case as well. The chiral splitting of the matter fields z*, ¥} has
been carried out in [28] for odd spin structures 6. A new phenomenon
is the emergence of an additional superholomorphic form @y which is
the supersymmetric extension of the holomorphic form hs(z) on /@(1;/ 2(E).
This is a source of new difficulties, since from a certain point of view, the
analogue of the super period matrix is now (h+1) x (h+1) dimensional.

4.3. BRST formalism. The BRST symmetry is a powerful sym-
metry of gauge fixed quantum field theories and particularly of string
theories. Higher loop superstring amplitudes based on BRST symmetry
have been proposed a long time ago by Friedan, Martinec, and Shenker
[3]. However, the BRST invariance guarantees the gauge slice indepen-
dence of these amplitudes only up to total derivatives on local patches
on moduli space [11]. In retrospect, we see that the gauge-fixing method
based on super period matrices has produced both local and global cor-
rections to the BRST prescription, under the form of an insertion of the
stress tensor and of the finite-dimensional determinants in (2.9). It may
be valuable to re-examine the amplitudes in this light, and determine
whether they can be arrived at by a BRST-like prescription. The BRST
formalism has also been re-examined for the bosonic string in [46], from
other considerations.

4.4. Effective actions. As we had mentioned earlier, the two-loop
amplitudes allow us to determine the two-loop corrections to the effec-
tive action, and as a by-product, to get an indirect check of the many
dualities conjectured in string theory [47, 48, 49]. The consistency
with the conjectured S-duality of the type IIB superstring has now been
checked. However, the relation with dualities of the non-renormalization
of the R* term and the correction to the D?F* term in the heterotic
string is still obscure (see [14] and references therein).
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4.5. Normalizations of determinants. The bosonization formu-

las of Fay [30], Faltings [31], and Verlinde-Verlinde [29] determine the
chiral determinants of @ operators up to constants depending only on
the genus. The exact value of these constants for the 0 operator on
scalars has received significant attention over the years [50]. It would
be useful to determine them for the @ operator for all weights.
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