CHAPTER V
PARTIAL DIFFERENTIATION; IMPLICIT FUNCTIONS

56. The simplest case; F(x, y) =0. The total differential
dF =F.dr +F dy=d0=0
dy _ F; de  F)

&

. . ki

indicates T 27 ) dy 1)
as the derivative of y by , or of « by ¥, where 7 is defined as a function
of a, or x as a function of y, by the relation F(«x,y)=0; and this method
of obtaining a derivative of an implicit function without solving expli-
citly for the function has probably been familiar long before the notion
of a partial derivative was obtained. The relation F(x, %)= 0 is pictured
as a curve, and the function y = ¢ (), which would be obtained by solu-
tion, is considered as multiple valued or as restricted to some definite
portion or branch of the curve F(r, ¥)=0. If the results (1) are to
be applied to find the derivative at some point
(%, 7,) of the curve F(x, y)=0, it is necessary
that at that point the denominator F, or F, should
not vanish.

These pictorial and somewhat vague notions
may be stated precisely as a theorem susceptible
of-proof, namely : Let x, be any real value of x
such that 1° the equation F(x, ) = 0 has a real solution g, ; and 2°, the
function F(x, y) regarded as a function of two independent variables
(x, ) is continuous and has continuous first partial derivatives F, I, in
the neighborhood of (x,, 7,); and 3° the derivative F,(z, y,) # 0 does
not vanish for (z,, y,); then F(x, y¥) =0 may be solved (theoretically)
as y=d¢(x) in the vicinity of # =, and in such a manner that
Yy = ¢ (), that ¢ (x) is continuous in «, and that ¢ (z) has a derivative
¢'(x) = — F;/F,; and the solution is unique. This is the fundamental
theorem on implicit functions for the simple case, and the proof follows.

F(a,y)=0

&
(wo:yo')‘;\/(?\

o X

By the conditions on F, F;,‘ the Theorem of the Mean is applicable. Hence

F (2, 9) = F (2, ) = F@, 4) = (WF, + kF))zq 1 o1, 3o + 0k @
Furthermore, in any square |h|<3, |k|<d surrounding (z,, ¥,) and sufficiently
small, the continuity of F, insures |F; | <M and the continuity of F, taken with
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118 DIFFERENTIAL CALCULUS

* the fact that F, (z, ¥,) # 0 insures
restricted to values such that |z — z0|<m3/M if m <M. Now consider the value
of F(z,y) for any  in the permissible interval
and for y = y0+ dory=y,— 3 Asl|kF,|>ms Y
but | (@ — o) F;|<ms, it follows from (2) that
F(z, y, + &) has the sign of 6F and F(z, y, — 9)
has the sign of — 8F, ; and as the sign of F, does
not change, F(z, y, + 8) and F(z, y,— 9) have
opposite signs. Hence by Ex. 10, p. 45, there is
one and only one value of y between y, — & and
Yo + 8 such that F(z,y) = 0. Thus for each x in
the interval there is one and only one y such O
that F(z, y) = 0. The equation F(z, y) =0 has a
unique solution near (z,, ¥,). Let ¥ = ¢(x) denote the solution. The solution is
continuous at & = &, because ly — yol< 8. If (x, y) are restricted to values y = ¢ (x)
such that F (x, ¥) = 0, equation (2) gives at once

/ Y+

T

1
8 I

i

1 yo—ﬁ

!

i

i

k_y—uy,_Ay_ _ Fo@@+6hy+ 6k dy F (2o, ¥o)

L z—zx, Ar - F,’ (& + 6h, y + 6k) ’ dr F' (x4 Yo) ’

As F, F; are continuous and F, 3 0, the fraction k/h approaches a limit and the
derlvatlve ¢’(x,) exists and is glven by (1). The same reasoning would apply to
any point x in the interval. The theorem is completely proved. It may be added
that the expression for ¢’(x) is such as to show that ¢’(x) itself is continuous.

The values of higher derivatives of implicit functions are obtainable
by successive total differentiation as

F, + F’;!/' =0,

FL+2F + Fy"+ Fy"=0, 3)
ete. It is noteworthy that these successive equations may be solved for
the derivative of highest order by dividing by F, which has been assumed
not to vanish. The question of whether the function y = ¢ (x) defined
implicitly by F(x, ) = 0 has derivatives of order higher than the first
may be seen by these equations to depend on whether F(x, y) has
higher partial derivatives which are continuous in (r, y).

57. To find the maxima and minima of y = ¢ (x), that is, to find the

points where the tangent to F(x, y) = 0 is parallel to the x-axis, observe
that at such points ' = 0. Equations (3) give

Fi=0,  FL+Fy"=0. @

Hence always under the assumption that v 0, there are maxima at
the intersections of F =0 and F,= 0 if F, (m(l F; have the same sign,
and minima at the intersections for which F,, and F, havé opposite signs ;
the case F, = 0 still remains undecided.
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For example if F(z, y) = 2® + y® — 8 axy = 0, the derivatives are

2 _
3(2% — ay) + 3(y% — ax)y’ =0, Wy _ _»-ay

de ~  pP—ar’

. . d2y 2 adry
6r—6ay +6yy2+ 3(y2— ar)y”’ =0, - =77 |
Y + 6yy (v )y ; e W= aay

To find the maxima or minima of ¥ as a function of z, solve
F,=0=2a%— ay, F=0=ux3+y®— 3axy, F,#0.

The real solutions of F, =0 and F = 0 are (0, 0) and (33/ 2a, _\“/ 4a) of which the
first must be discarded because F, (0, 0) =0. At (V2a, V4a) the derivatives
F, and F, are positive ; and the point is a maximum. The curve F =0 is the
folium of Descartes.

The role of the variables @ and y may be interchanged if F, % 0 and
the equation F(z, y) = 0 may be solved for ir = ¢(y), the functions ¢
and ¢ being inverse. In this way the vertical tangents to the curve
F = 0 may be discussed. For the points of F = 0at which both F;= 0
and F, = 0, the equation cannot be solved in the sense here defined.
Such points are called singular points of the curve. The questions of
the singular points of F = 0 and of maxima, minima, or minimax (§ 55)
of the surface z = F(x, y) are related. For if I/ = F, = 0, the surface
has a tangent plane parallel to z = 0, and if the condition z = F =0 is
also satisfied, the surface is tangent to the xy-plane. Now if z = F(», )
has a maximum or minimum at its point of tangency with z = 0, the
surface lies entirely on one side of the plane and the point of tangency
is an isolated point of F(x, y) = 0; whereas if the surface has a mini-
max it cuts through the plane = = 0 and the point of tangency is not
an isolated point of F(r, ) = 0. The shape of the curve F =0 in the
neighborhood of a singular point is discussed by developing I7(r, )
about that point by Taylor’s Formula.

For example, consider the curve F(r, y) = 23 + 3 — %y — 1 (22 + »*) = 0 and
the surface z = F(z, y). The common real solutions of

F,=3a2—2xy2—z =0, F;:3y'3——2.z'2y—y=0, F(r,y)=0

are the singular points. The real solutions of F, =0, F, =0 are (0, 0), (1, 1),
(3, 3) and of these the first two satisfy F(r, ¥) =0 but the last does not. The
singular points of the curve are therefore (0, 0) and (1, 1). The test (34) of § 55
shows that (0, 0) is a maximum for z = F(z, ¥) and hence an isolated point of
F(x, y) = 0. The test also shows that (1, 1) is a minimax. To discuss the curve
F(x, y) = 0 near (1, 1) apply Taylor’s Formula.

0=F(x,y)=31Bh2— 8hk + 3k%) + L (6% — 12 h%k — 12 hk? + 6 k%) 4+ remainder
=3(8cos?¢p — 8sing cos¢p + 3sin?¢)
+ r(cos® ¢ — 2cos? ¢ sing — 2cos g sin2 ¢ + sind @) + - - .
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if polar codrdinates h = r cos¢, k = rsing be introduced at (1, 1) and 72 be can-
celed. Now for very small values of r, the equation can be satistied only when
the first parenthesis is very small. Hence the solutions of

3—4sin2¢ =0, sin2¢ =%, or ¢ =24°17Y, 65°42},
and ¢ + m, are the directions of the tangents to F(z, y)=0. The equation F=0is

0= (1} — 2sin2¢) + r(cos ¢ + sin¢) (1 — 1} sin2 ¢)

if only the first two terms are kept, and this will serve to sketch F(z, y) = 0 for
very smz2ll 7alues of r, that is, for ¢ very near to the tangent directions.

58. It is important to obtain conditions for the maximum or minimum
of a function z = f(», ) where the variables x, y are connected by a
relation F(x, y) = 0 so that z really becomes a function of « alone or y
alone. For it is not always possible, and frequently it is inconvenient,
to solve F(x, ) = 0 for either variable and thus eliminate that variable
from z = f(x, y) by substitution. When the variables x, y in z = f(x, y)
are thus connected, the minimum or maximum is called a constrained
minimam or maximum ; when there is no equation F(z, ) = 0 between
them the minimum or maximum is called fiee if any designation is
needed.* The conditions are obtained by differentiating z = f(«, »)
and F(x, y)= 0 totally with respect to #. Thus

dz of  of dy d0 oF  OF dy

— =4 =0, =t 5=

de ox Oy dr dr  0x 0y dx
of OF 0f OF d*

and %@—@a':(), WQO, F=0, (5)

)

where the first equation arises from the two above by eliminating dy/dx
and the second is added to insure a minimum or maximum, are the con-
ditions desired. Note that all singular points of F(x, ) = 0 satisfy the
first condition identically, but that the process by means of which it
was obtained excludes such points, and that the rule cannot be expected
to apply to them.

Another method of treating the problem of constrained maxima and
minima is to introduce « multiplier and form the function

2=®(x, y) = f(r, y) + A (x, ¥), A a multiplier. (6)
Now if this function # is to have a free maximum or minimum, then
@, =fi+AF, =0, & =f, +AF,=0. )

.These two equations taken with F = 0 constitute a set of three from
which the three values a, , A may be obtained by solution. Note that
* The adjective ** relative” is sometimes used for constrained, and ‘*absolute’ for

free; but the term **absolute’’ is best kept for the greatest of the maxima or least of
the minima, and the term ‘* relative ’’ for the other maxima and minima.
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A cannot be obtained from (7) if both F, and F, vanish; and hence this
method also rejects the singular points. That this method really deter-
mines the constrained maxima and minima of f(r, y) subject to the
constraint F(r, y) = 0 is seen from the fact that if X be eliminated from
(7) the condition f,F, — f,F, = 0 of (5) is obtained. The new method
is therefore identical with the former, and its introduction is more a
matter of convenience than necessity. It is possible to show directly
that the new method gives the constrained maxima and minima. For
the conditions (7) ate those of a free extreme for the function & (x,y)
which depends on two independent variables (x, ). Now if the equa-
tions (7) be solved for (w, y), it appears that the position of the maximum
or minimum will be expressed in terms of A as a parameter and that
consequently the point (x(A), y (X)) cannot in general lie on the curve
F(x, y) = 0; but if X be so determined that the point shall lie on this
curve, the function ®(x, y) has a free extreme at a point for which
F =0 and hence in particular must have a constrained extreme for the
particular values for which F(x, y) = 0. In speaking of (7) as the con-
ditions for an extreme, the conditions which should be imposed on
the second derivative have been disregarded.

For example, suppose the maximum radius vector from the origin to the folium
of Descartes were desired. The problem is to render f(x, ¥) = 2 + ¥? maximum
subject to the condition F(x, ) = x* + y* — 3ary = 0. Hence

2x + 3N (@2 — ay) =0, 2y + 3A(@¥2— ax) =0, B+yY—3ary =0
or 2¢-83(y2—ax) — 2y -3(x2— ay) =0, 2+ y3—3axy =0

are the conditions in the two cases. These equations may be solved for (0, 0),
(1} @, 1} @), and some imaginary values. The value (0, 0) is singular and X\ cannot
be determined, but the point is evidently a minimum of x2 4+ y2 by inspection. The
point (1} a, 1} @) gives A = — 1} «. That the point is a (relative constrained) maxi-
mum of 22 + y2 is also seen by inspection. There is no need to examine d?f. In
most practical problems the examination of the conditions of the second order
may be waived. This example is one which may be treated in polar codrdinates
by the ordinary methods ; but it is noteworthy that if it could not be treated that
way, the method of solution by eliminating one of the variables by solving the
cubic F(x, y) = 0 would be unavailable and the methods of constrained maxima
would be required.

EXERCISES

1. By total differentiation and division obtain dy/dr in these cases. Do not
substitute in (1), but use the method by which it was derived.
(@) ax® + 2bxy + cy? — 1 =0, (B) x*+ y* =4a%xy, (v) (cosx)’— (siny)*=0,
(8) (2 + ¥?)? = a?(x? — y?), (€) e + e =2y, (¢) x=2y—2=tan—lzxy.
2. Obtain the second derivative d2y/dz? in Ex. 1 (), (8), (¢), ({) by differen-
tiating the value of dy/dr obtained above. Compare with use of (3).
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xty*txy x
dx? F’3
v

9 F/gF// — QF'F'F” F2F”
3. Provedy=—— y_ + w,

4. Find the radius of curvature of these curves:
(@ af +yi=af, R=8(an}, () d+yi=dd, R=2VE+yi/q,
(v) 222 + a2 = a??, () st =a(a—1x), (o) (ax)®+ (y)f =1

sr7

. Find v/, ¥”, v in case «® + y® — 3axy = 0.

5

6. Extend equations (3) to obtain y”” and reduce by Ex. 3.

7. Find tangents parallel to the z-axis for (@2 + y2)% = 2a? (22 — y?).

8. Find tangents parallel to the y-axis for (z2 + y2 + ax)? = a? (x2 + ¥?).

9. If ¥2<ac in ax? + 2bxy + cy? + fr + gy + h = 0, circumscribe about the
curve a rectangle parallel to the axes. Check algebraically.

10. Sketch #® + y3 = 22y2 + } (22 + y?) near the singular point (1, 1).
11. Find the singular points and discuss the curves near them :
(a) z® + y® = Baxy, (B) (€2 + ¥%)2 =2a? (@ — y?),
() e+ vt =20 — )% (@) ¥v* + 2z =2 + vt

12. Make these functions maxima or minima subject to the given conditions.
Discuss the work both with and without a multiplier:

(a) ¢ + b , atanz + btany =c. Ans. w:g,
UWCOST Y COSY siny v
B) =2+ y?, ax?+ 2bxy + cy?=1. Find axes of conic.

(v) Find the shortest distance from a point to a line (in a plane).

13. Write the second and third total differentials of F(z, y) = 0 and compare
with (3) and Ex. 5. Try this method of calculating in Ex. 2.

14. Show that Fdz + F,dy =0 does and should give the tangent line to
F(x, y) = 0 at the points (x, y) if de =& — = and dy = 9 — y, where £, » are the
covrdinates of points other than (z, y) on the tangent line. Why is the equation
inapplicable at singular points of the curve ?

59. More general cases of implicit functions. The problem of
implicit functions may be generalized in two ways. In the first place
a greater number of variables may occur in the function, as

F(r,y,z) =0, F(x,y, 2,5 u) =0

and the question may be to solve the equation for one of the variables
in terms of the others and to determine the partial derivatives of the
chosen dependent variable. In the second place there may be several
equations connecting the variables and it may be required to solve the
equations for some of the variables in terms of the others and to
determine the partial derivatives of the chosen dependent variables



PARTIAL DIFFERENTIATION; IMPLICIT 123

with respect to the independent variables. In both cases the formal
differentiation and attempted formal solution of the equations for the
derivatives will indicate the results and the theorem under which the
solution is proper.

Consider the case F(r, y, #) = 0 and form the differential.

dF (x, y, 2) = F,dx + F,dy + F.dz = 0. (8)

If z is to be the dependent variable, the partial derivative of = by x is
found by setting dy = 0 so that y is constant. Thus

0z dz F; oz dz F,

= ()=—% m G=(7) =% ®
are obtained by ordinary division after setting dy = 0 and dr = 0 re-
spectively. If this division is to be legitimate, F, must not vanish at
the point considered. The immediate suggestion is the theorem: If,
when real values (x,, y,) are chosen and a real value z  is obtained
from F(z, x, y,) = 0 by solution, the functiop F(r, y, z) regarded as
a function of three independent variables (r, y, z) is continuous at
and near (x,, y,, #,) and has continuous first partial derivatives and
F (x,, ¥, %)+ 0, then F(x, y, #) =0 may be solved uniquely for
z = ¢ (x, ) and ¢ (x, y) will be continuous and have partial derivatives
(9) for values of (r, y) sufficiently near to (v, #,).

The theorem is again proved by the Law of the Mean, and in a similar manner.
F(CE, :3/7 z) - F(‘tov y()’.zo) = F(.”L‘, Y, z) = (hFa; + kFy’ + le/)x,,+6h. Yo+ 6k, zo + 01+

As F., F;, F] are continuous and FJ(x,, ¥o 2,) # 0, it is possible to take & so
small that, when || < 8, | k| <3, |I| < 5, the derivative | F,|>m and | F,| <p, ]Fy’] < pe
Now it is desired so to restrict i, k that 4+ 8F, shall determine the sign of the
parenthesis. Let

|z —xo|<3md/u, |y —yo|<imd/u, then |hF, +EkF,|<md

and the signs of the parenthesis for (z, ¥, 2, + 8) and (z, ¥, 2, — 8) will be opposite

since |Fz' [>m. Hence if (z, y) be held fixed, there is one and only one value of z

for which the parenthesis vanishes between z, + 6 and z, — 8. Thusz is defined as a

single valued function of (z, y) for sufficiently small valuesof h =z —xy, k =y — ¥,.
1 Fl(xy + 6h, yo + Ok, z, + 61) l __F;(m)

Also -= -~ , = .
h F[(xy + 6h, y, + Ok, 2, + 1) k F/(--9)

when k and & respectively are assigned the values 0. The limits exist when 2 = 0 or
k = 0. But in the first case | = Az = A,z is the increment of z when « alone varies,
and in the second case ! = Az =A,z. The limits are therefore the desired partial
derivatives of z by « and y. The proof for any number of variables would be
similar.
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If none of the derivatives F,, F,, F, vanish, the equation F (x, y,2) = 0
may be solved for any one of the variables, and formulas like (9) will
express the partial derivatives. It then appears that

dz\ (dx Ozor FF]
(E)=ca=sr =" a0
dz\ [da\ (dy\ ¢z 6r oy
and <dx> <([J> <(l..> ox 0y 0z 1 ab

in like manner. The first equation is in this case identical with (4)
of § 2 because if y is constant the relation F(x, y, z) = 0 reduces to
G (x, z) = 0. The second equation is new. By virtue of (10) and simi-
lar relations, the derivatives in (11) may be inverted and transformed
to the right side of the equation. As it is assumed in thermodynamics
that the pressure, volume, and temperature of a given simple substance
are connected by an equation F(p, v, T) = 0, called the characteristic
equation of the substance, a relation between different thermodynamic
magnitudes is furnished by (11).
60. In the next place suppose there are two equations

F(x, y, u, v) =0, Gy y,u,v)y=0 12)
between four variables. Let each equation be differentiated.

dF = 0 = Fjdr + Fyly + F,du + Fdv,

dG = 0= Gz 4 G dy + G du 4+ G dv. 13)

If it be desired to consider w, ¢ as the dependent variables and «, y as
independent, it would be natural to solve these equations for the differ-
entials du and dv in terms of dx and dy; for example,
(Fotd — FGde + (Fy Gy — 16 ) dy

¥y

FlG] — FG,

du = 13"
The differential dv would have a different numerator but the same de-
nominator. The solution 1'eq1iires F,G, — F,G, %+ 0. This suggests the
desired theorem: If (u,, »,) are solutions of F = 0, G = 0 corresponding
to (x,,y,) and if F, G — F,G, does not vanish for the values (x,, y,, u,, v,),
the equations F = 0, &'= 0 may be solved for v = ¢ (z, y), v = ¢ (x, y)
and the solution is unique and valid for (», y) sufficiently near (r, #,)
— it being assumed that F and  regarded as functions in four variables
are continuous and have continuous first partial derivatives at and near
(%4y Yoy gy v,) 5 moreover, the total differentials du, dv are given by (13"
and a similar equation.
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The proof of this theorem may be deferred (§ 64). Some observations
should be made. The equations (13) may be solved for any two vari-
ables in terms of the other two. The partial derivatives

ou(x, y) ou (x, v) ox (u, v) or (n, y)

or oxr o ou

of u by a or of 2 by » will naturally depend on whether the solution
for w is in terms of (x, y) or of (x, v), and the solution for x is in (u, v)
or (u, y). Moreover, it must not be assumed that du/0x and ox /0w are
reciprocals no matter which meaning is attached to each. In obtaining
relations between the derivatives analogous to (10), (11), the values of
the derivatives in terms of the derivatives of F and ¢ may be found or
the equations (12) may first be considered as solved.

(14)

Thus if u=¢(,y), du = ¢ dx + ¢y,
V= ¢ (I’a y)a dv = \t’rld-li + \//,J'dy
A — ¢d — g du d
Then dr = M y dy = ‘{/" /u tg”_/l)
L Pu¥y — B ¥e
and L 7 ,% 2 —_—4’/—’ cte.
ou ¢4‘¢y - ¢y¢«r ov ¢l¢.’/ - ¢Il‘#l

cucx ¢vor

Hence = - — ==
cxr ou  eér ov

(15)

as may be seen by direct substitution. Here u, v are expressed in terms of x, y for
the derivatives u/, v/ ; and z, y are considered as expressed in terms of u, v for the
derivatives z,, x,.

61. The questions of free or constrained maxima and minima, at any
rate in so far as the determination of the conditions of the first order is
concerned, may now be treated. If F(x, y, ) = 0 is given and the max-
ima and minima of z as a function of («, ) are wanted,

Fi(z, y,2)=0, Fy(x, y,2)=0, F(r,y,2)=0 (16)
are three equations which may be solved for x, y, z. If for any of these
solutions the derivative F, does not vanish, the surface z = ¢ («, y) has
at that point a tangent plane parallel to z = 0 and there is a maximum,
minimum, or minimax. To distinguish between the possibilities further
investigation must be made if necessary ; the details of such an investi-
gation will not be outlined for the reason that special methods are
usually available. The conditions for an extreme of « as a function of
(%, ) defined implicitly by the equations (13') are seen to be

FlG,— F/G,=0, F,G,—F,G;=0, F=0, G¢=0. (17

The four equations may be solved for z, y, «, v or merely for x, y.
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Suppose that the maxima, minima, and minimax of » = f(x, y, #) sub-
ject either to one equation F(x, y, ) = 0 or two equations F(x, y, ) = 0,
G (x, y, 2) = 0 of constraint are desired. Note that if only one equation
of constraint is imposed, the function « = f(x, y, z) becomes a function
of two variables ; whereas if two equations‘are imposed, the function w«
really contains only one variable and the question of a minimax does
not arise. The method of multipliers is again employed. Consider

Q(x,y,2)=Ff+AF or ®&=f+AF+ uG (18)
as the case may be. The conditions for a free extreme of ® are
e, =0, & =0, @, = 0. 19)

These three equations may be solved for the coérdinates «, y, # which
will then be expressed as functions of A or of X and w according to the
case. If then A or A and u be determined so that (x, y, ) satisfy F=0
or F=0 and G = 0, the constrained extremes of « =jf(x, y, z) will be
found except for the examination of the conditions of higher order.

As a problem in constrained maxima and minima let the axes of the section of
an ‘ellipsoid by a plane through the origin be determined. Form the function

22
—z2+y‘+z~+>\( +)+ >+u(u+my+’w)

b2
by adding to 2 4+ y? + 22, which is to be made extreme, the equations of the ellipsoid

and plane, which are the equations of constraint. Then apply (19). Hence

z
z+)\— g:o, y+7\;/ 2m——0 z+)\g+gn=0

taken with the equations of ellipsoid and plane will determine «, y, 2z, A, u. If the
equations are multiplied by x, y, z and reduced by the equations of plane and

ellipsoid, the solution for X is N\ =— r2 =— (22 4 y2 + 22). The three equations
then become
_ 1 pla* 1 pmb? 1 punc? .
= , z=- , with & +m nz=20
Tor—a V=3 _w 2712 —c? +my ot
2q? m2b? n?
Hence =0 determines r2, 20
72—a2+r2—b2+r c? 20)

The two roots for r are the major and minor axes of the ellipse in which the plane
cuts the ellipsoid. The substitution of z, y, z above in the ellipsoid determines

wr_ [ al \? bm \* [ en \2 2 oyt 2
Z_<ﬂ_a2)+<r,2_b2>+(T2_62) sine S+ 5 451 @)

Now when (20) is solved for any particular root » and the value of u is found by
(21), the actual cobrdinates x. y, z of the extr~mities of the axes may be found,
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EXERCISES

1. Obtain the partial derivatives of z by z and y directly from (8) and not by
substitution in (9). Where does the solution fail ?

2y
(a)a_'3+l§+c_2_l’ B z+ty+z=
(v) @+ ¥* + 23?2 = a2 + b2y + c222, (8) xyz =c.

2. Find the second derivatives in Ex. 1 (a), (8), (8) by repeated differentiation.

I
TYz

3. State and prove the theorem on the solution of F(z, y, 2, u) = 0.

4. Show that the product a;,Er of the coefficient of expansion by the modulus
of elasticity (§ 52) is equal to the rate of rise of pressure with the temperature if
the volume is constant.

5. Establish the proportion Eg: Er = C,,: C, (see § 52).

6. If F(x,y, z, u) = 0, show Uy ez _y et _y

ereyezew | eréw
7. Write the equations of tangent plane and normal line to F(z, y, 2) = 0 and
find the tangent planes and normal lines to Ex. 1(8), (§) atx =1,y = 1.

8. Find, by using (13), the indicated derivatives on the assumption that either
x, ¥ or u, v are dependent and the other pair independent :

(@) b 4+ v + 05 — 3y =0, W+ v+ 93+ 3r=0, W, gt
) R

B)yr+y+utv=ua, - 24y 4wt =0, Ly u.;v Vys Uy
(v) Find dy in both cases if x, v are independent variables.

’”
aur

cucy v

cy .
9. Prove — =+ — = =0if F(z,y, u, v) =0, G(z, y, u, v) = 0.
oL ou cr cv
10. Find du and the derivatives u,, u,, u; in case
24 Y2+ 22 = w, xy = u2 4 02 4 w2, -zyz = uow.

11. If F(x, y, 2) = 0, G (x, ¥, 2) = 0 define a curve, show that
z -, _ Y=Y _ z— 2z,
(FI;GZ — F'Z'G!;)O (F;G’.— F;.G;)O (F;G!; — FyG;_)

70

is the tangent line to the curve at (x,, ¥,, 2,). Write the normal plane.
12. Formulate the problem of implicit functions occurring in Ex. 11.
13. Find the perpendicular distance from a point to a plane.

14. The sumn of three positive numbers isz + y + z = N, where N is given.
Determine z, y, z so that the product xPy2z” shall be maximum if p, ¢, r are given.
Ans. x:y:z: N=p:q:r:(p+q+7).

15. The sum of three positive numbers and the sum of their squares are both
given. Make the product a maximum or minimum.

16. The surface (224 y24 22)2=ax24by2+c2? is cut by the plane lx+my+nz=0.

2
! =0.
r2—a

Find the maximum or minimum radius of the section. Ans. 2
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17. In case F(z, y, u, v) = 0, G (z, y, u, v) = 0 consider the differentials
ov

=L+ Py, w=Lau+ P,  dy=%au+ Y.
or oy ou ov ou ov

Substitute in the first from the last two and obtain relations like (15) and Ex. 9.

18. If f(z, ¥, 2) is to be maximum or minimum subject to the constraint
F(x, y, ) = 0, show that the conditions are that dx:dy :dz = 0:0:Q are indeter-
minate when their solution is attempted from

fide 4+ f,dy + fldz=0 and Fjdz + F,dy + F.dz=0.
From what geometrical considerations should this be obvious ? Discuss in connec-

tion with the problem of inscribing the maximum rectangular parallelepiped in
the ellipsoid. These equations,

dr:dy:dz =fy'Fz' —f;Fy’ f.F.—f.F, :fl'_Fy' —f.,;F;. =0:0:0,
may sometimes be used to advantage for such problems.

19. Given the curve F(z, y, 2) = 0, G(z, ¥, 2) = 0. Discuss the conditions for
the highest or lowest points, or more generally the points where the tangent is
parallel to z = 0, by treating u = f(x, ¥, z) = z as a maximum or minimum sub-
ject to the two constraining equations F =0, G =0. Show that the condition
F,G; = F,G; which is thus obtained is equivalent to setting dz = 0 in

Fldz + F;dy + Fdz=0 and GJdz+ G;dy + GJdz = 0.
20. Find the highest and lowest points of these curves :
2 2 2 :
() 22+ y?=22+4+1, o +y +22=0, B) 2—2+Z?+%:1, e +my + nz=0.

21. Show that F,dx + F,dy + F,dz=0, withde =¢( —x. dy=n—y,dz=¢—2,
is the tangent plane to the surface F(z, y, z) = 0 at (z, ¥, 2). Apply to Ex. 1.

22. Given F(z, y, 4, v) = 0, G (%, ¥, 4, v) = 0. Obtain the equations
oF oF ou g‘av_o ¢F  eF ou aFav_O
ox  ewoxr eveéw | oy dudy vy
oG  ¢Geu in_v_O ¢G  Geu ﬁfu_o
x ouer owoxr 0 oy ouwéy owdy

and explain their significance as a sort of partial-total differentiation of ¥ =0

and ¢ = 0. Find u/ from them and compare with (13"). Write similar equations

where z, y are considered as functions of (u, v). Hence prove, and compare with

(15) and Ex. 9,

twy ey, e e

eyeu eyov | eyew  eyev

23. Show that the differentiation with respect to x and y of the four equations
under Ex. 22 leads to eight equations from which the eight derivatives

o2 2w - 2u ) )
A‘) ’ D M ]

’ I e
cx? cxoy oyox cy? 2

3

oy?
4

may be obtained. Show thus that formally u,, = u,. .
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62. Functional determinants or Jacobians. Let two functions

w=¢(,y), v=y(r, y) (22)
of two independent variables be given. The continuity of the functions
and of their first derivatives is assumed throughout this discussion

and will not be mentioned again. Suppose that there were a relation
F(u, v) =0 or F(¢, y) =0 between the functions. Then

F(,9)=0, Fup/+Fy;=0, Fib,+Fy,=0 (23)

The last two equations arise on differentiating the first with respect to
2 and y. The elimination of F and F, from these gives

é v _ 00 _ <I” '1.> —0 24
4’!; l/"; 6(1-,, !/) x, ' ( )

The determinant is merely another way of writing the first expression ;
the next form is the customary short way of writing the determinant
and denotes that the elements of the determinant are the first deriva-
tives of « and v with respect to # and y. This determinant is called the
Junctional determinant or Jacobian of the functions «, v or ¢, ¢ with
respect to the variables x, ¥ and is denoted by J. It is seen that: If
there is a functional relation F($, )= 0 between two functions, the
Jacobian of the functions vanishes identically, that is, vanishes for all
values of the variables (i, y) under consideration. '

Conversely, if the Jucobian vanishes identically over « two-dimensional
region for (x, y), the functions are comnected by a functionul relation.
For, the functions «, v may be assumed not to reduce to mere constants
and hence there may be assumed to be points for which at least one of
the partial derivatives ¢;, ¢,, ¢,, ¢, does not vanish. Let ¢; be the
derivative which does not vanish at some particular point of the region.
Then u = ¢ (x, y) may be solved as = x (i, y) in the vicinity of that
point and the result may be substituted in v.

by, — by =

or éx T ox ,
"= l//(X’ ',/)’ 83/ - ‘/’.r 6(,/ {_ ll/./ - ‘//.'7 a!/ + l/’y.
ox cuox or 1
= 8 L (b — U 24
But P 3y & and Py (i, — i) (24"

by (11) and substitution. Thus dv/0y =.J/¢;; and if J =0, then
ov /0y = 0. This relation holds at least throughout the region for which
¢, # 0, and for points in this region o /6y vanishes identically. Hence
v does not depend on # but becomes a function of « alone. This es-
tablishes the fact that v and « are functionally connected.
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These considerations may be extended to other cases. Let

w=¢(r, y, ), v=1y(, y, 2), w=x(x,y, 2)- (25)

If there is a functional relation F(u, v, w) = 0, differentiate it.

Fib, + Fiy, + Fox, =0, b Yo X
Fub, + Fiyy + Fox, = 0, ¢ ¥, x|=0 (26)

’

o(b, ¥, X) _ o (u, v, w) —J=0

0@, y,2) 0z, y,2) ’

The result is obtained by eliminating F,, F;, F, from the three equations.
The assumption is made, here as above, that F,, F/, F, do not all vanish
for if they did, the three equations would not imply J=0. On the
other hand their vanishing would imply that F did not contain w, ¢, w,
—as it must if there is really a relation between them. And now con-
versely it may be shown that if J vanishes identically, there is a func-
tional relation between u, v, w. Hence again the necessary and sufficient
conditions that the three functions (25) be functionally connected is that
their Jacobian vanish.

or

The proof of the converse part is about as before. It may be assumed that at
least one of the derivatives of u, v, w or ¢, ¥, x by «, y, z does not vanish. Let
¢, # 0 be that derivative. Then u = ¢ (z, ¥, z) may be solved as z = w(u, ¥, 2)
and the result may be substituted in v and w as

vzll’(xvyvz):‘P(wvyvz)ﬁ w=x(l’y,2)=x(w,y,l)'

Next the Jacobian of v and w relative to ¥ and z may be written as

wooow ,0r ’ , 00X ’
o Ty, e+
’AJ | %’ay ¥y X’ay Xy
cw| | ,ex ,  ,ox ,
£ P 4+
oz oz T oz v Xogy T Xz
_ 'Pz; X,; , _¢1;/ bx Xy, A — ¢1;/ b,
= |t ¥s PV b 2 A e
V. X, — ./ x. v, —ol/o,
1 v, x5 Ax, ¢ Jde, ¥, J
=—,[ R P L P LT
¢J¢' ‘Pz xz XZ ¢2 2 ‘PZ ¢JT

As J vanishes identically, the Jacobian of v and w expressed as functions of y, z,
and u vanishes. Hence by the case previously discussed there is a functional rela-
tion F (v, w) = 0 independent of y, z; and as v, w now contain u, this relation may
be considered as a functional relation between u, v, w.

63. If in (22) the variables u, v be assigned constant values, the
equations define two curves, and if u, v be assigned a series of such
values, the equations (22) define a network of curves in some part of the
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xy-plane. If there is a functional relation w = F(v), that is, if the
Jacobian vanishes identically, a constant value of v implies a constant
value of « and hence the locus for which v is constant is also a locus
for which w is constant; the set of v-curves coincides with the set of
w-curves and no true network is formed. This
case is uninteresting. Let it be assumed that y
the Jacobian does not vanish identically and
even that it does not vanish for any point (x, y)
of a certain region of the ay-plane. The indi-
cations of § 60 are that the equations (22) may
then be solved for x, y in terms of u, v at any
point of the region and that there is a pair of
the curves through each point. It is then proper to consider (u, v) as
the coordinates of the points in the region. To any point there corre-
spond not only the rectangular cobrdinates (x, y) but also the curei-
linear coérdinates (u, v). ’

The equations connecting the rectangular and curvilinear codrdinates
may be taken in either of the two forms

Ol

w=¢y), v=ylny) or z=fne), y=gn o), (22

each of which are the solutions of the other. The Jacobians

J<ﬂ> : J<U> =1 @0
xz, y Uy v

(x+dyx, y+dy¥)

are reciprocal each to each ; and this rela- Y|, viav)
tion may be regarded as the analogy of Ei:%ﬁ.%ﬁigz))
the relation (4) of § 2 for the case of vidv
the function y = ¢ (x) and the solution @) &m,,x. v+ duy)
@ = f(y) = ¢$7)(y) in the case of a single (| wra V)
variable. The differential of arc is 0 X

ds* = da? + dy* = Edu® + 2 Fdudy + Gdv?, (28)

ox\?* [oy\? oxodx  Oyoy ox\?* [oy\*
== = = — —= == G = — el
E <3n> + <8u> ’ F ouor + ouor’ ou + <au
The differential of area included between two neighboring «-curves and
two neighboring v-curves may be written in the form

dA = J<w’ Z) dudv = dudv = J(u—’l> (29)

%, z, Y

These statements will now be proved in detail.
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To prove (27) write out the Jacobians at length and reduce the result.

u v or ¢yl

s(B0)0 (%)= w | | 55\

T,y u, v ou  ov oxr oy

oy eyl |ov v
a_ua_a: avax auay avily 10
Gxou | ox ov azau oxr oV _ -1
ougs  war tuty ey || T
oyou QoQyov oyou oy ov

where the rule for multiplying determinants has been applied and the reduction
has been made by (15), Ex. 9 above, and similar formulas. If the rule for multi-
plying determinants is unfamiliar, the Jacobians may be written and multiplied
without that notation and the reduction may be made by the same formulas as
before. ' '

To establish the formula for the differential of arc it is only necessary to write
the total differentials of dx and dy, to square and add, and then collect. To obtain
thedifferential area between four adjacent curves consider the triangle determined
by (u, v), (u + du, v), (¥, v + dv), which is half that area, and double the result.
The determinantal form of the area of a triangle is the best to use.

Jae by | Zaw Pau| (&
=22 =| o Z“ = ;’“ dudv.

dr dy| |[Zav Y| | X

ov ov o ov

The subscripts on the differentials indicate which variable changes; thus d,x, d.y
are the codrdinates of (u + du, v) relative to (u, v). This method is easily extended
to determine the analogous quantities in three dimensions or more. It may be
noticed that the triangle does not look as if it were half the area (except for infin-
itesimals of higher order) in the figure ; but see Ex. 12 below.

It should be remarked that as the differential of area d4 is usually
considered positive when du and dv are positive, it is usually better to
replace J in (29) by its absolute value. Instead of regarding (u, v) as
curvilinear cobrdinates in the xy-plane, it is possible to plot them in
their own wv-plane and thus to establish by (22") a transformation of
the xy-plane over onto the wv-plane. A small area in the ay-plane then
becomes a small area in the wv-plane. If J > 0, the transformation is
called direct; butif J < 0, the transformation is called perverted. The
significance of the distinction can be made clear only when the ques-
tion of the signs of areas has been treated. The transformation is called
conformal when elements of arc in the neighborhood of a point in the
xy-plane are proportional to the elements of arc in the neighborhood of
the corresponding point in the wv-plane, that is, when

ds* = dx* 4+ dif = k (du? + dv®) = kdo>'* (30)
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For in this case any little triangle will be transformed into a little tri-
angle similar to it, and hence angles will be unchanged by the transfor-
mation. That the transformation be conformal requires that F = 0 and
E = ¢. It is not necessary that £ = ¢ = & be constants; the ratio of
similitude may be different for different points.

64. There remains outstanding the proof that equations may be solved
in the neighborhood of a point at which the Jacobian does not vanish.
The fact was indicated in § 60 and used in § 63.

Turorrem. Let p equations in n + p variables be given, say,

F(ry,x, - a,,,)=0, F,=0,---,F,=0. 31)

Let the p functions be soluble for «,, »,, ---, @, when a particular set
Tyt " r Tnspy, OF the other n variables are given. Let the functions
and their first derivatives be continuous in all the n + p variables in the
neighborhood of (', x,, -, 7. ). Let the Jacobian of the functions

with respect to =, @, -+, r,,

or, .o,
or or
Fl, o .’ ]:'[! — ’1 . 1 0
PTRATEESE /2 W R (PP 32)
Xy ey, oF an
61.1) axp Ligs s Tntpyy

fail to vanish for the particular set mentioned. Then the p equations
may be solved for the p variables z,, »,, - - -, «,, and the solutions will be
continuous, unique, and differentiable with continuous first partial
derivatives for all values of x,.,, ---, «,,, sufficiently near to the
values L+ 7 Tt pro

TureoreEM. The necessary and sufficient condition that a functional
relation exist between p functions of p variables is that the Jacobian
of the functions with respect to the variables shall vanish identically,
that is, for all values of the variables.

The proofs of these theorems will naturally be given by mathematical induction.
Fach of the theorems has been proved in the simplest cases and it remains only to
show that the theorems are true for p functions in case they are for p — 1. Expand
the determinant J.

oF, .
- J=dJ; —‘+J2——1+ I L Jyy -y Jp, minors,
o, oy
For the first theorem J z 0 and hence at least one of the minors J,, - - -, Jp must
fail to vanish. Let that one be J,, which is the Jacobian of F,, - .., F, with respect
to T,, -+ -, Tp. By the assumption that the theorem holds for the case p — 1, these
» — 1 equations m: y be solved for z,, ---, 2, in terms of the n 4 1 variables x,,
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Tp41y ***y Tn+p, and the results may be substituted in F,. It remains to show that

F; = 0 is soluble for z;. Now
aF, F, F, "o
_lzh b%+ ég_loﬁ::]/z]l;to_ (82
dr, oz, ox, ox, oxp 0xy

For the derivatives of x,, - - -, xp with respect to x, are obtained from the equations
0=6_F?_|_8__FZ% ...+LF‘2%, ey 0:%+@%+...+@’%
or,  or, or, oz, oy or, ox, ox, oLy 0,

resulting from the differentiation of F, =0, ..., F, =0 with respect to z,. The

derivative ¢x;/ox, is therefore merely Ji/J;, and hence dF,/dx, = J/J; and does
not vanish. The equation therefore may be solved for z, in terms of , 11, --,

%y + p, and this result may be substituted in the solutions above found for x,, - - -, x,,.

Hence the equations have been solved for z,, z,, - - -, &, in terms of &, 41, -+, Tu1p

and the theorem is proved.

For the second theorem the procedure is analogous to that previously followed.

If there is a relation F(u,, --, up) = 0 between the p functions

Up = Py (Lyy v ey Tp)y oo vy Up = ¢y (Lys oy L),

differentiation with respect to x,, - - -, , gives p equations from which the deriva-

Uyy s Uy,

Lyyt e dp

dition desired. If conversely this Jacobian vanishes identically and it be assumed

that one of the derivatives of u; by ;, say ou,/¢x,, does not vanish, then the solution

®; = w(Uy, Ty, -+, €,) may be effected and the result may be substituted in u,,

.+, Up. The Jacobian of u,, - .-, u, with respect to x,. - - -, &, will then turn out

to be J + ¢u,/ox; and will vanish because J vanishes. Now, however, only p — 1.

functions are involved, and hence if the theorem is true for p — 1 functions it must

be true for p functions. )

tives of F by u,, - - -, u, may be eliminated and J( > = 0 becomes the con-

EXERCISES
1. If u=ax+by+c and v=ax+ by + ¢’ are functionally dependent, the
lines u = 0 and v = 0 are parallel ; and conversely.
2. Prove x + y + 2, 2y + yz + zx, 22 + y% 4 22 functionally dependent.
3. Ifu=ar+by+cz+d, v=axs+by+cz+d, w=a"z+by+c’z+d’
are functionally dependent, the planes u = 0, v = 0, w = 0 are parallel to a line.

, F, oF. .
4. Tn what senses are 2 and ¥, of (24') and ar and <1 of (32) partial or total
oy dx, ox,
derivatives ? Are not the two sets completely analogous ?

5. Given (25), suppose ‘ﬁ’f xf # 0. Solve v =y and w = x for y and z, substi-
2 Xz 0,7 ’
tute in u = ¢, and prove du/ox = J + ’bf x’ﬂ .
Yo Xe
6. If u=1u(x,y), v="1(,y), andz =z (£ 7), y = ¥y (£, ), prove
o)
z, Yyl \& 1 &

State the extension to any number of variables. How may (27’) be used to prove
(27) ? Again state the extension to any number of variables.
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7. Prove dV = J(“" 2 )dudvdw dudvdw ~ J(“ v
u7 /v’ x y7

volume in space with curvilinear codrdinates u, v, w = consts.

w) is the element of

8. In what parts of the plane can u =22 4 ¥2, v = zy not be used as curvi-
linear cobrdinates ? Express ds? for these cosrdinates.

9. Prove that 2u = 22 — y2, v = xy is a conformal transformation.

u v v
) =
u 4 02 uZ F v

11. Define conformal transformation in space. If the transformation

10. Prove that z = is a conformal transformation.

= au+ bv + cw, Yy =au+ bv+ cw, z=a"u+ b+ c’w
is conformal, is it orthogonal ? See Ex. 10 (¢{), p. 100.
12. Show that the areas of the triangles whose vertices are
(4, v), (u + du, v), (u, v+ dv) and (u+ du, v 4+ dv), (« + du, v), (4, v + dv)
are infinitesimals of the same order, as suggested in § 63.

13. Would the condition F = 0 in (28) mean that the set of curves u = const.
were perpendicular to the set v = const. ?

14. Express E, F, G in (28) in terms of the derivatives of u, v by , y.

15. If e =¢(s, 1), y=9 (s, t), 2=x(s,?) are the parametric equations of a
surface (from which s, ¢ could be eliminated to obtain the equation between

z, ¥, ), show
% _ g (ﬂ> =7 (’—'P) and find 2.
o s, t t oy

87

65. Envelopes of curves and surfaces. Let the equation F(z,y,a)=0
be considered as representing a family of curves where the different
curves of the family are obtained by assigning different values to the

parameter @. Such families are illustrated by
x—a)l+y*=1 and ar+y/a=1, (33)
which are circles of unit radius centered on the z-axis and lines which
_cut off the area } a® from the first quadrant. As & changes, the circles
remain always tangent to the two lines y = + 1 and
the point of tangency traces those lines. Again, as
« changes, the lines (33) remain tangent to the hyper-
bola xy = k, owing to the property of the hyperbola
that a tangent forms a triangle of constant area with
the asymptotes. The lines y = + 1 are called the
envelope of the system of circles and the hyperbola
xy = k the envelope of the set of lines. In general, ifthere is a curve
to which the curves of a family F(x, y, @) = 0 are tangent and if the
peint of tangency describes that curve as a varies, the curve is called
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the envelope (or part of the envelope if there are several such curves)
of the fumily F(xr,y, &) = 0. Thus any curve may be regarded as the
envelope of its tangents or as the envelope of its circles of curvature.

To find the equations of the envelope note that by definition the
enveloping curves of the family 7(., y, @) = 0 are tangent to the envelope
and that the point of tangency moves along the envelope as a varies.
The equation of the envelope may therefore be written

r=¢@, y=y@ with F,¢a=0 (34
where the first equations express the dependence of the points on the
envelope upon the parameter @ and the last equation states that each
point of the envelope lies also on some curve of the family F(x, y, @)= 0.
Ditferentiate (34) with respect to @. Then

Fi¢'(a) + Fy'(x) + F;= 0. (35)
Now if the point of contact of the envelope with the curve F = 0 is an
ordinary poiat of that curve, the tangent to the curve is

Flae—a)+F(y—y)=0; and F¢'+ Fy'=0,
since the tangent direction dy:dx = y':¢' along the envelope is by
definition identical with that along the enveloping curve; and if the
point of contact is a singular point for the enveloping curve, ¥, = F, = 0.
Hence in either case F,= 0.
Thus for points on the envelope the two equations

F(r,y,a)=0, Fo(a, y, @) =0 (36)

are satisfied and the equation of the envelope of the family F = 0 may
be found by solving (36) to find the parametric equations x = ¢ (a),
y =y (&) of the envelope or by eliminating « between (36) to find the
equation of the envelope in the form ®(x,y) = 0. It should be remarked
that the locus found by this process may contain other curves than the
envelope. For instance if the curves of the family F = 0 have singular
points and if 2 = ¢ (@), y = ¢(@) be the locus of the singular points
as a varies, equations (34), (35) still hold and hence (36) also. The
rule for finding the envelope therefore finds also the locus of singular
points. Other extraneous factors may also be introduced in performing
the elimination. It is therefore important to test graphically or analyt-
ically the solution obtained by applying the rule.

As a first example let the envelope of (x — a)? + »2 = 1 be found.
F@a,y,a)=@x—a)?+94*2—1=0, F,=—2@x—a)=0.

The elimination of « from these equations gives y2—1 =10 and tiie solution
for a givesr = «, y =+ 1. The loci indicated as envelopes are y =+ 1. It ig
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geometrically evident that these are really envelopes and not extraneous factors.
But as a second example consider ar + y/«a = 1. Here

Fr,y,)=ar+y/a—1=0, Fi=z—y/a*=0.

The solution is y = @ /2, & = 1/2«, which gives xy = 1. This is the envelope; it could
. not be a locus of singular points of F = 0 as there are none. Suppose the elimina-
tion of @ be made by Sylvester’s method as

—y/a® +0/ax +x+0a=0 -y 0 =z 0
0/ —y/a +0+4+aca=0 00—y 0 =z

. and =0;
y/¢ —1/a +24+0a=0 y —1 z 0
0/ +y/a —14+zxza=0 0 ¥y —1 =z

the reduction of the determinant gives xy (4xy — 1) = 0 as the eliminant, and con-
tains not only the envelope 4xy = 1, but the factors ¢ = 0 and y = 0 which are
obviously extraneous. .

As a third problem find the envelope of a line of which the length intercepted
between the axes is constant. The necessary equations are

Ti¥o1, aep=k, Zda+lag=0, ada+pig=o.
a B a? 82

Two parameters «, 8 connected by a relation have been introduced; both equations
have been differentiated totally with respect to the parameters; and the problem
is to eliminate a, B, da, dB trom the equations. In this case it is simpler to carry
both parameters than to introduce the radicals which would be required if only
one parameter were used. The elimination of dea, dB from the last two equations
givesz:y = a®: @8 or Ve : Vy = a: B. From this and the first equation,

1 1 1 1

2 2 2
—= ; oy o= - —» and hence 3 + y3 =K%,
@ g 4ys) By (¥ 4 4f)

66. Consider two neighboring curves of F(r, y, @) = 0. Let (x, 3,
be an ordinary point of @ = e and (v, + «a.x, y, + dy) of @ + da. Then

F(x,+ dz, y, + dy, @, + da) — F(x, y,, &)
= Flr 4 F)dy 4+ Fide=0 37
holds except for infinitesimals of higher order. The distance from the

point on @, + Jde to the tangent to a, at (v, y,) is

Fde +Fydy i+ Foda

=dn (38)

except for infinitesimals of higher order. This distance is of the first
order with de, and the normal derivative da/dn of § 48 is finite except
when I, = 0. The distance is of higher order than da, and da/dn is
infinite or dn/da is zero when F,= 0. It appears therefore that t/e
envelope is the locus of points at which the distance between two neigh-
boring curves is of higher order than de. This is also apparent geomet-
rically from the fact that the distance from a point on a curve to the
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tangent to the curve at a neighboring point is of higher order (§ 36).
Singular points have been ruled out because (38) becomes indetermi-
nate. In general the locus of singular points is not tangent to the
curves of the family and is not an envelope but an extraneous factor;
in exceptional cases this locus is an envelope.

If two neighboring curves F(x, y, @) = 0, F(x, y, @ + Aa) = 0 inter-
sect, their point of intersection satisfies both of the equations, and hence
also the equation

i [F(x, y, @ + A@) — F(x, y, @) ]=F,(x, y, « + 6Aa) = 0.

If the limit be taken for Aa = 0, the limiting position of the intersec-
tion satisfies F, = 0 and hence may lie on the envelope, and will lie on
the envelope if the common point of intersection is remote from singular
points of the curves F(x, y, ) = 0. This idea of an envelope as the
limit of points in which neighboring curves of the family intersect is
valuable. It is sometimes taken as the definition of the envelope. But,
unless imaginary points of intersection are considered, it is an inade-
quate definition; for otherwise y = (x — «)® would have no envelope
according to the definition (whereas y = 0 is obviously an envelope) and
a curve could not be regarded as the envelope of its osculating circles.

Care must be used in applying the rule for finding an envelope. Otherwise not
only may extraneous solutions be mistaken for the envelope, but the envelope may
be missed entirely. Consider

y—sinar=0 or a—z-lsin-ly =0, (39)

where the second form is obtained by solution and contains a multiple valued
function. These two families of curves are identical, and it is geometrically clear
that they have an envelope, namely y = 4+ 1. This is precisely what would be
found on applying the rule to the first of (39); but if the rule be applied to the
second of (89), it is seen that F, = 1, which does not vanish and hence indicates no
envelope. The whole matter should be examined carefully in the light of implicit
functions.

Hence let F(z, y, ) = 0 be a continuous single valued function of the three
variables (z, y, a) and let its derivatives F,, F,, F, exist and be continuous. Con-
sider the behavior of the curves of the family near a point (z,, y,) of the curve for
a = a, provided that (z,, y,) is an ordinary (nonsingular) point of the curve and
that the derivative F,(zy, %o, @,) does not vanish. As F, = 0 and either F # 0
or Fz; # 0 for (z,, ¥y, ), it is possible to surround (z,, ¥,) with a region so small
that F(z, y, @) = 0 may be solved for a = f(x, ¥) which will be single valued and
differentiable; and the region may further be taken so small that F, or F, remains
different from 0 throughout the region. Then through every point of the region
there is one and only one curve a = f(x, ) and the curves have no singular points
within the region. In particular no two curves of the family can be tangent to
each other within the region.
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Furthermore, in such a region there is no envelope. For let any curve which
traverses the region be * = ¢ (¢), ¥y = ¢ (f). Then

a®)=r(e@), ¥@), aO=r ')+, 0).
Along any curve a = f(z, y) the equation fldx + f;dy = 0 holds, and if = = ¢ (2),
y =y (t) be tangent to this curve, dy =dr =y :¢" and a’(f) =0 or a = const.
Hence the only curve which has at each point the direction of the curve of the
family through that point is a curve which coincides throughout with some curve
of the family and is tangent to no other member of the family. Hence there is no

envelope. The result is that an envelope can be present only when F, = 0 or when

F,=F, =0, and this latter case has been seen to be included in the condition

F,=0. If F(z, y, a) were not single valued but the branches were separable, the
same conclusion would hold. Hence in case F(z, y, ) is not single valued the loci
over which two or more values become inseparable must be added to those over
which F = 0 in order to insure that all the loci which may be envelopes are taken
into account.

67. The preceding considerations apply with so little change to other
cases of envelopes that the facts will merely be stated without proof.
Consider a family of surfaces F(x, y, 2, @, 8) = 0 depending on two
parameters. The envelope may be defined by the property of tangency
as in § 65; and the conditions for an envelope would be

F(x, y, 2, &, B) =0, F,=0, Fg=0. (40)

These three equations may be solved to express the envelope as

x = ¢(a, B), y =y B), z=x(a B)

parametrically in terms of @, B8; or the two parameters may be elimi-
nated and the envelope may be found as ®(x, y, 2) = 0. In any case
extraneous loci may be introduced and the results of the work should
therefore be tested, which generally may be done at sight.

It is also possible to determine the distance from the tangent plane
of one surface to the neighboring surfaces as

Fda + Foly + I,dz _ Fde + IgdB — dn, (41)
VEZ+FP+F? NEI+ FP A+ F?

and to define the envelope as the locus of points such that this distance
is of higher order than |da|+ |dB| The equations (40) would then also
follow. This definition would apply only to ordinary points of the sur-
faces of the family, that is, to points for which not all the derivatives
F}, F;, F, vanish. But as the elimination of &, 8 from (40) would give
an equation which included the loci of these singular points, there
would be no danger of losing such loci in the rare instances where they,
too, happened to be tangent to the surfaces of the family.
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The application of implicit functions as in § 66 could also be made in this case
and would show that no envelope could exist in regions where no singular points
occurred and where either F; or Fy failed to vanish. This work could be based
either on the first definition involving tangency directly or on the second definition
which involves tangency indirectly in the statements concerning infinitesimals of
higher order. It may be added that if F(x, v, 2, a, 8) = 0 were not single valued,
the surfaces over which two values of the function become inseparable should be
added as possible envelopes.

A family of surfaces F(x, , 2, ) = 0 depending on a single param-
eter may have an envelope, and the envelope is found from

Fx, y, 2, ) =0, Fi(x,y,z,a)=0 (42)

by the elimination of the single parameter. The details of the deduction
of the rule will be omitted. If two neighboring surfaces intersect, the
limiting position of the curve of intersection lies on the envelope and
the envelope is the surface generated by this curve as a varies. The
surfaces of the family touch the envelope not at a point merely but
along these curves. The curves are called ciaracteristics of the family.
In the case where consecutive surfaces of the family do not intersect
in a real curve it is necessary to fall back on the conception of imagi-
naries or on the definition of an envelope in terms of tangency or
infinitesimals; the characteristic curves are still the curves along
which the surfaces of the family are in contact with the envelope and
along which two consecutive surfaces of the family are distant from
each other by an infinitesimal of higher order than da.

A particular case of importance is the envelope of a plane which
depends on one parameter. The equations (42) are then

Adx+By+ Cz+ D=0, A%4By+4+C24D=0, (43)

where 4, B, C, D are functions of the parameter and differentiation
with respect to it is denoted by accents. The case where the plane
moves parallel to itself or turns about a line may be excluded as trivial.
As the intersection of two planes is a line, the characteristics of the
system are straight lines, the envelope is a ruled surface, and a plane
tangent to the surfuce at one point of the lines is tangent to the surface
throughout the whole extent of the line. Cones and cylinders are exam-
ples of this sort of surface. Another example is the surface enveloped
by the osculating planes of a curve in space; for the osculating plane
depends on only one parameter. As the osculating plane (§ 41) may be
regarded as passing through three consecutive points of the curve, two
consecutive osculating planes may be considered as having two consecu-
tive points of the curve in common and hence the characteristics are
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the tangent lines to the curve. Surfaces which are the envelopes of a
plane which depends on a single parameter are called developuble surfaces.
A family of curves .dependent on two parameters as

F(r,y, 2, a B) =0, ’ G(x, y, 2,0, 8)=0 (44)
is called a econgruence of curves. The curves may have an envelope, that
is, there may be a surface to which the curves are tangent and which
may be regarded as the locus of their points of tangency. The envelope
is obtained by eliminating «, 8 frqm the equations

F =0, G =0, F Gy — Fatiy = 0. (45)
To see $his, suppose that the third condition is not fulfilled. The equa-
tions (44) may then be solved as & = f(x, ¥, 2), B = ¢ (x, y, z). Reason-
ing like that of § 66 now shows that there cannot possibly be an
envelope in the region for which the solution is valid. It may therefore
be inferred that the only possibilities for an envelope are contained in
the equations (45). As various extraneous loci might be introduced in
the elimination of @, B from (45) and as the solutions should therefore
be tested individually, it is hardly necessary to examine the general
question further. The envelope of a congruence of curves is called the
Sfocal surfuce of the congruence and the points of contact of the curves
with the envelope are called the focal points on the curves.

EXERCISES

1. Find the envelopes of these families of curves. In each case test the answer
or its individual factors and check the results by a sketch :
(@y=2az+at, (B r=a@—a), (1)y=as+l/a,
(@) a@+aP=a, (Jy=a@+a)? () rP=a@—ar
2. Find the envelope of the ellipses 22/a2 + y2/b% = 1 under the condition that
() the sum of the axes is constant or (8) the area is constant.

3. Find the envelope of the circles whose center is on a given parabola and
which pass through-the vertex of the parabola.

4. Circles pass through the origin and have their centers on x> — y? = ¢2. Find
their envelope. Ans. A lemniscate.

5. Find the envelopes in these cases :
(a) = + zya = sin—1zy, B) z+ a=vers—ly + V2y — o7,
) y+a=v1i-1/x.

6. Find the envelopes in these cases :
(@) 603+By+aﬁz=1 ; (ﬁ) Ty i—(—jtézl,
(v) —+B2+—_1 w1th aﬁ'y—k‘

7. Find the envelopes in Ex. 6 («a), (8) if a =porif a =—B.
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8. Prove that the envelope of F(x, ¥, 2, @) = 0 is tangent to the surface along
the whole characteristic by showing that the normal to F(z, y, 2, ) = 0 and to the
eliminant of F = 0, F, = 0 are the same, namely

F/:F,:F, and F+ F;‘;Z;F;+ F‘,a_y;Fz’q. F;%;—',
where a(z, y, 2) is the function obtained by solving F, = 0. Consider the problem
also from the point of view of infinitesimals and the normal derivative.

;o

9. If there is a curve ¢ = ¢ (@), ¥ = ¥ (a), 2 = x (a) tangent to the curves of
the family defined by F(z, ¥, z, a) =0, G (z, ¥, 2, ) = 0 in space, then that curve
is called the envelope of the family. Shov?r, by the same reasoning as in § 65 for
the case of the plane, that the four conditions F =0, G =0, F, = 0, G, = 0 must
be satisfied for an envelope ; and hence infer that ordinarily a family of curves in
space dependent on a single parameter has no envelope.

10. Show that the family F(z, v, 2z, «) =0, F_(z, ¥, 2z, a) = 0 of curves which
are the characteristics of a family of surfaces has in general an envelope given by
the three equations F =0, F; =0, F,, = 0.

11. Derive the condition (45) for the envelope of a two-parametered family of
curves from the idea of tangency, as in the case of one parameter.

12. Find the envelope of the normals to a plane curve y = f(x) and show that
the envelope is the locus of the center of curvature.

13. The locus of Ex. 12 is called the evolute of the curve y = f(z). In these cases
find the evolute as an envelope :
(@) y =22, (B) © = asint, y = bceost, () 22y = a?,
(8) ¥ =2mz, (¢) x=a(f —sinf), y = a (1 — cosfb), (¢) ¥ = coshx.

14. Given a surface z = f(x, ). Construct the family of normal lines and find
their envelope.

15. If rays of light issuing from a point in a plane are reflected from a curve in
the plane, the angle of reflection being equal to the angle of incidence, the envelope
of the reflected rays is called the caustic of the curve with respect to the point.
Show that the caustic of a circle with respect to a point on its circumference is a
cardioid.

16. The curve which is the envelope of the .characteristic lines, that is, of the
rulings, on the developable surface (43) is called the cuspidal’edge of the surface.
Show that the equations of this curve may be found parametrically in terms of the
parameter of (43) by solving simultaneously

Ax 4+ By+Cz+ D=0, A+ By+ Cz+D =0,A"2+By+C2+ D" =0

for z, y, z. Consider the exceptional cases of cones and cylinders.

17. The term **developable ”* signifies that a developable surface may be developed
or mapped on a plane in such a way that lengths of arcs on the surface become equal
lengths in the plane, that is, the map may be made without distortion of size or
shape. In the case of cones or cylinders this map may be made by slitting the cone
or cylinder along an element and rolling it out upon a plane. What is the analytic
statement in this case? In the case of any developable surface with a cuspidal
edge, the developable surface being the locus of all tangents to the cuspidal edge,
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the length of arc upon the surface may be written as do? = (dt + ds)? + {2ds2/R?,
where s denotes arc measured along the cuspidal edge and ¢ denotes distance along
the tangent line. This form of de? may be obtained geometrically by infinitesimal
analysis or analytically from the equations
T=FE)+US), v=9()+6), z2=h(s)+ ()

of the developable surface of which 2 = f(s), ¥ = g(s), 2 = h(s) is the cuspidal edge.
It is thus seen that do? is the same at corresponding points of all developable sur-
faces for which the radius of curvature R of the cuspidal edge is the same function
of s without regard to the torsion; in particular the torsion may be zero and the
developable may reduce to a plane.

18. Let the line 2 = az + b, ¥y = ¢z + d depend on one parameter so as to gen-
erate a ruled surface. By identifying this form of the line with (43) obtain by

substitution the conditions
Aa+ Bc+C=0, Aa+ Bc+C =0 or Aa’+ B’ =0 or a’c’|~0
Ab+ Bd+ D=0, Ab 4+ Bd+D =0 AY 4+ Bd’=0 v odl

as the condition that the line generates a developable surface.

68. More differential geometry. The representation

F(z,y,2) =0, or z=f(x,7) (46)
or x = ¢ (u, v), y =y (u, v), 2= x(u, v)
of a surface may be taken in the unsolved, the solved, or the parametric
form. The parametric form is equivalent to the solved form provided
u, v be taken as «, y. The notation
0z 0z 0% 0% 0%
p=%7 g=—93—/> =w7 S=aﬂt—9};, t=@2
is adopted for the derivatives of z with respect to « and y. The applica-
tion of Taylor’s Formula to the solved form gives
Az = ph + gk + L (02 + 2shk + tA7) + - - ¢
with » = Ax, £ = Ay. The linear terms ph + ¢k constitute the differ-
ential dz and represent that part of the increment of z which would be
obtained by replacing the surface by its tangent plane. Apart from
infinitesimals of the third order, the distance from the tangent plane up
or down to the surface along a parallel to the z-axis is given by the
quadratic terms } (rA* + 2 shk + tA%).

Hence if the quadratic terms at any point are a positive definite form
(§ 55), the surface lies above its tangent plane and is concave up; but
if the form is negative definite, the surface lies below its tangent plane
and is concave down or convex up. If the form is indefinite but not
singular, the surface lies partly above and partly below its tangent
plane and may be called concavo-convex, that is, it is saddle-shaped. If
the form is singular nothing can be definitely stated. These statements
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are merely generalizations of those of § 55 made for the case where the
tangent plane is parallel to the xy-plane. Tt will be assumed in the
further work of these articles that at least one of the derivatives », s, ¢
is not 0.

To examine more closely the behavior of a surface in the vicinity of
a particular point upon it, let the ay-plane be taken in coincidence with
the tangent plane at the point and let the point be taken as origin.
Then Maclaurin’s Formula is available.

z=L1(ra® + 2sxy + ty*) + terms of higher order (48)
=} p?(rcos® 6 + 2 s sin 6 cos @ + ¢ sin® ) + higher terms,
where (p, 8) are polar codrdinates in the y-plane. Then
2, 22
%: rcos’0 + 2ssinfcos § + tsinzezzl%; . [1 + <z—;> ]2 (49)
is the curvature of a normal section of the surface. The sum of the
curvatures in two normal sections which are in perpendicular planes
may be obtained by giving 6 the values 6 and 6 + 7. This sum
reduces to » + ¢ and is therefore independent of 6.

As the sum of the curvatures in two perpendicular normal planes is
constant, the maximum and minimum values of the curvature will be
found in perpendicular planes. These values of the curvature are called
the principal values and their reciprocals are the principal radii of
curvature and the sections in which they lie are the principal sections.
If s = 0, the principal sections are § =0 and § = } 7; and conversely
if the axes of « and » had been chosen in the tangent plane so as to be
tangent to the principal sections, the derivative s would have vanished.
The equation of the surface would then have taken the simple form

z = L (ra® + ty*) + higher terms. (50)

The principal curvatures would be merely » and ¢, and the curvature
in any normal section would have had the form

1 _ cos’d  sin’é
R R R,

= cos? 6 + ¢ sin? 6.

If the two principal curvatures have opposite signs, that is, if the
signs of » and ¢ in (50) are opposite, the surface is saddle-shaped.
There are then two directions for which the curvature of a normal sec-
tion vanishes, namely the directions of the lines

0 =+tan'V—1R,/R or V|r|z=1+ V|t]y

These are called the asymptotic directions. Along these directions the
surface departs from its tangent plane by infinitesimals of the third
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order, or higher order. If a curve is drawn on a surface so that at each
point of the curve the tangent to the curve is along one of the asymp-
totic directions, the curve is called an asymptotic curve or line of the
surface. As the surface departs from its tangent plane by infinitesimals
of higher order than the second along an asymptotic line, the tangent
plane to a surface at any point of an asymptotic line must be the oscu-
lating plane of the asymptotic line.

The character of a point upon a surface is indicated by the Dupin
indicatriz of the point. The indicatrix is the conic

a2 2 2 \

— 4 -=1, cf. z = L (ra* 4 tyf), (51)

B TR,
which has the principal directions as the directions of its axes and the
square roots of the absolute values of the principal radii of curvature
as the magnitudes of its axes. The conic may be regarded as similar to
the conic in which a plane infinitely near the tangent plane cuts the
surface when infinitesimals of order higher than the second are neg-
lected. In case the surface is concavo-convex the indicatrix is a hyper-
bola and should be considered as either or both of the two conjugate
hyperbolas that would arise from giving z positive or negative values
in (51). The point on the surface is called elliptic, hyperbolic, or
parabolic according as the indicatrix is an ellipse, a hyperbola, or a pair
of lines, as happens when one of the principal curvatures vanishes.
These classes of points correspond to the distinctions definite, indefinite,
and singular applied to the quadratic form »2* + 2 shk + &%

Two further results are noteworthy. Any curve drawn on the surface
differs from the section of its osculating plane with the surface by
infinitesimals of higher order than the second. For as the osculating
plane passes through three consecutive points of the curve, its inter-
section with the surface passes through the same three consecutive
points and the two curves have contact of the second order. It follows
that the radius of curvature of any curve on the surface is identical
with that of the curve in which its osculating plane cuts the surface.
The other result is Meusnier’s Theorem : The radius of curvature of an
oblique section of the surface at any point is the projection upon the
plane of that section of the radius of curvature of the normal section
which passes through the same tangent line. In other words, if the
radius of curvature of a normal section is known, that of the oblique
sections through the same tangent line may be obtained by multiplying
it by the cosine of the angle between the plane normal to the surface
and the plane of the oblique section.
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The proof of Meusnier’s Theorem may be given by reference to (48). Let the
r-axis in the tangent plane be taken along the intersection with the oblique plane.
Neglect infinitesimals of higher order than the second. Then

y=¢ () =}ar? z2=13(re? + 2szy + ty?) = jra? (48)

will be the equations of the curve. The plane of the section is az — ry = 0, as may
be seen by inspection. The radius of curvature of the curve in this plane may be
found at once. For if u denote distance in the plane and perpendicular to the
r-axis and if » be the angle between the normal plane and the oblique plane
az —ry =0,
u=zsecv=ycscv=4rsecv-x>=}acscr-x2

The form u = } rsecr- x? gives the curvature as rsec». But the curvature in the
normal section is r by (48”). As the curvature in the oblique section is sec » times
that in the normal section, the radius of curvature in the oblique section is cos»
times that of the normal section. Meusnier’s Theorem is thus proved.

69. These investigations with a special choice of axes give geometric proper-
ties of the surface, but do not express those properties in a convenient analytic
form ; for if a surface z = f(x, y) is given, the transformation to the special axes
is difficult. The idea of the indicatrix or its similar conic as the section of the
surface by a plane near the tangent plane and parallel to it will, however, deter-
mine the general conditions readily. If in the expansion

Az — dz = } (rh® + 2 shk + tk?) = const. (52)

the quadratic terms be set equal to a constant, the conic obtained is the projection
of the indicatrix on the xy-plane, or if (52) be regarded as a cylinder upon the
zy-plane, the indicatrix (or similar conic) is the intersection of the cylinder with
the tangent plane. As the character of the conic is unchanged by the projection,
the point on the surface is elliptic if s2 <rt, hyperbolic if s2 > rt, and parabolic if
s2 = rt. Moreover if the indicatrix is hyperbolic, its asymptotes must project into the
asymptotes of the conic (52),.and hence if dr and dy replace A and k, the equation

rdx? + 2 sdedy + tdy?2 =0 (53)

may be regarded as the differential equation of the projection of the asymptotic lines
on the xy-plane. If 7, s, t be expressed as functions f,., /.., f,, of (2, ¥) and (53) be
factored, the integration of the two equations M (z, y)dx + N (x, ¥)dy thus found
will give the finite equations of the projections of the asymptotic lines and, taken
with the equation z = f(x, ¥), will give the curves on the surface.

To find the lines of curvature is not quite so simple ; for it is necessary to deter-
mine the directions which are the projections of the axes of the indicatrix, and
these are not the axes of the projected conic. Any radius of the indicatrix may
be regarded as the intersection of the tangent plane and a plane perpendicular to
the zy-plane through the radius of the projected conic. Hence

z—zp=p@—a)+qW—vyy), @—z)k=@W—yy)h

are the two planes which intersect in the radius that projects along the direction
determined by %, k. The direction cosines

h:k:ph+ qk
V12 4k 4 (ph + gk)?

and h:k:0 (54)
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are therefore those of the radius in the indicatrix and of its projection and they
determine the cosine of the angle ¢ between the radius and its projection. The
square of the radius in (52) is

W2+ k2, and (A + k?)sect¢p = A2 + k2 + (ph + ¢k)?

is therefore the square of the corresponding radius in the indicatrix. To deter-
mine the axes of the indicatrix, this radius is to be made a maximum or minimum
subject to (52). With a multiplier X,

h+ ph + gk + \(rh + sk) =0, kE+ph+qk+N@Sh+tk)=0
are the conditions required, and the elimination of X\ gives
B2 [s(1+ p*) —pgr] + hk[t (1 + p?) — r(1 + ¢)] — K [t(1 + ¢*) — pqt] = O
as the equation that determines the projection of the axes. Or
(1 +pY)dz 4+ pedy _ pgde + (1 + ¢)dy
rdx + sdy - sdzx + tdy
18 the differential equation of the projected lines of curvature.
In addition to the asymptotic lines and lines of curvature the geodesic or shortest
lines on the surface are important. These, however, are better left for the methods
of the calculus of variations (§ 159). The attention may therefore be turned to

finding the value of the radius of curvature in any normal section of the surface.
A reference to (48) and (49) shows that the curvature is

1 2z rh®4 2shk 4+ th? _ rh? 4+ 2shk 4 k2

R p2 - P2 - h2 + k2
in the special case. But in the general case the normal distance to the surface is
(Az — dz) cos v, with secy = V1 + p? + ¢, instead of the 22 of the special case, and
the radius p2? of the special case becomes p?sec?¢ = h% + k? 4+ (ph + gk)? in the

tangent plane. Hence
1 2(Az—dz)cosy _ ri24 2slm + tm?
B R+E+(h+dk? Vitp+g
where the direction cosines I, m of a radius in the tangent plane have been intro-

duced from (54), is the general expression for the curvature of a normal section.
The form

(55)

(56)

1 rh? 4 2shk + th? 1
R E+E+(ph+ k) Vit
where the direction %, k of the projected radius remains, is frequently more con-

venient than (56) which contains the direction cosines I, m of the original direction
in the tangent plane. Meusnier’s Theorem may now be written in the form
cosy ri2 4+ 2slm + tm?
=
B Vigp+e
where » is the angle between an oblique section and the tangent plane and where
1, m are the direction cosines of the intersection of the planes.

The work here given has depended for its relative simplicity of statement upon
the assumption of the surface (46) in solved form. It is merely a problem in
implicit partial differentiation to pass from p, g, , s, t to their equivalents in terms
of F,, F,, F, or the derivatives of ¢, ¥, x by a; B.

(56")

(67
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EXERCISES

1 r+t r—t . . N . .
o 1. In (49) show N :: + e cos 26 + ssin 24 and find the directions of
T
maximum and minimuwm R. If £, and R, are the maximum and minimum values
of R, show

1 + 1 =r+4+t¢t and
R, R,

| —

1
I

=7t — §2,

<]

[

Half of the sum of the curvatures is called the meun curvature; the product of the
curvatures is called the total curvature.

2. Find the mean curvature, the total curvature, and therefrom (by construct-
ing and solving a quadratic equation) the principal radii of curvature at the origin :
(@) z=xay, B)z=a>+ay+y’ (V) z=x(+Yy).
3. In the surfaces (a) z = zy and (B) z = 222 + ¥? find at (0, 0) the radius of
* curvature in the sections made by the planes
(@) ¢ +y =0, ®B)z+y+2z=0, M az+y+22=0,
() t—2y =0, () z—2y+2=0, () z+2y+1z=0.
The oblique sections are to be treated by applying Meusnier’s Theorem.
4. Find the asymptotic directions at (0, 0) in Exs. 2 and 3.

5. Show that a developable surface is everywhere parabolic, that is, that rt — s2 = 0
at every point ; and conversely. To do this consider the surface as the envelope of
its tangent plane z — pox — gy = 2, — Do — Yo¥o, Where P, qq, 2o, Yo, 2, are func-
tions of a single parameter . Hence show

J<pm (10> =0=(rt—s?), and J<p0, 2o — Pl — (I0y0> =Y, (s2 — 7t),-
Zo» Yo, Loy Yo
The first result proves the statement ; the second, its converse.

6. Find the differential equations of the asymptotic lines and lines of curvature
on these surfaces :

(@) z =uy, (B) z = tan—1(y/x), (v) 2% + y? = coshz, (%) zyz =1.

7. Show that the mean curvature and total curvature are
1<1+ 1>_r(l+q2)+t(1+p2)—2pqs 1 1t — s

2\R, R, 2(1 4 p2 + )} RR,™ (1+p*+ ¢?)?

8. Find the principal radii of curvature at (1, 1) in Ex. 6.

9. An umbilic is a point of a surface at which the principal radii of curvature
(and hence all radii of curvature for normal sections) are equal. Show that the
ro s
+p* pg 1+4¢
the ellipsoid with semiaxes «, b, c.

conditions are 1 for an umbilic, and determine the umbilics of



