Chapter 6

Well-posedness in the
Gevrey classes

6.1 Gevrey well-posedness
We study the same operator

P(D)=-Di+ >  aa(z)D*=Py+P+P
|| <2,00<2

- _Dg + Al(va/)DO + Ag(l‘,D/)

as in the preceding chapter. As before we assume that p vanishes exactly of order
2 on a C'°° manifold ¥ on which ¢ has constant rank and p is noneffectively
hyperbolic, that is we assume that ¥ = {(z,¢) | p(z,§) = 0,dp(z,§) = 0} is a
C*° manifold and (4.1.1) is satisfied.

We assume (5.1.1) but not (5.1.2). Thus the Hamilton flow H, may touch
3. tangentially. If the Hamilton map really touches 3 tangentially then the
Cauchy problem is no more C'* well posed even though under the Levi condition
(which will be proved in Chapter 8). What is the best we can expect is the well-
posedness in much smaller function space, that is in the Gevrey class s with
1 < s < 5 under the Levi condition. We start with the definition of the Gevrey
classes.

Definition 6.1.1 We say f(z) € v*)(R"), the Gevrey class of order s (> 1) if
for any compact set K C R"™ there exist C' > 0, h > 0 such that

9% f(z) < Ch1el|all®, 2z e K, VaeN"
|07

holds. We also set
1 (R™) = C°(R™) N4 (R™).

Theorem 6.1.1 Assume (4.1.1), (5.1.1) and that Psu, = 0 everywhere on X.
Then the Cauchy problem for P is well posed in v*) with 1 < s < 5, that is
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92 CHAPTER 6. WELL-POSEDNESS IN THE GEVREY CLASSES

for any f(x) € CO(R;%()S)(R”)) vanishing in xo < 0 there is u(xz) which is C*°,
vanishing in xo < 0 satisfying

Pu=f

near the origin.

The optimality of the index 5 will be discussed in Chapter 8.

6.2 Preliminaries

Let fix p € ¥ and we work near p. Thanks to Proposition 3.3.2, p admits a
decomposition verifying the conditions in Proposition 3.3.2. We extend these
¢; (given in Proposition 3.3.2) outside a neighborhood of p so that they belong
to S((£'), go) and zero outside another neighborhood of p. Using thus extended
¢; let us write

p=—(& + #1)(&0 — ¢1) + ZQS?

j=2

which of course coincides with the original p near p. Take 0 < y;(2/,¢') <1,
homogeneous of degree 0 in & (|¢'| > 1), which is 1 in a conic neighborhood of
p where p = (0, p') and supported in another small conic neighborhood of p’ on
which Proposition 3.3.2 holds. We now define f(z,¢’) solving

(621) {SO — ¢1, f} =0, f(ovxlagl) = (]- - Xl(xlvgl)”g/"

Note that f(x,£’) = |¢’| outside some neighborhood of p’ because ¢; = 0 and
x1 = 0 outside some neighborhood of p’.

Lemma 6.2.1 Let f(x,£') be as above. Taking M > 0 large and T > 0 small
we have a decomposition

r+1

p=—(&+¢1)(&— 1)+ > ¢

j=2
in |zl < 7 with ¢rp1 = M f(2,£') such that
r+1

{60 — 61,05} = Cirdn
k=1

and

{d2, 1} + |dri1| = ||

with some ¢ > 0.

Proof: By a compactness argument there are ¢ > 0 and 7 > 0 such that we have

f(@,8) = cl¢]
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outside a neighborhood of p’ if |xg| < 7. We may assume that one can write
{0 — ¢1,05} = 375 ¢jrdx in a neighborhood V' and |11 > ¢[¢'| outside V.
Thus one can write

{€o— 1,05} = > cirdr = chria

Jj=1

with a smooth ¢ which proves the first assertion. The second assertion is obvious.
O

Lemma 6.2.2 Assume that P satisfies the Levi condition on X. Then Py, can

be written
r+1

Psub = Z Cj¢j
§=0
where ¢g = &.

Proof: Let Py, — Co&o be independent of £. Then in a neighborhood V of p’,
|zg| < T we can write

Pouy, — Co&o = Z C;9;
j=1

thanks to the Levi condition where C; € S(1,g0). The rest of the proof is just
a repetition of the proof of Lemma 6.2.1. (]

We now make a dilation of the variable; g — uzg so that we have

W2p(w, €, 1)
r+1

= _(&J + ¢1 (,Ul'(), $/7 Nﬁl))(go - d)l (,Ul'(), $/7 /’Lgl)) + Z ij (,LLZL‘(), $/7 Mé—/)Q'
j=2

We simply write ¢;(puxo, ', p&’) as ¢j(z, &', 1) or sometimes ¢;(z,¢"). Let us
put

g1 = |dz'|* + (), *|d€')?,
2 _ _
(€)= w2+ P = p 2 ue')?
The symbol class S(m, g1) is defined in Definition 4.2.1 with C,g which is in-
dependent of p. Namely by S(m, g1) we denote the set of all smooth a(x,’, 1)
satisfying
0708 ale,€' )| < Capml, &, w)(€), "

with some C,, g independent of 0 < p < po.
Lemma 6.2.3 Let a(z,&') € S((€')%,g0). Then we have

a(pao, 2, u€') € S((ue")*, g1).
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Proof: Easy. U
Let us set
(6.2.2) w =\ () 263 + ()15, & = VI aw.

with some constant a > 0 so that 1 — aw > a; > 0. Let us define
g=w?(|da'|* + (£);*|d¢'|*) = w gy
then we have
we S(w,g), ¢1€S(uEw,g).
That is w verifies the estimates

070w (x,€', )| < Capw(,€, w7 (w(E),)

with some C,, g independent of 0 < p < pg. We rewrite p as

e

r+1

p=—(&+¢1®)(& — 1)+ > _ 7 + awg}

j=2
because 1 — ®? = qw. Remark that
§o— 1P =& —d1— (P —1) =& — ¢1 + 19
where aw
VL= T €59

Lemma 6.2.4 We have

$11p € S(w(ug), ), P11 +) € S(wiu), ),

Iy (01®) € S((u€'), 9), o = 2.

Proof: The first two assertions are clear. To check the third assertion it is enough

to note that 0¢® € S(1,g) for |a| = 1. O
Then Lemma 6.2.1 shows
r+1
{60— 1.0} = Cindr, Cix € uS(1,91),
j=1

{p2, 1} + p? 1 (€)™ > epug’).

In what follows we set

and assume that a = 1 without restrictions. Since w > (u&’)~%/? and hence
w2 < ()31 = (uE')V5 = €'y so that w2 € S((uE')", g).

In the next lemma we summarize a few important properties of the calculus
of u dependent pseudodifferential operators introduced above.
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Lemma 6.2.5 Let a € S(my,g) and b € S(ma,g1). Then we have
afta—a® € p*S(miw=H(ug')~*, g),
b — bika — —{a,b} € JS(mimaw (u) ™ 9)
a#tb + bta — 2ab € p*S(mymow=*(ug’) 2, g).
Corollary 6.2.1 Let a € S(mqy,g) and b € S(ms,g1) be real. Then we have
([ab]®u,u) = Re(b"u, a"u) + (T"u, u)
with T € p?S(mymaw=2(ug’) 2, g).

We now prepare several lemmas which we use in Section 6.4 to derive energy
estimates.

Lemma 6.2.6 Let a € uS(1,g). Then we have
Re([adu]u, u) < CpRel[gu] u, ) + Oy (uD') a2
Re([ad?] s, u) < CuRe([2]"u,u) + C (D' ul’, > 2.
Let a € pS({(p&')"*, g). Then we have
Re(lagiw]"u,u) < CpRe([(1€)"¢Fw]"u, u) + O || (uD')**/>ul|?,
Re([ag}]"u, u) < CpRe([¢7(n€) " u, u) + Cp® | (D) 2ull?, j = 2.
Let a € uS(1,g) then we have
la(ue")“2 5] ull® < Cp®Re([{u€")*$3]" u, u) + Cu[(nD")!2ul®,
o ()2 Vwen]“ull® < Cp’Re([(u€')*weT) u, u) + Cp*[[ (D) ul?.

Proof: It is enough to prove the case a € pS({(ug')*, g). Since Re(AYu,u) =
([Re A]*u,u) we may assume that a is real. Let us consider

Cpiug Y ¢iw — agiw = Cu(pg) dtw(1 — C '~ alug’) ™)
= Cp(pg) ¢Tuy® = Cp(pe)™ 2oy Vwp# (g’ )" ¢1v/wip
+uS((ug")?", g).

Hence we have
CuRe([(u¢) " dFw]u, u) — Re([agfw]“u, u) > ~Cp® | (uD")***u||?
which shows the first assertion. From Corollary 6.2.1 we have

([ag?] " u, u) = Re([p/? (€'Y ? 3] u, [ /2 (ug') " ag;] ")
+(T%u,u)
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with T € p3S((u&Yrw=2,g) C p®S({(u€’), g). Since one can write
p g Pag; = i 2alue )T H ) 2 0; + P28 ((ug)Pw T g)
and S((pg)*w=", g) € S((ug’)!/?, g) we have
™2 (ug") ™ 2ag ) ul® < Cull (€)™ 2451 ull? + O [ {uD') 2 ul .

This proves the assertion.
We turn to the next assertion. Note that

alug )¢5 = a#t(ug )¢5 + 12 S((ng')'/?, g)
and hence
[a{pe Y2 ¢ ul|> < CuP||[(n€) 2 ¢;]" ul|® + Cp* | (D) 2ul|>.

Since (u€') 2 ¢;#(ug") 2 d; = (u&')~¢? + u*S((u€')", g) we apply the assertion
just proven to get the assertion. Finally we note

av/w(ug"y 2 g #alue’y g1 = a?w(ue'y o2 + ptS(ue')3", g)

which, together with the above assertion, proves the desired assertion. O

Lemma 6.2.7 We have
e([u{pg") T vVw) u, u) < Re([(u€')" piw]u, u)
+Re([(1€) " $3]"u, u) + Re([¢741]"u, uw) + Cpl[ (D) >/ ul|?
with some ¢ > 0.
Proof: Put A = (u&")*/?¢1\/w, B = (u&')*/? ¢ and note that
A€ S({ue) 2w g), B e S(u)' 2, g1).

Note that [([AY, B¥]u,u)| < ([A#A]"u,u) + ([B#B]"u,u) and recall
(4%, B¥] = T{A, BY* + @ S((u) w2 )

Thus we have
i[AY, B*] = {A, B} + 1’ S({u€') ™", 9).
Let us consider the first term in the right-hand side
{A.BY = {o1v/w, (€)1 oo ()" + {(u€') /%, o} Vwgy (ug')"/?
HVw, g2} o1 (€)™ + {p1, pa}Vw(ug)™ = K1 + Ky + K3 + K.

Since we have

{d1vw, (u€) 2} € pS((e ) *Vw, g), {(n€)™?, ¢} € pS(uey2, g1)



6.2. PRELIMINARIES 97

we see that the first and the second term can be written as
Ti#B+ Ry, To#A+ Ry
where T; € uS({(u€')*/2, g) and R; € p>S((u€')?*, g). Then we have

Re(Kyu,u) > =Cp(|[(uD")*?ul® + | B u||?) — Cp?||{uD")"ul]?,
Re(Kzu,u) > —Cp(|[(uD")"2ul|?® + | A¥u|®) — Cu?||(uD") ul*.

Consider K3. Note that
{Vw, ¢} = iw*/ 2201, d23or (u€) 7* + {(1€)) 7%, @237 + {(1) 7, 623).

Since w%2{¢y, o} (ue') " € pS(1,g) and w=2{{ug)"?, ¢a}dr € pS(1,9)
and w32 {{(u€) 7%, o} € uS(w=3/2(ug’) 7%, g) one can write

K3 = agiw(u')" + b
with a € uS(1,9), b € uS(1,g). We first consider Re ([b¢1]*u, u). Note that
2Re([b1 ] u, w) > —p | [(u’) P Hbga ] ul|* — pl[ (D) Pul?
and (&)~ 2#bdy = b(ug')~/2¢1 + p2S((u¢')~"/?, g). Remarking that
b(ug') " b(pg!) TP = 0P (ug') T T + S (g, g)

and b2(u€’) "3 = a{uf’Y*wei with a € p2S(1,g) we conclude that, applying
Lemma 6.2.6

2Re([b1]"u, u) > —CuRe([{u€') wei]"u, u) — Cpl| (D")>*?u]?,
From Lemma 6.2.6 again we see that
Re(K3u,u) > —CuRe([¢iw(p€’)"] u, u) — Cpl[(uD")>*?ul]?.
We turn to K4. From the assumption we may assume that
Cpug’) > {dr, ¢2} + pory 1 (u€') ™1 =T > ep(ug’)
with some C > 0, ¢ > 0. Let us write
C(Ks+ pd7yv/wlug) ™) — pn/w(pg’) "
= CVw(pe)*'T(1 — O T {ue'))
= v# + 1S ((ug')*, 9)

from which we see that

CRe(Ku,u) > Re([uy/wlpn€’) " u, u)
—CpRe((Vawd?,y (1€) ™ %) " u, w) — O [[ (D) *ul 2.
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The above estimates show

Re({A, B}"u,u) > cRe([pv/w{pg’) "] u, u)
—Cu(lAYu))? + B ull® + [[(uD")**2ul?)

—CuRe([¢iw(pg') "] u, u) — Cpll[¢7 ] ul®

because ¢7 1 vw(pg') " = Gra#t (G Vwlpg') T + 58 (ug')?, g).
Let us turn to A# A, B#B. Since A € S(w?/?(u Y1512 g), B € S({(u&')'+%/2 g1)

we see

A#A = weT () + p*S((ug')*s, g),
B#B = ¢3(u&)* + p>S((ug')", g1)

and hence

1A u])? = ([A#A]“u, u) < Re([¢Fw(ue)*) u, u) + Cu®[[(uD')*/ul?,
1B ul|® = ([B#B]"“u, u,u) < Re([¢5(u€')"]"u, u) + Cp®|[{uD")"?ul?.

These prove the assertion. O

Corollary 6.2.2 We have

ull{(uD")2ul|* < CRe([¢fw(p€’)" ] u, u)
+CRe([03 (1) "] u, u) + CRe([9741]"u, u) + Cpl (uD") > ?u]?.

Proof: Write

Culpe Y vw — plpg’)
= Cp(pe') V(1L - C7 w2 (ug!) )
= Cpp#y + p°S((ug')**, g)

with ¢ = (u&)(1+9)/ 2141 — O~ w12 (ug’)~*)1/?and hence

CuRe([(u€) ™ v/w]" u, u) — p||(pD")'/?u|?
> —Cp? || {ug')* ?ul|?

which proves the assertion. O

Lemma 6.2.8 Let j # 1 and a € uS(1,g). Then we have

Re([adr1e;]"u, u) < CpRe([dF (u€')"]" u, u)
+CpRe([¢Fw(pg’) "] u, u) + Cp®[[(uD")> 2u||.

Proof: We may assume that a is real. Consider

ap1¢; = Re(u /2 (u€) 2 ¢4~ 2a (') =2 ¢1) + 1 S((ug')*", g).
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Since p/2 (e )2 giptut 2 (ue' )2 g5 = p(ug’) o3 + p*S((ug')", g1) and

p 2alpue Yy TR gy Palug’) T 2 gy
(™ taPw ™ (ug) 72 tw ()" + S ()", 9)

we see that, noting u~ta?w = {(ug’) =2 € uS(1, g),

(rallfpg €)1 u® + I [ad€’) =2 1] "l ?)
+OP[[(pD") ull* < CuRe([(n€)" &5]" u, u)
+CpRe([gFw(pg’) ] u, u) + Cp®[[(uD")*>ul .

| =

Re([ap1¢j] v, u) <

This is the assertion.

Lemma 6.2.9 Let a € pS((u&')w,g). Then for j # 1 we have

Re([ag;]"u,u) < Cp'/*Re([¢3 (n€’)"] " u, u)

+Cp'*Re([gw(pg)"] ", u) + Cpu' PRe([0F (') )" u, u)
+Cp'*Re([6711] " ) + Cpu 2| (u D)/ 2ul 2.

Proof: Let us write

ag; = Re(u'/* (&) ¢ =M (') ~%a) + 1* S ((ng')*", 9)

and hence
Re(lag,]"u,u) < p!/2||[(n€)™ 2651 ul?
2 [(pg’) T 2] )+ Ol (D) %
Note that (u€’) ™" 2a#t(ug’)~*?a = (u€')~"a® + p*S((u€')>", g) and write
(€)™ a? = (w20 (ug') ) (€)=
= b({u€") 27 + (u€) ) (ng')> "
= b(ug') " w ™ (@Fwlpg)") + bug')* 0"
where b = w™2a?(u€¢’)~? € p?S(1,g). Since 2 —§ — k = 1 thanks to Lemma
6.2.6 we get

B2 2a] P < Ot Re[Fwpg )], w)
O 2D 2P 4 Oy 2 (D' 2l

Then applying Corollary 6.2.2 we get the assertion.
We now estimate {&y — ¢1 P, gb?}, {& — $1®, we?}. Recall that

{60 — 1@, 67} = {&0 — 61,03} + {19, 67}
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From Lemma 6.2.1 we have

r+1

{60 — 61,07} =2{¢0 — ¢1, 8,105 = > _ Cintnd;
k=1

where Cj;, € uS(1,91). Note that for j,k > 2 one has
Re([Cr ;] u, u) < CpRe([¢;]"u, u)
+CpRe([62] ", u) + Cp |
For Cj1¢1¢; we apply Lemma 6.2.8 to get
Re([Cj10160,] u,u) < CuRe([d5 (ug’) "] u, u)
+CuRe([¢Fw(pg’) " u, u) + Cp?||(uD')**/>u|>.

Let us consider for j > 2

{D10, 07} = 2{¢1, 05} 050 + 2{t), d; } ;1.
Write

{1, 0, 059 = Re((u€) 2 ¢4 {p1, ¢ 1 (&)™) + u2S((ug')*", g)
and note that
{1,007 ()" = ({61, 65 0> (ug’) 2w w? (ug’)> ="
= Tw?(ug’)*™" = T((u€) 27 + (ug’) =) (ue')>="
= (Tw™ (ug) " )w(u')" ¢ + T{ug)* ="~

with T' = {¢1, ¢, }2¢*(u€’) w2 and hence we have Tw ™1 (u&’') =2 € u?S(1, g),
T(ue"2>=07% ¢ u2S((u€'), g). We now apply Lemma 6.2.8 and Corollary 6.2.2
to get the desired estimate.

We turn to estimate {&y — ¢1®, w3 }. Consider

{&0 — p1,wpT} = 2{& — b1, 1 }prw + {&o — P, W},
For the first term of the right-hand side we remark that

r+1

{€o— 61,61} = Cat

k=1

and apply Lemma 6.2.8 and Lemma 6.2.6 to get the estimates. Let us study
{60~ 1,0} = {60 — 01, (1) 2 + () )
= b0 o )+ 0 G — 61,0} ()
— S {60, ()0},
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Note that w™{¢1, (&) ~2}¢%, w {1, (u&’)~°} € pS(w, g) and apply Lemma
6.2.6 to w1, (u€) 2 ot and wH{¢y, (u€')T0}#? to obtain the estimates.
As for the second term on the right-hand side it is enough to note that

wH{& — b1, b1 Yo (g’ Z Trrdr

with T}, € uS(w, g). We finally consider
{619, fw} = {p1, w}ety + {v, w}e? + 2{y, ¢1}oiw
Note that {¢1,w}, {1, 01} € uS(1,g) and apply Lemma 6.2.6. Recall that
w0} = 50 (2001, 101 ()2 + L) 2, 9168 + (1), 0}).

Hence one can write {w, ¥} ¢$ = Tw¢? with T € uS(1, g) we apply Lemma 6.2.8
and Lemma 6.2.6 again to obtain the desired estimate.

Proposition 6.2.1 We have

r+41
> Re({&o — 61®, 63} u, w)|, |Re({€0 — 1@, weT}* u, u)|
j=2
r+1
< Cp( Y Re([(pu&)*¢31"u,u) + Re([w(ug) 671" u, u))
j=2

+CEP|[(uD') 2l

6.3 A lemma on composition

In this section, to simplify notations we use &, x instead of & and z’. Let us

consider
e¢(D7M) bw (x7 ‘D7 M)e_d)(DvP‘) .

Since
e? P (2, D, p)v = / pilaE— €+ (z—y)m) g (E.10)
z+y
Xb(—5=m, w)v(y)dydndzdg
inserting

eﬂﬁ(D,u)u(y) — /ein¢(C7u)ﬁ(<)d<

into v we have

P (2, D, e Py = /6”41'(96,@#)@(()654
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where

I:/ i(@E— 28+ (z—y)ntu(—x() o(¢, “)b( 77 e ¢(<’“)dydndzd§.

Let us consider I(z,(, u). Make a change of variables such that

2=+2)/2, g=y—2)/2

and hence we have

7 —on / (= HE= O+ =20+ 2(6=0) b€ (3 1) =M gz
_on / ((E=21+0) g / e~ (E=0) e (2, . 1)) dndide

_ogn / e~ 2i(E=)(1=0) S N—Cap(5 1) e=HC) gl

_ =120 o (V2n+C,1n) =4 (C.n) p, 4 ~ + M dndz.
/6 (& (1: \/57 C \/inu’) n
Thus we conclude that
€¢(D”u)bw($7 D7 :u)e_qs(D’#)U = /ei(z—y)ﬁa(x’ 65 /L)U(y)dydf
B /6i(z_y)§a(%£, wu(y)dydé = a(z, D, p)u
with

— —i V20,1) = (€,1) Yy n
a(x, & pn) = /e yned(&t b(x + L€+ , ) dydn.

\)

Here we remark that with

q(z, & p) = /eiz(p(w + %,é‘ + %,u)dzdé
we have
(6.3.1) q“(z, D, ) = p(z,D, p).

Indeed we see

q“’(va,u)“:/ei(w_y)E ($+y &, p)uly)dyd§

_ i(pE—y€+20) (L y z
€ p( 7 g 7 w)u

((r—y—=2 z IE+ +z
:/6« y—2)+50) (ng, 1) u(y)dydédzdc

July)dydSdzd¢

= [ e¥pta,¢.mpule — dsdc
= [ (o u()dzde = pla, Dy
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From (6.3.1) it follows that
c?(z,D,pn) = alx,D, )

with

C(xaé-nu'):/eizc (.Z'—F—?f—.— ,,U,)dzdg
V2T V2
Insert the expression of a(z, &, ) into the above formula to get

clx, & p) = /ei(zcyn)e¢(\/§n+§+%,#)_¢(§+%’#)

z4y n+¢
xXb(x + €+ , )dydndzdcC.
( 7 3 7 p)dydndzdg
Make a change of variables
PR R I §:C+n i n—q

to get
clx, &, p) = / Z(ZnerC) (5 +£+ Do) — ¢(£+——— )
xb(z + 2,€ + ¢, p)djdidzdC
_ / e~ E =0~ F (g 4 2, €, p)dEdR.
Then we obtain
Lemma 6.3.1 We have
e¢(D’“)bw(x, D,u)e_¢(D’“) = (z,D, )

where

c(w, £, M) _ /eiy"e¢(§+g’“)¢(5g’“)b(a: + 9, ¢, u)dydn-
Here we recall
(€)= 2+ IEP = ue)?,
= )26} + (ug) =11
Let 0 < 0 < 1 and we define the metric g

g = (u&)? (ldz|* + (§),*|de]?)

and recall

g =w(z,&p) "> (|dal? + (€)% |dE]).
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Definition 6.3.1 We say b(x,&, 1) € Y S(m(x, &, p1),9) if bz, &, 1) verifies
the following estimates

10207 b(w, &, )| < Cam(x, & ) ((n€)~7/*(€))
x Aot/ (a2 + (ug) /)1
for every «a, 3.

We assume that b(z, &, p) is independent of = for |x| > M with a large M. Here
we note that if

10207 b(x, &, 1)| < Com(z, & u)(&), AN all*, Yo,
then it is clear that b(x, &, p) € v S(m(x, &, 1), g).
Lemma 6.3.2 Let a;(x,&, 1) € v S(my(x, &, 1), ), i = 1,2. Then we have
ay (xa 5) M)G‘Q(xa 67 M) € W(S)S(ml (l’, é-: M)mQ(xa 5) /.L), g)
Proof: It is enough to note that
« o s a—ao' s o — s
2. ( /)A'l o/ |12 A8~ o — o/ |19/2 < 4771 (4 = Ag) Va2
o' <« «
for A1 > Ay and
(/"% + (&))" (o = o/ [P/ 4 () /2)le =]
< (|a*’? + (ug)7)'!
which is easily checked. O
We now show

Lemma 6.3.3 Let s > 4. Assume that
10507 f(w, &, )| < Cp(&), 11 Al ot
for every o, 8. Then we have

(,& 1) =V F(@, & 0)? + (u€) =7 € Y9 S(w(z, &, 1), g).

We first show the next lemma.

Lemma 6.3.4 Let s > 4 and assume that
(6.3.2) 09 f(z)| < CLCM[alt®, Ja] > 1, zeR”

with positive constants Cy,Cy. We define w(x) = \/ f(x)? + B2 with a positive
constant B. Then there exist positive constant A; such that
(6.3.3) Ogw(@)| < w(x) Ao (ol + B, o] > 1,

a 02w (@) < wl (@) A3 al2(jal*/2 + B)loL, o] > 1.
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Proof: Note that
(6.3.4) w(z)Oiw(z) = f(2)0;f(x) = F(x), le[=1
where we may assume that

00F ()| < A1 alt®, ol > 1.
Assume that the inequalities (6.3.3) hold for || < n and study 0%w(x) with
la| = n + 1. Using (6.3.4) we have
(6.3.5) wdgtew == o aﬁwaa+e w+ O°F

B<a

which gives

lwdtew| Z( )wA]j'S/Q( /2 4 BY wATT T (n 41 — 4)19/2

x((n—|— 1 _]-)s/2 _i_B)nJrlfj +An+1n!s

< w2A711+1<Z< ) |s/2(n+ 1— )|s/2( -5/2 +B)
J

j=1
X((n+1—=35)*2+ B)"+=7 + w‘2<A/A1>"+1”!5>'
Note that
(772 + BY ((n+1—j)** + B)"*'77 < ((n+1)*? + B)"*!
and w2 < B2 and
((n+1)*2 4+ B)" ! (n+ 1)1/?
5 (nt1n z Ln (n+1)(n=Ds/2B2(5 4 1)15/2
S (n+1)n
2

B3n!®.
Thus one has

|w(”+1)| < wATH ((n + 1)3/2 + B)" " (n + 1)!5/2
n —s/2
n\ [n+1 A \ntl 2
(20T @) )

We now check that

SO o

Jj=1
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if A/A; <1. Indeed we have

z”:<n> <n+1>s/2_zn:n+l—j<n+l>ls/2
j j n j

j=1 j=1

n+1 1=s/2 n n
<n = <
- n (n+1)/2-1 — n+1

because s > 4 and hence the first assertion.
To check the second assertion we assume that

05w | < wt Aol (a2 + B)*
holds for |a] < n. From ww™! =1 we have with |a] =n + 1

02w < Wt AT (4 DI/ (0 + 1)/ + B
X% <n+ 1> <n+ 1)‘5/2(ﬂ)j
— J J Ay’
j=1
Thus it suffices to take A so that A;/As < 1/2 to get the desired estimates for
|0%w1. O
Corollary 6.3.1 Assume that s > 4. For any m € Z we have
02w ™™ < w Al o192 (|af*/? + B)le
with some A > 0.

Proof: It is clear from Lemma 6.3.4 and the proof of Lemma 6.3.2. U

Proof of Lemma 6.3.3: Note that one can write
(6'3'6) a?w = 3g(w2)1/2 = Z Cﬁhmﬁkwl_Qk(a‘?le) te (a?kU)Q)

where 31 + -+ (B, = § and |G} > 1. Remarking

-1

07 w?| < Cpw(€’)," < Caw?(ue') /(€

for |8| =1 and
920¢w?| < Cple), " A alt® < Cpu® (ue') (), A a0
< Cpw?((ug)=7/2(€"),) 1AM o] 2 (ja]*/2 + (ug')y712)e]
for |a + 8] > 2 (|8] > 1) we conclude that
(6.3.7) 02 (97 w?)| < Caw?((ug)~7/2(g),) 717!
<A a1/ (a2 + (ug)7/?)1e!
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for any . Applying Corollary 6.3.1 to w' =2 with B = (ué’)?/? we get
(6.3.8) 00w 2k < Cw' 2k AL | 15/2 (|auf5/2 4 (ug!)o )l

Then the assertion follows immediately from (6.3.7), (6.3.8) and (6.3.6). O
Let

R =

®w |

and assume that o + k < 1. As for ¢(§, u) we assume that

{ P(&, ) € S((u)™, |dx? + (€),,%|dE[?),
P&+, 1) — P& —n, 1) < C{un)”.

~—

(6.3.9)

Then we have

Proposition 6.3.1 Let o+ <1 and

bz, & ) € 7MW S(m(x,€, 1), g) NS (m(E 1), 9)-
Assume (6.3.9). Let e?PWpv (x, D, p)e~?P#) = ¢(x, D, 1) then one can write

N-—-1

c(z, & 1) chxf/t + Rn(z, & 1)

=0
where

1 n — _n
6= aaﬁemﬂ’”) plema nzob(a)(w,é,ﬂ)

lel=g

€ 17 S(m(z, &, p)(pug) =/ gy,
Ry (z,& p) € N S(m(€, p)(pug)~NUrmo/2ine/2 gy,

Proof: We divide the proof into two parts. In the first part we prove the asser-
tions for ¢;. Recall that

(6.3.10) c(w,& ) = / Tt et 3= T (g 4y, €, ) dydn.
Let us write

W+ 960 = D b (.60 (i9)°

|a| <N

N 1
t 2 J(iy)a/o (1= )" b(a) (@ + sy, €, p)ds

lo|=N
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and insert this expression into (6.3.10) to get

clw, &)= / Tt E = OET T ) (2, €, ) (iy) “dydn

\a|<N

(6.3.11) + 3 / —iym g $(E+Fa) =S €00 (34
|a|= N

1
<[ =N o4, s
0
The first term in the right-hand side is
1 1) (e—n
(6.3.12) > —ogedteriumoleia| @& w)
la|<N K
because e~ (iy)® = (—,)%e~¥". Let us put
(83 37 - _37 — + 5 - _ﬂ»
3n6¢(£+2 ) =d(E=g.1) — Z 57185 e?(& #)3;;6 P(E=3.1)
Btry=a

“la a! 7 —p(e—1 —|a
=2 ‘ | Z W@?e‘b(@rg’“)(—@g)ye ¢(€ g’u) =2 | Ia'HOC(§7 mn, /'L)
Bty=a

that is o
2 (e}

_ o, d(E+n/2,1)—p(E—n/2,1)

H (&an /L) a! a776 :

Then the second term on the right-hand side of (6.3.11) yields

2% S0 N [ e HL (6 p)dyd / (1= )N b + sy, €, u)ds

la|=N

—2¥ SN / L P H (€ s p)dnds [ €0, )y

la]=N
With
Bo(n, & 1) = /e_iy"b(a>(y7£,u)dy

this can be written as

6313 2% 3N / (1 = )N H (€, 51, 1) Ba (. €. ).
|a|=N
It is easy to see that

3ge¢(£+%,u)—¢(£——,u)‘

is a linear combination of terms such as

a?1¢(§aﬂ) a?s¢(§,ﬂ), Zap :j7 ‘ap‘ >1
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which are in S((u&)7*(€),7, [dx]* 4 (£),,?|dé[*). Thus it is clear that

1., 0 ) —d(E—
¢; = Z a317e<1>(6+2,u) H(E—3.1) n:ob(a)(x’f’u)

=
€ 1 S(m(z, &, p)(ug) 71=r/2 g).

In the second part we prove the assertion for Ry. We consider

v=2""%" N// (1= s)N T Ho (€, sm, 1) Ba(n, €, p)dnds.

la|=N
Lemma 6.3.5 One can choose M > 0 so that we have
102 Ba (1, &, )| < Ca o€, 1) ((1€)~7/2(£),) 71
e~ ) > M{(ug)?,
102 Ba (1, &, )| < Ca o€, 1) ((1€)~7/2(£),0) 1
X {ug) 1219/ 2e=el O™ ED" ) < M (ug)”
with some ¢ > 0.
Proof: Recall that we have
nyagBa('r]?f”u) — /e—iynagb(a+u) (y7£7:u)dy
and hence one gets
|02 Ba(n, &, )| < Com(&, ) ({u€)~7/2(€),) 7!
x Al o 4 p|19/2 (a4 v]*/2 4 (ug)o/2)lect vl |1
< Comm(&, m)((u€)~/2(€),) e el s
X (|| 4 (ug)/2) ot || =¥

where C; = C;(|a]). We minimize CYw[13/2(|v]*/2 + (u€)o/2)"!jn|=1¥I. Note
that
Cy (]2 + (ue) ) < (2C)I(10]* + (1)),

Choose v so that |v| = [e7(2C2) 7 |n| — (u€)?]*/* assuming that
In| > 4C%e® (u&)°.
Then we see that we have
v s o\|v —lv —c|n|/*
(2C) " ([v]* + (&))< el
with some ¢ > 0. Then we conclude that
10 Ba(n, &, )| < Cav s, 1) ((1€)~7/2(€) )~V
x(Cln|*? + (ug)/?)ll g=el”
< Cog(&, 1) ((p€) ~7/2(€) ) ~1leme "
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with some ¢ > 0.
We turn to the case |n| < 4C2e®(u€)?. Note that

O |12 (w72 + ()21 < (200) M (o] pu8)7/2).
Choose v so that |v| = e™(2C) =V *(|n|{u€)=7/2)1/* then we have

v s o v —|v —c —o/2y1/s
(2C) N (|w|* (ue) /) |~ < e=elinitng) =77)

with some ¢ > 0. Thus we have

102 Bo (1, &, )| < Car s (&, ) (1) ™72(€),)
S (C(|n(u€) =122 4 (pg)o/2)lelg=elnlue)=/*)"
< Cos(€, ) ({u€) ~7/2(€),) 7191 ()1l 2= (i)~
with some ¢ > 0 which completes the proof. 0

Note that H, (&, n, 1) is a linear combination of such terms

S L R

TreeesBssV1seesVt (fﬂ%ﬂ)@

where > 0; = 3, >.v; =y and |5;| > 1, |[y;| > 1, B+ = a. It is easy to
examine that

1
|8£hﬂ17"'7ﬁ87’yl7'“7’yt (E’ 777 M)|

(6.3.14) < Ol () 1109 () LT 1oL,

On the other hand noting that

(6.3.15) 2O+ 5 1) = (€~ 5. p)
"1 9 0
Z??k ag 8§k 2777:u)+a’?a£k¢(£_ ?nvu))

=

=1
we see that
(6.3.16) |a§e¢(£+%,u)—¢(£—%,u)| < C5<§>;\5|</m>2|6|<77>|6|eC(;m>"_

From Lemma 6.3.5, (6.3.14) and (6.3.16) it follows that for |n| > M (u&)?,
laf =

102 (Ha (€1, 18) Ba(n, €, 1))] < Cop™m(&, ) ((n€) 72 (€),) V!

x N(1=k) g=c" (um"

)~
with some ¢’ > 0. We consider the case |n| < M(u&)?. Since o < 1, taking
p small, we have (u(§+0n)) ~ (u€) and (€ +6n),, ~ (£), where |#| < 1 and
hence we have

108081 o psrne (€, )] < Cspal®l (pug) ~1e10=) () 101,
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On the other hand, since k + o < 1 one sees from (6.3.15) and (un) < C(u&)°
that

(6 + 5 1) = 6§ = 2, < Clum) ()" < C'.

Then we see
|3§e¢(£+%,u)—¢(£—%,u)| < C5<f>;‘5|

using (6.3.15) again. Thus we conclude

|02 (Ho (&1, 1) Ba(n, &, 1))| < Cop™m(€, ) (&)~ 7/2(€),,) 71!

—0/2);‘;

» <M€>NU/Q—N(1—N)6—C”(|7I|(M§>

with some ¢” > 0. Since

Pe=e" (e ™) | < Oy (ug) 7181/ 2= (ml(ug) ~*/)"

we have

0902 Ry (2, &, )| < Casp™ (&, p) (pg) N =rmo/2) (pgyon/?
s (ug) 12 ()2 () el

because fe_cm(‘"““@igﬂ)%dn < C{u€)™/2. That is
Ry € pNS(m(€, p){pg)Nmrme/Dnel2 g),

This completes the proof of Proposition 6.3.1. O

6.4 Energy inequality

Let us denote A = Dy + (¢)1(I))w =Dy — A\ M = Dy — (¢1(D)w = Dg—m¥
then thanks to Lemma 6.2.4 we see that

(60 + D)#(E — 618) = & — 37 4 {0+ 01D, & — 1B} + T
with T € 425(1,g). From Lemma 6.2.1 one can write {€o, ¢1} = 3771 C;6;

=1
with some C; € S(1,¢1) and hence !

r+1

{Co+¢1®, 60— 1@} =Y Cioy

j=1
with some C; € S(1,g). On the other hand Lemma 6.2.2 shows

r+1

Psub = 00(60 - ¢1(I)) + Z ngbj

=1
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with some C; € S(1,7). Noting that P = (p + Psw)®” + R, R € u?S(1,g1) one
can write

P=—-MA+ ByA+ Q,

r+1
Q=[>_¢ +wei+R|"+ Ry, Roep’S((ug)*,9)

j=2
where By € uS(1,g) and

r+1

(6.4.1) R=> c;¢;
j=1

with some ¢; € uS(1, g). We now conjugate e~ 70D — ¢d o P
e?Pe™? = —e?Me %e?Ae® + e?Bye Pe %e?Ae? + e Qe 2.
Let us denote e?Me™?, e?Ae~?, e?Boe™?, e?Qe™? by M, A, By, Q again. Let
us consider
M = e?(Dy — m¥)e™® = Dy — i(uD")" — e®m™e™?.

Since m € S(w(u&'),g) we apply Proposition 6.3.1 with o = 4/5 = 4k. Then
we have

(6.4.2) e?m"e”? = [mo +my +ma]”, mo=—¢1®

where m; € pS((u&')F,g) is pure imaginary and ms € p2S({(ué’)=",g) by
Lemma 6.3.1. Let us consider

A=e?(Dy—\)e ? =Dy —i(uD")* —e®Xe™?.
Since A € S(w(u’), g) repeating the same arguments we have
(643) €¢>\w6_¢ = [)\0 + A1+ )\Q]w, Ao =91 P

where \; € uS({u€’)*, g) is pure imaginary and Ay € p2S((u€’)=", g). Consider
e?Qe~?. Note that
193] e = (67 + a0, +15]"

where a; € puS((u€’)*, g) is pure imaginary and r; € p?S((u€’)?*, g). We next
consider
e?wd?e™? = [we? + aywey + ]

where a; € uS({(ug’)*, g) is pure imaginary and r; € p2S(w{ué’)**,g). Remark

that
r+1

€¢R€_¢ = [Z Cj¢j + ’I"]w

=1
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where ¢; € uS(1,g) and r € p2S({ug’)?~, §). Hence one can write

r+1 r+1 r+1
(6.4.4) e?Qe™? = > ¢7 +wet + ) a;d; +arwer + Y cipy + 1"
j=2 j=2 Jj=1

where a; € pS({(u€')", g) and r € p2S((ug’)?*, §). We summarize
Proposition 6.4.1 We can write
e?Pe™® = —MA + BoA + Q
with By € pS(1,g) and
M = Dy — i{uD")* — [mo +mq + ma]"” = Do — i(uD")* — m",
A= Do —i{(uD")" — [Ao + M1 + A2]* = Do — i{uD")" — X

where my, \1 € uS((u€')Y*, g) are pure imaginary and ma, Ay € p?S((u€')™",g).
As for QQ we have

r+1
Q=lg+n+a@+r" q=>_ ¢ +wdi,
j=2

r+1 r+1
q = Zaﬂbj +aiwer, g2 = chfbj
pu i=1

where aj € pS((u&')*, g) are pure imaginary, ¢; € pS(1,g) andr € p?S((u€')**,g).
Here we recall the energy identity. Let us put

P=—MA+ ByA+Q

where
M = Do —i{uD")* —m™, A= Dg—i(uD")* —\".

Repeating the proof of Proposition 4.3.1 we get
Proposition 6.4.2 We have

2im(Pu, Au) = - (Al + (ReQ)us ) + 2 (uD'y/ |

+2((ImBg)Au, Au) + 2Re({uD’)" (Re Q)u, u)
+2((Imm)Awu, Au) + 2Re(Au, (Im Q)u)
+Im([Dy — Re A\, Re Q|u, u) + 2Re((Re Q)u, (Im A)u).

On the other hand from (4.3.1) we have

d
—2Im (Av,v) = d—xollvll2 +2/[(uD")" 20| + 2((Im A)v, v).
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From this it follows that
— —K K d K
(6.4.5) 6~ D) PA D ull” 2 Il D) "l
+(2 = 8Dy 2ul|* + 2((Im A){uD'Y*u, (uD') ).

Since ImA € uS((u&’')", g) one sees

— —K K d K K
7 D) =AD" ) ul|* > ——[[{uD")"ul|* + (2 = 6 — Cpa) [ (uD')** ul?.

Zo

Since (uD')~*/2A(uD')* = (uD"Y*/2A 4 (uD')~*/2[A, (uD’)*] and noting g €
S(w(ug'), g) and hence [A, (uD")"] € pS((1&')", g) we have

D"y~ 2[A, (uD' Y Ju||* < Cpal[(uD') " ?ul|?.
Then we have

Lemma 6.4.1 We have

d
(DY ul|* + (1 = Cu) | {uD")>2ul|.

4. DV 2 A2 > ——
(6.4.6) | (D)= Aul| Z Tao

Since Imm € pS((u€')", g) it follows that
(6.4.7) 12((Imm) Au, Au)| < Cpl|(uD’Y*/?Aul|?.

Let us study 2Re(Au, (ImQ)u). Recall that ImQ = [g1 + Imga + r1]* with
r1 € u2S((pg’)?*,g). Then one can estimate

|2Re(Au, (Im Q)u)| < pl|(nD")*/* Aull* + p~ [ (uD") =2 (Im Q)u]*.
Note that with ¢4 = Im g

(WY 2 (@ +gh +11) = (€)Y (@ + ) + T

with T € u?S((u€')'/?, g) because ¢ € pS((u&')*+*, g). Here we remark that

(€)™ Perdy = (er(ue') ™ w™2) ((ug) w2 1)

where ¢ (u&) " w=/? € uS(1,g). Applying Lemma 6.2.6 to ||[(u€")~"/?(q1 +
¢5)]"ul|* we get
Lemma 6.4.2 We have

r+1

[2Re(Aw, (Im Q)u)| < ol (D'} Aul* + Cpu{ 3™ Re([(p') 62w, )
j=2

+Re(([(u') wd ] u, u) b + Cp| (D) a2
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Let us consider Re((Re @)u, (Im A)u). From Proposition 6.4.1 we have

r+1
ReQ=q+d5+7 ¢ =) ¢
j=1

with ¢; € uS(1,g), r € p*S((pg’)**, ) and Im X € pS((u€')*, ). From Lemma
6.2.6 it is clear that |([¢5]"u, (Im A)u)| is bounded by constant times
r+1

(6.4.8) py_ Re([(n€)"¢7]"u,u) + Re ([(1€) wdi]"u, w) + u* || (uD')**/*ul?

=2

because (u&)™* 2w 2Ilm A € pS((ue')3%/?,g). Thus it suffices to study the
term Re(¢"u, (Im A)u) modulo (6.4.8). Since one can write

ImA = X1 + Ry, A€ pS((u€)*.g), Ry € p™NS((u)!—2Nrr2mr, g)
for any N we may assume Im X = \; € uS({(u€')*, g) modulo || (uD’)3</2
Note that

ul|?.

Re(A1#q) — Mg € p1*S((u€'), 9)
because 5x = 1. Applying Lemma 6.2.6 we get

Lemma 6.4.3 We have
r+1

[2Re((Re Q)u, (Im A)u)| < Cpad D™ Re([(1€)"62] ", )

j=2
+Re([(u') wd ], w) } + Cpal| (D) 2ul2
We now estimate Im([Dy — Re A, Re Qu, u). Note that one can write

ReQ=q+q5 +r+ Ry, repS{u)*,g),
ReA = —Xo — A2 + Ry, A2 € p?S((u€)™", 9)
where Ry € pVS((ug)2=2Nrt2nr gy and Ry € pNS((pg)1—2Nrt2nr g) This

proves that [Im([Dy — Re A\, Re Qlu,u)| = |Re({{o — Re A\, Re @}"u, u)| modulo
O(p®||(uD")?%ul|?). Note that

{50 —Re )‘7 REQ} = {50 - AOa q+ qg} - {>‘2a q} +T, T e M35(<M£/>457§)'
Since one can write { A2, ¢} = Zgié aj(uE) pj+ar (pg Y wer witha; € pu35(1, g)
and {& — Mo, g5} — Y571 ¢id; € p2S((ug'), g) with ¢; € p2S((p€')>*, g) we have

Im([Do — Re A, Re Qu, u)| < [Re({§o — Ao, ¢} u, u)|

r+1

FOH D05 ul® + [Vwon] ull® + [ (uD')/2ul*}
< [Re({€o — Re Ao, ¢} “u, u)|

r+1
+C,U3{Z Re([(ﬁ?]wu, u) + Re([wo?]“u, u) + ||<MD/>1/2uH2}.

=2
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Thanks to Proposition 6.2.1 we conclude that

Lemma 6.4.4 We have

r+1
Im([Do — Re A, Re QJu, )| < Cud 3 Re([{ug')" 62" u,u)

=2

+Re([w i€y 63w, w) b + Cpe?l| D) 2ul2

It remains to estimate Re({(uD’)*(Re @Q)u,u). We first note that

r+1
[Re((uD")"[g5]"u,w)| < Cp{ Y [l[]“ul®

j=2
(") > Vwen ] ull® + pl| (D) > Pul|* }

and hence it suffices to estimate Re((uD")*q"u, u) modulo O(u?||{uD’)3%/%u||?).
Note that

Re(<ﬂf/>n#¢§) = <M£/>K¢? + T17 Tl € M25(</~L£/>K79)7
Re ((u€")"#we?) = (&) wei + T, T € p*S(w(pg')”, g)

and hence

r+1
Re((uD')"q"u,u) 2 ) Re([(u€)"¢3]"u, u)

j=2
+Re([(u€) “we]Vu, u) — Cp®[[ (D) 2ul|?.
This proves that

r+1

Re({uD")"(ReQ)u,u) > »  Re([{u&’)"¢3]"u, u)

_l’_

[\V]

J
+Re([(1)*we]u, u) — O || (D) ?ul?.
From Lemmas 6.4.1, 6.4.2, 6.4.3, 6.4.4 and (6.4.7) we have

Proposition 6.4.3 There exist pg > 0, C' > 0, ¢ > 0 such that we have

d
Cll(uD") "2 Pul® > d—l,O{HAuH2 + ((ReQ)u, ) + [[{(uD")"ul* }

r+1
+el| (D)2 Aull® + ef ) Re ([03 (€)™ u, u) + Re([¢Fw(u€)"]"u, u) }

=2
+el[(uD")** 2 ul|* + cpl| (D) ?ul?

for 0 < p < po.
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From Lemma 6.2.6 it follows that

r+1
> Re([63 ()] u, u) + Re([¢7w(pé’) " u, u)
j=2

> —Cp|[(uD')Pul|* — Cp® || (uD') >/ ul?.

Taking into account that qﬁ? — ¢;#d; € u?S(1,q1), we? = Vw1 F#Jwer + T,
T € p2S(w=t,g) C u2S({(ug')?", g) it follows that

(ReQ)u,u) > —Cp®|[(nD")"ul*.

Integrating the inequality in Proposition 6.4.3 from 75 to ¢ with respect to xg
we get

Proposition 6.4.4 We have

t
¢l (D)~ Pul*dzo > ([|Au(t,)|* + ¢l (uD') “u(t, -)|*)

t
+C/ (I{uD") =" Aul|* + | (uD"Y>*?ul|® + pl|(uD")?ul|*) dag
Ts

for 0 < p < po.

Recalling P* = (p 4+ Pswp)” + R, R € S(1,91) we have the same energy
estimates for P*. Repeating the same arguments on functional analysis in the
end of Section 4.4 we conclude that for any given F € C°([-T,T]; H*(R"))
vanishing in 2o < 0 there is a unique U € C?([-T,T]; H*(R™)) vanishing for
zo < 0 such that

) t
(6.4.9 PU=F, DUy <G, [ IF(@o)lydao

for any p € R. Let us denote U = GF. Then repeating similar (in fact easier
because we do not need to take care of the positive trace here) arguments as in
Section 6.5 one can prove that the parametrix GG has finite propagation speed
of WF. Let I'; (i = 0,1,2) be open conic sets in R?" \ {0} with relatively
compact basis such that g CC T’y CC I's. Let us take h;(2/, &) € S(1, g1) with
supp hi C I'p and supp he C I's \ I';. We consider the solution U € C'(I; H*>)
to PU = h F with F € C°(I; H*®) where U = F = 0 in ¢ < 0. Then we have

Proposition 6.4.5 Let hy and hy be as above. Then there is 6 = 6(I';) > 0
such that

t
| DGy ()]l < Cog / 1 F (o)l do

for 7=0,1and 0 <t <4 and any p, ¢ € R.
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To avoid notational confusions, in what follows we denote by P the original
operator and by P the transformed one so that

(T=20) (D) po—(r—20)(uD")* _ p,
Let 1 <s<5and f € C’O([—T,T];'yés)(]R”)) be such that f =0 for o < 0. It
is clear that F' = e(T=20)D)" f ¢ CO([—7, 7]; H>°(R™)) for small 7 > 0. Then

as observed above, there exists a unique U € C?([—7, 7]; H*°(R™)) vanishing in
zo < 0 such that

e(T=20) D'} po=(r=20) (D) [7 = Py = F = e(r=r0)(uD)" f.

This implies that
Pe=T=20)uD) "y = ¢,

It is easy to check that u = e~ (T=2)WD)" 7 ¢ C2([—7,7]; H®(R")). Let us
denote
= Cif = e (=) D) Grelr=0) (uD')" £,

Lemma 6.4.5 Let hy and hy be as above. Then we have
o0 DG Ol < G [ ™2 )
for 3 =0,1 and 0 < t < § with small § > 0 and for any p, ¢ € R, for any
f e C%—,7); Um)(R")) vanishing in xo < 0.
Proof: Applying Proposition 6.3.1 with ¢ = 0 one can write
hoGhy = e~ (T2 WD) [ Gy e (T—z0) (1D")"
where h; € S(1,5). Moreover for any N € N we can write
hi = hio + hin, i € pNS((ug') "N g)

where supp hio C supp h;. To prove the assertion for e(T_m0)<“D/>KDéh2éh1f it
suffices to consider N 3 ,
D{JhgoGhloe(T_“)WD ) f.

Taking N = N(p, q) large then from Proposition 6.4.5 and (6.4.9) it follows that

o - Ik t Nk
| DJhaoGhioe™ P £(1)| () < Cpq/ [T =) DO £ (20) || (g do

which shows the desired assertion. O
By a compactness argument we can assume that there are finite number of

ha( &) € S(1,91) such that > h, =1 in a neighborhood of the origin and

P, which coincides with P in a conic neighborhood of the support of h, and to
P, = e(T=20){(uD")" P e=(T=20){uD")" one can apply Propositions 6.4.4 and 6.4.5
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so that there exists a parametrix G, with finite propagation speed of W F'. Let
us define

G = Cahg = 3 e mauD) G (=0 WD)

Let f have small support with respect to ' and consider
PGf =Y PGohaf =) PuGohaf
(0% 0%

+Z(A _pa)éahafzzhaf_Rf:f_Rf

«

where

Rf = (Po— P)Gohaf.
From Lemma 6.4.5 we see that
v t '\ K
0w RO <€ [ el f ),

Take 7 > 0 small so that C't < 1 and put

A= sup el o))
SToXT

and hence [Rf] < C7[f]. Since Y- [R7 f] < 3772 (C7)7[f] then (1 - R)™'f =
Z;io RI f exists and [(1 — R)™!f] < oo for any f with [f] < +oco vanishing in
ro < 0. We now conclude that

PG(1—R)"'f=1.
Since G(1 — R)™f = 0 for zyp < 0 we get a desired solution. It is clear that
eTr) DN (1 — RY7Vf € CO[—m, 1]; HZ(R™))

for small 71 > 0 and hence we have G(1—R)~1f € C?([—7,71]; H*(R")). This
proves Theorem 6.1.1.



