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1. Introduction

We will be concerned with real, continuous Gaussian processes. In (A) of
Theorem 1.1, a result on the growth rate of the supremum as ¢t - oo is given.
The processes covered by Theorem 1.1 all have stationary increments. The law
of the iterated logarithm, given as (C) below, is a consequence of (A).

Theorem 1.1 will be stated and discussed in this section. The proof of this
theorem and supporting propositions are given in Section 2. An analogous
result for small times is given in Section 3. That the method of proof can also be
successfully employed in dealing with certain Gaussian processes not possessing
stationary increments is illustrated by Theorem 4.1. The results of Section 1 were
announced in [5].

Let (Y, ¢ Z 0) be a real, separable Gaussian process with Y, = 0, E[Y,] = 0,
and set

(1.1) w(s, t) = E[Y,Y,], Q(t) = 3w(t, t).
Then let

Y,
(1.2) Xt = —(EQ—(t'))TIZ.

In this section and the succeeding two sections, (¥,) will be taken to have
stationary increments, so that

(1.3) w(s, t) = Q(s) + Q(t) — Q¢ — s), 0=s=t

THEOREM 1.1. Suppose there exists a monotone nondecreasing function v(t),
defined on the nonnegative reals and vanishing at t = 0, and there exist positive
constants sq, B1, B2, B3, with B3 < 1B, + 1, such that

i @6 0 = Q)

(1.4) t-o v(s + 1) — v(8) = 1 uniformly in s,
and
H\A
(1.5) v(t) = (;) v(s) > 0, t = s> 8,
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B3
(1.6) v(t) = (é) v(s), t =8> 8,
(1.7) Q(t) = O(tF?), t]o.

Then with probability one
(A) lim (sup X, — (2loglog T)'?) = 0,
T

T-w txg
and hence also
(B) lirtn sup (X, — (2 log log ¢)'/?) = 0,
(©) lirtrhiup X,/(2loglog t)!/?) = 1.

Before discussing this theorem, we state a result of [6], to which Theorem 1.1
will, in fact, be reduced.

THEOREM 1.2 (Pickands). Let (Z,,t = 0) be a real stationary, separable
Gaussian process with mean 0 and covariance y(|t — s|) such that for some a > 0

(1.8) 1 —y(t) =0, t10,
and

(1.9) y(¢) = of(log t)™1), t — 00.
Then with probability one

(1.10) sup Z, — (2log T)'? > 0.

REeMark 1.1. It is only necessary to prove (A); the implications from (A) to
(B) and from (B) to (C) are trivial.

REMARK 1.2. Instead of introducing the function v, one could, of course,
formulate hypotheses on @ above. However, our hypotheses are convenient;
frequently, it is evident that a suitable function v exists, while conditions imposed
directly on @ would be harder to check.

REMARK 1.3. One class of examples is obtained by taking Y, = [ Y;ds,
where (Y, s = 0) is a real stationary Gaussian process with continuous sample
functions. Let g(|¢ — s|) be the covariance of the Y’ process and set R(f) =
[6 g(s) ds. Then Q(¢) = f§ R(s) ds. If v(¢) is a differentiable function satisfying
conditions (1.5)-(1.7), »(0) = 0 and v nondecreasing, and if R(f) ~ ¢'(¢) as
¢t = o0, then (1.4) will hold. In particular, if R(¢) converges to a positive limit K
as t = o0, the hypotheses of the theorem will be satisfied with »(f) = K,
B, = B3 = 1,and B, = 2. This will be the situation whenever g(t) is everywhere
positive and ¢(¢) is integrable, for example, if Y is the Ornstein—Uhlenbeck
process with covariance e~ "%, Related to this class of examples is a law of the
iterated logarithm given in [3].

REMARK 1.4. Theorem 1.1 applies to the case Y, = B,, where B, is Brownian
motion. In this case, however, the results are not new, for B, e "? is the
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Ornstein—Uhlenbeck process and (A) is an immediate consequence of Pickands’
theorem applied to the Ornstein—Uhlenbeck process. For the Ornstein—
Uhlenbeck process Newell [4] and Pickands [6] also proved delicate limit
theorems for the distribution of the supremum which translate to interesting
statements about sup {¢t"!/?B,:1 < ¢ < T}. Condition (C) in this case is, of
course, the classical law of the iterated logarithm of Khintchin, and (B) can be
deduced from the Kolmogorov test for upper and lower functions.

2. Key propositions

The plan is to compare X; = X,. with stationary processes to which Pickands’
theorem is applicable. Such a comparison is made possible by Slepian’s lemma.

Lemma 2.1 (Slepian). Let X;, X} for j=1,2,---, N, be real Gaussian
sequences of length N, with mean 0 and covariances

(2.1) E[X7 Xj] =v7G.4) E[X?Xj] =7v"G.j),

and suppose

2.2) 7:(f, f) = 7, i), ' 1=iZN,
Y65 £ v7 69, =i N1=j=N

Then for any choice of constants a;, forj = 1,2,---, N,

(2.3) P[jé [x; < aj]] < P[ﬂ [X; < aq;] ]

This extremely useful result is given in [8].
Defining
(2.4) v(s, t) = E[X,X,],

one obtains from (1.3) that

Q) + Q) — Q(t — 3)

(2.5) y(s, t) = 35[0 0) Q(t)]”z , 0s<t
The notation
(2.6) X; = X, P*(s, t) = y(€’, €')

is to be in force up to the end of this section.
PropositionN 2.1. Under the conditions of Theorem 1.1, except that (1.6)
need not be assumed, one has with probability one

(2.7) lim sup (sup X, — (2 log log T)'/?) < 0.
T t<T

ProoF. The crux of the argument is the establishing of (2.19) which, along
with (2.10), provides a suitable lower bound for y*(s, ¢).
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Define d(s, t) for nonnegative s and t by
(2.8) Qs +¢t) — Q(s) = (v(s + t) — v(s))(1 + (s, 1)),

so that condition (1.4) of Theorem 1.1 implies that é(s, ¢) tends to 0 uniformly
in s as ¢ approaches infinity. Using (1.3), one may write for ¢ > s,

(2.9)  w(s, t) = v(s)(1 + 8(0,8) + (v(t) — v(t — 8))(1 + 6(¢t — s, 5)),

and since v is nonnegative and nondecreasing, it is clear that there exists an s,
such that

(2.10) w(s, t) 2 0, t2s82s;.

Relation (2.5) and a trivial estimate show that, if ¢ = s,

Q) + Q) - Qe —¢) Q- ¢)
2(Q(e")Q(eH)'? = 2(Q(e) Q)

Using assumption (1.4) and the monotonicity of v, it follows that there exists s,
such that

@2.11) 1 —y*@st)=1—

t _ s
(2.12) - e g € =) 12828,
v(e®)
and, furthermore, there exists s; such that
t__ s (e’ — &
2.13) Qe ~ &) (v — &) ¢ — e 2 s,

v(es) T w{e)

Now let s, = s v s3 and consider the following cases.
Casea: s, < & — € < €, s > 8,. Then condition (1.5) is applicable to give

s B
(2.14) oe) = ( ¢ > (e — &),

e — e
and since the left side of (2.12) is less than the right side of (2.13) one obtains
(2.15) 1 — y*(s, t) £ 2(e™* — 1)P.

Caseb: 0 £ ¢ — € < s,,8 > 8,. By condition (1.7), @ is continuous at 0,
hence everywhere. So it follows from (1.7) that for 0 < f < B, there exists a
finite constant ¢(f) such that

(2.16) Q) < c(B), 0StS s,
Substituting into (2.12) and using condition (1.5), one obtains

cB)(e — &)f sbt _ cy(B)ef e — 1)
eb1s v(8g) - PLI

@17) 1 -—y*s, ) <

’

where c, (B) is a finite constant and 0 £ B < B,. Choosing , = f; A B, gives,
With cy = cl(ﬂo),
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(2.18) 1 — y*(s, t) £ ¢, (e85 — 1)Po,
From (2.15) and (2.18), it follows that there is a constant ¢ such that
(2.19) 1 — 9*(s, t) £ c(t — s)Po, s, <s<t=<s+1.
Let y~ () be an even function such that y~(s — ¢) is a covariance satisfying
(2.20) 77(0) = 1, P7(t) < 1 — ctho, 0st=1,
Y (8) =0, t> 1.

By Polya’s criterion such functions exist. Let (X;") be a separable stationary

Gaussian process with covariance y~ (s, f) and mean 0. Pickands’ theorem
applies to (X; ) and implies

(2.21) Iir;l sup [sup {X; 58, v, St ST} — (2logT)?] £ 0
- t

with probability one.
It follows from (2.10), (2.19) and (2.20) that
(2.22) Y (s, 1)  ¥¥(s, 0), 12828 Vs,

Y7 (s, 8) = 7(s, 9), s> 0.

That (2.21) holds with probability one is equivalent to the existence for every
¢ > 0ofa T(¢) > Osuch that for every choiceof n, T, =2 T,_, =2 --- 2 T, = T(e),

(2.23) P{ﬂ [sup {X;[;s; v, St ST} — (2log T))Y? < 8]} =1 -
i=1 ¢

which in turn is equivalent to the assertion that for every choice of m, and ¢

i j>
8§ V8= t;<Tiforj=1,2,---,mandi = 1,2, -, n, one has
(2.24) P{ﬂ N [X;, < (2log T;)'? + s]} >21-c
i=1 j=1

Now because of (2.22), Slepian’s lemma can be applied to conclude that the
corresponding assertion for X; holds, and so Proposition 2.1 follows.

ProposITION 2.2. The conditions of Theorem 1.1, except that (1.7) need not
be assumed, imply that for every ¢ > 0,

(2.25) Jim P[sug X, — (2loglog T)!'? < —¢] = 0.
- ts -

Proor. The crucial inequality in this proof is (2.32), which provides an
upper bound for y* (s, t).

To establish the proposition, it suffices to show that there existsa A > 0 such
that
(2.26) lim P[sup {X;5:n =0,1,--- , N} > 2log N)}/2 —¢] =1,

N—-w

where N varies through the integers.
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From (2.8), it appears that there exists s5 > s, such that
(2.27) w(s, t) < 3[v(s) + (v(t) — v(t — 9))), t=> 8= ss.

Observe that if B, and f,, satisfying the conditions of Theorem 1.1, exist, then
B3 can always be chosen to be greater to or equal to 1, and we shall assume it to
be thus chosen.

Assume now that ¢t = s = 2s > s5 and use (1.6) twice to obtain

(2.28)  v(s) + [v(t) — v(t — 8)] = v(s) + [v(As) — v((A — D)s)]

A B3
A B3
v(&)[1 + (4 - 1)F [(,1—1—1) - 1]

= v(s)[1 + B304 — o71],

where c¢ is a constant between 0 and 1 and the last step uses the mean value
theorem. Therefore,

(2.29) w(s, t) £ 3v(s)[1 + B3(A — c)f*7 1] < Bu(s)AP ™1, t = As = 25 = 2ss.

IIA

1A

Recalling (1.4) and (2.5) and using assumption (1.6), one obtains the existence
of a constant s such that

B3—1
(2.30) P8, ) = —50&)—}—— < 5AF—1-6BUD), Sg < 8, t = As = 2s.
(v(s)o(1))*2 °
Leta = —[B3 — 1 — (B,/2)], so that « > 0 by assumption. Then there exists a
constant s, such that
(2.31) P*(s, t) £ 5e™ 9 t=>s+log2>s> s,

The right side of (2.31) is less than exp { — 3a(¢ — s)} whent — s > 207! log 5.
So choose A > 2a~!log5. Then A > log2, and so for any integer N,
exceeding s,

232)  y*(mA, n) S exp {— baln — ml},
n=DNo,No+1,---;m=No,Ng +1,"-.

The right side of (2.32) defines a covariance y*(|n — m|) belonging to a
stationary Gaussian sequencé (X, ) to which Pickands’ theorem applies.
Actually, we need here only a discrete parameter version of Pickands’ theorem,
which follows already from the results of Berman [1]. Hence,
(2.33) lim P[sup X; — 2log N)!? > —¢] =1

sN

N-ow ns

for ¢ > 0, and again Slepian’s lemma may be applied to deduce (2.26).
Proor oF THEOREM 1.1. Conclusion (B) is an easy consequence of Proposi-
tions 2.1 and 2.2. As for (A), half of this assertion is contained in Proposition 2.1,
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but Proposition 2.2 does not quite give the other half. What is needed is the
following proposition.

ProrosiTioN 2.3.  Under the condition of Proposition 2.2,

(2.34) lim inf (sup X, — (2 log log T)'/? 2 0
T-wo “t<T
with probability one.

Proor. To establish this proposition, it does not suffice simply to apply
Pickands’ theorem ; rather, one must retrace a small part of the argument used
in the proof.

Let G,,n = 0,1, -, be a real Gaussian sequence with mean 0. Then

(2.35) P[lilxvn inf (iup G — 2log N)'?)20] =1
- <N

is an easy consequence of

2.36 lim (log NP[sup G, < (2 log N)'/? — ¢]) = .
(2.36) Aim (log NP[sup G, < (2 log ) e]) =0, £>0

If (G,) is stationary and the covariance g(m,n) = g(|m — n|) is such that
g(0) = 1,g(n) = o[(log n)"!]asn — 0, then Pickands shows that (2.36) holds.
Returning now to the last part of the proof of Proposition 2.2, (2.36) holds with
X, in place of G,. Slepian’s lemma is available to allow one to conclude (2.36)
for X;, in place of G, and therefore, finally, (2.35) holds with X,, in place of G,.
The truth of the proposition follows immediately.

3. Behavior for small times

We continue to assume that (Y,) has stationary increments, but now we look
at small values of ¢.

THEOREM 3.1. Suppose there exist positive constants f§; and B3 and Ty with
Bs < 3B, + 1 such that

B1
(3.1) QT = (g) Q(S), 0<8S<T<T,,

B3
(3.2) QT = (g) Q(9), 0<8S<T<T,.

Then with probability one

’ : _ 12y —
(&) lim ( sup X, — (2log[log 7)) = 0,

and hence also
(B’) lim sup (X, — (2 log |log ¢|)'/?) = 0,
t—0

(€") lim sup (X,(2 log |log ¢])~ /%) = 1.
t—
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REMARK 3.1. Recently, a number of studies have been published showing
continuity properties of Gaussian sample functions. Some of these contain
results partly overlapping with Theorem 3.1. (See, for instance, [2], [7].) There
are also interesting examples in [2] of instances when (C’) fails, that is, the
iterated logarithm is no longer the correct normalization.

The proof is similar to that in Section 2, only now we let S = ¢™° and
T =e™', and consider X; = X with corresponding covariance y*(s,t) =
7(S, T). The details are so similar to those of the proof of Theorem 1.1 that
we will not supply them.

4. Nonstationary increments

The argument in the preceding sections may on occasion be fruitfully employed
when dealing with Gaussian processes which do not possess stationary incre-
ments. We proceed to a class of examples.

Let (¥,%, ¢ = 0) be Brownian motion, and define

41 Y= f; YO Uds, X = YOUE[(Y®P Y2, t>0,n=1,2 -

THEOREM 4.1.  For every nonnegative integer n, (X{™) satisfies conclusion (A)
(hence, also (B) and (C)) of Theorem 1.1, and also conclusion (4'), (kence also
(B') and (C')) of Theorem 3.1.

7 ProoF. Let w™(s,t), y™(s,t) be the covariance of (Y™) and (X™),
respectively. Note

(4.2) w(s, t) = — 33 + 152, 0<s<t,

and use induction to verify that

n n
(43) w(n)(s, t) = Z akn)82n+l—ktk, a(n) = Z a}"‘) > 0.
k=0 k=0
Of course,
(n) ¢
(4.4) y™(s, t) = WS, £) s >t

T [w™ (s, s)w™(e, )]1*

Consider the proof of (A). In the proof of Theorem 1.1 the important
inequalities are the lower bounds given by (2.10) and (2.19) and the upper
bound (2.32). The positivity of w'™(s, ¢) is easily proved by induction. In dis-
cussing the other two inequalities, let us fix » and write w(s, £), y(s, t) in place
of w™(s, t), y™(s, t), respectively. Note that y(s, ¢) is differentiable with respect
to ¢ off the diagonal ¢ = s. So by the mean value theorem for s < ¢, there
exists a t* between s and ¢ such that, with y*(s, f) = y(¢’, €'), one has

(4.5) P, ) = 1 + po,q (€5, eM)e’(e ™ — 1),

and so a lower bound of the form (2.19) with ¢ > 0 and f, = 1 follows from
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the existence of a finite K such that
(4.6) Yo.1(e%e)e S K, s <t <s+ 1.

The existence of such a K follows from (4.3) and (4.4).

To obtain an upper bound corresponding to (2.32), substitute (4.3) into (4.4)
and observe that the resulting expression is bounded by a constant times
(t/s)” Y2, where t > s. This leads at once to the desired bound. The proof of
(A) then proceeds as in Theorem 1.1.

Again the proof of (A’) proceeds in the same manner, making the change of

variables ¢ into e ".

REMARK 4.1. Conclusion (C') of Theorem 4.1 for the case of n = 1 can
also be deduced from results of [9]. An example in that paper uses the result
developed there to obtain information about the lim sup behavior of

6 |79 ds for a > 0.

REFERENCES

[1] S. M. BErMaN, “Limit theorems for the maximum term in stationary sequences..” Ann. Math.
Statist., Vol. 35 (1964), pp. 502-516.

[2] M. B. Marcus, “Holder conditions for Gaussian processes with stationary increments,”
Trans. Amer. Math. Soc.. Vol. 134 (1968), pp. 29-52. )

[3] G. MartuvyaMma, “The harmonic analysis of stationary stochastic processes,” Mem. Fac. Sci.
Kyusyu Univ. Ser. A, Vol. 4 (1949), pp. 45-106.

[4] G. F. NewEeLL. ‘“Asymptotic extreme value distributions for one dimensional diffusion
processes,” J. Math. Mech., Vol. 11 (1962), pp. 481-496.

[5] S. Orey, “Growth rate of Gaussian processes with stationary increments,” Bull. Amer. Math.
Soc., Vol. 76 (1970), pp. 609-611.

[6] J. Pickanps, I1I, “Maxima of stationary Gaussian processes,” Z. Wahrscheinlichkeitstheorie
und Verw. Gebiete, Vol. 7 (1967), pp. 190-223.

[7] T.Sirao and H. WaTaNABE, “On the upper and lower class for stationary Gaussian processes,”
Trans. Amer. Math. Soc., Vol. 147 (1970), pp. 301-331.

[8] D. SLep1aN, “One sided barrier problem,” Bell System Tech. J., Vol. 4 (1962), pp. 463-499.

[9] V. STRAsSEN, “An invariance principle for the law of the iterated logarithm.” Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete, Vol. 3 (1964), pp. 211-226.



