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1. Introduction

In recent years many papers concerned with estimation of the rate of con-
vergence in the central limit theorem in R* have appeared (see [1], [2], [6]-[8],
[10], [13]-[16]). They have significantly extended our knowledge in this area.
We shall mention here two recent results which are most closely related to the
estimate obtained in the present paper.

V. Rotar [14], applying the method of characteristic functions, obtained a
“nonuniform” estimate. It was a generalization of the corresponding one
dimensional result of S. Nagaev [11] which had been extended to the case of
differently distributed summands by A. Bikyalis [9]. Under the assumption
that the summands are identically distributed, Rotar’s result can be formulated in
the following manner. If P, is the distribution of the normalized sum = /2 X7_, ¢,
of nondegenerate, independent, identically distributed random variables with
values in R* such that ¢, = 0, &|¢,|® < oo, and @ is the normal distribution
with the same first and second moments as £, , then for any absolutely measurable

convex set E « R*
EA 60 ),
(1.1) |P.(B) — QB)| £ C(k)wn .

where c(k) depends only on k, A is the covariance matrix of &, and z,(E) is
defined in formula (3.2) below.

On the other hand, V. Paulauskas [13], applying the method of composition
of H. Bergstrom [3]-[6] and using the results of the author [16], derived a
bound in terms of ‘‘pseudo moments’’ which, in the notation introduced above,
takes the form

(1.2) |P.(E) — QE)| < c(k)vin™ 2,
where
(1.3)  v3 = max (v, v}’*), vy = fkk (A 'z, 2)*%|P — Q|(dx).

(Here |P — Q| denotes the variation of the measure P — Q.)
563
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From the theorem to be proved in this paper by using the method of composi-
tion, both results (1.1) and (1.2) follow (see remarks to the theorem). Further-
more, the resultant bound differs from (1.2) in that vy becomes ¥; = max (vs,
v3¥**3)) which not only improves (1.2) but also is the best possible result in the
sense that it is impossible to replace the exponent k/(k + 3) by m > k/(k + 3).
It is appropriate also to mention that our theorem is new even in the one
dimensional case where it is an improvement on the classical bound of Berry-
Esseen. Finally we note that although this theorem is formulated and proved for
convex sets E, it can be extended, in the spirit of R. Bhattacharya [7], to sets
of a more general type.

Hereafter the following notation will be used : ¢, ¢(k), with or without indices
will denote, respectively, absolute constants and constants depending only on
the dimension & (the same symbol may be used for different constants); € will
denote the class of all measurable convex subsets of R* (by measurability we
always mean absolute measurability); %, denotes the set of all nondegenerate
probability measures on R* with mean zero and finite third moments; |u| for
any signed measure y on R* denotes its variation; finally, for T > 0, Nr(and ¢7)
will denote the normal distribution (and its density) with mean zero and
covariance matrix 7~ 21, where I is the (k x k) identity matrix. In addition, the
partial derivatives (0/dx,)f, (0%/0x,0x,)f, - for any differentiable function
f on R* will be denoted, respectively, by 0, f, 82, f, - - -, for the sake of brevity.

2. Some lemmas

In proving the theorem, we shall use a series of lemmas to which this section
is devoted.
LEmMA 2.1  For any probability measure P on R*

@.1)  sup|P(E) — Ny(B)|
Ec¥€

[k + 1)/2]]2 -1

< 2sup [[(P — Ny)= N1 (E)| + 24[ T(k/2)

Lemma 2.1 can be proved in exactly the same way as Lemma 2 in [16]. The
only difference is that instead of the bound used there for N, [6(E, £ h)], where
S(E,h) =E"—E, §(E, —h) = (E°)* — E°, and A" h > 0, for any 4 c R* is
an h-neighborhood of 4, it is necessary to use a more precise estimate which
follows from the results of B. von Bahr [2], namely, for any measurable convex

set Eforallh > 0
I'T(k + 1)/2
(2.2) N,(0(E, + k) £ V2 _[(_F(T/#/]h'

REMARK 2.1. It may be that the dependence of the right side of 2.2 on k is
unnecessary, that is, that a bound of the form

(2.3) N,(3(E, £ b)) £ ch,

is valid, where ¢ is an absolute constant. In any case, this is true for spheres.
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Indeed, by immediate calculation one is easily convinced of the validity of 2.3
for spheres centered at zero. From this and the formula representing the non-
central x? distribution in terms of central y? distributions (see, for example,
[17]), it follows that for a sphere S with center at (a,, -, a,) of arbitrary
radius 2

© 2\i
24)  N(5(S, + b)) < e~ 2 %(%) NOBSP, + h)) S ch,

i=o ¥’
where a? = Z%_, a?, NP is the (k + 2i) dimensional normal distribution with
mean zero and identity covariance matrix, and 8 is a sphere in R** 2 of radius
+ with center at zero.

Lemma 2.2, If {&}, fori = 1,2, -, is a sequence of independent random
variables with common distribution P € %, P, the distribution of the normalized
sum n~ Y2 E'_| & and Q the normal distribution with the same first and second
moments as P, then

(2.5) sup |P.(B) — QE)| < cy(k)V3n™ 2, n=12"",
where
26) V3=|P - Q|x:(A'z,x) 1)+ f(A_l - (A 'z, 2)>?*|P — Q|(dx)

and A is the covariance matrix of the distribution P. The constant ¢, (k) < c'k5/2.
Proor. The proof of this lemma differs little from the proof of Theorem 1
in [16] which, as will be clear later, it makes more precise.

First, let us note that it is sufficient to prove the lemma in the case where
A = I. Indeed, let

(2.7 {t,.=(ti,l’...,g‘.’k),i=1,2,...’k}

be elements of R* such that the real random variables (4, 1)y 2 =1,2,--- K,
are uncorrelated. Denote by A the matrix (¢ ;/6/%(¢;, &;)?). Let P be the
distribution of the variable 4¢, and P, the distribution of the normalized sum
Y2 E8_| A, Obviously, the covariance matrix of P is equal to I.

Because A¥ = € and for any measurable set E, P,(E) = P,(4E),
Q(E) = N,(AE), it follows that

(2.8) sup |P,(E) — Q(E)| = sup |P,(E) — N,(E)|.
Eec¥¢ Ee¥¢
On the other hand, since {; = 4~ '(4¢,) and A¢, has the identity covariance
matrix, A = (47')(4~')*. Consequently,
(A 'z, 2)*? = |Ax|?, {x: (A 'z, x) £ 1} = 4718,
(2.9) {z: (A 'z, z) > 1} = 4718,

where § is a sphere with unit radius and center at zero and, therefore,
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(2.10) ¥y =P — Q4718 + L_lsi |4z|? |P - Q|(d)

= |P — N,|Sy) + fs |2 |P — N,|(dz).

Now, keeping the notation of [16], we shall indicate only those modifications
in the proof of Theorem 1 of [16] which are necessary for the proof of this
lemma.

In the first place, for any measurable set £

(2.11)  |(P = Ny)(E)| £ 3|P — N,|(R")
1/, ~ —

so that the lemma is true for n = 1.
We must now bound z|[Uy* (P, — N,2)](E)| in the following manner.
(Compare (21) of [16]; below, for brevity, we shall put H; = P, — Npu.)

(2.12) n|(UoxH,) (B)| < C”"J (Z |x,|> |P — N, |(da)

ItA

Vi,

DO |

6
- \/— ¢, k3%,
<y
(Here we have used the inequality
(2.13) v <¥;, s<3,

for s = 3, where

214) v, =ka |z|P = N, |(dw) =ka (A2, 2)"2|P — Q|(dw),

is the sth pseudo moment of the distribution P.) Analogously, the estimates of
the terms |(Ui*H1)(E)|, for i =1,2,---,n — 2, (compare equation (22) of
[16]) are changed to
c,c,(k)k>?v3 1}
(2.15) (U H) (B)] £ == >

Furthermore,
k

1 _

(Cues e BB 5 1 3 s 0hams0) |l [P = N
u=1 *

(2.16)

|0ugn-1(@)| < sup |(PGy " — N7 (E)lf 040, (@)] da,

by the induction assumption

2.17) il:gl(P(':,)-l — N E)| € ey (k)is(n — 1)7Y2 < /26, (k)T5n™ 12,

and it is easy to calculate that, for 7 > 0
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1/2
(2.18) f |a;<p,(x)|dx§(3> T.
Rk T

In this way, using (2.13), we have

2 ¢, (k)3T
(2.19) |(Un- 1+ Hy)(B)| £ N

From formulas (2.12), (2.15), (2.19), and (23) of [16], and Lemma 2.1 it follows
now that for any 7' > 0

(2.20)  sup[P(B) — Ny(B)| < o, 1,2 + 8 ———M + .77
where

= 2,2 c k32, 2‘[ c k¥ + — k12
2.21) > ﬁ

_ ik + 1)/2]
L= 24[ T#72) ] '

By placing T = (y,n/B,c,(k))/? (1/¥3), in (2.20), we obtain the desired result
in which we can take c, (k) to be

1/272
(2:22) ¢y k) = Bi1s [1 + (1 + ) ] = c'k5%(1 + o(1))as k > .

o
Bim1
The lemma is proved.

LeEMMA 2.3. Let I be the (k x k)-identity matrix and let +;(-) be defined by

formula (3.2) (that is, +,(E) is the distance from O to the boundary of the set E).
For arbitrary E < R*, x € R*, A ¢ R!

(2.23) |4(B) — 4(E + x)| < ||, y(AE) = |A|y(E).

The proof of the lemma is elementary and we shall omit it.
LEmmMmA 2.4.  For any probability measure P € &, with the identity covariance
matrix I, for arbitrary T = 1

224)  sup §(B)|P(E) — N,(®)
< 6 sup 4 (B)|[(P — N1)* Nz ](B)| + ()T,
where 7 (-) is the same as in the preceding lemma, and ¢, (k) < ck*/%

This lemma is essentially proved in [14].
LEMMA 2.5. Foralls, t =0,1,2,3;1> 0,

(2.25) ka |z]* |0 . ()] dox < ck27t",

where 0" is any partial derivative of tth order with respect to x.
The assertion of the lemma is verified by simple calculation.
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LeMMA 2.6. Let E be an arbitrary subset of R* and let 4(+) be defined as in
Lemma 2.3. We put

@26)  R@2)= [ uE - y9le@ -y - 0 - )dy.
Then, forall Tt > 0, x,z€ R*
(2.27) |RB(x, 2)| < |& — 2|,
(2.28) |0'R(z, z)| < ck'?, t=1,23,
(2.29) ka |0'[BE (=, 2)@.(x — 2)]| dz

cks?ts, =0,§=0,12, 3,

<<ck (T + - + T, t,s=1,23,
ct', s=0,t=0,1,2,3,

where 0" is any partial derivative of tth order with respect to x.
Proor. The inequality (2.27) follows from Lemma 2.3:

(2.30) |R(x,2)| =

L (w(E -z —y) — 4B — z — y))o:(y) dyl < |z - 2|
R
For the proof of (2.28) we note that

2.31) fkk & o.(x)dx = 0, t=1,23,
and, consequently, by Lemmas 2.3 and 2.5

(2.32) |0'R(x, 2)| =

J;k y(E — y)d'o (x — y) d?/’

fkk (¢I(E —x) — 4y — y))a'qh (x — ) d?/‘

< j || |8 @y ()| de < k2.
Rk

Finally, we obtain inequality (2.29), by a simple computation using (2.27), (2.28),
and Lemma 2.5.

LeEmma 2.7. Let E be an arbitrary measurable subset of R* and let 4(-) be
defined as in Lemma 2.3. Set

233) @) =u4E-2), R = [ iwee-yd.
and for T > 0let

(2.34) h(x) = { N.(E — x) ifO¢E,

1 - NE —2z) if0eE.
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Then, for all x € R
(2.35) |R(x) — 2(x)| < k'3,
and for |x| < z(0)

ck**(1 4+ 17%), t=0,8=0,1,23,
(2.36) |O'[B*(x)h.(x)]| SJck P (x4 - + 1), s t=1,2,3,
ct', $s=0,t=0,1,2 3.

Proor. Inequality (2.35) follows immediately from Lemma 2.3:

(2.37) |R(x) - i(x)| =

f (i@ + 2) - 3@)or () do| < j el () dz < k2
Rk Rk

Let us bound |7°(x)0'%,(x)], s, t = 0, 1, 2, 3. Using the notation (3.6) for
t # 0 because of equation (2.31) and Lemma 2.5, we have

(2.38) |7(x)0'h(x)| =

*(x) L_ ' (y) dy‘

IIA

v [ eowldrs [ o)

E-x

é Ckslz‘t'-s

for all x € R*, s = 0, 1, 2, 3. From this, in particular, (2.36) follows for s = 0.
Further, noting that if || < 7(0), then0e E = 0eE — x,0¢ E = 0¢ E — z,
and using Lemma 2.5, we have

(2.39) F@h@| < [ llFody dy < e

for all « such that |x| < 7(0) and all s = 0, 1, 2, 3. Since, because of (2.35)
(240) PR() = (i) + R@@) — @) £ 27 (F @) + |R@) — 3@))
< 271 (P @) + K72),
it follows from (2.38) and (2.39) that
(2.41) | B (x) 'R ()| < ck?(1 + T'7%)

for |x| < 7(0) and s,¢ = 0, 1, 2, 3. From (2.41), in particular, (2.36) follows
for ¢t = 0. Finally, the assertion (2.36) for s, ¢t = 1, 2, 3 is obtained by a simple
calculation using (2.41) and the inequality

(2.42) |0'R(x)| < K2, t=1,23,

which follows from (2.28).

The lemma is proved.

LemMma 2.8. Let P, be the distribution of the mormalized sum (,
n~ V2 Z_ | & of independent, identically distributed random wvariables &;
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(i1, 0, & i) with distribution function P € P, having the identity as covariance
matrix. Then, for any measurable set E — R*

(243) M, = 4 (E)|P(E) — N\(E)| £ ek'*(k + (K> + v3)n~1/2),

where 4 (*) is the same as in Lemma 2.3, and v; is defined by equation (2.14).
The proof of this lemma is essentially contained in [14]. Let {,; =
n~ Y2 21, &, ;. Using the inequality

(2.44) &\l i)? £ 4(1 + n7128E, )?)

for one dimensional random variables (see [12], [14]), noting that

(245) 6|, = ka ||*(P — Ny)(dx) + fk ||> Ny (dx) < vy + ck3/2,
R

and defining £ by formula (3.6), we have
246) M, = 2 (E)|(B, — Ny)(E)| < &) (P, + Ny)(E)

k
sl + j (2 N, (da) < k"zé"( 5 |z;",,.|3> R
Rk j=1

k
3 160P)) 5 k(e + 2R ae)
1

j=

IIA

A

ck”2<lc + n'”zé'(

IIA

2 (k + (K32 + vy)n~12),

3. Formulation and proof of the theorem

THEOREM 3.1. If {&}, for i =1,2, -, is a sequence of independent,
identically distributed random variables with distribution P € %, P, is the distri-
bution of the normalized sum n™ Y2 TI_ | &,, and Q is the normal distribution with
the same first and second moments as P, then for any E € € with boundary OE

3.1) |P(E) — QB)| < c(k)l—;V:g—w)n’“z, =12,

where V5, A are the same as in Lemma 2.2, and
(3.2) #(E) = inf (A 1z, x)P/2.
The constant c(k) < ck>.

Proor. Pursuing the same reasoning as we did at the beginning of the proof of
Lemma 2.2 and recalling that in the notation introduced there

(3.3) n(E) = ;gaf; |Az| = xelax(le) || = 4(4E),
we see that for the proof of the theorem it is sufficient to obtain the bound

(3.4) |BE) — B8] S o) g w= L2
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where
(3.5) 7 = [P = NS + [ el |P — Ny|(de).
S
For any set E < R* let
_ (E, if0¢E,
. E =
(5.6) { ‘ if0eE.

Obviously, for any measurable £ — R*
(3.7) i (B)|P(E) — Ny(B)| = 4 (E)|P(E) — N, (&)
= ’ZI(E)lp - Nll(E) Sv3 =V,

and, therefore, taking into account (2.11), we have
3 v
3.8 PE) - N,(B)| £ = —3—,
(3.8) IPE) - MB) £ 5 i
that is, (3.4) is true for n = 1. We shall show that if (3.4) is true for all values
of n smaller than some fixed value, with constant ¢ (k) which will be made precise
later, then (3.4) is true also for this fixed value of » with the same constant ¢(k).
In what follows we shall assume n = 2.
Throughout the proof of the theorem, E will denote a fixed, measurable,
convex set. Let us define the probability measure P, by Py, (-) = P(n'/?-). For
brevity, let

(39) Hi =P(‘,,) —N,i,l/z, i = 1,2,“',1’&
In exactly the same way as in [16] (page 186), for arbitrary 7' > 0 we have

n—1
(3-10) (Pn - Nl)*NT = HH*NT = ( Z Ui + nN‘to)*Hl’
i=1
where
i -1/2
811) U, = HsN,, 1 (”———'—1+T'2) . i=1,2,n—1
n

Below, we shall assume 7 = 1. Furthermore, let
filx) = Hy(E — x), i=1,2--,n—1, 2(x) = 2 (B — x),
(312)  R@ = [ ez —ydy,  R@ 2 = R@) - k),
R, (x) = R(0, x).
Using the representation
(3.13) 2(0) = q(z) + R(x, 2) + R, (x),
where

(3.14) g(z) = 2(2) + (2(0) — R(0) = +(2) + R(2)),
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we have, for all 4

(3.15) 22(0)(U;xH,)(E)

+(0) Lk Ukas(x + 9., (y) dy] H, (dx)

J [‘[ ia(o)fi(z)‘Pzi(x - 2) dz:| H, (dx)
Re | JR®

3!
- '__I(. ) ] ) j ))
J'x,iz,zjs;o Jildatgst ! J1:J2:J3
jitja+j3=3

where

(3.16) Ii(§15J2543)
= J [J g’ (2) fi(z) R (z, 2) @, (x — 2) dz] R{*(x)H, (dx).
RrRe | JRe

We shall now concern ourselves with bounding I; = (j,, j,,j3). First of all,
since by Lemma 2.7

(8.17) |2(0) — R(0) — +(z) + R(z)| < 2k*/2,
then, taking into account the obvious inequality
(3.18) H(z) £ 1 + 3(2), j=0,1,23,
we have
(3.19) g7 (2)] £ 297 (1 (2) + |2(0) — R(0) — +(z) + R(z)|")
< 20741 + A3(z) + (2K12)), j1=0,1,2,3.

Furthermore, because

1/2
(3.20) Hy) = (Ply - Nun)() = (P ~ Nn((’—f) )

1

and (n/i)'>(E — z) € %, it follows from Lemma 2.3 and the induction assump-

tion that
321)  |(1 + 2*(2))fi(2)]

_ n\'?

(£ = Nl)[(;) (& - z)}

(2[() e -]

< o(k)isi~ 12,

IIA

and from Lemma 2.2 it follows that

(3.22) |£i(2)] < ¢4 (k)F3im 112,
Combining (3.19), (3.21) and (3.22), we obtain
(3.23) |l () fi(2)] < 277 He(k) + (2KY2)Trc (k))vyi 12

forallj; =0,1,2,3;i=1,2,---, 2 — L.
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For the bound of I;(j,, j,, j3)} with j; = 0 we expand the function

(3.24) Srmi@ = [ @SR @, 2)0, @ - 2)dz

in a Taylor’s series to terms of third order and use the relations

(3.25) f H,(dx) = f z,H, (dz) = J' z,2,H, (dz) = 0,
Rk Rk R¥

which follow from the fact that the corresponding first and second moments of
P and N, are the same. We have

(3:26)  |L(j1, 2, 0)|

=1 f ( Y 6uWL-,,,-z,.xSx)xuxvxw)Hl(dx)
Rk

u,v,w=1

k 3
3
< - sup au,v.wfi.,jz,i(x) J (Z Ixul) H, | (dx)
X, U, 0, W Rk \u=1
3/2 s vs
s sup |0y v, wfiy, jn, () 32
X, 4,0, W n

Furthermore, since for 7 2 1

(3.27) 1<./21, i=01-,n—1,
it follows from (3.23) and Lemma 2.6 that .

(3-28) |02 o, w i, 1o i@)]

< sup | ¢’'(2) fi(2) j 02, W(R?(x, 2)p, (x — 2))| dz
z R¥
< ckP(c(k) + ke, (k))¥ai™ 24, (1)),
where
3, j=0,1
(3.29) 1_;‘(1':) = {Ti, j=23.

Expanding the function f; ;, (x) in a Taylor’s series up to terms of first order
and reasoning analogously, we also have

(3.30) |Ii(j1’j2, 0)| < kY? sup laif'jl,jz,i(x)lﬁs”_”z,
and
(3.31) 102 fi, jam—1(@)| S kP (cke) + KV2cy(k))Pan™ 2T~ 02,

From (3.26), (3.28), (3.30), and (3.31) we obtain
(3.32) (1> j2» O)| £ Ji(G1 42)
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where

(3.33) Ji(j1,J2) = kB2 (c(k) + k2ci(k)y3n =327 12, (1)
fori =1,2,---,n — 2and

(334)  Jao1(j1ga) = kTP (c(k) + KNP (k)) Vim0

In order to bound /;(jy, j, j3) with j; = 1 we write the product f;, ;, ;(x)R,(x)
in the form (with fin place of f; ;, ; for brevity)

k k
1 1

u= w, o=

1 k
+ 6 Z as,v,le(‘glx)xuxvxw)

w,w=1

k k
+ 3 dom (R0 + 3 AR O,

k
+% Z as,le(‘gzx)xvxw>
v,w=1
1 K
+§ Z as,vf(siix)xuval(x)’
v=1

u,
(|19;] £ 1,2 =1,2,3). Using a calculation analogous to that in (3.26), and
taking into account that, according to Lemma 2.6, | R, (x)| < |x|, we obtain

3/2
(3.36) i 2o D] S 5 (1o O 500 (80 B ()]

+ ial%f:“,jz,t(o)l Sup Iaf,le(x)I

+ sup |02, fj,. 5.i () |F3n ™32,

X, U, v

We now use Lemma 2.6, (3.23), and (3.27) as in (3.28), to bound |0'f;, ;, ()|
Then taking into account that |0'R, (z)| < ck'/? (from Lemma 2.6), we have

(3.37) |11, J2> D| £ Bi(Gy, j2 + 1), i=12-,n-2

To obtain inequality (3.37) for ¢ = n — 1, it is sufficient to use the relations

1A

(3.38) it 32 DI S 99|y )| [ L | cd)

1/2
b

lIA

sup |f;'1,jz.i(x)|v3n_
x

and then to bound |fj, ;, »—1(x)| as has just been indicated.
To bound I,(j;, j,, 2), we use the following representation of the product
fuin i B2 (with fj, ;. ; = ffor brevity)



MULTIDIMENSIONAL CENTRAL LIMIT THEOREM 575

k k
(3.39) fR} = f(0) (Rf(O) +2 ) (BO,R)(O)x, + ), [(3153,.,31)(9196)
u=1 , U=

u 1

K
+ (04RO, R,)(0) + z (02 ,RO'R,
w=1

k
+ aiRlag,le)(szslx)slxw]xuxv + (Z a:f(‘g?’x)xu) Rf(x)),
u=1

where |9,| < 1,2 = 1, 2, 3. Performing the calculation, analogous to (3.26),
with the use of the inequality | R, (x)| < |x|, we have

(3.40) 741, 25 2)]
< K[| £, 1,400)|(sup |07 , R ()| + 2 sup |(0iR,0%,R,)(x)|)

+ sup |04 f;,. ja.1®)|J93n ™2
Now bounding |0'f;, ;, {x)| similarly as in (3.28), using (3.23), (3.27) and
Lemma 2.6, and noting that by Lemma 2.6, |0'R,| < ck'/?, t = 1, 2, we obtain

(3.41) |Ii(j1,j2,2)| £ Ji(jy. §2 + 2), t=1,2,---,n—2,
Fori = n — 1, in exactly the same way as in the case of j; = 1, we deduce
(342) IIn—l(jl’jZ’ 2)' é Jn—l(jl’jZ + 1)

Finally, (0, 0, 3) is bounded quite simply. Using the inequality | R, ()| < |«|
and (3.23), we have forall i = 1,2,---,n — 1,

(3.43) |I(0, 0, 3)| < sup|fi(z)] Lk l|?|H,|(dz) £ clclk) + cy(k))v3i™2n =32,

We now note that for m = 0

n—2
(3.44) Y a2

i=1

< -["_1 dx

= - -1 m/2
1 (@ — 1)1/2(” d + T‘Z)
n
m=20,1

- 1m”2,
= 12/3Tn'?, m =3.

Combining (3.15), (3.32), (3:37), (3.41), (3.42), (3.43) we obtain

n—1
43(0)[( _; U,.> *Hl] (E)(

< ck?[(c(k) + key (k)T + k(c(k) + cy(k))]v3n"".

(3.45)
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Passing on now to the bound for L = +3(0)(N,, * H,) (E), let us define A, by
means of equation (2.34). For #(0) < 1, using bounds similar to (3.26), applying
Lemma 2.7, and noting that

(3.46) 2712 < ¢, < 212
(remember that 7 = 1), we obtain
L32
(3.47) |Z| 6— sup |82 4, o ()| 73 ™3 < k20432,

Now consider the case where 2(0) > 1. We have

(3.48) L = 23(0) ( I + f )h,o(x)H,(dx) =1 +1,
|x| <+(0) |x| Z4(0)

and
349)  |Ll=20) ] [H]@2) <f || 3| H, | (dz) < 30~ 32,
x| 24(0)
In order to bound I,, using the representation

(3.50) 2(0) = #(0) — R(0) + R(x) + R,(x),
we write I, in the form

3!
(8.51) I, = 3L s o),
1 J'l»h’z.iaéo J1l42'js! J1,J2: 3
j1tij2+j3=3

where

852 Ljs iz a) = (+00) = RO [ Bo@h ()R (@) H, (),

and we put
(3.53) fiv 2@ = (2(0) — R(0)Y'R%*(xx)h,().

First, let us bound I(j;, j;,j3) with j3 = 0. Expanding the function f; ;,(x) in
a Taylor’s series up to terms of third order and, taking into account (3.25), we
have

J |H1|(dx)
1x| 2 +(0)

J ||| H, | (der)
x| 2 +(0)

3,.,13,,;,(0).[ (| Hy | ()
|x] 2 +(0)

(3.54) |Gy, §2, O] £ | £y, ia(0)

alfh 12(0)

1

”'” 'ﬁM,,
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1 k 3
I Lo el I o) NEATEE
6lx|<a(0) R* \u=1
Noting, further, that for 2(0) = 1
(3.55) j (Z |x,,|> |H,|(dx) < km/zj ||| H, | (dz)
x| Z4(0) \u=1 Rk

< k25,0732, m=20,1,2,
and using Lemma 2.7 and formula (3.46), we obtain
(3.56) |1(j1, j2, 0)| £ sup |0'fi,, 12 (@)| 3230722 < ckPP3n 302
|x] <+(0)
t=0,1,2,3

To bound I( jl, J2,J3) w1th J3 = 1 (correspondingly with j; = 2), we represent the
product f;, ;,(x)R{(x) = fR, in the form (3.35)(correspondingly, f;, ;,(x)R}(x) =

fR? in the form (3. 39 )). Considerations, analogous to those applied to the
bounding of I(j,, j;, 0) with the use of (2.27) and (2.28), lead to the inequality

(3.57) (s, G2, Ja)| S ck?v3n~32, js=12
Finally, according to (2.27),

(3.58) 10,0, 3)| < f ||?| H, | (dz) < F3n 32
Rk

Combining (3.51), (3.56), and (3.58), we obtain
(3.59) |I,| £ ck?v3n= %2,
which, together with (3.47)-(3.49), yields the bound
(3.60) |L| £ ck®v3n™32,
From (3.10), (3.45), (3.60), and Lemmas 2.2 and 2.4, we can now conclude
that for 7' > 1
(3.61) sup (1 + *(B))|P(E) — N(E)|

< ckPian 2 + ck?[(c(k) + key (k)T
k(c(k) + cy(k))]93n" ! + co(k)T™!
S co[kPT3n V2 + ((KPc(k) + K*'72)
(k30(k) + k11/2) )-2 -1 kS/ZT 1]
We shall take the two constants ¢, and c, such that
i ¢ £2/8,
(3.62) co(2¢3? + ¢, + 32 + ¢, + ¢y6,5) £ 1,
&(2ceTt + ¢3) + cey £1,
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where ¢, ¢ are the constants of Lemmas 2.2 and 2.8 respectively, and we shall
require c(k) to satisfy the conditions

(3.63) c; 'k’ < c(k) € cf *kS.

Then, if ;12 < ¢,k ™3, we have

nll?

=— 721
v3c' (k) =

and for this value of 7' the right side of (3.61) does not exceed

13 k2 Ll1/2 K12\ g,
= . —1/2 n 3 9
(3.65) c(k)Vyn Co[c(k) + (%) + (k) + (k (k)) iz

k5/2 1/2
+ cl—/z(7c—):| < ck)van 12,

(3.64)

If V3712 > ¢,k 3, then by Lemmas 2.2 and 2.8

(3.66) sup (l + z,(E |(P - Nl)(E)|
- k* v k3% § Vs v
= ck”2<c 5+ — —,) + Cl(k)nl—g;z
1

+
v 2
s o3 ((: > ‘)]
< c(k)vsn~ 12

The theorem has been proved.

REMARK 3.1. One can bound ¥; (which enters into the formulation of the
theorem and Lemma 2.2) by an expression depending only on the third pseudo
moment v, (see equation (2.14)).

In order to do this, we shall first prove an auxiliary inequality which is of
interest in itself. Namely, we shall show that there exists a constant ¢ such that
for any probability measure P on R

(3.67) [P — Ny|(RY) < 6’6_3'2([ [P - ¥ 1|<d“’>k/(m)'
Rk
First; let us suppose that

(3.68) 0<v=|P— NJ|ER" <2

Let R* = R* U R~ be the Hahn-Jordan decomposition of the space R* with
respect to the signed measure P — N,. We define the probability measure P’,
putting

(3.69) P(E) = 2s(0) + Ny(EARY) + PENE"),

where yg(x) is the indicator of the set E. Clearly,
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310) [ |al*|P — Nil@e) 2 [ ol |P ~ i|de) = ka PV, = P)(dw).
Furthermore, let @ be a number such that
(3.71) Ni(S,) = 3,
where 8, is a sphere of radius a with center at zero. Because
(3.72) Ni(S3) = P(S0) + P85 =1 - ¢,
where 8, = 8, — {0}, it follows that
(3.73) fs || >P'(dx) < a®P'(S,) = a®*(N, — P')(S%) < fsz ||*(N, — P')(dx),

and therefore,

(3.74) L ||2 N, (dx) = fs |2V, — P')(dx) + L || 3P (de)

< [ lel@, - P,
The inequality
(3.75) |P — Ny|(BY < 2N,(8,)

KE+3) = iy = 9@, k)
[ ri™ [on

follows from (3.68), (3.70), (3.71), and (3.74). It is not difficult to convince
oneself that g(a; k), as a function of a, does not increase as a increases, and that

23(2—k)/2(3+k)(k + 3)k/(k+3)
(T(ke/2))>/** Ve
If v = 2, then the distribution P is singular with respect to N, and

k/(k+3) k/(k+3)
3.77) . q |x|3|P—N1|(dx)> (J |x|3N1(dx)>
Rk Rk

ck¥22 = ck*?|P — N,|(R).

(3.76) g(+0, k) = < k32,

v

v

Thus, (3.67) is proved.
Let us return now to the notation adopted in the theorem. If v; = 1, then,
according to (3.67),

IP - NII(SI) < 5k—3/2v’§/("+3? < ék'3/2v3,
(3.78)
fsc |z[|P — N,|(dz) < v,



580 SIXTH BERKELEY SYMPOSIUM: SAZONOV
and, consequently,

(3.79) 73 £ (1 + ék™3%)y,.

For v; < 1, according to (3.67),

P = N,|(S,) S e 2+,

fsf

(3.80)

z|*|P — Ny|(dx) < vy < WE*),

and, therefore,

(3.81) Uy S (1 + ék™32)&+d),
Thus,

(3.82) 73 < (1 + ék3?),,
where

(3.83) ¥y = max (v4, VJ**3),

It is appropriate to mention that ¥; cannot be bounded by a multiple of ¥,.
Indeed, let Py, X > 0, be a probability measure on R*, defined by

K
(3.84) Py(E) = Ny(EnSx) + (2k)7'N(S%) Y, (xe@) + xe(—wy),
i=1

where y; is a point in R* whose ith coordinate is
1/2
(3.85) Y = (kj x,?Nl(dx)) (N, (S%))~ /2
5%

and the remaining are zero. A simple calculation shows that for Py we have
¥y = v3for X 2 1,and that v; —» 0 as X - 0. Therefore, #,73 ! = v33**3 & o0
as X — 0.

REMARK 3.2. Of course ¥, can also be bounded in terms of the third absolute
moments

k
(3.86) By = Lk jo°Pda), 85 = 3. Lk |oe;|2 P(de).

In fact, because

1/3 1/2
([, PPa=) 2 ([ rpan)” - e
Rk Rk

(3.87)
[ lePran < o+ owe
Rk

we have

(3.88) vy = ka |x|?|P — Ny|(da)
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< [ 2P + M) < @ + k7B,

so that, from (3.82) and the obvious inequality 85 < k!/28},
(3.89) 7y < (2 4 ck~YBy < K22 + ok B,
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