CHAPTER XV
THE CALCULUS OF VARIATIONS

155. The treatment of the simplest case. The integral

B B
I= f F(x,y, y)dx = f @ (z, y, dz, dy), {1)
cJa cJa

where & is homogeneous of the first degree in dx and dy, may be evalu-
ated along any curve C between the limits 4 and B by reduction to an
ordinary integral. For if C is given by y = f(z),

I= f F(x,y, y")dx =leF<.T, S @), f'(x)dx;

o

and if C is given by « = ¢ (¢), y = ¢ (¢),

B t
I'= f @ (z, y, dx, dy) =f @ (, ¢, ¢, Y)dt.
4 t

c

The ordinary line integral (§122) is merely the special case in which
& = Pdx 4+ Qdyand F = P + Qy'. In general the value of I will depend
on the path C of integration; the problem of the calculus of variations
is to find that path which will make I a maximum or minimum relative
to neighboring paths.

If a second path C, be y = f(x) + n(z), where 5(z) is a small quan-
tity which vanishes at x, and «, a whole family of paths is given by

y =f(x) + an(x), —1l=a=1, 7 (x,) =n(x) =0,
and the value of the integral

1(a) = f F(r, f ot an, f' 4+ agde, 1)

taken along the different paths of the family, be-
comes a function of a; in particular 7(0) and I(1)
are the values along C and C,. Under appropriate assumptions as to
the continuity of F and its partial derivatives F;, F;, F,,, the function

I (@) will.be continuous and have a continuous derivative which may
be found by differentiating under the sign (§ 119); then

O] @,

I'(a) =f (nF(x, £+ an, f' + an") + 9'F, (x, f + a9, f' + an)]dx.
x, )
400
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If the curve C is to give I(«) a maximum or minimum value for all
the curves of this family, it is necessary that

1) = f DoFy(es 4 o) + 0'Fpes 1y y)Jde =05 ()

and if C isto make 7 a maximum or minimun relative to all neighboring
curves, it is necessary that (2) shall hold for any function 5 (x) which is
small. It is more usual and more suggestive to write »(x) = 8y, and to
say that 8y is the variation of y in passing from the curve C or y = f(x)
to the neighboring curve C' or y = f(x) 4 (*). From the relations

' TYN ' d
y' =r'(), y'=r')+ ?7'@)’ ' =n'(x) = @83/’

connecting the slope of C' with the slope of C,, it is seen that the variation

of the derivative ts the derivative of the variation. In differential nota-

tion this is déy = 8dy, where it should be noted that the sign 8 applies

to changes which occur on passing from one curve C to another curve C|,

and the sign d applies to changes taking place along a particular curve.
- With these notations the condition (2) becomes

f C(Fy + F8y ) de = f "SFix = 0, 3)

where 8F is computed from F, 83/; 8y' by the same rule as the differential
dF is computed from F and the differentials of the variables which it
contains. The condition (3) is not sufficient to distinguish between a
maximum and a minimum or to insure the existence of either; neither
is the condition g'(x) = 0 in elementary calculus sufficient to answer
these questions relative to a function ¢(r); in both cases additional con-
ditions are required (§9). It should be remembered, however, that
these additional conditions were seldom actually applied in discussing
maxima and minima of g (x) in practical problems, because in such cases
the distinction between the two was usually obvious; so in this case
the discussion of sufficient conditions will be omitted altogether, as in
§§ 58 and 61, and (3) alone will be applied.

An integration by parts will convert (3) into a differential equation
of the second order. In fact

Ty * 1 ry x d
f F,8y'dx :f F;d(—x Sy = [R/Sy:, —f 83/792 F, dx.

0 Yo

l'l oy /
Hence f (F8y + F,,8y"de = f ( F;— J’a‘c Fy',>3ydx =0, 3"

0
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since the assumption that 8y = y(x) vanishes at x, and , causes the
integrated term [F,,8y] to drop out. Then
d OF 0°F 0°F 0*F

e — F, = ————— — —— | — —— ' =
B = v =% T haby " ayay? ey 0. C))

For it must be remembered that the function 8y = 5 (x) is any function

- that is swmall, and if F, — -(;i—x v, in (3") did not vanish at every point

of the interval ) = = = z,, the arbitrary function 8y could be chosen
to agree with it in sign, so that the integral of the product would neces-
sarily be positive instead of zero as the condition demands.

156. T'he method of rendering an integral (1) @ minimum or maximum
is therefore to set up the differentiel equation (4) of the second order
and solve it. The solution will contain two arbitrary constants of inte-
gration which may be so determined that one particular solution shall
pass through the points 4 and B, which are the initial and final points
of the path C of integration. In this way a path C which connects 4
and B and which satisfies (4) is found ; under ordinary conditions the in-
tegral will then be either a maximum or minimum. An example follows.

Let it be required to render I = f o % V1 + y2dz a maximum or minimum,
%o
1 oF 1 oF vy 1
F@,y,y)=-V1i+y? —=—-—VI+y? —==—1" .
@n) =g WP Cw yViter

Hence —l2\/1+y’2+ry—2 ! y’-—l ! Y =0 or yy’+y?4+1=0
y V14 y? Y1+ y?):2

is the desired equation (4). It is éxact and the integration is immediate.

WYy +1=0, ywtr=cy, 2+ @ —c)?=c,

The curves are circles with their centers on the z-axis. From this fact it is easy
by a geometrical construction to determine the curve which passes through two
given points A (z,, ¥,) and B (z,, y,); the analytical determination is not difficult.
The two points 4 and B must lie on the same side of the z-axis or the integral I
will not converge and the problem will have no meaning. The question of whether
a maximum or a minimum has been determined may be settled by taking a curve
C; which lies under the circular arc from A to B and yet has the same length.
The integrand is of the form ds/y and the integral along C, is greater than along
the circle C if y is positive, but less if ¥ is negative. It therefore appears that the
integral is rendered a minimum if 4 and B are above the axis, but a maximum if
they are below.

For many problems it is move convenient not to make the choice of ®
or y as independent variable in the first place, but to operate symmetri-
cally with both variables upon the second form of (1). Suppose that the
integral of the variation of & be set equal to zero, as in (3). '
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B B
f 50 = f [®8r + &8y + B, 8dx + &),5dy] = 0.
A A

Let the rules 8dx = d8r and 84y = d8y be applied and let the terms
which contain déx and 8y be integrated by parts as before.

=0.

B B
f 50 — f [(®, — d,,)dx + (&, — dd),)8y] + [cp;,,,_s.r o, 5!/] 8
4 A 4

As 4 and B are fixed points, the integrated term disappears. As the
variations 8x and 8y may be arbitrary, reasoning as above gives

@, — A, =0, @ —do), =0. ("

If these two equations can be shown to be essentially identical and to
reduce to the condition (4) previously obtained, the justification of the
second method will be complete and either of (4') may be used to deter-
mine the solution of the problem.

Now the identity @ (x, ¥, dz, dy) = F(x, y, dy/dr)dr gives, on differentiation,
/ 7 /7 ’ ’ 4 ’ / /7 d
¥, =Fdx, &,=F,dz, &, =F,, &,=—F, d_z +F

by the ordinary rules for partial derivatives. Substitution in each of (4’) gives

, , y , , o d o,

&, — %), = Fjdv — dF), = (Fy——aFy,>dm=0,
&, — d¥), = F,dx — d(F — FLy)= F,dx— dF + F,,dy’ + y'aF,,
| =F.dz— Fldz— F,dy — F, dy’ + F, dy’ + y'dF,,
, e , d o,

=—F,dy + ydF, = — (Fy - d—z-Fy,) dy =0.

Hence each of (4) reduces to the original condition (4), as was to be proved.
da? + dy? Then

Suppose this method be applied to f ds = f
Y Y

2 2
fscﬁzfa\/dz + dy :f[dxadx+dy6dy_§6y:|
Yy y yds y*

e s (a2 2],

yds yds  y?

where the transformation has been integration by parts, including the discarding

of the integrated term which vanishes at the limits. The two equations are
a0 a% B, ana &1

yds yds = y?
is the obvious first integral of the first. The integration may then be completed to
find the circles as before. The integration of the second equation would not be so

simple. In some instances the advantage of the choice of one of the two equations
offered by this method of direct operation is marked.

yis o
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EXERCISES

1. The shortest distance. Treat f 1+ y’z)% dz for a minimum.
2. Treat f Var? + r2d¢? for a minimum in polar codrdinates.

3. The brachistochrone. If a particle falls along any curve from 4 to B, the
velocity acquired at a distance & below 1 is v = V2gh regardless of the path fol-

lowed. Hence the time spent in passing from A4 to Bis T = f ds/v. The path of

quickest descent from A to B is called the brachistochrone. Show that the curve
is a cycloid. Take the origin at 4.

4. The minimum surface of revolution is found by revolving a catenary.

5. The curve of constant density which joins two points of the plane and has a
minimum moment of inertia with respect to the origin is ¢,73 = sec (3 ¢ + ¢,). Note
that the two points must subtend an angle of less than 60° at the origin.

6. Upon the sphere the minimum line is the great circle (polar codrdinates).
7. Upon the circular cylinder the minimum line is the helix.

8. Find the minimum line on the cone of revolution.

9. Minimize the integral f [l m (@)2 + 1n?a:?] dt.
2 dt 2

157. Variable limits and constrained minima. This second method
of operation has also the advantage that it suggests the solution of the
problem of making an integral between variable end-points @ maximum
or minimum. Thus suppose that the curve ¢’ which
shall join some point 4 of one curve I, to some
point B of another curve T, and which shall make
a given integral a minimum or maximum, is desired.
In the first place C' must satisfy the condition (4)
or (4") for fixed end-points because C will not give
a maximum or minimum value as compared with
all other curves unless it does as compared merely with all other curves
which join its end-points. There must, however, be additional condi-
tions which shall serve to determine the points 4 and B which C con-
nects. These conditions are precisely that the integrated terms,

[<I>:,,8x + @:,,,Sy]j =0, for 4 and for B, ®)

which vanish identically when the end-points are fixed, siall vanish at
each point A or B provided 8x and 8y are interpreted as differentials
along the curves I' and T.
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Y
terms, which were discarded, and the resulting conditions are

[(IJBJj dy&y] B drér + dyay] B 0 drdr + dyBy] —0
yds yds |4 ’ yds o yds 4

. Is .
For example, in the case of f s f treated above, the integrated
Y

Here dx and dy are differentials along the circle € and éx and §y are to be inter-
preted as differentials along the curves I'j and I'; which respectively pass through
4 and B. The conditions therefore show that the tangents to C and I'j at A are
perpendicular, and similarly for ¢ and I'; at B. In other words the curve which
renders the integral a minimum and has its extremities on two fixed curves is the
circle which has its center on the z-axis and cuts both the curves orthogonally.

To prove the rule for finding the conditions at the end points it will be suffi-
cient to prove it for one variable point. Let the equations

Ciz=9¢®), y=y@O, Cr:r=¢O)+i), v=¢O+n0),
) =n(t) =0, ¢t)=a, 7)) =b; dr=¢@), y=n(),

determine C and C; with the common initial point 4 and different terminal points
Band B’ upon T',. As parametric equations of T';, take

T=x,+ al(s), Yy=yp+ bm () ; g—:i = al’(s), % = bm/(s),

where s represents the arc along I'; measured from B, and the functions I(s) and
m (s) vary from 0 at B to 1 at B’. Next form the family

r=¢@) +UHEW, y=¢OQ+mEn@®), T=¢"+I, Y=y +my,

which all pass through A for ¢ =¢, and which for ¢ =¢, describe the curve I';.
Consider

t
g(s) :j: K @+ vy+m(s)n, o+ 7 ¥ + my')dt, (6)

()

which is the integral taken from A to T'; along the curves of the family, where
z, ¥, ', ¥  are on the curve € corresponding to 8 = 0. Differentiate. Then

’ b, ’ ’ RO Y , Sy
7(3) = f [V(8)$%, + m/ () n®), + V()5 + m/(5) n'®), ],
1) N
where the accents mean differentiation with regard to s when upon g, I, or m, but
with regard to ¢ when on z or y, and partial differentiation when on ®, and where

the argument of & is as in (6). Nowif ¢ (s) has a maximum or minimum when
s =0, then

t a , g
g (O) = [ VO £, v, )+ m(O0) 0, + V() 4 (0)7'®, Jdt = 0;
tO
V(0) ¢, (0)ne, | “Tvoye (e, — La,) +m(0) («p’ _dy >]dt =0
|rOrsa 4 moym |+ 4o (o - G a0) + o (&= o)) [ar=o.
The change is made as usual by integration by parts. Now as

oz, y, 2, y)dt =&, y, dz, dy), so &.dt=2&], ¥, = &), ete.
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Hence the parentheses under the integral sign, when multiplied by d¢, reduce ta
(4) and vanish ; they could be seen to vanish also for the reason that { and » are
arbitrary functions of ¢ except at ¢ =t, and ¢ =t;, and the integrated term is a
constant. There remains the integrated term which must vanish,

, , , , far . ey Tn , P
VO ()2 + m )0 () ¥, = | @+ D = | 00+ @0y |1 =0.

S

The condition therefore reduces to its appropriate half of (5), provided that, in
interpreting it, the quantities 6z and dy be regarded not as a = §(¢,) and b = 5 (¢,)
but as the differentials along T'; at B.

158. In many cases one integral is to be made a maximum or minimum
subject to the condition that another integral shall have a fixed value,

I =f ‘F(.r, Y, y")dex :;;2, J=f ‘G'(m, ¥, y")dx = const. (7)
Ty J’.‘o

For instance a curve of given length might run from 4 to B, and the
form of the curve which would make the area under the curve a maxi-
mum or minimum might be desired; to make the area a maximum or
minimum without the restriction of constant length of arc would be
useless, because by taking a curve which dropped sharply from A, in-
closed a large area below the wx-axis, and rose sharply to B the area
could be made as small as desired. Again the curve in which a chain
would hang might be required. The length of the chain being given,
the form of the curve is that which will make the potential energy a
minimum, that is, will bring the center of gravity lowest. The prob-
lems in constrained maxima and minima are called isoperimetric prob-
lems because it is so frequently the perimeter or length of the curve
which is given as constant.

If the method of determining constrained maxima and minima
by means of undetermined multipliers be recalled (§§ 58, 61), it will
appear that the solution of the isoperimetric problem might reasonably
be sought by rendering the integral

I4+ N =f l[F(ac, % ¥+ NG (x, y, y")]dx )

a maximum or minimum. The solution of this problem would contain
three constants, namely, A and two constants ¢, ¢, of integration. The
constants ¢,, ¢, could be determined so that the curve should pass through
A and B and the value of A would still remain to be determined in such
a manner that the integral J should have the desired value. This is
the method of solution.
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To justify the method in the case of fixed end-points, which is the only case
that will be considered, the procedure is like that of § 155. Let C be given by
y =f(x); consider

?/:f(x)'l‘aﬂ(m)“'ﬂf(z)v 770:771:(0:“:01

a two-parametered family of curves near to C. Then
I‘ e /7
gl B) = [ F@y+ant B v+ an+ g, g(0,0)=1
%o

h(a, B) = [ "G,y + an + B%, ¥ + an’ + B¢’)dx = J = const.

s,

would be two functions of the two variables « and 8. The conditions for the mini-
mum or maximum of g («, g) at (0, 0) subject to the condition that  (a, ) = const.
are required. Hence

92(0, 0) + NL(0, 0) =0, ¢(0, 0) + Niy(0, 0) =0,

1 , ’ ’ ’
or S NG+ (Fy £ 0G ) de =0,

,
x.
Sy NG + £ (Fy 406y dz = 0,
%y
By integration by parts either of these equations gives
, d ,
(F+ )\G)y-—d-;(F+ AG),, =0; )
the rule is justified, and will be applied to an example.

Required the curve which, when revolved about an axis, will generate a given
volume of revolution bounded by the least surface. The integrals are

Ty . %y
I=2=w f yds, min., J=m f y2dx, const.
To To

xy L1
Make f (vds + \y2dz) min. or f 8 (yds + y2da) = 0.
xg xy
fml(?(yds + M) ___ff. [5yd8 Ty w + 2 \ydydr + )\y‘zad:c] -0
xo Ty S

- xl[az(— M (52) — d?ﬁz> + 6y<ds Za¥% 2)\ydx>].
, ds ds

Hence )\d(yﬂ’)+d§/—dj=0 or ds—dyiy+2)\ydcc=0.
ds ds
The second method of computation has been used and the vanishing integrated

terms have been discarded. The first equation is simplest to integrate.

1 Ae, — yP)dy
M2+ Y ———— = ¢\, —1 s =
Vity?r Vi — N (c, — )

The variables are separated, but the integration cannot be executed in terms of
elementary functions. If, however, one of the end-points is on the z-axis, the
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values x,, 0, y, or z,, 0, ¥; must satisfy the equation and, as no term of the equa-
tion can become infinite, ¢; must vanish. The integration may then be performed.

_lg_/(_i_y__ = dx, 1Ny =2N@—r,)? or (r—e)?+y2= l
V1= a2 - - A2
In this special case the curve is a circle. The constants ¢, and X\ may be deter-
mined from the other point (z,, ¥,) through which the curve passes and from the
value of J = v; the equations will also determine the abscissa x, of the point on
the axis. It is simpler to suppose ¢, = 0 and leave z; to be determined. With this
procedure the equations are

1 1 v _z 1 ;
cg:fg’ (“’1—62)2'*'?/12:;2’ ;Z)T;—é(xf'—3chf+3622£1),
6v z2 4+ yi
or 34+ 8y2r, — =0 o =T
1 Yily p ] 2 22:1
and z = m 3[(3v+ VO 4 w2y)d 4 (30— Vo4 af)i].
EXERCISES

1. Show that (@) the minimum line from one curve to another in the plane is
their common normal ; (B) if the ends of the catenary which generates the mini-
mum surface of revolution are constrained to lie on two curves, the catenary shall
be perpendicular to the curves; (y) the brachistochrone from a fixed point to a
curve is the cycloid which cuts the curve orthogonally.

2. Generalize to show that if the end-points of the curve which makes any inte-
gral of the form f F(z, y)ds a maximum or a minimum are variable upon two

curves, the solution shall cut the curves orthogonally.
3. Show that if the integrand & (z, y, dx, dy, ¢,) depends on the limit x,, the
B
condition for the limit B becomes [é;lxaz + <I>:1y6y + oz fzxq,;l] =0.
%o
4. Show that the cycloid which is the brachistochrone from a point 4, con-

strained to lie on one curve T, to another curve I'; must leave I'j at the point 4
where the tangent to T is parallel to the tangent to I'; at the point of arrival.

5. Prove that the curve of given length which generates the minimum surface
of revolution is still the catenary.

6. If the area under a curve of given length is to be a maximum or minimum,
the curve must be a circular arc connecting the two points.

7. In polar codrdinates the sectorial area bounded by a curve of given length is
a maximum or minimum when the curve is a circle.

8. A curve of given length generates a maximum or minimum volume of
revolution. The elastic curve

2\3 2 __
14;/1/) - or dp= W)y

2y VN — (2 — o)

R="

’r
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9. A chain lies in a central field of force of which the potential per unit mass is
V (r). If the constant density of the chain is p, show that the form of the curve is

dr
¢ +ca= T
rlef(pV + N —1]%

10. Discuss the reciprocity of I and J, that is, the questions of making I a maxi-
mum or minimum when J is fixed, and of making J a minimum or maximum when
1 is fixed.

11. A solid of revolution of given mass and uniform density exerts a maximum
attraction on a point at its axis. Ans. 2\ (z2 + yZ)% + z = 0, if the point is at the
origin.

159. Some generalizations. Suppose that an integral

I3 B
I=f F(x,y,y, 22, )dx =f @ (r, dx, y, dy, z, dz, --)  (10)
4 pr :

(of which the integrand contains two or more dependent variables
¥, 2, --- and their derivatives y', 2/, - .- with respect to the independent
variable «, or in the symmetrical form contains three or more variables
and their differentials) were to be made a maximum or minimum. In
case there is only one additional variable, the problem still has a geo-
metric interpretation, namely, to find

y=f(x), z=g@), or z=9¢(), y=y), =z=x@),

a curve in space, which will make the value of the integral greater or
less than all neighboring curves. A slight modification of the previous
reasoning will show that necessary conditions are
4 d 4 ’ d ’ —_
F; T F,=0 and F] T F,=0 (11
or &, — do,, =0, @, — do), =0, @, — dd,, =0,

where of the last three conditions only two are independent. Each of
(11) is a differential equation of the second order, and the solution of
the two simultaneous equations will be a family of curves in space
dependent on four arbitrary constants of integration which may be so
determined that one curve of the family shall pass through the end-
points 4 and B.

Instead of following the previous method to establish these facts, an
older and perhaps less accurate method will be used. Let the varied
values of y, 2, ¥/, 2/, be denoted by

y+3dy, 2438, ¥y +38), 2Z+8 8 =>0y), 8 =(8).
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The difference between the integral along the two curves is

31 = [R5 B 2 8 = P, 05 )

= f 'AFdx = f (Fdy + FL8y' + F8z + F,8")dx + -,

where F has been expanded by Taylor’s Formula* for the four variables
¥, ¥, 2, 2’ which are varied, and *“ + ---” refers to the remainder or the
subsequent terms in the development which contain the higher powers
of 8y, 8y, 8z, 8z".

For sufficiently small values of the variations the terms of higher
order may be neglected. Then if AT is to be either positive or nega-
tive for all small. variations, the terms of the first order which change
in sign when the signs of the variations are reversed must vanish and
the condition becomes

f (F8y + F8y' + Fis + F8")da = f UsFdz=0.  (12)

Integrate by parts and discard the integrated terms. Then

alfn _d ,_4d
L [<Fy = Iz Fy,>8]/ -+ <Fz ~ e Fz,>8z:| = 0. 13)

*In the simpler case of § 155 this formal development would run as

’r
Y

% ’ ’ , 1 T ’” , ’r ’ .

Al= fz (Fyp+Fpoy) do+ o fz (B 392 +2 F0y8y + Fy, 8y'2) d-+ higher terms,
0 ° 0

and with the expansion A7 = 67 + %621 + %63[ + - - - it would appear that

3 x, x,
3I= f \(Fysy+ Foy)dx, 8= f \(Fyusy? + 2 Fy0ysy’ + Fy,8y2)d,
1'0 1‘0

17 r07 27

X,
»I= f "y 8YB + 3 Fy 8y28Y + 3 Fyadydy'® + Fady'S)de, - - -
1‘0 .

The terms 51, §21, 831, - - - are called the first, second, third, - - - variations of the integral
I'in the case of fixed limits. The condition for a maximum or minimum then becomes
81 =0, just as dg = 0 is the condition in the case of g (x). In the case of variable limits
there are some modifications appropriate to the limits. This method of procedure sug-
gests the reason that 5, 8y are frequently to be treated exactly as differentials. It also
suggests that §27 > 0 and 627 < 0 would be criteria for distinguishing between maxima
and minima. The same results can be had by differentiating (1) repeatedly under the
sign and expanding I (@) into series; in fact, I = I'(0), 82 = I"(0), - - - . No emphasis

has been laid in the text on the suggestive relations 81 = f 0Fdx for fixed limits or
8= f &® for variable limits (variable in x, ¥, but not in ¢) because only the most ele-

mentary results were desired, and the treatment given has some advantages as to
modernity.
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As 8y and 8z are arbitrary, either may in particular be taken equal to
0 while the other is assigned the same sign as its coefficient in the
parenthesis ; and hence the integral would not vanish unless that coeffi-
cient vanished. Hence the conditions (11) are derived, and it is seen
that there would be precisely similar conditions, one for each variable
¥, %, - -, no matter how many variables might occur in the integrand.

Without going at all into the matter of proof it will be stated as a
fact that the condition for the maximum or minimum of

f@(w, dx, y, dy, 2, dz,...) 1is f8<1> =0,

which may be transformed into the set of differential equations
&, — d¥);, = 0, &, — ddy, = 0, &, — ddy, =0, e
of which any one may be discarded as dependent on the rest; and
;82 + 05,8y + @82 +--- =0, at 4 and at B,

where the variations are to be interpreted as differentials along the loci
upon which 4 and B are constrained to lie.

It frequently happens that the variables in the integrand of an inte-
gral which is to be made a maximum or minimum are connected by an
equation. For instance

fcb (x, dx, y, dy, 2, dz) min., S(x, y,2)=0. (14)

It is possible to eliminate one of the variables and its differential by

means of 5= 0 and proceed as before; but it is usually better to

introduce an undetermined multiplier (§§ 58, 61). From .
S(x, y,2)=0 {follows .8+ 5,8y + S;82=10

if the variations be treated as differentials. Hence if

f [(@, — d®),) & + (¥, — d®},)dy + (¥, — d®),)8] = 0,

f [(®, — d®), + AS;) 8x + (P, — dDy, + AS,) 8y
+ (@, — A, + A8 8] = 0
no matter what the value of X. Let the value of XA be so chosen as to
annul the coefficient of 82. Then as the two remaining variations are
independent, the same reasoning as above will cause the coefficients of
8x and 8y to vanish and

@, — P, + AS, =0, & —d¥, +\S,=0, & —dd,+AS,=0 (15)
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will hold. These equations, taken with § = 0, will determine y and z
as functions of z and also incidentally will fix A.

Consider the problem of determining the shortest lines upon a surface
S(z, y, #) = 0. These lines are called the geodesics. Then

fsds=o="m+dgj”+dzaz f[ L se - a Loy + a2 Sz], (16)

dx % ‘_}1 4 d_z ’ —
f <(z 2 A.SI>&L' + <d v )\by>83/ + <¢ o xsz> 82 = 0,

Iy d

d% v —a™ pay —a® s =0, and 5 _ _ds __ds.
ds ds v ds S, s, S,

In the last set of equations A has been eliminated and the equations,
taken with § = 0, may be regarded as the differential equations of the
geodesics. The denominators are proportional to the direction cosines
of the normal to the surface, and the numerators are the components of
the differential of the unit tangent to the curve and are therefore pro-
portional to the direction cosines of the normal to the curve in its oscu-
lating plane. Hence it appears that the osculating plane of a geodeuc
curve contains the normal to the surface.

The integrated terms dxézx + dydy + dzdéz = 0 show that the least geodesic which
connects two curves on the surface will cut both curves orthogonally. These terms
will also suffice to prove a number of interesting theorems which establish an analogy
between geodesics on a surface and straight lines in a plane. For instance: The

locus of points whose geodesic distance from a fixed point is constant (a geodesic
circle) cuts the geodesic lines orthogonally. To see this write

P r r r P
f ds = const., Af ds = 0, Bf ds =0, f dds = 0 = dréx + dydéy + dzoz
0 0 0 0

The integral in (16) drops out because taken along a geodesic. This final equality
establishes the perpendicularity of the lines. The fact also follows from the state-
ment that the geodesic circle and its center can be regarded as two curves between
which the shortest distance is the distance measured along any of the geodesic
radii, and that the radii must therefore be perpendicular to the curve.

160. The most fundamental and important single theorem of mathe-
matical physics is Hamilton’s Principle, which is expressed by means
of the calculus of variations and affords a necessary and sufficient con-
dition for studying the elements of this subject. Let T be the kinetic
energy of any dynamical system. Let X;, Y;, Z; be the forces which
act at any point x;, y;, #; of the system, and let &x;, 8y;, 82; represent
displacements of that point. Then the work is

oW = 2 (Xbx; + Yoy, + Z.82).
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Hamilton’s Principle states that the time integral

t [
f (3T + sW)dt =f [37 + 3, (X8 + Y8y + 28)]dt =0 (17)
¢ %

vanishes for the actual motion of the system. If in particular there is
a potential function V, then 8W = — 8§V and

ftlS(T— VYdt = ftl(T— V)dt = 0, A

and the time integral of the difference between the kinetic and potential
energies is a maximum or minimum for the actual motion of the system
as compared with any neighboring motion.

Suppose that the position of a system can be expressed by means of n independ-
ent variables or codrdinates ¢;, ¢,, -+ -, ¢n. Let the kinetic energy be expressed as

T= 2 ’]Zmivl2 :f%zﬂdm = T(Qu oy * s Gns Qpy Qoo+ *y Gn)s

a function of the codrdinates and their derivatives with respect to the time. Let
the work done by displacing the single coordinate ¢, be 8 W = @,8q,, so that the total
work, in view of the independence of the codrdinates, is Q,3q, + Q,dg,+ - - - + Qdgn.
Then

LI , 4 ’ 4 4 ! 3G 7 8¢
0= f'n BT+ sW)dt = j; : (quaq1 + quaq2 +-o+ T, 5¢n + Télsql + T;,zﬁf,{z
+.o 4+ T’}’naqn + Q16q1 + Q0q, + -+ + Qr0qy) dt.

Perform the usual integration by parts and discard the integrated terms which
vanish at the limits { = ¢, and ¢t = ¢,. Then

- a., , a,,
o= [(qu+ Ql—d~tT,;,)6m+(Tq,+ AL

, d .
Fot < T, -y Té,)aq,.] .

In view of the independence of the variations 8¢, 8¢,, - - -, ¢,

deT ¢T deT oT deT ¢T
S, s =y e, = Qu (18)
dt eq, éq, dt ¢4, g, dt ¢Gn €4

These are the Lagrangian equations for the motion of a.dynamical system.* If
there is a potential function V (q,, ¢, - -+, ¢»), then by definition

eV oV oV eV oV A%
Q1=_- , = — —> ceey Qn:—-—_, = e = = =0.
oq oy On 4 Oy n
¢ ¢ ¢L L
Hence Eﬂ_fi:o ii_ﬁzo gf__a_zo, L=T-7V.
toq, g, dt oG, g, dt 6¢n  OQn

The equations of motion have been expressed in terms of a single function L, which
is the difference between the kinetic energy T and potential function V. By

* Compare Ex. 19, p. 112, for a deduction of (18) by transformation.
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comparing the equations with (17°) it is seen that the dynamics of a system which
may be specified by n codrdinates, and which has a potential function, may be stated

as the problem of rendering the integral f Ldt a maximum or a minimum ; both the

kinetic energy T and potential function 7" may contain the time ¢ without chang-
ing the results. .

For example, let it be required to derive the equations of motion of a lamina
lying in a plane and acted upon by any forces in the plane. Select as coordinates
the ordinary coordinates (x, ) of the center of gravity and the angle ¢ through
which the lamina may turn about its center of gravity. The kinetic energy of the
lamina (p. 318) will then be the sum ] Mv? 4+ 1lw?. Now if the lamina be moved a
distance 6z to the right, the work done by the forces will be Xér, where X de-
notes the sum of all the components of force along the z-axis no matter at what
points they act. In like manner Yy will be the work for a displacement 8y. Sup-
pose next that the lamina is rotated about its center of gravity through the angle
d¢ ; the actual displacement of any point is rd¢ where r is its distance from the
center of gravity. The work of any force will then be Rrd¢ where R is the com-
ponent of the force perpendicular to the radius r; but Rr = & is the moment of
the force about the center of gravity. Hence

T=3M@GE®+ 9%+ 11¢2, oW = Xoz + Yoy + ®5¢

2 2 2
and w®_x, mBV_y, %0
a ar a

— %

by substitution in (18), are the desired equations, where X and Y are the total
components along the axis and & is the total moment about the center of gravity.

A particle glides without friction on the interior of an inverted cone of revo-
lution; determine the motion. Choose the distance r of the particle from the ver-
tex and the meridional angle ¢ as the two coordinates. If I be the sine of the
angle between the axis of the cone and the elements, then ds? = dr? + r212d¢2 and
v?2 = 2 4 r22$2. The pressure of the cone against the particle does no work; it is
normal to the motion. For a change §¢ gravity does no work; for a change or it
does work to the amount — mg V1 — 128r. Hence

T = Im(i? + r22¢?), SW =—mgV1—Bsr or V=mgV1—22r
2 2 S
Then  ©F _ (d_"’) =—gvi—e, & (1'2l2d—¢> =0 or 2™ _q.
dt2 dt dt dt dt

The remaining integrations cannot all be effected in terms of elementary functions.

161. Suppose the double integral

"

z oz
1=ffF(-l', Y52, py q) dxdy, P=gy 15 19)
extended over a certain area of the ay-plane were to be made a maxi-
mum or minimum by a surface z = z (z, y), which shall pass through a
given curve upon the cylinder which stands upon the bounding curve
of the area. This problem is analogous to the problem of §155 with
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fixed limits ; the procedure for finding the partial differential equation
which z shall satisfy is also analogous. Set

f f SFdxdy = f f (F8z + Fy8p + F;89) dady = 0.

Write §p == —> 8¢ = % and integrate by parts.

ff BaSzdde_ F)8z (]J f —ESzdadJ

The limits 4 and B for which the fn-st term is taken are points upon
the bounding contour of the area, and 8z = 0 for .4 and B by virtue of the
assumption that the surface is to pass through a fixed curve above
that contour. The integration of the term in 8¢ is similar. Hence the
condition becomes

iy - — A — 9
f Sl*tl.zcly ——‘U<l'z ap dJ 6’1)8.4(1.1(1/ 0 (.,O)

or oF _doF_doF_, (20")

by the familiar reasoning. The total differentiations give
F,—F; —F, —F;p— Fyqg— —2F) s —Ft=0.

The stock illustration introduced at this point is the minimum surface,
that is, the surface which spans a given contour with the least area and
which is physically represented by a soap film. The real use, however,
of the theory is in connection with Hamilton’s Principle. To study the
motion of a chain hung up and allowed to vibrate, or of a piano wire
stretched between two points, compute the kinetic and potential energies
and apply Hamilton’s Principle. Is the motion of a vibrating elastic
body to be investigated ? Apply Hamilton’s Principle. And so in
electrodynamics. In fact, with the very foundations of mechanics some-
times in doubt owing to modern ideas on electricity, the one refuge of
many theorists is Hamilton’s Principle. Two problems will be worked
in detail to exhibit the method.

Let a uniform chain of density p and length [ be suspended by one extremity
and caused to execute small oscillations in a vertical plane. At any time the shape
of the curve is y = y (z), and y = y (x, t) will be taken to represent the shape of the
curve at all times. Let y" = dy/éx and § = dy/ét. As the oscillations are small,
the chain will rise only slightly and the main part of the kinetic energy will be in
the whipping motion from side to side ; the assumption dx = ds may be made and
the kinetic energy may be taken as

l 2
o 27 \ot

I‘I)
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The potential energy is a little harder to compute, for it is necessary to obtain the
slight rise in the center of gravity due to the bending of the chain. Let A be the
shortened length. The position of the center of gravity is

A A
fx(1+;y”2)dx %x2+f 1 ayde

_ 0 0 1 1/"‘(1 1 > ,
= = =-A—= “AN——x) y?dzx.
z X x 2" " ade \&"T27)Y

19,72 14,72,
[la+ima at [T

Here ds = V1 + y’2dx has been expanded and terms higher than y’2 have been
omitted.

A
l:)\+j(: %y’zda:, !

1 S| 1
Sl—F=- 20\ —z)ydz V=1lpg(-1—7%)
gi— =% xfn 2( x) y"%d, pg<2 z)

Then (T—l)dt ff[ ()dx——}p(l—x)(—zi/)z]dxdt, (21)

provided X be now replaced in V by ! which differs but slightly from it.
Hamilton’s Principle states that (21) must be a maximum or minimum and the
integrand is of precisely the form (19) except for a change of notation. Hence

2
“i[_P(/(l—@ @] d(p@y) 0 or leilz(l_x f_y_ilf
dz ox at\ et gc ox  ox

The change of variable | — x = u2, which brings the origin to the end of the chain
and reverses the direction of the axis, gives the differential equation
¢ty  loy 4%y PP 1dP  4n?

—=  or ——— 4+ —P=0 if = P (u) cos nt.
eu? " uwou gat2 du2+udu+g 4 () "

As the equation is a partial differential equation the usual device of writing the
dependent variable as the product of two functions and trying for a special type
of solution has been used (§194). The equation in P is a Bessel equation (§ 107)
of which one solution P (u) = AJ (2ng~ %u) is finite at the origin w = 0, while the
other is infinite and must be discarded as not representing possible motions. Thus

y(x, t) = AJ (2 ng—%u)(‘ns nt, with y(l, t) = AJ,(2ng~ 3 }) =0

as the condition that the chain shall be tied at the original origin, is a possible
mode of motion for the chain and consists of whipping back and forth in the peri-

odic time 2#/n. The condition J, (2 ng"%l%) = 0 limits n to one of an infinite set
of values obtained from the roots of /.
Let there be found the equations for the motion of a medium in which

r 3 [LTEY + G () asave
= %“fff(fz +97+ h‘l) dadydz

are the kinetic and potential energies, where 4 and B are constants and

41rf= ig— & 4-}rg = CE (f 41I']I/ ("7 Ef
oy 2 ¢z ox oxr oy
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are relations connecting f, g, A with the displacements £, », { along the axes of z, ¥, z.
Then

f f f S[3A (B + 72 + §2) — 3B(f2 + g2 + h?)] dedydzdt = 0 (22)

is the expression of Hamilton’s Principle. These integrals are more general than
(19), for there are three dependent variables £, #, ¢ and four independent variables
T, Y, 2, t of which they are functions. Itis therefore necessary to apply the method
of variations directly.

After taking the variations an integration by parts will be applied to the varia-
tion of each derivative and the integrated terms will be discarded.

f f f 31 A + 7 + ) dadydedt = f f f A (Bok + 700 + §6¢) dedydzdt
= f f f f A (£38 + %om + £0¢) dadydzdl.

fff 8} B(f*+ 97 + I7) dedydzdt = f f f B(faf + g3g + hdh) dzdydzdt
=ffff£r[f<aa—a;—%')+g<%—%()+h<%—aa—5;)]dzdydzdt
- 'ffff%[@%—%)aﬂ (@_g’) o + (g—Z—fc) Bf]dxdydzdt. .

(2 A 1 cy
After substitution in (22) the coefficients of 8¢, d», 5¢ may be severally equated to
zero because 8¢, 8y, 8¢ are each arbitrary. Hence the equations

o2 5 ¢ 2 o o2 & ¢
4raZ8o _ B(@_ fg), P B(ﬂc_a_h), 4ra 8= _B<@ _ i>.

ot? y oz ot? iz ox ot? ér oy
With the proper determination of 4 and B and the proper interpretation of £, », ¢,
f. g, h, these are the equations of electromagnetism for the free ether.

EXERCISES

1. Show that the straight line is the shortest line in space and that the shortest
distance between two curves or surfaces will be normal to both.

2. If at each point of a curve on a surface a geodesic be erected perpendicular
to the curve, the locus of its extremity is perpendicular to the geodesic.

3. With any two points of a surface as foci construct a geodesic ellipse by tak-
ing the distances FP + F’P = 2a along the geodesics. Show that the tangent to
the ellipse is equally inclined to the two geodesic focal radii.

P
4. Extend Ex.2,p. 408, to space. If f F (x, y, z)ds = const., show that the
0

locus of P is a surface normal to the radii, provided the radii be curves which
make the integral a maximum or minimum.

5. Obtain the polar equations for the motion of a particle in a plane.
6. Find the polar equations for the motion of a particle in space.

7. A particle glides down a helicoid (z = k¢ in cylindrical codrdinates). Find
the equations of motion in (r, ¢), (r, 2), or (2, ¢), and carry the integration as far
as possible toward expressing the position as a function of the time.



418 INTEGRAL CALCULUS

8. If z=ax? 4+ by2+ ..., with a >0, b >0, is the Maclaurin expansion of a
surface tangent to the plane z = 0 at (0, 0), find and solve the equations for the
motion of a particle gliding about on the surface and remaining near the origin.

9. Show that (1 + ¢2) + t(1 + p?) — 2pgs = 0 is the partial differential equa-
tion of a minimum surface ; test the helicoid.

10. If p and S are the density and tension in a uniform piano wire, show that
the approximate expressions for the kinetic and potential energies are

1 U /oy\?
r=1 0”) y=1 S<—‘~>d
2 f ( ’ 2 jo‘ )

Obtain the differential equation of the motion and try for solutions y = P (x) cos nt.

11. If £, », ¢ are the displacements in a uniform elastic medium, and

3 617 B( 7 ) <OE ) (577 8£>
=, b= h=—+ =
@ or aj ¢= oz S= (ay 0z v= C. + ox, cxr + %7}

are six combinations of the nine possible first partial derivatives, it is assumed that
T = f f Fdxdydz, where F is a homogeneous quadratic function of a, b, ¢, f, g, A,
with constant coeflicients. Establish the equations of the motion of the medium.
?_25 _°F &2F o’F &%y _ ¢*F | @'F o2F
Pee™ aoa " eyen T ez’ P T awoh T oyab T ozef
p & 625“ ¢F " a?f‘ :‘72F.
a2 azEg eyef  ozec

12. Establish the conditions (11) by the method of the text in § 155.

13. By the method of § 159 and footnote establish the conditions at the end
points for a minimum of fF(a:, ¥, ¥')dx in terms of F instead of &.

14. Prove Stokes's Formula I = f Fedr = f VxF.dS of p.345 by the calculus

. . L YO -
of variations along the following lines: First compute the variation of I on pass-
ing from one closed curve to a neighboring (larger) one.

oI =13 fo Fedr = fo (8F.dr — dF.5r) + fo d (Feor) = fo (VxF)e(3rxdr),

where the integral of d (F.ér) vanishes. Second interpret the last expression as
the integral of VxF«dS over the ring formed by one position of the closed curve
and a neighboring position. Finally sum up the variations 61 which thus arise on
passing through a succession of closed curves expanding from a point to final coin-
cidence with the given closed curve.

15. In case the integrand contains y” show by successive integrations by
parts that

@ 1y’ 1 e, dY . @Y7
F) ‘F£, Y,y )de = | Y Y ;¢ ] (Y————— ) dr,
j;o vy [ R o+f: T az )t

where Y= er ) Y = cr ) Y = o o w=2dy.
ay ay/ ay//




