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On non-abelian Lubin—Tate theory
via vanishing cycles

Teruyoshi Yoshida

Abstract.

We give a purely local proof, in the depth 0 case, of the result
by Harris—Taylor which asserts that the local Langlands correspon-
dence for GL,, is realized in the vanishing cycle cohomology of the
deformation spaces of one-dimensional formal modules of height n.
Our proof is given by establishing the direct geometric link with the
Deligne-Lusztig theory for GLn(Fy).
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Let p be a prime, and K be a finite extension of the p-adic field
Qp, with the ring of integers O and the residue field %k of cardinality

g. The proof of the local Langlands correspondence for GL,(K),

by

Harris-Taylor [HT], was achieved by showing that the desired corre-
spondence is realized in the £-adic vanishing cycle cohomology groups of
the deformation spaces of formal O-modules of height n with Drinfeld
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level structures (known as non-abelian Lubin-Tate theory or the con-
jecture of Deligne—Carayol [Ca2]). As these deformation spaces occur
_as complete local rings of certain unitary Shimura varieties at the “su-
persingular” points, they made an essential use of the fact that global
Langlands correspondences are realized in the /-adic etale cohomology
groups of these Shimura varieties over CM fields. In this article, we give
a purely local approach to this non-abelian Lubin—Tate theory, in the
special case of depth 0 or level p, by computing the local equation of
the deformation space and constructing its suitable resolution to cal-
culate the vanishing cycle cohomology directly. We show that, in this
case, the non-abelian Lubin-Tate theory for supercuspidal representa-
tions of GL, (K) is essentially equivalent to the Deligne-Lusztig theory
for GL,, of the residue field k, which realizes the cuspidal representations
of GL, (k) in the ¢-adic cohomology groups of certain varieties over an
algebraic closure k of k.

To state our theorems precisely, let K, O, k as above and fix n > 1.
Let K" be the maximal unramified extension of K, and let W be the
completion of the ring of integers O" of K" (sometimes denoted Wo (k)
in the literature). Let 7,7 be the spectra of Frac W and its fixed algebraic
closure, respectively.

Firstly, let X be the spectrum of the deformation ring of formal
O-module of height n with level p structure ([Dr]), which is a scheme of
relative dimension n — 1 over W. We are interested in the f-adic etale
cohomology groups H'(X7,Q,) (£ # chark) of the geometric generic
fiber X5 := X Xspecw 7, wWhich are finite dimensional GL,(k) x Ik-
modules, where I is the inertia group of K. Secondly, let DL be
the Deligne-Lusztig variety for GL,(k), associated to the element of the
Weyl group of GL,, that corresponds to the cyclic permutation (1,...,n)
in the symmetric group of n letters, or equivalently to a non-split torus
T with T'(k) = kX where k,, is the extension of &k of degree n ([DL]).
This DL is a smooth affine variety over k with actions of GL,(k) and
T(k) = kX, hence we can regard H:(DL,Q,) as a GLy (k) x Ix-module
by the canonical surjection Iy — kX.

We denote the alternating sums of these cohomology groups as fol-
lows:

H*(X7) ==Y (-1)![H' (X7, Q)]
Hy(DL):=) (-1)'[H(DL,Q,)],
which are regarded as elements of the Grothendieck group of GLn‘(k) X

Ix-modules. Then our main theorem on the vanishing cycle cohomology
groups of X can be stated as follows (Theorem 6.16):
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Theorem 1.1. (i)  We have the equality H*(X5) = H*(DL).

(ii) Among the H'(X#, Q,), cuspidal representations 7 of GLy(k)
and generic inertia characters x of Ix (here generic means x
does not factor through any kX with m | n, m < n via the
norm map kX — k) occur only in H" (X, Q,), where they
are coupled as @ m, ®x by the Deligne-Lusztig correspondence
X < T, characterized by

Ty ® St = Indg(jjc';(k)x,

where St is the Steinberg representation of GL, (k).

The correspondence in the part (ii) can essentially be deduced from
one of the main theorems of Harris—Taylor [HT] (Theorem VII.1.5),
which was proven via highly nontrivial global arguments, but in this
article we first prove the part (i) of the above theorem by a local geo-
metric argument, and apply the results of Deligne-Lusztig theory. The
fact that the supercuspidal representations appear only in the degree
n — 1 (in the limit of cohomology groups for all levels p™) was remarked
by Faltings [Fal], as a refinement of the results of Harris-Taylor, and
recently proved by Mieda [Mi] via purely local argument.

To see that the results of Harris—Taylor imply the above theorem,
one only needs to spell out the depth 0 case of the local Langlands corre-
spondence. Here, the supercuspidal representations of GL,(K) are ob-
tained as compact inductions of the pull back of cuspidal representations
of GL,(k) to GL,(O). The irreducible n-dimensional répresentations of
the Weil group Wi are obtained by extending the generic tame inertia
characters x as in the theorem from Ix to the Weil group Wy, of the un-
ramified extension L of degree n over K, and then inducing them from
Wi to Wi. The local Langlands correspondence (up to twists by un-
ramified characters) boils down to the correspondence mentioned in (ii)
of the above theorem. This case gives all the tamely ramified irreducible
representations of Wy .

To prove the above theorem by purely local arguments, we construct
a suitable model of the deformation space X and compute the cohomol-
ogy of the geometric generic fiber Xz in terms of vanishing cycle sheaves
on the special fiber. In its course we obtain important information con-
cerning the geometry of X as the following:

Theorem 1.2. Let w be a uniformizer of O.
(i)  (Proposition 8.5) The W-scheme X is isomorphic to

Spec W[[X1,..., X,]|/(P(X3,...,Xn) — @),
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where P € W[[X1,...,X»]] is of the form:

(unit) - II ([a](X1) +5 -+ +5 [an](Xn))
(a; mod p);€k™\{0}

where [a;] and +5; denote the formal O-multiplication and ad-
dition of a formal O-module over W[[Xq,...,Xy,]] obtained by
lifting the universal formal O-module over X.

(ii)  (Theorem 4.2) There exists a generalized semistable model Zs;
of X over W, i.e. a proper W-morphism Zg — X which is
an isomorphism on the generic fibers and Zs; being generalized
semistable. Here generalized semistable means that its com-
plete local rings at all the closed points are isomorphic over W
to

WL, Tl /(T T3t —w) (d<n),

where the integers e; (1 <i < d) are all prime to chark.

(iil)  (Proposition 6.15) Over the tamely ramified extension Wy =
W(w'/(@"=1)) of W, there is a model of X whose special fiber
contains a smooth affine variety over k which is isomorphic to
DL as schemes with right GL, (k) % Ik -action.

The part (i) of this theorem gives the integral local equations of
the relevant unitary Shimura varieties at supersingular points (similar
equations can be given for the deformation spaces of formal O-modules
with level p™ structures for any m > 1), and in the special case K = Q,
and n = 2, it gives the “integral” version of Katz—Mazur’s description of
the bad reduction of modular curves X (p™) ([KM] Theorem 13.8.4). The
resolution constructed in the proof of the part (ii) of this theorem can
be used to give a generalized semistable model of the unitary Shimura
variety with level p structure, which suggests a more “local” approach
for computing the cohomology of these Shimura varieties. The part (iii)
of the theorem is the basis of the proof of Theorem 1.1 above, and is
obtained by normalizing the base change of a relevant part of generalized
semistable model to W,,.

The vanishing cycle cohomology of the coverings of Lubin—Tate
spaces is known to incorporate the local Jacquet—Langlands correspon-
dence as well as local Langlands correspondence ([HT]). The realization
of Jacquet—Langlands correspondence was proved via local arguments
by M. Strauch ([St1], [St2], [St3]) using the period map and the trace
formula on rigid analytic spaces. We hope to clarify how our work is
related to other works in the field ([Bo2], [Da], [Fal], [FGL], [Mi]) in the
near future.
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Notation. For j > 1, we denote the group of j-th roots of unity by
p;. Cohomology groups are all £-adic etale cohomology groups, where
we fix a prime £ different from the residue characteristic p. For a rep-
resentation V of a group, we denote the corresponding element in a
suitable Grothendieck group by [V]. For a ring A, we denote its group
of units by A*. For a field F, we denote a fixed separable closure of F'
by F. For a finite field k = F4 with g elements and n > 1, we denote
by kn = F¢» the unique extension of k of degree n. For a scheme X and
its point z € X (resp. a geometric point z of X), we denote the Zariski
local ring (resp. strict local ring) at by Ox,, or O,. Sometimes we
refer to the elements of the coordinate rings as “coordinates”, but when
there is a risk of confusion we distinguish them by capital/lower cases.
For a ring A and indeterminates X1, --- , X, we denote A[Xy, -, X,],
A[[Xq,- -+, X,]] respectively by A[X<,], A[[X<n]].
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§2. The deformation spaces of formal O-modules

Let p be a fixed prime, and K be a finite extension of the p-adic field
Qp. Equivalently, it is a complete discrete valuation field of characteristic
zero with a finite residue field. Let O be the ring of integers of K, and p
be its maximal ideal. Let ¢ be the cardinality of the residue field, which
we denote by k := O/p =2 F,. These are fixed throughout the paper,
with the exception of Section 6.1.

We denote the maximal unramified extension of K by K™, and
its completion by K = K™ We denote the ring of integers of K by
W, which is a complete discrete valuation ring with the residue field
k= Fq. The uniformizers of O are also uniformizers of W. We often fix
a uniformizer w of O.

Here we recall from [Dr] the basic facts on the deformation theory
of one-dimensional formal O-modules. The author is greatly indebted to-
the expository article of Yasufuku [Ya], which gives a detailed account
of Drinfeld’s theory.

2.1. Formal O-modules

For a (commutative) O-algebra A, by a formal O-module over A, we
mean a pair & = (F, [-]), where F(X,Y) € A[[X,Y]] is a one-dimensional
commutative formal group law and [[] : O 3 a — [a] € End(F) is an
injective ring homomorphism such that [a](X) = aX (mod X?). Here
End(F) := Hom(F, F), where

Hom(F,G) = {f(X) € X - A[[X]| | f(F(X,Y)) = G(f(X), f(Y))}

for formal group laws F, G over A. The homomorphisms between formal
O-modules ¥ = (F,[]), ¥ = (F',[]') are the elements of Hom(F, F’)
which commute with O-multiplications. For any A-algebra B and a
formal O-module ¥ over A, a formal O-module ¥ ® 4 B over B is de-
fined by the images of F and [a] under the induced homomorphisms
A[[X,Y]] — B[[X,Y]] and A[[X]] — B[[X]]. For ¥ = (F,[-]), we often
use the notation:

X+sY = F(Xay)v []E = H
Example 2.1. The additive group G, = (F,[]), over arbitrary A,
is defined by FI(X,Y) =X +Y and [a](X) = aX for every a € O.

Proposition 2.2. (Drinfeld [Dr]) For a formal O-module Y. over
Fq, not isomorphic to the additive group G,, there is a unique integer
n > 1 (called the height of ) such that if @ is a uniformizer of O then
[@]5(X) =u-X" for some u € F[[X]]*. We define the height of G, to
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be co. The formal O-modules over Fq are classified up to isomorphism
by their heights.

Let n > 1, and fix a formal O-module %, of height n over Fq,
which is unique up to isomorphism. If w is a uniformizer of O, then we
can (and will) choose X, = (F,[-]) to be w-normal, i.e. it satisfies the
following:

i) [@](X) =
(ii) F{X,Y) G Fqn[[X Y]], F(X,Y)=X+Y (mod degqg™).
(iii) [a](X) € Fgn[[X]], [a](X) =aX (mod X9") for every a € O.

2.2. Deformations of formal O-modules

Let ¥ be the category of complete noetherian local W-algebras
(A,my) such that the structure morphisms W — A induce isomor-

phisms between the residue fields k¥ = W/pW — A/m4. We identify
k and A/m, by this isomorphism. The morphisms in € are local W-
homomorphisms. For a formal O-module X over A € %, its reduction
modm 4 is defined as ¥ := S Q4 E, which is a formal @-module over k.

Let us fix an integer n > 1 in the rest of the paper. For A € €, a
deformation of ¥, to A is a pair (X, 1), consisting of a formal O-module
3 over A and an isomorphism 7 : 3, =, ¥ as formal O-modules over
k. Two deformations (X,i) and (¥',i') are equivalent if there is an
isomorphism f: ¥ 2 ¥’ such that ¢/ = (f mod m4)ci. The deformation
functor Fy from % to the category of sets is defined by sending (A, m4) €
% to the set of equivalence classes of deformations of X, over A.

Proposition 2.3. (Drinfeld [Dr]) The deformation functor % is
representable by a ring Ag € €, which is isomorphic to the formal power
series ring of n — 1 variables W{[T4,...,Th—1]] over W. We denote the
universal formal O-module over Ag by LUV,

2.3. Deformations with Drinfeld level structure

For a formal O-module ¥ over A € ¥, the maximal ideal m4 of A is
endowed with an O-module structure by defining the addition and the
O-multiplication by

c+py=F(z,y), [0(z)=las(2) (2,y€ma, acO)

We denote this @-module by mg. A homomorphism f : ¥ — X/ of
formal O-modules over A induces an O-homomorphism f, : my — myy
of the corresponding O-modules.

For a formal O-module ¥ = (F,[-]) over A € € of height n and
an integer m > 1, a Drinfeld level p™ structure on X is defined to be
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an O-module homomorphism ¢ : (p~™/O)" — my, which satisfies the
divisibility:
[T (x-et@) | =)

zE(p~m/O)"

in A[[X]], for some (equivalently, every) uniformizer w of O.

Let us fix a uniformizer w of @ and choose X,, to be w-normal. If
we denote the left hand side of the above by P,(X) = [[(X — ¢(x)),
and let [w™](X) = U(X)P,(X) with U(X) € A[[X]], then the constant
term uyx, of U(X) lies in 1 + my4, because we have [w™|(X) = P,(X) =
X" (mod my).

Also, once we fix a uniformizer w of O, we have a standard basis
{e1,...,en} of (p7™/O)" as a free O/p™-module, where

ei:=(0,...,0,@™™,0,...,0).

We call p(ey),...,p(e,) € my the formal parameters of ¢.

For A € ¥, a deformation of %, with level p™ structure over A is
a triple (3,4, ¢) consisting of a usual deformation (3,%) over A and a
Drinfeld level p™ structure ¢ of £. Two deformations (X, 1, ), (3,4, ¢’)
are equivalent if there is an equivalence f of (X,4) to (¥,4') such that
¢’ = fm o . The deformation functor %, from ¥ to the category of
sets is defined by sending A € ¥ to the set of equivalence classes of
deformations of 3J,, with level p™ structure over A.

Proposition 2.4. (Drinfeld [Dr]) For every integer m > 1, the
deformation functor F,, is represented by an n-dimensional regular local
ring Am. The local W -algebra homomorphism Ay — A,,, representing
the obvious forgetting morphism of functors %, — Fo, is finite and flat,
and the universal object over A, is a level p™ structure ., on Z;‘lni"@) Ao
Am. The formal parameters Xi1,...,X, € my,, of the universal level
p™ structure ., gives a set of regular parameters of A,,.

This functor %, naturally factors through the category of sets
with right GL,(O/p™)-action as follows. For A € ¥, the set %,(A)
has a natural right GL,(O/p™)-action induced by the action of g €
GL,(O/p™) on the deformations defined as

(2,4,0) = (X,4,p09).

This results in a right GL,(O/p™)-action on Spec A,,. In terms of
formal parameters Xi,..., X, of the universal level p™ structure on
Apr,, this coincides with the left action given by the “linear” action of
GL,{(O/p™) on the row vector (X1,..., X,) from the right, as elements
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of Mgunivga,,, 1-€. the addition and the O/p™-multiplications on X;’s are
the operations of ZU"Y® A,,,. The finite flat covering Spec A4,, — Spec Ay
is a Galois etale covering on the generic fibers, with the Galois group
GLA(O/p™).

2.4. Realization as a complete local ring of a Shimura va-
riety

Here we briefly recall from [HT] the realization of this deformation
ring as a complete local ring of certain Shimura variety, especially the
proof of Lemma I1.2.7, given in p.114 of the book. The detailed definition
of the relevant Shimura variety is described carefully in [HT], which we
omit here as it has little importance for us. In [HT] Section IIL.4, the
proper flat integral model Xy» , of some Shimura variety over Spec O,
is defined, where U? is a compact open subgroup of G(A®?) for certain
reductive group G over @, and m = (mq,...,my) € (Z>o)" is a multi-
index.

Now we can take the local field F,, to be our K, and the index m; to
be our m. Writing Sh := Xy» ,, Lemma I11.4.1(1) of [HT] tells us that

the completion @Sh,g of the strict local ring of Sh at any geometric point
5 centered at a closed point s with h(s) = 0 (a “supersingular” point, i.e.
where the etale height h(s) of the corresponding Barsotti-Tate group is
0), is isomorphic to our universal deformation ring A.,. Note that the
existence of such a closed point is ensured by Lemma III 4.3 of [HT].
This will be used in Section 4.2.

§3. The level p deformation space and the first blow-up

We fix n > 1, and we are interested in the deformation space X :=
Spec A; of formal ®-modules over k of height n with level p structures.
This X is a regular flat scheme over S := Spec W of relative dimension
n — 1 with a (formally) smooth generic fiber. We denote the universal

formal O-module over Ag by XUl := ¥UnV. From this section on,
we denote the ring A; simply by A, and the maximal ideal of A by
m:= (X1,...,Xn), where X, are the formal parameters of the universal

level p structure on X" ® A, associated to our choice of uniformizer @
of O.
3.1. The equation of the space

We start by computing the defining equation of this space X =
Spec A. By Propositoin 2.4, the formal parameters Xi,..., X, give a
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set of regular parameters, therefore we have a surjective local homomor-
phism of local W-algebras

A:=W[X1,...,Xnl — A, X;+— X; (1<i<n),

where (Z, m) € ¥ is a formal power series ring in Xi,..., X, over W
with the maximal ideal i := (@, X1, ..., Xn)-

Let I be the kernel of this surjection, so that A = Z/I . Note
that A is an (n + 1)-dimensional regular local ring, and A is regular by
Proposition 2.4. Hence the ideal I has height one, therefore principal,
generated by an element ¢ which is part of a system of regular parameters
of A, i.e. an element ¢t € I\ @2 ([Mat], Theorem 14.2). But for any
element ¢’ € I\ m2, we have t'm = (') N m?, thus the map (¢')/t'm —
I/mI is an injection between 1-dimensional k-vector spaces, therefore
an isomorphism, which in turn gives (¢') = I by Nakayama’s lemma.
Therefore, to determine I we only need to find any element ¢ € I\ m2,
and for this we observe:

Proposition 3.1. We have the following equality in A:

w=1u- H ([al](Xl) +suniv + * © +suniv [a,n](Xn))
a€km\{0}

withu € 14+m C A, where +suniv, [-] denote the operations in Msunivg 4,
and we used the notation a := (a1,...,a,) and Q := (0,...,0). (Note
that [a;)(X;) are well-defined because [w](X;) = 0.) In particular, we
have w € m9" 1.

Proof. For the universal Drinfeld structure ("7 ® A, 4, ) over A,
by definition we have:

[@|(T) =U(D)P,(T), UT) € AlT)), PoT)= [[ (T —e¢).
ze(p~t/O)"

As remarked before in Section 3.3, the constant term w of U(T) is in
1+ m. By comparing the leading terms (i.e. the coefficients of T'), we
have the equality:

w=u- ] e

z€(p~1/0)"\{0}
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in A. The definition of the formal parameters gives:

H p(z) = H plater + -+ + anen)

ze(p~1/0)"\{0} ackm\{0}

H ([a1](X1) +gums - - Hpunv [00](Xn)).

ackm\{0}

It

Q.E.D.

In order to define an element ¢ € A which vanishes in A, first we
lift the universal formal O-module Zum" to A. By definition of the
deformation space, defining such a lift Tuniv gver 4 is equivalent to
giving a local W-algebra homomorphism f making the following diagram

commute:
A—4

Ag = [[Tl, oo Tn—1]]

where the right vertical arrow is the canonical map defined in Proposition
2.4. The existence of such an f is ensured by the formal smoothness of
Ag over W (finding such f only amounts to defining the images of 7
by finding a power series of X1,...,X, with coefficients in W which
represent the images of T; in A).

Definition 3.2. We choose and fix one such f, and define Suniv .
Zuniv ®A0,f A.

Note that this does not mean that X Tyeeey )N(n are formal parameters
of a level p structure on "™ (that would amount to giving a section
A — A), thus [@]gu (X;) does not vanish and [a](X;) for a € k is not
well-defined.

Definition 3.3. For each a € k™, let a € p,_; C O be its multi-
plicative lift, and set 0 = 0. For each ¢ = (a1,...,a,) € k™ \ {0}, define
a formal power series:

Pu(X1, -, X0) = [01)(X1) +gume - Fgune [8n](Xn) € W C A,
where +g,., [] denotes the operations in MSuniy -

We record some easy properties of these power series F.
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Proposition 3.4. The following are true :

() Pa=@Xi+- +8X, (mod (Xi,...,Xn)?).
(i) Ifa=c-d forcek>< then Py = uc - Py for a unit U € A%,
(i) Ifajyr=---=an=0forsomej <n,then P, € (X1,...,X;).

Proof. Parts (i) and (iii) follow from the definition of formal O-
modules and 0 = 0. For (ii), note that P, = [¢](Py/), but as ¢ € O, we
have [¢](z) = u, - = for any x € m, with a unit u. € ¢+ m depending on
T. Q.E.D.

Now we can define an element of A reducing to 0 in A using Propo-
sition 3.1:

Proposition 3.5. We have an W—algébm isomorphism
A/(P - w) = A,

where A := W[[X1,...,X,]], and P € A is a formal power series of the
form:
P(Xy,... . Xp) =1 [ PalX1,-..,Xn)
ackm\{0} ‘
with @ € 1+m C A,
Proof. We define u as any lift of u € A in Proposition 3.1 to Z,
which is a unit satisfying the asserted property because A — A is a

local homomorphism. The element P — w € A reduces to 0 in A by
Proposition 3.1, and by the discussion in the beginning of this section,

we only need to make sure that P—w ¢ @2 = (w, X1, ..., Xn)?. This is
clear because P € (Xi,...,X,)? ' and P—w = —w (mod m?) unless
when ¢ = 2 and n = 1, in which case P —w = uX; — w. Q.E.D.

Remark 3.6. This argument can also be applied to the deformation
spaces for higher level p™ structures, giving similar equations with P of

the form
= (unit) - H Py.
a€(O/p™)"\(p/p™)"

Here we recall from Section 2.3 that the left action of (a;;) € GLy(k)
on A on the formal parameters Xi,..., X, is defined by

(31) XJ = [alj](Xl) +Euniv e +Euniv [anJ](Xn),
therefore by definition we can regard it as:

(3.2) Xjmod I — Py, (X1,..., Xy) mod I
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where (a;;); = (a1j,...,an;) and I := (P —w). Note that this does not
lift to the action of GL,(k) on A, as @ are not additive lifts.

3.2.. The special fiber

Now we investigate the special fiber of X = SpecA. As X is a
scheme over S := Spec W, we use the notation s := Speck and X, :=
X xg s. By Proposition 3.5, we have:

(3.3) X5 = Speck[[X1,..., Xa]l/( [ (Pamodp)).
ack™\{0}

Definition 3.7. For each g € k™ \ {0}, we denote by Y, the closed
subscheme of X, defined by (P, mod p) = 0, or equivalently, the closed
subscheme of X defined by (P, mod I) = 0 (note that (P, mod I) di-
vides w in A).

Note that, in the regular local ring E[[)N( Iyenos )Z'n]] with the maximal
ideal m := (X}y,...,X,), we have

(P, mod p) = a1 X1 + - - - + an Xy, (mod ?)

by Proposition 3.4(i), therefore that (P, mod p) € m \ m2. This shows
that the quotient E[[X, ... ,)?n]]/(Pg mod p) is an (n — 1)-dimensional
regular local ring, thus its spectrum Y, is an irreducible and reduced
k-scheme of dimension n — 1.

By Proposition 3.4(ii), we see that Y, =Y, whena=c-g' for c €
k>, and Proposition 3.4(i) ensures that Y, # Y,/ if otherwise. Therefore
we introduce the following notation to label these closed subschemes of
X, by k-rational hyperplanes of a projective (n — 1)-space.

Definition 3.8. Let P := P"~! be an (n— 1)-dimensional projective
space over k, equipped with a set of projective coordinates (X5 -t
X7). For each g € k™ \ {0}, we define a k-rational hyperplane:

Mg:ar Xi+---+a X, =0

of P. For any such hyperplane M = M,, we denote Yy :=Y,, which is
well-defined by the above remark.

We will later identify this IP with the exceptional divisor of our first
blow-up. The following proposition is clearly seen from the equation
(3.3) and the remarks before Definition 3.8.
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Proposition 3.9. The correspondence M +— Yy gives a bijection
from the set of k-rational hyperplanes of P to the set of irreducible com-
ponents of Xs. In particular, there are (¢™—1)/(q¢—1) irreducible compo-
nents of X5. Each irreducible component Yy has multiplicity |[k™| = g—1
mn Xs.

We will also need the closed subschemes of X of higher codimension,
i.e. the intersections of Yjs’s, in Section 4.

Definition 3.10. (i) For any k-rational linear subspace N C
P, we define a reduced closed subscheme Yy of X, as
YN = m YM.
NCM

(ii) Forl<h <n—1,let Y :=|Jy Yy, where N runs through all
the k-rational linear subspaces of IP of dimension A — 1. Define
Y10 as the unique closed point z of X. Note that Y1 =
UnYu = X,
The way closed subschemes Y), intersect with each other correspond
precisely to how the hyperlanes M intersect inside P. More precisely, we
have the following.

Lemma 3.11. Let1 <h<n-—1, and N C P be a k-rational linear
subspace of dimension h — 1. If we choose a set of linearly independent
k-rational hyperplanes My, ..., M, _y such that N = ﬂ?;lh M; inP, then
we have Yy = (=) Yau, .

Therefore the defining ideal of Y is (Pa,,.-.,Pa,_,) if Mi = My,.
In particular, the closed immersion Yy C X is a regular immersion of
codimension n — h, hence Yy 'is a smooth k-scheme of dimension h.

Proof. As the other inclusion is trivial, it is enough to show Yx D
ﬂ:.l:_lh Yu,, or Yy D ﬂ?;lh Y, for any k-rational hyperplane M con-
taining N. For this, by the GL,(k)-action we can assume that N C P
is defined by X{ = ... = X* , = 0 and M; is defined by X = 0 for
1 <4 < n — h, without loss of generality. In this case Yy, is defined
by P, = X; = 0 where 1; = (0,...,0,1,0,...,0) with 1 in the i-th
entry, therefore ()" Y, is defined by the ideal (X1, ..., Xn_p) of A.
Now for any M containing N is defined by an equation Y. ; a; X} =0
with ap—n41 = -+ = an, = 0, which shows P, € ()?1,...,)?”_;1) by
Proposition 3.4(iii), hence Yar D 2" Yas,. Q.E.D.

The action (3.2) of GL,(k) on the formal parameters X1,..., X,
and the Definition 3.3 of P, show that the right GL,(k)-action on X
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permutes the components Yj, in an obvious way, by acting on the set
of indices through PGL, (k). More precisely, for g € GL, (k) and g €
kE™\{0}, let @ — ag be the linear action on the row vector {a}. This gives
the action M + Mg on the hyperplanes of P, induced by the right linear
PGL,(k)-action on P through the projective coordinates. Then GL,, (k)
acts on the set of irreducible components of X by Yas — Yarg. Similarly
we see that Y is stable under this action which maps Yy — Ynyg.

3.3. Some preliminaries on blow-ups of schemes

Before we start blowing up our space, we collect some facts on blow-
up of schemes which will be used in the sequel. Let X be a noetherian
scheme and T be a coherent sheaf of ideals in Ox, and Y := Spec(Ox /)
be the closed subscheme defined by Z. The blow-up of X at Y is defined
as the scheme X’ := Proj(@D,>,Z"), which is projective over X. The
structure morphism p : X’ — X is an isomorphism outside the inverse
image Y’ := p7}(Y) of Y (the exceptional divisor). As a projective
scheme over Y, we have Y/ = Proj(€D,.,Z"/Z"**). Therefore, if Y C
X is a regular immersion of codimension r, in other words when 7 is
locally generated by a regular sequence of sections of Ox of length r,
then the graded Ox /Z-algebra @, ,Z"/Z™"" is naturally isomorphic to
the symmetric algebra generated B_y the conormal sheaf A5y, x =T /72,
which is a locally free Ox/Z-module of rank r, thus Y’/ = P(Ay,x)
is a projective space bundle (P"~!-bundle) over Y ([EGA] IV, 16.9 and
19.4), and if 7 is locally generated by a regular sequence X1, ..., X,, then
(X§ - X)) gives a set of projective coordinates of this projective
space bundle where X := X; mod 2.

We will need some commutativity between blow-ups and comple-
tions.

Lemma 3.12. Let X,Z, X’ as above, and f : Z — X be a flat
morphism. Let T' := Im (f*I — Oz), where f*I = [T Q-10, Oz,
and Z' be the blow-up of Z at the subscheme defined by I'. Then the
canonical morphism Z' — Z xx X' defined by the universality of blow-
ups is an isomorphism.

Proof. As f is flat, the sheaf Oy is a flat f~!Ox-algebra, which
shows that f*Z — Oz is an injection and f*Z = 7’. Now Z xx X' =
Z X xProj (EBZ.ZO T') = Proj(0z®-104 @izo(f‘lI)i) = Proj (EBiZO(f*I)i),
which is isomorphic to Z’ = Proj(D,s,(Z")?)- Q.E.D.

Corollary 3.13. Let X, 7 as above. Forx € X, let XCE := Spec @X,x
be the complete local Ting (or the completion of the strict local ring) of
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X at z, and X, the blow-up of X, at the subscheme defined by T - O)?z'
Then X =2 X, xx X'.

3.4. The first blow-up 7;

We first blow-up the unique closed point z = Y% of X. By Propo-
sition 3.5, we have the description

X = Spec W[[X1,...,Xn]]/(P —w)

PXy,... . X)) =0 [ PuXn,...,Xn)
ackm\{0}

with @ € 1+ C W[[Xy,..., X,]]¥. The universal formal parameters
on X are given by X; = X; mod (P —w) for 1 <i < n.

Definition 3.14. Let Z; — X be the blow-up of X at the unique
closed point z := (Xi,...,X,) of X, and Yp be its exceptional divisor,
i.e. the inverse image of x in Z;.

As X is the spectrum of an n-dimensional regular local ring, the
exceptional divisor Yp is an (n — 1)-dimensional projective space P71
over k, equipped with a set of projective coordinates (X} : --- : XJ),
where X := X; mod m?. We identify Yp with the IP that we introduced
in Definition 3.8 for the indexing purpose.

As the center z of the blow-up is GLy, (k)-invariant, the blow-up Z;
inherits the right GL,(k)-action on X. The action on the exceptional
divisor Yp & PP is the obvious one:

Proposition 3.15. The right action of GL, (k) on Yp 2P, in terms
of the projective coordinates (X7 : --- : X)), is the right linear action
through PGL,, (k).

Proof. As the action of GL,(k) on Yp & P(m/m?) is induced from
the action on the n-dimensional k-vector space m/m? generated by X} =
X; mod m2 for 1 < i < n, it suffices to see that the left action of (aij) €
GL, (k) on X} is defined by

X —aX{ + -+ ang X7,

which is readily confirmed by reducing the left action (3.1) on A modulo
m2. Q.E.D.

Now we analyze how the proper transforms of the other components
Y intersect the exceptional divisor Yp in Z.
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Definition 3.16. For a k-linear subspace N C IP of dimension h—1,
with 1 < h < n — 1, we denote the proper transform of Yy in Z; by
Yni-

For1<h<n-1,let Yl[h] be the proper transform of Y in Z;.
Then Yl[h] =UyYnifor 1 < h < n-—1, where N runs through all
k-linear subspaces of P of dimension h — 1.

Proposition 3.17. Let Z; be the model of X 'deﬁned in Definition
3.14.
(i) - In the special fiber of Zy, the exceptional divisor Yp has multi-
plicity ¢ — 1.
(ii) For a k-linear subspace N C P = Yp, we have YpNYn1 = N.

Proof. These properties can be checked by looking at the comple-
tions along the exceptional divisor of the affine open sets of Z;. We can
reduce to the case where N is a hyperplane M = M, in (ii), and assume
moreover that a, # 0, without loss of generality. We look at the affine
open set that is the spectrum of

W Venl[X1,..., Xoll/(P(X1, ..., Xp) — @, ViX, — Xi),

where W{V<,_1] = W[W,...,V,_1]. We take the completion of this
ring along the exceptional divisor X,, = 0 (which is an affine space A"~}
with the coordinate ring k[V1, ..., V,_1]) to get the spectrum of

By = W[Ven all[Xa )/ (P(ViXn, - .., Vo1 Xy X)) — @)

with P =14 -] cgn\ (o} Pa Where

e WVenl[[Xa]]¥, @=1 (mod X,).
Now by the congruence Proposition 3.4(i), we have
Pg(‘/ljzn; sy Vn——ljzna Xn) = jzn : Pgl_

with some P, € W [Ven_1)[[Xn]], which satisfies

n—1
(3.4) Py(Vi,..o, Vo1, Xn) = Y _aiVi+a, (mod X,),

B i=1
hence we can write

By = WlVena][Xa)/(@- X1 [ Po-w).
a€k™\{0}
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Therefore the special fiber of this affine scheme is the spectrum of:

Bi ®w k = k[Van_1)[[Xa]l/(XZ " [ (Psmodp)).
- ackm\{0}

In this expression, the exceptional divisor X, =0 clearly has multiplic-
ity ¢" — 1 in the special fiber Spec(B; ®w k). Also the inverse image
in Spec B; of the proper transform Y1 of Yas for M = M, is defined
by Pi(Vi,... ,Vn_l,)?n) = 0, therefore by the above congruence it in-
tersects )A(:n = 0 at the hyperplane E?:—Ol a;Vi +a, = 0in A" 1. As
the situations in the completions of the other affine open sets of Z; are
checked in exactly the same way, we conclude that Y1 intersects Yp at
the hyperplane M, C P = Yp. Q.E.D.

The following simple stratification YESh) on Yp =& P by locally closed
subschemes of dimension h — 1 will be used in the analysis of this model
in the subsequent sections.

Definition 3.18. For 1 < h < n, let Y]P[h] denote the reduced closed
subscheme of Yp & IP which is the union of all k-rational linear subspaces
of dimension h—1. Then by Proposition 3.17(ii), we have Y;pﬂYl[h] = YJPEh]
for1<h<n-1.

Also, set Y}P{O] := (), and Y}Pgh) = Y]P[h] - Y]P[h_l] for 1 <h<n.

Then Y]Pfh) is a smooth locally closed subscheme of Yp = P of dimen-
sion h — 1, namely the disjoint union

W =T N,
N

where N C P runs through the set of k-rational linear subspaces of
dimension h— 1, and N9 is the complement in N of all k-rational proper
linear subspaces of N. This stratification is clearly stable under the
GL,(k)-action.

§4. A generalized semistable model Z;

Now we construct a generalized semistable model of X over S by
blowing up the model Z; further. Recall that, in the special fiber of Z1,
there is one proper component Yp & P with multiplicity ¢" — 1 and a set
of projective coordinates (X7 : --- : X¥) on it, and (¢" —1)/(¢— 1) other
components, each with multiplicity ¢ — 1, intersecting Yp at each of the
k-rational hyperplanes. While the intersections of reduced components
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are pairwise transversal, more than n components meet at a point, so
we need to blow-up several more times to get a generalized semistable
model. The successive blow-up performed here is analogous to the one
performed to obtain the irreducible components of the special fiber of
the p-adic upper half space (see for example [It], Section 4).

4.1. A generalized semistable model
Recall that Z; was the blow-up of X at the closed point = = Yol

Definition 4.1. We define inductively Z,+1 — Zpfor1 <h <n-2
as the blow-up of Z; at the proper transform of Y in Z,. We write
Zst i= Zp—1.

The scheme Z3 is the blow-up of Z; at Ylm = Iy Yn,1, where
N runs through all the k-rational points of P. Similarly, the blow-up
Zh+1 — Zp is centered at [[5 Ya,n, where N runs through all the k-
rational linear subspaces of IP of dimension A — 1 and Yx , denotes the
proper transform of Yy in Zj,.

For a k-rational point N, as Yy has codimension n — 1 in Z;, the
inverse image Yy 2 of Yy 1 in Z3 is a P"~2-bundle over Yy 1, which is an
irreducible component of the special fiber of Zo. As (¢" 1 —1)/(¢—1) =
|P"=2(k)| components meet at Yy, the component Yy o has multiplicity
¢"~' — 1 in the special fiber of Z,. Similarly, for a k-rational linear
subspace N of dimension h—1, with 1 < h < n—1, the proper transform
Yy in Zy, is a regular immersion of codimension n — h in Zj, hence its
inverse image Yy n41 in Zp11 is a PP "~ 1-bundle over Yy 5.

Eventually, for a k-rational linear subspace N of dimension h — 1,
with 1 < h < n — 1, the proper transform Yyt of Yy in Zg is an
irreducible component of the special fiber of Zg, whose multiplicity is
¢~ — 1. The inverse image Ypgt of Yp in Zg is the unique proper
component of the special fiber of Zy, whose multiplicity is ¢ — 1. This
Yp st is isomorphic to the B"~! in the notation of [It], Section 4, and
Yn st N Yp st is isomorphic to B x Bn—h—2,

Note that all the blow-ups performed here are GL,,(k)-equivariant,
so that the models Z1, Zs,..., Z,_1 = Zg all inherit the right GL, (k)-
action on X, and g € GL,(k) sends Yn o t0 Yvgst-

Now our main result here is:

Theorem 4.2. The W-scheme Zy, = Z,,_1 is generalized semistable.
This means that, at every closed point of Zg, its complete local ring is
isomorphic to

WT, ..., T/ (17" - T3* = @) (d <n),

where integers e; are all prime to chark.
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Proof. We start by describing the complete local rings at all the
closed points of 77, i.e. all the closed points of Yp. By the obvious
GL,(k)-symmetry, it is enough to look at each points on the completion
along the exceptional divisor of the affine piece that was defined in the
proof of Proposition 3.17:

Spec By = Spec W [Ven_1][[Xa]] / (@- X2~ H P, —w)
ack™\{0}

where & € W(WA, ..., Vo_1][[Xn]]¥. Hereafter in this proof, we denote
the coordinates of a point in the corresponding lower case alphabets to
distinguish them from the elements of the coordinate rings. Let z €
Spec B; be a point which is closd in Z; and (vy,...,v,—1) € K"~} the
affine coordinates of . The complete local ring O, depends on whether
the value of P, at z is a unit or not for each a, which in turn depends
on how many of the v;’s have k-rational linear relations among them, by
the equations (3.4).

If the image of = in Z; lies in YIE,S”), i.e. if there is no k-rational
relation of the form

G1U1+“‘+an—lvn—l+an=0 (al,...,anék)

among vi, . .., vu—1, then we have (’)m > WV, ..., Va_1, Xn]l/ (@-X3" 1
—w) Wlth %@ e W[W,...,Vo_1,X,]]*, where V; is a translation of V;
which vanishes at z. If x € ngm) with m < n — 1, i.e. there are exactly
m of the k-rational linear dependences between w1, ...,v,—1, then by
GL, (k)-symmetry, it suffices to treat the case where v1 = -+ = v, =0
and no k-rational linear relation between v,,+1,...,Un—1, by using the
GL, (k)-action. In this case the value of P. at z is a non-unit if and
only if a1 = - -+ = an = 0. Thus we have h

O 2W(Va,..., Voo, Xnl) [ (@- X0 [ Plaw - @)

ackm\{0}

with @ € W[[V4,...,Va_1, Xp]]X, where V; is a translation of V; which
vanishes at 2 and (a Q) = (al, -, am,0,...,0).
We have P/, 0)(V1, oy Va1,X,) € (Vi,. .., Vi) by Proposition 3.4(%i),

(iii), and

1) Py, Va1, X Z Vi (mod (Vi,...,Vm)?).
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As a special case where m = 1, we see that

6.'17 = W[[‘Z, .- -7‘771—1?5(/71]] / (a )’Zﬁln—l : H P(Ia,Q_) - ’(D)
a€kX

is already generalized semistable, because by Proposition 3.4 we have

I Plag = (unit) - V77

a€kX

Now by Corollary 3.13, we can analyze the situation after the fol-
lowing blow-ups by blowing up these complete local rings further. As
we go through the procedure of the successive blow-ups, the first time

we touch the point z € Y(" ™) satisfying v; = --- = Up, = 0 is when
we blow-up YN n—m, Where N is the codimension m linear subspace
Xy =--- =X} =0 on which z lies on. Then by the proof of Lemma
3.11 we see that Yn n—m is defined by the ideal (V4,...,Vy,), which is a

regular sequence in (7)\95 After the blowing up and completing along the
new exceptional divisor, we obtain the affine pieces of the form:
Spec WU<m-1][[Vin, - -+, Vo1, X nl) /1,
I= (ﬂ-)?;{"‘l Q —w),
Q: H P(Q,Q)(Ulvma-'-aUm—lvman)---avn—l,)?n)
a€k™\{0}

with a unit %, and by the congruence (4.1) we can pull out the V;, as
we did in (3.4):

P(I&Q)(Ulf}m,---va—l‘A}m,f}ma---aVn 1, n)'—v P”

for some Pé’ € W[Ugm_l][[f/m, . 17”_1,-)?”]] which satisfies

m—

Pé/(Ula"'aUm-lavma--' n— 15 Z +am l'IlOd ‘7m)7
=1

hence we can write the above ideal I in the form
=@ - xgyrvat [ P -w).
ack™\{0}

Then if we look at the closed point y on the exceptional divisor of this
blow-up, which is a P 1-bundle over Yy ,—m with a set of projective

coordinates (V;* : --- : 17;;) or affine coordinates (uq,...,Um—1) with



382 T. Yoshida

U, = 17;" / ‘772 on the fibers, the complete local ring @y will depend on how
many k-rational linear relations there are among the fiber coordinates
ULy, Um—1 Of y: Assume that y lies on a k-rational linear subspace
of codimension I < m — 1, say Uy = --- = U; = 0 and no k-rational
linear relation among w41, . . ., Um—1, without loss of generality because
of the action of the parabolic subgroup of GL, (k) preserving N. Then
the complete local ring will have the form:

O gI/V[[lcjl, Um—lyvma oy Vo1, X ]/J

Y
J=(a XV H Plag ~
aek\{0}

with w € W[[[?l,...,ﬁm_l,vm,...,Vn_l,)?n]]x, and it is generalized

semistable if [ = 0 or 1. As we repeat the blow-up process, we get a

sequence :
n=mng, m=ni, | =ny, n3,...

until there is no more blow-up to be done when n; = 1 for some integer
t. This proves that Z,_; is generalized semistable at all closed points.
Q.E.D.

4.2. Relationship with a generalized semistable model of
Shimura varieties

In order to apply the computations of nearby cycle sheaves for the
varieties with generalized semistable reduction due to T. Saito [Sa] (we
will recall his results in Section 6.2), we need to compare what we have
constructed with some scheme of finite type over S = Spec W. For this,
first we can approximate the scheme X by a scheme of finite type over
S, so that its completion at the origin would be isomorphic to X. Then
by performing the successive blow-ups of this scheme by the correspond-
ing closed subschemes and observing that it has generalized semistable
reduction (i.e. etale locally etale over Spec W[T1,...,T,}/(T{* -+ - Tg¢ —
w) (d <n)), we can show that the results concerning the nearby cycles
of schemes of finite type are applicable to our situation. We need the
following;:

Proposition 4.3. There is a scheme U of finite type over S and
a closed point x € U such that X is isomorphic to the spectrum of the
complete local ring @U,w of U at x. Moreover, there is a closed subscheme
VI of U for each 0 < h < n—1, and Y = X x VI vig the morphism
X« Spec@U@ —U.

This proposition can be proven by a purely local argument. For the,
existence of U and z, we can refer to [St3], Theorem 2.3.1, where the
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proof attributed to L. Fargues, using Artin’s approximation theorem [Ar]
and Faltings’ theory of strict O-modules [Fa2], is given. As this U comes
with an approximation of strict O-module ¥"™V[p], its reduced closed
subschemes VI = Uas Vr, where M runs through all k-subspaces of
(p~1/O)™ of dimension n — h, can be given in the exactly the same way
as in the proof of Lemma 4.4 below (based on Lemma 9 of [Man]). (Or,
once we have an approximation of the finite covering X — Spec Ay =
Spec W([T4, ..., Tnh—1]] by a finite covering of the strict henselization of
WIT1,...,Tn—1] at the origin, we can use the fact that we could choose T;;
so that Y is the reduced closed subscheme of X associated to the pull-
back of the closed subscheme of Spec Ag defined by (p,71,...,Th-1-1),
i.e. the closure of the set of closed points where the reduction of 3univ
has height > n — h).

Here we explain a proof using the integral model of unitary Shimura
varieties (we have already recalled in Section 2.4 that this gives the
existence of U and z). This has an advantage that it spells out the
corresponding blow-ups of Shimura varieties, and calculations in the last
section imply that we have a generalized semistable model of Shimura
varieties in this case.

We use the notation from [HT], especially Chapter I11.4. The in-
tegral model Xy, of Shimura varieties defined in p.109 of [HT] is a
proper flat scheme of relative dimension n — 1 over Of,, = O, and its
special fiber fyp,m = Xyr,m Xspeco Speck has a stratification by re-
duced closed subschemes 3(_[;,],,"1 of dimension h for 0 < h < n—1. This

—XELI],M is the closure of the set of closed points where the associated

1-dimensional Barsotti-Tate O-module ¢ has etale height < h (defined
in p.111 of [HT}).

We fix a multi-index m with m; = 1, and denote Xy» r, simply by
Sh, and similarly Sh := Xy» m, s = YZ‘l,m etc. We recalled in
Section 2.4 that the completion 65}13 of the strict local ring of Sh at
any geometric closed point 3§ centered in s EA—SE[O] is isomorphic to our
deformation ring A, i.e. X = Spec A = Spec Ogp 5. We fix the resulting
morphism R

X = Spec Ogp 5 — Sh.

Lemma 4.4. We have Y = X xgp s,

Proof. We can show directly that Y™ is the reduced subscheme
of X associated to the locus where the deformation of ¥, has height
> n — h. Here we give a proof closer in spirit to how we defined vy,

In [Man] 3.2 (see Remark 10(2)), the following decomposition of S
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is constructed (their intersections with the open strata are defined in
[HT], p.115, denoted X e m ). If M is a free k = O/p-submodule of

p~1A11/Aq1 of rank n — h (here Ay = (O™)Y is a free © module of rank
n used in the definition of the Shimura variety), then SHE\Z] is the unique
closed subscheme of Sh such that, for any scheme T over Sh, a T-valued
point 7' — Sh factors through —SEE\}/L[] if and only if the base change of the
Drinfeld level p structure o on the universal Barsotti-Tate O-module ¢

on Sh of height n:
ar : (p7 A1 /M) — Dplr

vanishes on Mr7. Then sa™ = U 555\},}], where M runs through all
k-subspaces of p~1A11/A11 of rank n — h.

Now, the universal formal @-module "V ® A and the universal
level p structure ¢ are the pull-backs under our morphism X — Sh of the
Barsotti-Tate O-module ¢/Sh and the level p structure . Therefore,
for any scheme 7" — Sh pulled back to Tx — X, the condition for T’x to

factor through X XSh_SEE}\;] translates as follows. Expressing the elements
of (p7 A1 /A11)y = (k™) by the standard basis, vanishing of ap, on
M, is written as:

(a1y...,an) E M = [al](Xl) +stuniv *** +3univ [an](Xn) =0.

This RHS is exactly the defining equation of P,. If we take a basis
Qqs---y8,_p of M and define the hyperplanes M; := M, of P, then
N = ﬂ?:_lh M; C P is a k-rational linear subspace of IP of dimension
h —1. We see that X xgpn §HEZ,] is the closed subscheme of X defined
by the ideal (P ,..., Py, _,), namely Yy by Lemma 3.11. As M runs
through the rank n— h free submodules of (¥™)V, clearly N runs through
all k-rational linear subspaces of P of dimension kA — 1. Q.E.D.

Definition 4.5. We denote the blow-up of Sh at %[O] by Sh;, and

inductively define Shy,; — Shj as the blow-up of Sh;, at the proper
transform of Sh'" inside Sh;, for 1 <h<n-—2.

Lemma 4.6. We have canonically Zgy = Z,, 1 =2 X Xgp Shy_1.

Proof. We show that Z; — Shy, is flat and Z;, &2 X xg, Shy, by
induction. Corollary 3.13 shows that it is true for A = 1, the strict
henselisation and the completion being flat. The above lemma shows
that the center of blow-up for Zp 1 — Zj is the pull back of the center
of blow-up for Shpy; — Shy. Therefore we have Zpi1 = Zp Xgh,
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Shp 41 by Lemma 3.12, therefore Zy 1 2 X Xgp Shp1 by our inductive
hypothesis. Q.E.D.

Now if we denote the base change of Sh,Sh,_; by § = SpecW —
Spec O by Shg, Shg, we have a diagram of S-schemes

}/TP’,St Zst X
N
Y35t Shgt Shg S

whose second square is cartesian by the above lemma. We can regard the
geometric closed point § — s € Sh that we chose before as the closed
point of Shg, and the inverse image of the closed point x € X under
Zsy — X, namely the unique proper component Ypst of Zs Xspecw
Speck, is isomorphic under f : Zy — Shy to the inverse image Y56t Of
5 under Shgy — Shg.

Lemma 4.7. For all closed points z € Yps C Zg, the local W-
homomorphism between the complete local rings Ogsn,, (z) — Oz, » in-

st
duced by f is an isomorphism.

Proof. The morphism Shy — Shg maps f(z) to 3, hence it induces
a local homomorphism between complete local rings @Sh 3 — @Shs“ F(2)»
or Spec 6Shsc #(z) — X. This gives Spec 6Shst F(z) = Zst = X Xsgng Shet
whose image of the closed point must be z as f~ L(f(2)) = {z}, therefore
the desired inverse O Zavz = OSh +t.f(z) Of the local homomorphism in the
proposition. Q.E.D.

Therefore we have:

Proposition 4.8. (i) The proper flat S-scheme Shgy has gen-
eralized semistable reduction at the points in Yz« of the special
fiber, in the sense that for any x € Yz« there exists an etale
morphism U — Shg with x € ImU and an etale S-morphism:

oy : U — SpecW[Th,...,To)/(I7" - Tj* —w) (d <n),

where integers e; are all prime to chark.

(ii)  The canonical base change morphisms of nearby cycle sheaves
FH(RWAly:,,) — R'WAly,,, (for A =Qy) are isomorphisms
for all .
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Proof. (i) This follows from Lemma 4.7, using the fact that we can
characterize the generalized semistable reduction by looking at the com-
pletion of the strict local rings. From the lack of immediate reference,
we give a sketch of its proof. Assume that the complete local ring at
a closed point z of the scheme X of finite type over S is isomorphic to
W[Ty, ..., Tull/(TT* - - - Ty* — w) (d < n), where the integers e; are all
prime to chark. Then it is a regular scheme with its reduced special
fiber being a normal crossing divisor with all the multiplicities prime to
chark (i.e. the generators ty,...,tq of the components passing through
z are the part of a regular system of parameters). Therefore, some etale
neighborhood of z in X is a regular scheme with its reduced special fiber
being a normal crossing divisor with all the multiplicities prime to char k.
Then by sending 7; to the local generators t; of the divisors crossing at
z we obtain an unramified map from an etale neighborhood Spec A of
in X to Spec W[Ty,...,T,]. By [EGA] IV, (18.4.7), we can decompose
this morphism into an etale morphism Spec B — Spec W[T1,...,Ty]
and a closed immersion Spec A — Spec B. Hence A = B/I for an
ideal I of B, and the inverse image of I in WIT},...,T},] must be of
the form (77 ---T;* — uw) with a unit w. This induces an etale map
Spec A — Spec WT1, ..., T,]/(T5* - - - Ty* — uw), and as all the e;’s are
prime to p, we can take u = 1 etale locally, hence we obtain the desired
etale map. i

(ii) This follows from the regular base change theorem for nearby
cycle sheaves ([Fu], Cor. 7.1.6), as f is regular (because Shg is excellent
and X — Shg is regular). (Or, using Lemma, 4.7, the morphisms induced
on the stalks are isomorphisms by the formal invariance theorem ([Fu],
Cor. 7.1.7), i.e. the isomorphism (Ri1pA), = H*(Spec(O, )y, A), where 5
denotes the geometric generic fiber.) Q.E.D.

Remark 4.9. We can show that the whole Shy has generalized
semistable reduction in a similar way.

85. A model Z, containing the Deligne—Lusztig variety

5.1. Base change and normalization

Now we proceed to construct a model of X over a tamely rami-
fied extension of W, namely W, := W(w,) where w, := w/@" -1,
which includes a Deligne-Lusztig variety inside the special fiber. This
is done simply by taking the base change of Z; over S,, := Spec W,, and
normalizing.
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Definition 5.1. (i) Let Z, be the normalization of Z1 x g Sp,.

(ii) Let U, and Y, respectively be the inverse images of ngn) and
Yp under the morphism Z,, — Z;. The k-scheme Y, is a proper
subvariety of the special fiber of Z,,, and U, is an open subva-
riety of Y.

First we define an open affine subscheme Spec C; of Spec B; (the
completion of an affine open of Z; along the exceptional divisor), which
has Y]PS") as the special fiber. As Yﬂfn) is the complement in Yp of the
intersection with all the other irreducible components, namely Y371 for
all M, we only need to invert the equations which reduces modp to the
defining equations of Yjs1. We start from the affine subscheme defined
in the proof of Proposition 3.17, namely:

Spec By = W[Van1][[Xnll / (@- X7 [ PL—w),
ack™\{0}

with & € 1 + (X,,) C W[Ven_1][[Xa]]¥. The exceptional divisor in-
side Spec(B; ®w k) is the affine space A”~!, the complement of the
hyperplane X;: = 0 in P. Now in order to remove all the k-rational hy-
perplanes Z:.”:—Ol a; Vi + an, = 0 of A™! from the special fiber, we invert
the element [],cxny (o Fz and define:

1
[17 HP’

because Yy,1 for M = M, was defined by P, = 0.
Now we describe the equation of the variety U,, which is achieved
by normalizing the ring C; ®w W, which is:

= W[Ven-1][lXal]

i Xy [P-w

Cl =

Wa[Vena][[Xn] [ @-X I[P - =l ).

1
17

For this we adjoin the element V,, := w,/ X, of its total quotient ring
to this ring, as the equation:

ol =X [P, ie (wo/Xn)T =0 P

shows that V,, = @,/ )?n is integral over C1 @w W,,, and moreover it is
aunit, as VI ~t =4[] P, is inverted. By using the fact that inverting
[1 P, is equivalent to inverting V;,, we compute the ring C1 ®w Wi (V3]
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as follows:

WalVeal [3£] () / (@ = Voo, & R4 [ P )

= WalV<n] [VL] X)) / (@ — VoK, X8 2@ [ B2 - VI )

n

Now we claim the following:

Proposition 5.2. Consider the spectrum Spec C,, of the ring:
1 = =~ n_
Cn = WalVeod | | IRl / (@0 = Vi Koo - T] 24— V),

which is a closed subscheme of Spec(Cy @w W, [Va.]).
(i) SpecC, is regular.
(ii) Spec Cy, is the normalization of C1 Qw W,.

Proof. (i) It can be seen by applying Jacobian computation di-
rectly, but here we prove it by showing that Spec C,, is formally smooth
over S,. The generic fiber is apparently formally smooth as it is un-
changed from that of Spec By X g S, and Spec B; was the completion of
an affine open of Z1, which in turn had the same generic fiber as X. The
special fiber of Spec Cy, (equal to the locus of X, =0, as V,, = w,/ X,
is a unit), i.e. the spectrum of the ring:

Cn ®w, k=k[V1,..., V4] [VLJ / (H(P_,;_ mod X,) — Vg”—l)

(here we used & € 1+ (X)), is a smooth affine variety, because we have

H(Pé mod 5(;”) = H (al‘/l +rtapsiVaor + an)
ack™\{0}

by (3.4). Now it remains to show that Spec C, is flat over S,. Starting
from the flat Wy,-algebra W, [V4, ..., V,][1/V,][[X.]], we will apply the
following lemma twice:

Lemma 5.3. Let (A, m) be a noetherian local ring, and let B be a
noetherian flat A-algebra such that every maximal ideal of B lies over m.
Ifb € B is B/mB-regular (i.e. multiplication by b on B/mB is injective),
then B/(b) is flat over A.

Proof. 1t is a special case of [Mat], Th. 22.6. Q.E.D.
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Letting A = W, first for B = W,[Vi,. .., Va][1/Vall[Xn]], we see
that B/wnB = EVi,..., Vul[1/V,][[X,]] is an integral domain, where
wWn — Vu X, € B does not reduce to zero, hence we have the flatness of
B/(wn — Vn)?n)

Next, letting B = Wy [Vi, ..., Va][1/Val[[Xn]] / (wn — VaX,), and
seeing that

B/w.B =&V, ..., V] [VH (X)) (VaZ) =FVA, ..., Vi) [_‘H

is again an integral domain where %-[] P, — V4"~ € B does not reduce
to zero, flatness of C,, over W,, follows as desired. '

(ii) Clearly the generic point of C, coincides with that of C) ®w
Whn|Va], i-e. that of C; @w W, and C,, is finite over C; ®w W,,. Hence
the assertion follows from (i). Q.E.D.

Now Spec(C; ®w W,,) is an affine open of Spec By X g Sy, which is
the completion along the exceptional divisor of an affine open of Z; xg
Sn- Therefore SpecC,, is an affine open of the completion along the
exceptional divisor of the normalization Z,. Moreover, as the special
fiber of Spec C] is naturally isomorphic to Yﬂ,f"), which is contained in the
exceptional divisor, the special fiber Spec(C,, ®w., k) must be isomorphic
to the inverse image of Y]PSn) inside Z,,, namely U,.

By changing the coordinates on U, as follows:

X =V;/V, 1<i<n-1), X :=1/V,
we have the following obvious equality of rings:

— 1 . 1
R=FW,....Vi] [7] —FIX],..., X)) [_X_} .

Hence we have the following description of U,, = Spec(C,, ®w,, k):

- 1
Un = SpecE[X!,..., X!] [7] /I,
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where the following equality of ideals is true in the ring R

= I @Vt +anaVaor+an) - V)

ackn\{0}
(I (e vmpen) - (5))
= al—,+---+an_1 n;— +an)—<—,)
ackigo) b Xn Xn
=( II (alX{—i—'--«I-anX,’L)——l).
aek™\{0}

Note that, by unwinding the definitions, we see that the coordinates
X1,...,X] are related to the original X1,..., X, through X! = X, /w,
for each 1 < i < n.

Proposition 5.4. The equation of U, is given by:

U, = Speck[X],...,X]] / ( H (a1 X7+ +an X)) — 1)
a€k™\{0}

which is a smooth affine variety over k.

5.2. Action of GL,(k) and the inertia group

Summing up, we have following diagram of schemes:

U, Y, Zn, Sn
AR Yp Z S.

Here all the vertical maps are surjective. The W-schemes Z; and Z,
are normal models of X and X xg S, respectively. The k-schemes Yp
and Y, are the unique proper components (with multiplicity ¢” — 1,1
respectively) of their special fibers, and Y]PW and U, are open affine
subvarieties of them. Also:

(i) The right action of GL,(k) on X extend to all the schemes in
the above diagrams, and all maps are GL, (k)-equivariant.

(ii) The special fiber of Z,,, and therefore also Y,, and U,,, has the
geometric inertia action of Ix, which factors through the finite
quotient:

Ix — Gal(FracW,,/FracW) & k<.
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Now we describe these actions on U, explicitly by the coordinates intro-
duce_d above. We denote the image of X/ in the coordinate ring of U,
by X].

Proposition 5.5. (i) The group GLy (k) acts on U, via right
linear action on the row vector (X1,...,X7).

(ii) The covering f : U, — Y]PS") induced from the finite map
Zyn — Z1 is a finite Galois etale covering with the automor-
phism group Gal(Frac W,/ Frac W), which is canonically iso-
morphic to pgn_q = k. Its action on the coordinate ring is
described by j(z — g—lfg for all 1 < i < n, where ( € Hgn_1
denotes the image under the above canonical isomorphism.

Proof. (i) This is easily seen by substituting X j = wnX; to the
original action (3.2) and using Proposition 3.4(i) to see that the action
of (a;j) € GL (k) mod w? is

wnj(z — ai; (wnfi) +-- 4 an; (wnX1)

and dividing both sides by w,,.

(if) This is also clear by the relation X! = X; /oy, for each 1 <
1 < n, and the inertia action on S,, being defined by w, — (w, for
¢ € pyn_y = Gal(Frac W,/ FracW). Q.E.D.

We will observe in the next chapter that the finite etale covering
U, — YPE") of smooth affine varieties over k, with the right action of
GL, (k) x Ik, is isomorphic to the Deligne-Lusztig variety for GL, (k)
and its maximally non-split torus 7" with T'(k) = kX, defined in [DL],
Sections 2.1 and 2.2.

§6. Vanishing cycles

6.1. Review on vanishing cycle cohomology

Here we recall the method of calculating vanishing cycle cohomology
of strict local rings over strict henselian discrete valuation ring via the
special fiber of a model. A similar argument can be found in [Br].

In this subsection, let K be a strict henselian discrete valuation field,
let O be its ring of integers and & be its residue field with chark = p > 0.
‘We denote the generic point and the closed point of S := Spec O by n :=
Spec K and s := Speck, and the geometric generic point by 7 = Spec K,
where K is a separable closure of K. We let S := Spec O% =, Where O
is the integral closure of @ in K, which is a non-discrete valuation ring.
The generic point and the closed point of S are respectively 7 and s.
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We consider an n-dimensional strict henselian local O-algebra A
with local structure homomorphism O — A, and let X := Spec A.
We denote the base change of X/S over s,7,7, or S respectively by
Xs, Xy, X, or X. The above schemes fit into the following diagrams:

XS—E—>Y<——J——XW

| !

Xs———l—>X&—-Xn.

|

[ 3

n<—U)

We are interested in the £-adic etale cohomology groups H* (X7, Q,) of
the (n — 1)-dimensional affine scheme X5 over 7 = Spec K, where £ is a
prime not equal to p. Hereafter we denote the constant ¢-adic sheaf @,
simply by A. By the Leray spectral sequence for j, we have canonical
isomorphisms:

where H denotes the hypercohomology and Rj,A is the object in the
derived category of ¢-adic sheaves on X, and = denotes the unique closed
point of X and X. We denoted by (R%j,A), the stalk at x of the ¢-adic
sheaf R%j A over X. Constructibility of the f-adic sheaf Rj,A (from
which follows that H*(X7, A) has finite rank) follows from [SGA4.1/2],
[Finitude], under the hypothesis that X is the strict local ring of a scheme
locally of finite type over S.

We can try to compute these cohomology groups by constructing
good models of X, obtained by repeated blow-ups and normalizations
over ramified extensions of K.

Let K’ be a finite extension of K and S’ := Spec @’ be the nor-
malization of § in K'. Let X' := X xg §’, 1/ := SpecK’, X, :=
X' xgm'y j'+ X;, — X' and let = denote also the closed point of X".
Suppose we have a proper morphism p : Z — X’ over S’ which is an
isomorphism on the generic fibers (i.e. p|z,, = id where Z,/ := Z xg/7'),
and denote the inverse image of z by Y := p~!(x). Let iz,jz be the
inclusions Y — Z and X,, — Z respectively, and we denote the objects
obtained from p, Z,iz, jz by the base change under S — S’ respectively
by P,Z,iz,jz. Note that Y = p~(z) is a proper subscheme of the
special fiber Z; := Z xg s of Z. We can describe the situation by the



Non-abelian Lubin—Tate theory 393

following diagrams:

v iz 7 Jjz X/, v iz A jz Xﬁ
I I R
x____>X/<_£I_;X7’7, x———>f<—J——Xﬁ

Then, if we denote by RyA the nearby cycle sheaves iz Rjz,A in the
derived category of £-adic sheaves on Y, the proper base change theorem
([SGA4] Exposé XIII) gives the following canonical isomorphisms:

(Rj.A)s = (RP,Rjz.A)s 2 RU(Y, RYA).

Therefore we have:

[ad

Proposition 6.1. We have a canonical isomorphism H*(Xz, A)
H*(Y, RyA). (As it is canonical, if a group G acts on X and Z — X is
G-equivariant, then this isomorphism is G x Ix -equivariant. This holds
for similar isomorphisms in what follows.)

We will also need the following consequence of the proper base
change theorem:

Proposition 6.2. Let K| C K} be successive finite extensions of
K, and suppose we have the above situation over each field:

iz Jjz iz jz.
le—;Z1<—1—XI' Y'2—2>Z24~X1/
™ M2
[Pl l [Pz '
jl jl

with a proper morphism f : Zo — Z; which induces the isomorphism
Xflzg X 15 = X{é. If we denote the nearby cycle sheaves on Y1,Ys re-
spectively by Ri1A, R\, we have a-canonical isomorphism Ry A =
Rf.RoA. In particular, if f is finite, we have Rip1 A = f.RipoA for
each i.

Lastly, in order to apply the results from Section 4 to compute the
vanishing cycle cohomology, we need the results of T. Saito on the nearby
cycle sheaves on generalized semistable schemes, following [Sa] (see also
[RZ)).

Let X be a scheme locally of finite type over the strict henselian
trait S = SpecO. We denote the inclusions X; — X and X, — X
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respectively by ¢ and j, and denote by X, X7,1,J the objects obtained
by the base change under S — S of the corresponding objects. Consider
the nearby cycle sheaves RIpA := i R%j,A, which are constructible ¢-
adic sheaves on X, with the action of the inertia group I = Gal(K/K)
of K.

Assume that X has generalized semistable reduction in the sense
of Proposition 4.8(1). Let {Y;};cr be the irreducible components of the
special fiber X, and for any finite subset J C I, we denote Yy := [, ; ¥
and Y7 := Yy \ Ui¢ ;Yi. Let e; denote the multiplicity of ¥; in X, for
i € I. By Proposition 6 of [Sa], we have:

Proposition 6.3. Let d = dj be the greatest common divisor of
{ei}ics, and K4 be the unique tamely ramified extension over K of degree
d. Then we have the following canonical isomorphisms as constructible
{-adic sheaves with Iy -action:

ROwAlyjo o Indf’;dA (etale locally),

q
RitpAlys = RPAlys @z, \ Hom(Ker (D2 — Ze) (1), A),
ied
where the map B, ; Ze — Zy is defined by 1; — e;, and (1) denotes the
Tate twist.

Corollary 6.4. (i) Each R%WA is locally constant on Y? of
rank equal to d - (]J‘(jl), where (l‘”q_l) =0 forg>|J| -1 by
convention. Moreover, the inertia group Ix acts on any RIYA
through the finite cyclic Galois group Ix/Ix, = 1.

(i) = (Cor.1to Prop. 6 of [Sa]) OnY? with |J| + 1, in the Grothendieck
group of smooth £-adic sheaves with Ix-action, the following
alternating sum vanishes:

[RypAlye] = Y (1)U [R%Aly] = 0.

q

6.2. Review of the Deligne-Lusztig theory

Here we recall some results of the Deligne-Lusztig theory [DL] that
are relevant to our case (see also [Se]).

Let G be a connected reductive group defined over a finite field %,
and ¥ : G — G be the Frobenius morphism. For an F-stable maximal
torus T and a Borel subgroup containing 7', Deligne and Lusztig con-
struct a GF-equivariant finite etale Galois covering of smooth varieties
over k with right GF-actions:

f: Xrcp — Xres,
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with Galois group TF. By decomposing the /-adic sheaf as f.Q, =
@, Fo, where 6 runs through the characters of TF . we define a virtual
G p-representation

R = (-1)'H{(XrcB, %),

which turns out to be independent of the choice of B, and moreover
depends only on the GF-conjugacy class of T and on the orbit of 8
under (N(T) /T)¥ where N(T) is the normalizer of T. Note that as
Xrcp has right GF x TF-action, H:(Xrcp,A) is a left GF x TF-module,
and Hi(Xrcp, %o) = Hi(Xrcp,A)(0), where we denote by V(6) the
maximal direct summand of V on which TF acts by 6.

Definition 6.5. (i) Let T, T’ be two F-stable maximal tori of
G, and 6,6 be characters of T'F, T'F | respectively. The pairs
(T,6),(T',0") are said to be geometrically conjugate if the pairs
(T,00 N),(T",6' o N), where N is the norm from TF" to TF
(resp. T'F" to T'F), are GF"-conjugate for some integer n.
Here the norm N for T is the map [[}—; F?: T*" — TF.

(i) The character 0 of T'F is said to be in general position if it is
not fixed by any non-trivial element of (N (T")/T)F.

Here we summarize some of the main theorems in this theory:

Theorem 6.6. (i) Ewvery irreducible representation m of G¥
occurs in some RS, i.e. (m, R}) # 0 where (,) is the natural
inner product on the Grothendieck group of representations of
GF ([DL], Cor. 7.7).

(ii) If (T,0) and (I",6") are not geometrically conjugate, no irre-
ducible representation of GF occurs in both RS and RS, ([DL],
Cor. 6.3).

(i)  If we put, for two F-stable mazimal tori T,T",

N(T, T :={g€G|Tg=gT'}, W(T,T)* :=TF\ NT,T*
then we have ([DL], Th. 6.8):
(RS, R%)) = {w € W(T, T | 6w = w8'}|.

Therefore, if (T, 6) is in general position, one of =RY (namely
(—1)7(@=o(TIRE. by [DL], Prop. 7.3) is an irreducible repre-
sentation of GF. If moreover T is not contained in any F-
stable proper parabolic subgroup of G, then (—l)U(G)_”(T)R%
is a cuspidal representation.
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(iv)  The k-variety Xrcp is affine as long as q is larger than the
Cozeter number of G. In this case, if 8 is in general position
then we have H:(Xtcp, o) = 0 for i # l(w), where l(w) s
the length of the element w € W of the Weyl group W such
that (B, F(B)) is in the relative position w (i.e. it is in the
G-orbit of (B,wBw™") for a representative w € N(T) of w).

Now we specialize to the case G = GL,, and a torus T associated to
the element w of the Weyl group corresponding to the cyclic permutation
(1,...,n) in the symmetric group of n letters, i.e. a torus T" such that
TF =X,

Definition 6.7. We denote by DL the Deligne-Lusztig variety
Xrcg for G = GL,,TF = kX and w = (1,...,n). X V is a finite
dimensional representation of GL,(k) x k) and @ is a character of k),
we denote by Vousp (resp. V(6)) the maximal direct summand of V' on
which GL, (k) acts by cuspidal representations (resp. on which T acts
by 0, often considered simply as a GL, (k)-representation). A character
6 of k) is in general position if and only if it does not factor through the
norm map kX — k2 for any m | n with m # n. We denote by C the set
of all characters of k) in general position.

Proposition 6.8. (i) ([DL], Prop. 7.3, Th. 8.3, and Cor. 9.9)

If 8 € C, then:
oL@ = {0 O0 Eon Y
0 (i#n-1).
Here mg is an irreducible cuspidal representation of GLy(k)
GLn(k)

which is characterized by m9 @ St = IndT(k) 0, where St is
the Steinberg representation of GLy (k). All cuspidal represen-
tations of GLn(k) arise in this way.

(ii) If 6 ¢ C, then no cuspidal representation of GL,(k) occur in

the cohomology groups HX(DL, A)(8) for any i.

Here, (ii) follows from the slightly stronger version of the disjointness
theorem (above Theorem 6.6(ii)), which is stated only in terms of the
alternating sums in [DL]. It can be shown that the disjointness holds
between each cohomology groups, by replacing the alternating sums in
the proof of Th. 6.2 of [DL] by each of the cohomology groups.

Corollary 6.9. As GL,(k) x kX -representations, we have:

Doccme®0 (i=n—1),

Hz(DL,A)cusp = {0 (i£n—1).
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6.3. Computing the vanishing cycles

Now we return to our originaLspace X = Spec A and look at the co-
homology of Xz, where n = Spec K" is the generic point of Spec W. We
analyze the cohomology groups H*(Xz, A), which are finite dimensional
representations of GL, (k) x Ix.

6.3.1. Using the first blow-up

We start with the computation of cohomology groups using the
model Z; of X introduced in Section 3. By Proposition 6.1, we have

H (X7, A) =2 H(Yp, RYA)
for all 4, as GL, (k) x Ix-representations. Here we show that the cuspidal
representations of GL, (k) only live in the cohomology of nearby cycle

sheaves on the open subscheme Y]PS") of Yp. (Recall from the end of

Section 3.4 the stratification Y]I,Eh) CYp=Pfor1<h<n)

For a k-rational linear subspace N C P of dimension A — 1 and
g € GLy(k), the right GL,(k)-action on Yp induces N° =2 (Ng)° and
g*RYA|(ngyo = RYA|yo. Therefore by a standard argument (see [Bol]
Lemme 13.2, [DL] Prop. 8.2 or [HT}, pp.115-117), we have the following:

Proposition 6.10. For a k-rational linear subspace N C P of di-
mension h—1, with 1 < h < n, let Py be the stabilizer of N, a parabolic
subgroup of GLy (k). Then we have for every i,j:

HY(YS", RIpA) = Indgo ™ HI(N®, RIpA).

Corollary 6.11. We have H(Xz, A)eysp = HE(YL™, RYA)cusp for
all 4.

Proof. The unipotent radical Uy of Py acts trivially on N9, hence
also on H!(NY, RiyA) by Proposition 6.3. Therefore Proposition 6.10

shows that H, é(Y,Pgh), RIspA) is parabolically induced from a representa-
tion of a Levi subgroup of Py, i.e. H, 2(5/]}@’]_33' YA )eusp = 0 for all 4, j
and h # n. By using the long exact sequences:

Hi(Yﬁ;!h—I],ijAlyph+1) — ...
recursively for 1 < h < n -1, we have H i(YIP["—”, RIYA)cusp = 0 for any
7, hence

H (X, Acusp = HY (Yo, RpA)cusp = HL(Y3 ™, RYA) cusp-
' Q.E.D.
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6.3.2. Using the generalized semistable model
Now we make use of the generalized semistable model Zg con-
structed in Section 4. By Proposition 6.1, we have

H' (X7, A) &2 H(Yp o1, RYA)
for all 7. We will appeal to Saito’s results in Section 6.1 through Propo-
sition 4.8.

Definition 6.12. Let ¢4 be the Grothendieck group of finite di-
mensional vector spaces over A = Q, with left action of GL, (k) x Ix.
We regard the characters of kX as characters of Ix, by composing the
canonical surjection Ix — kX.

Definition 6.13. We denote the alternating sum of the cohomology
groups, regarded as elements of ¢, as follows:

H* (Xq) := Y (= 1)'[H' (X7, A),
H (Y, RIpA) = (1) [HI(YE™, RA)L.

Proposition 6.14. (i) H*(X7) = H*(Y,"™, R%A).
(ii) For each degree i and x € C, we have:

HY (X, Mensp = HI(YE™, ROYA) cusp,
H (X, A)(x) & Hi(Y™, ROA) ().

Proof. Note that Rj¢A|Y(n> = 0 for j > 0 by Corollary 6.4(i),
P
hence for all i:
(6.1) HL(YE™, RpA) = HAYS™, ROGA).

(i) By Proposition 4.8, we can calculate H!(Yp.s;, Ri/A) on Yz C
Shst, where we apply Corollary 6.4(ii) to see that

Z(“l)j[RjiﬁAlymt\}f;”)] =0,

thus:
H* (Xz) = 3 (~1) [ (Vi ROA)

= S (1) HL (Y, RyA)] = H* (Y™, ROA).
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(ii) The first equality follows from Corollary 6.11 and (6.1). The
second is proven in an exactly similar way as in Corollary 6.11, except
that we use Corollary 6.4(i), instead of Proposition 6.10, to see that
Hi(Yzee \ Y™, RipA)(x) = O for all 4, (here note that multiplicities
of the components intersecting Yp are of the form ¢™ — 1 with m < n,
hence outside Y]Pf”) the d in Corollary 6.4(i) is strictly less than ¢" —1 and

inertia cannot act by x € C). Use (6.1) to conclude the proof. Q.E.D.

6.3.3. Using the model Z,
As we have seen in Proposition 6.14, the part of H*(X7, A) we are

interested in comes from the cohomology ]I-]Ii(Y]Pgn), R1A) of nearby cycle
sheaves on Yn,fn) (it does not matter whether we regard Y]Pf") as a subva-
riety of Z; or of Z, in view of Proposition 6.2). Because R’ 1/JA|YP(H) =0
for j > 0 by Corollary 6.4(i) (or by Proposition 6.14), we can concentrate
on Hi(Y{™, ROpA).

We compute this using the normalization U, and the finite etale
covering f : U, — Y]'P("). By Proposition 6.2 we see that R%A|Y]P<n) =
f«R¥A|y, for each i, and as U, is the special fiber of the formally
smooth S,-scheme Spec C,,, we have

) A (i=0) - A (1=0)
R'¢YA o ,  RWA|, @ & .
VAo, {0 (i > 0) VAl {o (i > 0)
Therefore we have a canonical GL, (k) x Ix-equivariant isomorphism
(6.2) Hi(Y™, RO%pA) = HY(Un, A).

Now we connect our result in Chapter 5 to the Deligne-Lusztig
theory by comparing their explicit equations, which proves the third
part of Theorem 1.2:

Proposition 6.15. There is a GLn(k) x kX -equivariant isomor-
phism U, = DL of varieties over k, where DL is the Deligne—Lusztig
variety defined in Section 6.2.

Proof. This is readily seen by comparing our equation in Proposi-

tion 5.4 and the GL, (k) x k,*-action in Proposition 5.5 with the equation
and group actions of DL given in Section 2.2 of [DL]. Q.ED.

Therefore we can invoke the Deligne-Lusztig theory to derive our
main theorem. Let us denote the alternating sum of cohomology groups
of DL as:

HX(DL) =Y (—-1)'[H{DL,A))=> R} @[] € 9.

0
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For a character x € C of T = kX in general position, considered as
a character of Ik, recall the corresponding cuspidal representation m,,
defined in Proposition 6.8.

Theorem 6.16. (iy H*(Xs) = HZ(DL).
(ii) For each degree i and x € C, we have:

@Xecﬂ-){@X (7’:”'— 1)5

0 (i#n-1),

Ty ® X (’l/ =n — ].),

0 (t #n—1).

Proof. We combine the isomorphism (6.2) and Proposition 6.15

with the Proposition 6.14, and use the Deligne-Lusztig theory (Propo-
sition 6.8 and Corollary 6.9) for (ii). Q.E.D.

H* (X7, A)eusp = {

H' (X7, M)(x) = {

Note added in proof: In the proof of Proposition 6.10, we need a
little more argument to prove that Uy acts trivially on R79A. We use Zg
to apply Proposition 6.3. Although the first isomorphism of Proposition
6.3 holds only etale locally, it shows that the canonical morphism A —
ROwA]yJo is an isomorphism if d = 1. For general d, by Proposition 6.2,
the sheaf ROA is a push forward from a d = 1 situation, namely the
normalization of the base change to tamely ramified extension of W of
degree d (similar to what is done in §5.1), which restricts to a finite etale
covering of degree d on Y?. Thus Uy, being a p-group, acts trivially on
R01/)A|YJO. In the second isomorphism of Proposition 6.3, the group Uy
can only act on the index set J, but J is a partial flag of linear subspaces
of P containing N, and Uy fixes each element of J.
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