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12 Applications to semilinear wave and Klein -
Gordon equations |

12.1 Application to semilinear wave equation
In this Chapter we consider semilinear wave equation
(12.1.1) Ou = Fi(u)

in R™*1. Here the nonlinearity F(u) is a C* function of u for any real A > 1 so
that the following estimate '

(&) n

is fulfilled for u close to zero. Here the constant C may depend on j, A, but C is
independent of u. A typical model is Fj(u) = |u|*. If f,g € C(R™) are fixed, we
shall consider the corresponding Cauchy problem for (12.1.1) with initial data

(12.1.3) u(0,z) = ef (), Bu(0,z) = eg(x).

For € > 0 small enough solutions of the Cauchy problem (12.1.1) and (12.1.3)
are called small amplitude solutions. Instead of fixing the functions f, g and taking
€ > 0 small enough we could take initial data of the form

(12.1.4) u(0,z) = f(z), 0:u(0,z) = g(z)

and assume that suitable Sobolev norms of the initial data are sufficiently small.
All results of this section could be formulated for these small data solutions, but
for sake of simplicity we shall consider only the case of small amplitude solutions.

Our main goal then is to find, for a given n, the sharp range of powers for which
one always has a global weak solution of (12.1.1), (12.1.3), if £ > 0 is small enough.

Note that, even in the linear case, where one solves an inhomogeneous equation
with a Lipschitz forcing term, in general one can only obtain weak solutions.

Let us now give some historical background. In 1979, John [26] showed that
when n = 3 global solutions always exist if A > 1+ +/2 and € > 0 is small. He
also showed that the power 1 + v/2 is critical in the sense that no such result can
hold if A < 1+ +/2 and Fy(u) = |u|*. It was shown sometime later by Schaeffer
[47] that there can also be blowup for arbitrarily small data in (1 + 3)-dimensions
when A =1+ V2.

The number 1+ +/2 appears to have first arisen in Strauss’ work [53] on scatter-
ing for small-amplitude semilinear Schrédinger equations. Based on this, he made
the conjecture in [54] that when n > 2 global solutions of (12.1.1),(12.1.3) should
always exist if £ is small and )\ is greater than a critical power which is the solution
of the quadratic equation

(12.1.5) (=X —(n+1)X—-2=0, A.>1.

(12.1.2) <Clu*? , j=0,1
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This conjecture was shortly verified when n = 2 by Glassey [18]. John’s blowup
results were then extended by Sideris [49], showing that, for all n, there can be
blowup for arbitrarily small data if A < A.. On the other hand, Zhou [64] showed
that when n = 4, in which case A\, = 2, there is always global existence for small
data if A > A.. This result has recently been extended to dimensions n < 8 in
Lindblad and Sogge [33]. Here it was also shown that, under the assumption of
spherical symmetry, for arbitrary n > 3 global solutions of (12.1.1), (12.1.3) exist
if A > A; and ¢ is small enough. For odd spatial dimensions, the last result was
obtained independently by Kubo [30]. ’

In [14] it is shown that the assumption of spherical symmetry can be removed.
Specifically, we have the following.

Theorem 12.1.1 Let n > 3 and assume that F» satisfying (12.1.2) is fized with
Ae <AL (n+3)/(n—1). Then ife > 0 is sufficiently small (12.1.2) has a unique
(weak) global solution u verifying ‘

(12.1.6) (142 - |:c]2[ Vu € L)"H(R"'H),
for some v satisfying

(12.1.7) IAA+1) <y<((n=1DA=(n+1))/2(A+1).

~ Note that our condition on v only makes sense if A > A.

In Theorem 12.1.1 we have only considered powers smaller than the conformally
invariant power Acont = (n + 3)/(n — 1) since it was already known that there is
global existence for powers larger than Acont. (see [33]).

We shall prove Theorem 12.1.1 using the estimate of Theorem 11.1.2.

To do so let us first notice that by shifting the time variable by R > 0 Theorem
11.1.2 yield

1t + R)? = [2l)*/*ull aqntsy <

(12.1.8) < C(E+ R)* = [2[)P/2F|| o mntry
for 1 1 _1 1 1
n —
—_ < IS, m=1-=
2(n+1) "¢~ 2’ p q
2n 2

a<n—-1-— B> -.
q q

Here u is a solution of Ou = F with zero initial data and F is satisfying .

supp F(s,y) C {(s,);ly| <s+ R—1}.

It is more convenient to use this equivalent version of the estimate from Theorem
11.1.2. The key step will be to use it to establish the following
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Lemma 12.1.1 Letu_; =0, and form =0,1,2,3,... let uy, be defined recursively
by requiring
Oum = Fi(um-1)
um(0,2) = £f(z), Brum(0,2) = eg(z),
where f,g € C§°(R") vanishing outside the ball of radius R — 1 centered at the
origin are fized. Then if \c < A < (n+ 3)/(n — 1), fiz v satisfying
2 n-1)A-(n+1)
o+ 7T At

and set
Am = ||((t+ R)? — |2*)Pum|| pr+2 (1),
Bm = ||((t + R)? — |2|*)" (um — um—1)lLr+1 mr+1).-

Then there is an gg > 0, depending on A F, v and the data (f,g) so that for
m=0,12,..
(12.1.9) Apn <240 and 2Bp41 < By, if £ <ep.

Proof. Because of the support assumptions on the data, domain of dependence
considerations imply that um, and hence F»(um), must vanish if |z| > t+ R — 1.
It is also standard that the solution ug of the free wave equation Oup = 0 with the
above data satisfies

ug = O(e(1 + t)-(n—l)/2(1 + lt _ |z||)"("'1)/2).

For example this estimate is established in [8] by the aid of Penrose conformal
transform.
Using this estimate one finds that

Ap < Coe,

for some uniform constant Cp.
To complete the induction argument let us first notice that for j,m > 0, um41—
u;+1 has zero Cauchy data at ¢t = 0 and

O(um+1 — tj41) = Va(um, u5)(um — u5),

where by (12.1.2),
Vi (tm, 45) = O((|um| + Ju5))*71).

Since we are assuming that

y<2n(1/2-1/q) -1, and M >1/q, g=2+1,
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if we apply (12.1.8) with a = v, 8 = v\ and Holder’s inequality we therefore obtain
withg=A+1Lp=(A+1)/A

(¢ + R)? — |21*)"2 (um41 — wj41)l|e
< Cill((E + R)? ~ 122 Vp (um, us) (um — u5) Lo

A-1
< G (GaIl((t + B)® = [2f) Pumllze + I (¢ + B)* = o) ?u5llz0)) "

x [I(¢ + B)? = [2*)"2 (e — )| s,

for certain constants C; which are uniform if above A, v and F) are fixed. Based
on this we conclude that

(12.1.10) (¢t + R)® = |21*)"/? (um41 — wjs1) 2o
< C1 (Ca(Am + A7) (@ + R)? — [21?)72 (um — uj) | e
If j = —1, then A; = 0 and hence we conclude that
Ami1 < Ao+ Am/2 if C1(C2AR) 1 < 1/2.
By the earlier bound for Ay, this yields the first part of (12.1.9) if
C1(2C2Coe0)* "t < 1/2.

If we take j = m — 1 in (12.1.10), we also obtain the other half of (12.1.9) if this
condition is satisfied, which completes the proof.

Using the lemma we easily get the existence part of Theorem 12.1.1. If e > 0 in
(12.1.3) is small and if u,, are as above we notice from the second half of (12.1.9)
that u,, converges to a limit u in L7 and hence in the sense of distributions. Since

(12.1.1) and the bounds for B+ yield
| |Fa(umt1) — Fa(um)|ze = O(2™™),

and hence
F,\(um) - F,\(u)

in LP, we conclude that u must converge to a weak solution of (12.1.1) which must
satisfy (12.1. 6) by the bounds for A,,. Since the proof of the bound for Bm+1
yields the uniqueness part, this completes our argument showmg that the weighted
Strichartz estimates imply Theorem 12.1.1.

12.2 Application to semilinear Klein - Gordon equation

In this section we shall consider the Klein-Gordon equation

(12.2.1) Ou — u = tuu/*!
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in R**, If g9, g1 € C$°(R™) are fixed, we shall consider the corresponding Cauchy
problem for (12.2.1) with initial data

(12.2.2) u(0,z) = £go(z), Bu(0,z) = eq ().

It is easy to see that a combination between the energy identity

; / Vs oty 2)Pdz +

1 2 Iu(t,m)lA-*.l _
(12.2.3) §/|u(t,z)| d:cd:/——/\—+—1-—-d:z: = const

and the Sobolev embedding
(12.2.4) lutt, Jlize < Cllut, e

with 1/¢ = 1/(A +1) > (n — 2)/2n leads to uniform bound of |u(t,.)||z: for e > 0
small enough.
Hence, when n = 1,2 we have no upper restrictions on A > 1 and when n > 3
we need
A< n+2
n—2

so that for £ > 0 small enough we shall have a global (weak) solution
u € L=((0,00) : H}(R™)).

- The key problem we shall discuss is the decay of the solution. We shall concen-
trate our analysis to the case of space dimension n =1,2,3.
More precisely, our goal is to establish the following decay of the solution

(12.2.5) ut, @) < CA +t + )/

for the solution of the semilinear Klein — Gordon equation.
To establish this type of decay we shall assume that the power X of the nonlin-
earity is strictly bigger than the critical value

2
Acr=1+—.
n

The main difficulty is the fact that singularity of the nonlinear term is forcing
us to consider only weak solutions and therefore we have no right to dlfferentlate
many times the equation (12.2.1).

Our main idea is to combine the Sobolev inequality on the hyperboloid with
curvature —1, see (9.2.10), together with the energy inequality on this hyperboloid,
see (4.3.10).

To apply this plan we shall derive higher order derivative estimate of type
(4.3.10) for the solution of the linear Klein — Gordon equation

(12.2.6) Ou —u = —F.
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Take any real number pg > 1. The term

(12.2.7) v=_1-Ax — Agn-1)"?u

is a solution of the Klein-Gordon equation

(12.2.8) Dv—v=~-G, G=—(1—Ax—Agn1)"/?F

in the domaiﬁ {t? - |z|? 2 p2,t > 0}. Indeed writing the D’Alembert operator in
the form (8.2.9), 0 = -2 — 20+ ZIQ'AX, we see that (1 — Ax — Agn-1)*/2 and O

commute.
For any fixed p > po we consider the hyperboloid

X, = {£ — |a? = p%,t > 0}

and our goal is to control the energy of v over X,. Multiplying (12.2.8) by —8v,
we obtain the identity

(12.2.9) > 8,P* = 2G84,
u=0
where
(12.2.10) Oo =0t 0;j=0:, j=1,...,m;
(12.2.11) P° = |V, v]® +|v|?, P?=—-28w0jv, j=1,...,n,

PO, PJ are the components of the energy-momentum tensor. We integrate (12.2.9)
into domain

Dppo = {(t,z) € Ry x R";t > 0,05 < t* — |z < p?}.
Thus we get
n
(12.2.12) / Z v, Pt (t,z)d%s . = / 2GO¢v(t, x)dzdt,
PyPO M:O PrPO

where 0D, ,, is the boundary of the domain D, ,,, v is the outward normal and
¥ ¢ is the surface element with respect to the Riemannian metric. The boundary
0D, ,, for p > po consists of the hyperboloids X, and X,,. For (t,z) € X, we have

(12.213) v = v(t, ) = (6 + 20af2) "2Vl F 27, —a)
while
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Applying Lemma 4.3.1, with p > to and (t,z) € X, we get

/. 3 vt ) P2, )50

P p=0
d
2 /1;:~ |v(m’ z)l’dz + /R.ﬂ leap’v(\/PTW, z)lzy__kile
(12.2.14) > o u(p) Byeiragey + £ 1850 ) 22

Our next step is to estimate from above the term

n
/ ) v PH(t,)dSs e
X

p0 u=0

From the representation formula (12.2.11) we see that

Y vuPH(t,2) < C(lv(t,2)[* + | Veev(t, 2)[?).

pu=0
Using the relation
n
(£ — |z|*)0s = tpoB, — ) _ z;Yos,
=1
we see that for (t,z) € X,, we have

18e(t, 7)) < Cro(|8pu(t,2)| + ) [Yoju(t, 2)]).

j=1

In a similar way we get a more general inequality, namely we have

|Ve,20(t,2)) < Coo(18p0(t, 2)| + D [Yosu(t, @)l + D [Yikw(t, z)])-

j=1 dik=1
So we arrive at
n
[ S wuPH(t @)l < Cllutoo ) geassrgey +
X oo »=0
C”ap”(PO‘)”%-,S/z(x)-

An application of the Gronwall inequality for the energy identity (12.2.12) ( in
the same way as it was done in the proof of energy estimate (4.3.10) for Klein-
Gordon equation ) gives

P2 |[u(p)l eraixy < Cllulpo)l| merriaracx)

p
(12.2.15) +C"6pu(po-)”H.,3/2(x) +C ||F(0-)”H.,1/2(X)Un/2d0'.
PO
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Note that the constant C in the above inequality might depend on pg, but when this
parameter varies in a bounded interval, the constant C is uniform and independent
of p. ’ ‘

After small translation in time, namely ¢ — t + to, where {p = 1+ R and R
is the radius of the ball containing the support of the initial data, we can assume
that the Cauchy problem for Klein—~Gordon equation is given by (12.2.6) with the
initial data
(12.2.16) Ujt=t, = 9O, 6tu|t=to =q
are such that k '

suppgo Nsuppg1 C {|z| < R}
and :
llgoll zre+2 (mmy + |91 1| 722 (mm) < e
For F' we assume that
(12.2.17) suppF C {|z| <t -1}
Then a finite dependence domain argument for Klein-Gordon equation assures that
suppu C {|]z| <t -1}

To evaluate the weighted Sobolev norm

lu(po-) | zze+1.172(x) + 118pulpo ) re.372(x)
we take pg > to and use the inclusion
{t? — |zl =pp , |zl St -1} C {lz| St - 1,80 <t <t}

where #; is chosen so that the intersection of X,, = {tZ — |z|> = p3} with the cone
{lz| =t — 1} is contained in the plane {t = ¢}, i.e.

1+ ph

t1 = )

This argument shows that the restriction of the solution u on the upper branch of
the hyperboloid X, has a compact support.
Using the property (9.2.5) in combination with Theorem 7.5.1, we get

(12.2.18) llupo-) |l ree(x) < Cllulpor)llzrao(x)
and
(12.2.19) 18pu(po-) || rea(x) < CllOpu(po-)||ereo(x)

for any positive number a. Further, we shall establish the following.
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Lemma 12.2.1 For any integer s > 0 we have

> Iveueo)lzan + 3 1Y *B5ulpor)lacny

la|<s+1 la|<s

< C(po)llgoll e+ + C(po)llg1ll &
+C(po) | F|| s ((to,t:) x Rm):

Proof. Let || = s. Then v = Y%u is a solution of the Cauchy problem
Ov—v=-G, G=Y%y,
(12.2.20) v(to,z) = g2 , Byv(te,z) = gk

Taking the limit p — po in the energy estimate (4.3.10), we find

/ lo(y/ 2 + |2, 2)Pdz + / PV, 2o(y/ R+ o, 2) Pz <
R» R

- B+ [P
< C(lg213 + lIgkli32) +

t 1/2 2
(12.2.21) +C ( /to ( / an(T,x)sz) dr) .

For (\/p¢ + |z|?,z) € suppu and pp (po > to > 1) varying in a compact set we
see that |z| is bounded and this observation leads to the estimate

2
v 2+:::2:z:2d:z:+‘/‘ P01V, v(y/ PR + |22, 2)Pd
[ o/ e et [ V(o + el 2)

> Cllulpo)l zre+1(xy + CllOpulpo) || rrs(x)-
To evaluate the Sobolev norms of the initial data, we take into account the relation
v(to, z) = (Y*u)(to, z) = Z c,g(to,z)af,u(to,z),
|BI<|al

where cg(t, z) is a polynomial in ¢,z of order |3|. Using the relation 0?u = Au+F,
we can compute the time derivatives of u of order > 2 and in this way we obtain
the estimate

lv(to, )l g (mmy < Cllgoll e+ + Cllgnllas

s—1

+CZ |0F F (to, )|l re—r-1(rn)-
k=0

From the Sobolev inequality (or the trace theorem) we have

|0F F(to, )| zre-*-1(mny < ClIF|lHo((t0,t1)xR")
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so we obtain the estimate

lv(to, )l mny = |92l <
< Cllgollzze+: + Cllga || e +
+C|| F[| e ((to,¢1) xR") -

In a similar way we have

l|8sv(to, )l L2(rm) = llgallLe <
< Cllgollge+: +Cllg1lla= +
+C|| Fl| e ((t0,82)x R™) -

From these estimates and (12.2.21) we get the desired estimate.
This completes the proof.
The above Lemma implies that we have the estimate

lw(oo ) zre+1(x) + [8ou(po) | He(x)
< C(po)lIgol| e+ + C(po)llg1 |l zrs
(12.2.22) +C(po) | Fll zze ((to,81) xR7)

for any integer s > 0. Using an interpolation argument, we see it is true for any
non-negative real number s.
Combining the inequality (12.2.22) together with (12.2.15), we find

P"2lu(p )l rsaraxy < Cligolless + Cllga llzze

P
(122.23)  +C|IFlas (ot xrm) + C [ |F (@)l morrz(xyo™ *do,

Po

where pg >t > 1 and t; = (1 + p2)/2.
On the other hand, the classical energy estimate (4.3.3) for the Klein - Gordon
equation gives

lwll zre+2((to,t1)xrmy < Cligollzre+2 + Cllga |z
(12.2.24) +CIFll a2 ((t0,t2)x R

Now we can examine the asymptotic behavior of the weak solution u(t,z) of
the semilinear Klein-Gordon equation (12.2.1).

For the purpose we shall study only the case t — +00, since the case when t
tends to —oo is similar. ;

Proof of decay estimate for Klein - Gordon equation. After small trans-
lation in time, namely t — t + to, where to = 1 + R and R is the radius of the ball
containing the support of the initial data, we can assume that the Cauchy problem
for Klein—-Gordon equation is given by (4.3.1) with u, F supported in the light cone
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{lz| < t — 1} and the initial data (4.3.2), where go,g: € H**!(IR") x H*(R") are
fixed and
suppgo N suppg1 C {|z| < R},

moreover
lgoll e+ mm) + g1l e 7y < &

Given any s > n/2, po 2 to and p > po, we define the norm
X(u) = X,,p(u) =

(122.25) = sup ™?|u(o")|lger2cx) + [l Heti(o,t)xRR):-
poso<

We recall that ¢; = (1 + p3)/2. Our goal is to evaluate the operator

u — N(u),
defined by
(12.2.26) ON(u) — N(u) = |u*
with initial data
(12.2.27) N (u)(to,z) = go(z), 8N (u)(to,z) = g1()

that satisfy ||go||zre+1 + ||g1]|zr+ < €. We shall establish the estimates:
(12.2.28) X(N(u)) < Ce + C(X(u))

(12.2.29) X(N(u) — Nw)) < CX(u - w) (X (u) + X ()

It is important to notice that the constant C in these estimates must be inde-
pendent of the parameter p > to used in the definition of the norm X(u). In this
way these estimates lead to the existence of a unique solution of

(12.2.30) u = N(u).
In fact, taking the recurrent sequence
u_1 =0, uj = N(uj-1), j=0,12,...
we apply (12.2.28) and we see inductively that
(12.2.31) X(u;) < Cie

where C; = 2C and 0 < ¢ < g with g9 = £0(C}) sufficiently small.
Once the uniform estimate (12.2.31) is checked, we use (12.2.29) once more and
find '

’ _ 1
(12.2.32) X(‘uj+1 - uj) < ce? IX(UJ' - uj..l) < EX(uJ - 'u.j_l)
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for € < g9 sufficiently small. From (12.2.32) we get inductively

C
X(uj —uj-1) < 55
and we see that {u;} is a Cauchy sequence in the Banach space {u; X(u) < oo}
converging to the unique solution of (12.2.30).
Finally we see that

(12.2.33) (1 +t+ |z|)"?|u(t, )| < CX, p(u)

provided p > 4/t? — |z|2. Indeed, for t + |z| bounded this follows from classical
Sobolev inequality. For ¢ large enough (say t > t2) we can choose p = /t2 — |z[2 >
to and 2 = (t,z)/p. Then applying Sobolev embedding from (9.2.10), we get

(122.34) ™05 u(pQ)| < Co™?u(p )| gresrax) < CXopl(u).

This shows we have (12.2.33).
On the other hand, in view of (12.2.31), the norm X, ,(u) is uniformly bounded
with respect to p; we conclude

lu(t,z)| < C(1 +t + |z|)~™/?

in {|z| < t}.

Therefore, to obtain the decay estimate (12.2.5) it remains only to establish
(12.2.28), (12.2.29). For simplicity we shall obtain only (12.2.28), since the proof
of (12.2.29) is similar.

First, we apply the classical energy estimate (12.2.24) for the Klein - Gordon
equation and find

IN (@)l o421 ((to,t2) xR") < Cligollzre+r + Cliga [l e
+Ollul* | e ((to,81) x R)
From Lemma 6.6.1 and Sobolev inequality in R", we get
(12.2.35) v ||N(u)||H.((to’tl)an) < Ce + C’X('l.l.)A

The next step is to evaluate the first term of our norm X (u). From (12.2.23) we
have

P2 IN() ()l rearx) < Cligollmresr + Cllga ||

P
(12.2.36) +C|lul i+ (ot xrm) + C [ () Mlzrenraeyo™dor

Po

Our assumption on the initial data guarantees that

lgollze+r + |lg1]|rre < e.
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As above we have
12l | £ ((20,2) xR7) < CX(w)*.
Applying Theorem 9.2.2, we obtain
o) Pllearagry < Cllu )z o) 22l ny-

A comparison with (12.2.34) shows that
C
05 (o) < —75 Xa,p(w),

o™ ?||u(o") || greragxy < CXa,p(u).
Hence, we arrive at

P p
”|”(¢7')|A||H-.1/2(x)d"/2da' < CX(u)’\/ o—(A-1n/24,
P

PO 0

Our assumption that A > 1+ 2/n implies that
P
/ o~y < oo
PO

so we have o
[ Mo )P zesraezyo™?de < CX ()
p

0

This observation leads to the estimate
PN (@) (p )| rrenra(x) < Ce + X ()™,
This estimate and (12.2.35) give (12.2.28) and completes the proof of (12.2.5).
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