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On spherically symmetric gravitational collapse in
the Einstein—Gauss—Bonnet theory

Makoto Narita

Abstract.

Spherically symmetric gravitational collapse of a scalar field in
the Einstein-Gauss—Bonnet theory will be considered. We show some
global results for this system, which supports the validity of the cosmic
censorship conjecture.

§1. Preliminaries

Let (M, g,..) be a spacetime, where M is an orientable n-dimensional
manifold and g, is a Lorentzian metric on it. Here, a massless scalar
field is assumed as simplest one. The Einstein-Gauss—Bonnet(EGB)-
scalar equations [6] are as follows:

(1) G +oH,, = /@%Tw,

@) J%_gaﬂ (vV=99"8,6) =0

where « is a positive constant, T,,,, is the energy-momentum tensor and

1
Gl“/ = RI“/ — ‘2‘Rg,w/7

1
Hyy =2 [RRyy, — 2Rau RS — 2R*P Ruaup + R2P Ryapy | — 5 9uvLa,

where Ly := R? — 4R, R* + R, ,o R**??. Our main theorem is
© pvp

Theorem 1. Consider asymptotically flat smooth initial data (S, h, k, ¢)
for the spherically symmetric Finstein—Gauss—Bonnet-scalar equations.
Here, S is an (n — 1)-dimensional spacelike hypersurface, h is an in-
duced metric on S, k is an extrinsic curvature of S. Let (M,g) be
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the mazimal Cauchy development from S and let # : M — Q% be the
projection map to the two dimensional Lorentzian quotient Q+. Sup-
pose that there exists on asymptotically flat spacelike Cauchy surface
S c Qt and a point p € S such that 7 1(p) is trapped or marginally
trapped and at least one of the connected components S \ {p} contain-
ing an asymptotically flat end is such that m—1(q) is nmot outer anti-
trapped or marginally anti-trapped for any q in the component. Then
J=(ZY)nJT(S) c DH(S) C QF, where I is the future complete null
infinity. Moreover, the Penrose-like inequality r < rp(My,a,n) holds
onH* =J-(ZH)NQT\ (I~ (Z*)UTIT), where rp is the unique positive
('TL - 2)Vn‘2 n->5
2K2
function and My is the final Bondi mass.

solution to My = (r?2 4+ &), r denotes the volume radius

§2. Spherically symmetric spacetimes in n-dimension

Globally hyperbolic spacetimes M with n-dimensional spherical sym-
metry imply that the group SO(n — 1) acts by isometry on M and
preserves ¢. We assume QT = M/SO(n — 1), inherits from spacetime
metric g the structure of a 1 4+ 1-dimensional Lorentzian manifold with
boundary with metric g, such that

g =g+ rido? = —Q%dudv + r?0?

where 02 is the standard metric for (n — 2)-sphere and functions Q and
r depend on only u and v on QF. The boundary of Q7 consists of I'N S,
where I' is a connected timelike curve and S is a connected spacelike
curve (Cauchy surface). I'N S is a single point and r(p) = 0 if and only
if p e I'. T is called the centre. In this metric, the EGB-scalar equations
(1)-(2) become as follow:

0? @ o K2
(3) Dﬁu&,r——ﬂ (n—3)u+(n—5);2—u —+ n_2frTm,,
(n—23) k(n—3) o (n—4)r
(4) D8O, log) = 2 OurOyr + = 0° — 572 Oy 0y
o2 (9 "
to 72+ 53 (9%°Tap — ATY) ,

2
(5) DO, (Q20,r) = — — Fn rQ 2T s
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2
(6) D8, (Q%0,r) = —n“_" 570 Ty,
n—2 n—2
(7 00y = — o Oy, PO, — o OOy .
. _ 26 _ 48,101
Here,az(n—3)(n—4)a,D:{l—i—r—Qu],,u:l—l— e , and

2(n — 8)urd,0,r 1672
02 Y
+(n — 5)u?

A (0, In Q0 r8,0yr + 0, In 08,10, 0,T)

IH

2
—I—SQ% (0u0ur0, 0y + 48, In Q0, In QD Td,r — (0u0yr)?) .

From the definition, components of the energy-momentum tensor for the
massless scalar field are given by

Tuu = (8u¢)27 TUU = (aqu)Q, Tuv = 07
gl“jT;w = gabTab = 2Q_Zau¢au¢-
Note that 9,7 = (1 — u)..

83. Trapped region

Following the idea of Penrose’s closed trapped surfaces, we will di-
vide spacetimes into three regions:
e Regular region: R = {q € Q" : 8,7 > 0,8,r < 0},
o Trapped region: T = {q € Q" : Oyr < 0, 8,7 < 0},
o Marginally trapped region: A= {q € QT : 8,7 =0, 9,7 < 0}.
In addition, we call R U.A the non-trapped region. By the definition and

the constraint equations (5) and (6) for 1+ —g u# > 0, we have
7

Proposition 1. The followings holds:

(1) Q*=RUTUA.

(2) If (u,v) € T,then{u,v*) € T for v* > v. Similarly, if (u,v) €
T U A, then(u,v*) € TUA for v* > v.

From the constraint equation (5) under the dominant energy condi-
tion, we have

Proposition 2. Assume 0,7 < 0 along S, which means that space-
times do not expand on initial surface. Then, 8,7 < 0 in QT.
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84. Gravitational mass
Now, we will define the generalized Misner—Sharp mass, which is a
useful tool to analyze spherical symmetric gravitational system.

Definition 1 (Maeda and Nozawa [7]). The generalized Misner—
Sharp mass is

_ (n—2)V,_grm? & 4
m(“’? 'U) - 2,"’\3% m+ 7"2'” )

where V,,_2 is the volume of (n — 2)-sphere.

Using equations (3)—(7), we have evolution of the mass is as follow:

Oum = 2r"72V, 5072 (T 0ur — TyuByr),

Oym = 29" 2V, 9072 (Tyy By — TpyOyr) .
By these evolution equations for m(u,v), we have the following propo-
sitions [7]:

Proposition 3 (Monotonicity). Monotonicity properties dym < 0
and 9y,m > 0 hold in R if the dominant energy condition Ty, > 0, Ty, >
0,Tyy > 0 is satisfied.

Proposition 4 (Positivity). m > 0 on any nonspacelike hypersur-
faces in R with regular center if the dominant energy condition holds.

In the case of massless scalar fields, one can show the positivity of
m in whole spacetime.

Corollary 1. m > 0 in Qt with regular center in the case of mass-
less scalar fields.

We can also show the following proposition, which is an immediate
40,10, T

02
Proposition 5. The relation 1 — =0 folds on A, 1 —u <0 in T
and 1 — p >0 in R, where

r? 8K2am
l—p=1+——[1-4/1 n .
P=1t9a ( \/ T oo 2)an"2r"“1)

From the above and the positivity of m, we have

concequence of the identity p =1+ , with proposition 2.

9%
Corollary 2. 1+ ?qu > 1 in QT with regular center in the case of

massless scalar fields.
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§85. Extension in the non-trapped region

From the local existence theorem and the maximality of the Cauchy
development [1], [9], [3], we have the following extension pronciple:

Proposition 6. Let p € @+ \T, and ¢ € QT NI~ (p) such that
J=(p) NI (@) \ {p} C Q*, and N(J~(p) N J*(g) \ {p}) < c0. Then
p € QT. Here, given a subset Y C Q1 \ T, define

N(Y) =sup{[Q],, |27, Irl,, |7

0° |¢]1}7

where |f|,, denotes the restriction of the C* norm to Y.
Now, we can show

Proposition 7. Let p € R\T and ¢ € RNI~(p) such that J~(p)N
JT @)\ {p} CRNA. Thenpe RN A.

§6. Infinity

We will define spatial infinity and null infinity as follows.

Deﬁnition_2_ (Dafermos [4]). The curve S has a unique limit point
i% = (@, V) on QT \ QF, which is called spatial infinity. Let U be the set
of all u defined by

U:={ul sup r(u,v)=o00}
vi(u,v)eQt

For each u € U, there is a unique v*(u) such that (u,v*(u)) € (Q+\
Q)N JT(S). Define the future null infinity It as follows:

It:= U (u, v*(u)).

ueU:w* (u)=V

We will denote infz+ m by M, which is called the final Bondi mass.
One can show that Z* is non-empty by the standard arguments and is
a connected in going null ray with past end point i by adapting [4].

§7. Penrose-like inequality

In this section, we will show Penrose-like inequality for our system.
Set the domain of outer communication D = JT(S)NJ~(ZT)NQ™T and
one can show D C R. The event horizon H is defined by the future
boundary of D in Q.
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Lemma 1. On A,

(n - 2)V’ﬂ—2 n—5 (.2 ~

— "y r“+ &) < My.
2/@% ( ) — f
Here, A is a non-empty achronal curve intersecting all ingoing null
curves for v > vg for sufficiently large vy, where A = {(u,v) € A|(u*,v) €
R for allu* < w and 3’ : (v/,v) € J=(TT)NQT} is outermost apparent
horizon.

Proof. See [7]. Q.E.D.
Lemma 2. On H,

(n—=2)Vuo —5(.2 , =
Tr" (r +a) < M;.

_ Proof.  Assume the contrary, that is, there is a point (U, V) with
r(U,V) = R > rp on the horizon. As shown in [4], there is a neighbour-
hood of the horizon which is in R:

N =[up,u'| x [V,VICR, uy<U<u".

In addition, we can chose the region [[,u"] x [V, V] C R where is inside
HY with

r>R
and
l—p = 1+i<1—\/1+ 8rcpam >
2a (n—2)V,_orn—t
2 KZ2aM
> 1t 5 (1 - \/1 T 2§V:_2<R')"-1> !
where R’ < R.

Now, we will show that for any u* € [ug, v"], lim,— v r(u*, v*) = oo,
which is a contradiction for the definition of the event horizon. In R,
we have

*

“ Vn—2 -2 1-— |
M > sup/ ——= " Ty ——— () d,
ESV o 2 (—8u7")
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by integrating (8). Then, we have the following estimate

v Vn~2 TTuu — N 3
sup/ 5 (_8ur)(uv)du

55\7 uo
-1
M (R) SrnaM
< 1 1—4/1 -
= ®re | TV ®)
= CM,R’,a,n'

From equation (5), we have

K21 Ty, 2a¢ \ 7!
OuA = (n—2)d,r (1 + 7"_2#> 4,

Oyt

—p

where A = 1 . Thus, we have

u* A
L 614 dﬂsz,R’,a,n~

0
From this inequality, the following estimate is obtained

Oy
1—p

(u*7 /U*) 2 CeCM,R’,a,n 6—

1 Z M(anv+)7

then 8,r(u*,v*) > Ce“m 1 0 9,r(ug,v*). This means that r(u*,v*) —
oo as v* — V since r(ug,v*) — oo as v* — V. Then, (u*,V) € IF.
This is a contradiction. Q.E.D.

§8. Completeness of future null infinity

The purpose of this section is to prove completeness of future null
infinity and then to finish the proof of Theorem 1.
Lemma 3. If AU T is non-empty, then I is future complete.
Proof. Define the vector field
0?(ug,v) 8
X -\, 9
(u,v) 02 (u,v) du

on J7(ZT)N QT. This is parallel along all ingoing null rays and along
the curve u = ug. We need to show

g
IE/ diu%oo as v— V.
wuQ X(U’),U)'u
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Now, we have

v ) 02(y, v)
I > / —— 2 T du
ug Q2(“071})

W)V 9,7 (u,v) k2 [T, 26 \ !
= L o Ll1+ = duy|d
/uo [—Bur(uo,v) FPI 2 /uo Our ( + r2 N) “ u

c 1 *(v) 8 i
> ~“M,Rlon —
z e S [, el

e'_CM,R’,a,n r_(,l.LO_’Q_—___)
- ur(uOJ 'U)

from (5). Define B = 18“T (6), we have

KTy 2a \ 7t
avB—m(“rzﬂ) B.

Integrating this equation, we have the following estimate
~0yr(ug,v) < CeCMR an  for Yo > vg.

Then I - 0 asv— V. Q.E.D.

Thus, Propositions 6 and 7 and Lemmas 2 and 3 are give the proof
of Theorem 1.

In summary, the similar results are already given [2], [3], [4], [5], [8]
in the Einstein theory. Our result is a generalization to the EGB theory,
which is a more general one of gravitational theory.
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