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Abstract.

In this note, we study the problem of localizing the signature of
a fibered surface, i.e., a compact complex surface equipped with the
structure of a fiber space over a compact Riemann surface. As appli-
cations, we give an estimate for the number of critical points and a
formula for the Horikawa index for a certain class of fibered surfaces.
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Let f : S — B be a proper surjective holomorphic map from a
compact complex surface S to a compact Riemann surface B, whose
general fiber is a compact Riemann surface of genus g. We call f a fibered
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surface of genus g. For b € B, the fiber germ induced by f is denoted by
(f, Fy == f~1(b)). Let Sign(S) € Z be the signature of the intersection
form on H?(S,Q). If there exists a map 0 : B 3 b — o(f, Fp) € Q
supported at certain finite subset of B such that

Sign(S) = Z o(f, Fy),

beB

then we say that Sign(S) is localized and we call o a local signature. (See
Section 3 for more precise definition.) As far as we know, this concept
has its origin in Matsumoto [32], [33], Ueno [44], Atiyah [7], Xiao [47]...
(See [16], [34], [1], [4], [22], [30] etc. for recent related results).

The aim of this paper is to give a construction of a local signature,
together with its applications. We mainly study the local signature for
stable fibered surfaces, i.e., fibered surfaces whose every fiber is a stable
curve. (For the local signature for unstable fibered surfaces, see [3].)

Let M, be the Deligne-Mumford compactification of the moduli
space of compact Riemann surfaces of genus g. For a stable fibered
surface f : S — B of genus g, let uy : B — Mg be the map sending
b € B to the isomorphism class of F;. A Q-divisor Dsign 0on ﬂg with
the following property is called a signature divisor:

Slgn(S) Z/BM?CI(Dsign)-

By the Grothendieck-Riemann—Roch theorem and the Hirzebruch signa-
ture theorem, a signature divisor Dgig, should be Q-linearly equivalent
to 4\ — §, where X is the class of Hodge bundle and § is the class of
boundary divisor on f/l_g. We seek after an “explicit” divisor in the
class 4\ — § whose pull back via py is expressible in terms of certain
geometric properties of the fiber germs of f.

First we assume that f is Harris—Mumford general (HM-general for
short). Namely, the general fiber F of f is a compact Riemann surface
of odd genus g = 2k — 1 > 3 with maximal gonality, i.e., (k + 1)-gonal.
This condition means that p¢(B) is not contained in the support of the
Harris-Mumford divisor Dyw, i.e., the closure of the locus of smooth
curves with gonality < k. By the Harris-Mumford formula [19], 4\ — ¢
is linearly equivalent to an explicit linear combination of Dy and the
irreducible components of 4. As a result, Sign(S) is localized at the
germs of singular fibers and smooth fibers with gonality < k, so that
the resulting local signature ogps (Harris-Mumford local signature) for
a stable fibered surface f is written as a linear combination of the local
intersection numbers pys - § and ps - Dum.
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When f is unstable and HM-general, a correction term called the lo-
cal signature defect comes into the formula for the local signature (Theo-
rem 4.2), whose explicit formula using the monodromy data is obtained
by the first author [3]. Together with Theorem 4.2 below and the main
result of [3], we have an explicit formula for the local signature of HM-
general fiber germs without the assumption of stability.

As applications of the construction of a local signature, we study
two other related topics for HM-general fibered surfaces.

The one is the problem of estimating the number of critical points
of a fibered surface f : S — B. This problem was posed by Szpiro, and
remarkable results have been obtained by Beauville [10], Tan [41] etc.
(For recent topological and gauge-theoretic approaches, see e.g. [39].) In
this paper, we estimate the number of the critical points of a HM-general
fibered surface f : S — B using Sign(S) and the genus of F' (Theorem
5.1). By a result of Green—Lazarsfeld [18], our estimate is sharp; there
are some examples attaining the equality in the estimate.

The other is a formula for the Horikawa index Indgy, i.e., the in-
variant measuring the contribution of the fiber germ in the geographical
lower bound of slope. Note that the notion of Horikawa index originated
from the work of Horikawa [21] for genus 2 fibrations, and recently several
works have been done in more general situations (see [6]). We study the
Horikawa index appearing in Konno’s slope bound [28]. For semi-stable
fibered surfaces, we give an expression of the Horikawa index Indg s us-
ing again the local intersection numbers uf -6 and us - Dam (cf. (6.4)).
We propose a conjectural formula for Konno’s Horikawa index [28] for a
certain class of fibered surfaces (Conjecture 6.6).

Replacing the Harris-Mumford divisor by the Eisenbud—Harris divi-
sor, we study similar problems for fibered surfaces of genus 4. Using the
Eisenbud-Harris formula [15], we construct a local signature ogg for
those fibered surfaces of genus 4 whose general fiber has mutually dis-
tinct trigonal structures (Theorem 7.2). In those cases, ogy is supported
at the germs of singular fibers, smooth fibers with exactly one trigonal
structure and smooth hyperelliptic fibers. Moreover, in the semi-stable
case, we construct a Horikawa index Indgy, which measures the local
contributions of fiber germs in Chen—-Konno’s slope bound [11], [27]. It
is very likely that, when g + 1 is composite, most of the results in this
note hold by replacing the Harris—-Mumford divisor by the Brill-Noether
divisor [20, Theorem 6.62].

This paper is organized as follows. In Section 2, we recall the results
of Harris—-Mumford and Eisenbud-Harris. In Section 3, we introduce the
notion of local signature. In Section 4, we give an explicit formula for the
Harris-Mumford local signature. In Section 5, we estimate the number
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of critical points for HM-general stable fibered surfaces. In Section 6, we
recall Konno’s slope inequality and give its simple proof for HM-general
stable fibered surfaces. In Section 7, we introduce Eisenbud-Harris local
signature. In Section 8, we study some examples.
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§82. Signature divisor on the moduli space of stable curves

A connected, reduced projective curve C is a stable curve of genus
g if the following conditions are satisfied:
(1) The singular set of C consists of (possibly empty) nodes;
(2) if an irreducible component I' of C is a smooth rational curve,
then I' meets other components at three points or more;
(3) KY(C,0¢) = g.

By Deligne-Mumford [14], there exists a coarse moduli space of sta-
ble curves of genus g. Let ﬂg be the coarse moduli space of stable
curves of genus g. Let Mg, be the Zariski open subset of ﬂg con-
sisting of the isomorphism classes of smooth stable curves of genus g.
Then M, is the coarse moduli space of compact Riemann surfaces of
genus ¢g. For a stable curve C of genus g, the isomorphism class of
C is denoted by [C] € M,. For [C] € M,, let (Def(C),[C]) de-
note the Kuranishi space of C' and let I'j¢c) := Aut(C) denote the
group of automorphisms of C. One has the isomorphisms of germs
of complex spaces (Def(C),[C]) & (Ext'(QL, Oc),0) and (M, [C]) =
(Def(C)/Aut(C), [C]) = (Extl(Q}J,OC)/I’[C],O) (cf. [14, §1]). Hence
M, is a complex orbifold.

There exist irreducible Weil divisors Ao, ..., Ag/9 C M, such that
Mg\ My = UE’_’__/g I A;. There exists a Zariski open subset A C A
with the following property: If [C] € A§, then C is an irreducible stable
curve of genus g with a unique node. If i > 0 and [C] € A?, then C is a
reducible stable curve of genus g with a unique node whose irreducible
components consist of a smooth curves of genus 7 and a smooth curves
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of genus g — i. Following [19, p.51], [20, Corollary 3.95], we define the
Q-divisors dy, - . ., d[g/2) and § C M, as

o A (#1) _ [9/2] |
(2.1) 8 ._{ A2 (1) 5= goa

We often identify §; and § with the corresponding Q-line bundles over
M. : '

Let X be a connected complex space, let B be a complex space,
and let f: X — B be a proper surjective flat holomorphic map. Then
f: X — B is called a stable curve of genus g over B if every fiber of f
is a stable curve of genus g. For a stable curve f: X — B of genus g
over B, the induced map ps: B — M, is defined by

pe(0) :=[f710),  beB.

In the rest of this section, we consider a stable curve f: S — B
of genus g such that the base space B is a Riemann- surface and § is
a normal complex space. The surface S has at most rational double
points of type A and the dualizing sheaf wg of S is locally free. Let
wg/B i =ws ® f *w§1 denote the relative dualizing sheaf of the family f
and set

A(S/B) := (det f.Os) ® (det R f.Og)" = det fwg/g,

which is a holomorphic line bundle over B. Let CH'(B) denote the
divisor class group of B. There exists a unique divisor class A, €
Pic(M,) ® Q such that for every stable curve f: S — B of genus g
over a compact Riemann surface B,

(2.2)

WiAg = = [div(s)] € CH'(B)®Q,  Vse€ H%B,A(S/B)®), v>0.

1
The divisor class A, is called the Hodge class. The critical locus of
f: S — B is the subset of S defined as

Ys:={z € S\ SingS; df(x) = 0} U Sing S.
The discriminant divisor of f: S — B is defined as
Dp:= Y ps(p) f(p) € Div(B),
pEXy

where pgs(p) is the Milnor number of the point (p, Ogp). If p is an Ap-
singularity of S, then pg(p) = n + 1. The line bundle defined by D is
denoted by [D].
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Lemma 2.1. The following identities of cohomology classes of B
hold:
ci(MS/B)) = prei(Xg),  e([Dg]) = piea(6).

Proof. The first assertion follows from (2.2) and the second one
follows from [20, Proposition 3.92 and 3.93, Lemma 3.94, Corollary 3.95].
Q.E.D.

In this note, a Q-divisor D of Hg is called a signature divisor if the

following identity holds in Pic(M,) ® Q:
(2.3) D=4), -4

Let w: 8’ — S be the minimal resolution of the singularities of S.
Then f':= fon: S" — B is a semi-stable curve over B, i.e., every fiber
of f’ is reduced, has at most normal crossing singularities and contains
no (—1)-curves. The fibration f’ is called the semi-stable model of f. We
denote by Sign(S’) the signature of the intersection form on H?(S", Q).
The following is the functorial property of the signature divisor.

Proposition 2.2. Let D C M, be a signature divisor. Let f: S —
B be a stable curve of genus g over a compact Riemann surface. Then

sien (') = [ uper(D),

where S’ is the total space of the semi-stable model of f.

Proof. By the Grothendieck—Riemann—Roch formula, Mumford for-
mula and the Hirzebruch signature formula, the following identity holds
(cf. Smith [40]):

Sign(S") = 4deg A(S"/B) — deg D .

Since S has at most rational double points, we have A(S’/B) ~ A(S/B).
Since deg®; = deg®; by the definition of Dy, the assertion follows
from Lemma 2.1 Q.E.D.

In this note, we mainly use two types of explicit signature divisors
which come form the results of Harris-Mumford [19] and Eisenbud-
Harris [15], respectively.

First, for a compact Riemann surface C, let C(C) denote the field
of meromorphic functions on C. The gonality of C is the integer defined
by

gon(C) := min{deg f; f € C(C), f is not constant}.
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Then gon(C) < [(g(C) + 3)/2]. When g = 2k — 1, define the locus Dy
of M, by

Dine = {[C] € My; gon(0) < k = (g +1)/2} C M,

When g = 2k ~ 1, we define the Harris-Mumford divisor of M, as
the closure Dy of Dum in My, which is a Weil divisor. By [19, p.62
Thorem 5], one has Dy N My = Dm. See [19, §4] for more details
about the Harris-Mumford divisor.

Theorem 2.3 (Harris-Mumford). When g = 2k — 1, the following
identity holds in Pic(My) ® Q:

k—1
(2.4) Dy = é_?(% {6(k+ g — kdo— 3 3i(2% — 1 1) 5z} .

In particular, the following Q-divisor is a signature divisor of M, when
g=2k—1:

2-Kl(k—2)! — k+3

Dsignum = — =
M T s )2k —4) ™M T 3k +1) °
k—1
22k —1—1)— (k+1)
+ ; 1 8.
Proof. See [19, §6]. Q.E.D.

For the related notion, we also recall the following which will be
used afterward.

Definition 2.4. Let C be a compact Riemann surface of genus
g > 2. If g.> 4, define the Clifford index Cliff(C) of C as
Cliff(C) := min{deg L — 2dim |L|; L € Pic(C), h°(L) > 1, h*(L) > 1}.
If g = 2, set Cliff(C) = 0. If g = 3, set Cliff(C) = 0 or 1 according to
whether C is hyperelliptic or not.

For the properties of Clifford index, see e.g. [13]. Assume that g is
“odd and g > 3. Then the inequality 0 < Cliff(C) < 41 is well-known.
‘We put

-1 .
Do = {[C] € My; Cliff(C) < g?} c M,.

Since the inequality gon(C) > Cliff(C) + 2 holds for every compact
Riemann surface C (cf. [13, p.199]), there is an inclusion

Duwm C Dcus.
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Next, put g = 2(k — 1) with k > 3. Let E} be the locus of the Rie-
mann surfaces [C] of genus g possessing a linear pencil V' in a complete
linear system |L| of degree k with “violating the Petri condition”, i.e.,
the product map

Ve H(Kc® L) — HY(C,K¢)

is not injective. Let E} be its closure in Mg, which is a Weil divisor.

Theorem 2.5 (Eisenbud-Harris). When g = 2(k—1), the following
identity holds in Pic(My) ® Q:

k=, = .

where ag = k(k — 1), ay = (2k — 3)(3k — 2), a2 = 3(k — 2)(4k - 3).

In particular, the following Q-divisor is a signature divisor of My when
g=2(k-1):

k\(k — 2)! o= da;
signEH 1= 2 E — 1)
Deigne (2k — H)1(6k2 + k — 6) ”; 6k2 + k — 6 d

Proof. See [15, Theorem 2]. Q.E.D.

Note that Eisenbud-Harris also determined the coefficients a; (3 <
i < k— 1) explicitly [15, §5].

§3. Local signature

By a fibered surface f: S — B, we mean that f is a proper surjec-
tive holomorphic map from a compact connected nonsingular complex
surface S to a compact Riemann surface B such that f is relatively min-
imal, i.e., any fiber of f contains no (—1)-curve. The genus of a fibered
surface is defined as the genus of its general fiber. Although f is an un-
stable curve in general, since B is complex one-dimensional, the induced
map from the complement of the critical locus B\ Xy to M, extends to
a holomorphic map from B to M, by [23] or by the valuative criterion.
This extended map is again written as pus: B — M, and is called the
induced map.

We consider the infinitesimal neighborhood of a fiber of a fibered
surface. Let fioe: (S, S0) — (4, 0) be a relatively minimal one-parameter
deformation germ of a curve Sy of arithmetic genus g, whose total space
S is assumed to be smooth. For simplicity, we write (f, So) (= (fioc, S0))
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for fioc: (S, S0) — (4,0) and call it a fiber germ. We often identify a
fiber germ with its representative.

Definition 3.1. Let A be a subset of M,.

(1) A fiber germ f: (S,S0) — (A4,0) of genus g is said to be A-
general if the induced map satisfies i (A\{0}) C A. A fibered
surface f: S — B of genus g is .A-general if the fiber germ
f:(S,8) — (B,b) is A-general for all b € B. The set of all
A-general fiber germs of genus g is denoted by Germ(A).

(2) When A = M, \ Supp Dum, an A-general fibered surface
of genus g is said to be Harris—-Mumford general (HM-general
for short). An Eisenbud-Harris general (EH-general for short)
fibered surface is defined in the same manner by putting A =
Mg\ Supp E}.

We introduce the notion of local signature as follows.

Definition 3.2. Let A be a subset of M. A function o4: Germ(.A)
— Q is called a local signature with respect to A if the following hold:
(1) If [So] € A and if f: (S,50) — (A,0) is an A-general fiber
germ, then
oa(f;S0) = 0.

(2) For every A-general fibered surface f: S — B of genus g,

Sign(S) = Y oa(f, S),

beB
which is a finite sum by (1).

Once a signature divisor D C M, is given, we can associate the
corresponding local signature with respect to M, \ Supp D. To do this,
we need the notion of local signature defect, which was introduced by
the first author [3].

Let f: (S,S0) — (A,0) be a fiber germ of genus g. The topological
monodromy around Sy belongs to the conjugacy class of the pseudo-
periodic map of negative twist in the mapping class group of genus g
(e.g. [31]). Let Ny be the (minimal) pseudo-period of the monodromy,
i.e., Ny is the smallest positive integer so that the Ny-th power of the
monodromy map is isotopic to the identity on the complement of the
admissible system of cut curves of the pseudo-periodic map.

Let p: A’ — A be the cyclic cover of degree Ny totally ramified at 0.
Then there exists a unique semi-stable curve f': S’ — A’ so that S’ is
birational to the fiber product of f~1(A) and A’ over A. The fiber germ
(', 85 over 0' = p~1(0) is called the germ of the minimal semi-stable
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reduction of (f,So). (See [14], [3, §2].) For the fiber germ (f,So), the
point pf(0) € M, is the isomorphism class of the stable curve obtained
by contracting the (—2)-curves in S,.

Take the closure f: § — A of f in the complex topology, where A
is a closed disk. Let f: S — A be the normally minimal model of f. By
definition, fis the unique minimal element in the birational equivalence
class of f so that the reduced scheme of the central fiber is normal
crossing, i.e., any (—1)-curve in the component of the fiber intersects
other components of the fiber at least three points (and therefore the
germ after contracting it cannot have the normal crossing property).

Let h;z be a Riemannian metric on 8S. Since we have the natural
identification 85 = 98, hyz is regarded as a Riemannian metric on 5.
The 7-invariant of (85, hyg) is denoted by n(8S, hsg). See [8] for the
definition of the n-invariant.

On the other hand, let f': S — A be the closure of the minimal
semi-stable reduction of f. If p : s \ 8§ — S\ Sp denotes the projec-
tion induced from pr;: f7}(A) xa A" — f71(A), then p|yz : a5 —
98 = 95 /(Z/NoZ) is an étale covering of degree Ny and p*hyz is a
Riemannian metric on 85 . Let (85, p*h,g) denote the 7-invariant of
(0F,p" hig).

Definition 3.3. The local signature defect of the fiber germ (f, Sp)
is defined as

Lsd(f, S0) i= (Sign(3) —n(05. hos)) 5 (Sign() ~ 005", "has) )

where Sign(S) (resp. Sign(—S_l)) is the signature of the cup-product on
H%(S,08;Q) (resp. H(S',05';Q)).

Since the difference 7(8S, hyg) — Nion(c')fg_’, p*hgg) is independent
of the choice of the metric hgg by [8, II, Theorem 2.4], so is Lsd(f, So).
Hence Lsd(f, So) is an invariant of the fiber germ (f, Sg). More precisely,
Lsd(f, So) is explicitly written in terms of the monodromy data. See §8.1

By definition, Lsd(f, So) = 0 for any stable fiber germ (f, So). Fi-
nally, we define

Lsd(f, So) == Lsd(f, So) + #Bdyg.

For the global formalism of this type of argument in another viewpoint,
see [42].
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Here #Bdyg is the number of contracted (—1)-curves of S to obtain
the relatively minimal model f, . from the normally minimal model
fioc- Note that

Sign(3) = Sign(5) + #Bdyg.

Theorem 3.4. Let Dsign be a signature divisor on ./\_/tg. Then
1 . -~
O'A(f, S()) = —]v—Omultt:() [,uf,DSign] + LSd(f, So)

is a local signature with respect to A = Mg \ Supp(Dsign), where
multe—o [} Dsign] is the multiplicity of the divisor 1% Dsign at the origin
of the base A’ of the minimal semi-stable reduction.

Proof. Let f: S — B be a A-general fibered surface. Let T :=
{b1,-++, be,begr, -+ by, b, -+, b} be the set of all points in B such
that

(i) Sp; (1 €@ < n) are not semi-stable;

(i) pup(ba),--- s pup(be)s pp(Bh), -+ 5 pup(b) € Supp Dign.
Let Np, be the minimal pseudo-period of the topological local mon-
odromy around the singular fiber Sp,. Write N for the least common
multiple of Ny, ,---, Np,. Adding one more generic point b,4+; € B\ T
if necessary, we can construct a Galois covering p: B — B of degree
N branched exactly at by, , by, (byt1) so that p=1(b;) (1 < i < n)
consists of N/Np, points with ramification index Np,. (Note that the
presence of b,4+1 does not affect the calculation below.) Then there ex-
ists a_semi-stable curve f: S — B birational to the fiber product of S
and B over B (cf. [9, p.95]). Now a result in [3] says that

Sign(S) = —]% - Sign(S) + Z Lsd(f, Sb,)-

=1
On the other hand, since f is semi-stable, it follows from Proposition
2.2 that
Sign(g) = /~u}‘~ ¢1(Dsign)-
B .

The fiber germ of Jiover p~L(b;) (1 <i< n)is N/Ny, copies of (f,Sh,)

The fiber germ of f over p~1(b) (b € B\ {b1,...,bns1}) is N copies of
~ ~1 ~

(f,Sp). Therefore, by choosing a point b; (resp. b; ) on B such that
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p(b;) = b; (resp. p(l;;) = bf;), we obtain

k

2
Sign(S) = N {;:1 j—vz_multgi [,ustign] + Nngl multbg [uf~’D51gn]

+ 3 Lsd(f, Sh,)

i=1

1 * =
= Z (N—bimultb:_ [,ustign] + Lsd(f, Sbi)>

i=1

n k
+ > Lsd(f, S4,) + D multyy (47 Dsign]
i=£+1 j=1

n k
= 0alfsS0) + 3 0alf, Sy):
i=1

j=1

Hence the assertion follows. Q.E.D.

§4. A local signature for Harris—Mumford general fibered sur-
faces '

In this section, we assume that f: S — B is a HM-general fibered
surface of genus g =2k —1 > 3.

Definition 4.1. The Harris—Mumford local signature is defined as

1 ~
OHM (f7 Sb) = Fb * mll].tb/ [,uf;'/DsignHM] + LSd(f? Sb)

1 2-kl(k—2)! L= k+3 .
= Nb {3(k n ]_)(2]{; — 4)‘ mllltbl [/.Lf/DHM] - '3—(1{;—_:-1—) multbl [,U,f/(SO]
k-1 4. .
212k —-1-4)—(k+1) . N
+ ;:1 P multy [p}d;] ¢ + Lsd(f, Sp)-

Theorem 4.2. Let f: S — B be a HM-general fibered surface.
Then

Sign(S) = Z oum(f, Sb)-

beB

Proof. The assertion follows from Theorems 2.3 and 3.4. Q.E.D.
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Corollary 4.3. Let f: S — B be a non-hyperelliptic fibered surface
of genus 3. Then

Sign(S) = 3 o (£, 5) = 3 {Nlb (g multy 15 Dy per]

beB beB

5 1 -~
_5 multy [N;,(So] + -?; multy ['L,L;/(sl]) =+ LSd(f, Sb)} s

where 5hyper is the divisor defined as the closure of the hyperelliptic locus
m 7\—/1_3.

Proof. The result follows from the fact that Dym = Dhyper When
g=3. Q.E.D.

Example 4.4. If (f, Sy) is a germ of a generic smooth hyperelliptic
curve (resp. a generic non-separated Lefschetz fiber, resp. a generic sep-
arated Lefschetz fiber) in a non-hyperelliptic fibered surface of genus 3,
then oum(f, Sp) = 4/9 (resp.—5/9, resp. 1/3). Therefore oun coincide
with Kuno’s local signature [30] in these cases.

§5. The number of critical points and signature

In this section, we prove the following result, which seems to be
closely related to [17, §2].

Theorem 5.1. Let f: S — B be a stable fibered surface of genus
g=2k—-1>1.
(1) If f: S — B is HM-general, then

(5.1) #Ly > 3 ( Sign(9)).

In particular, if f has no critical points, then Sign(S) > 0.

(2)  If the equality holds in (5.1), then ps(Df) C Supp(do \U,;>1 )
and every reqular fiber of f: S — B has the maximal gonality
k+1.

(3) The inequality (5.1) is sharp. Namely, for every odd g > 1,
there exists a HM-general Lefschetz-fibration f: S — Pl of
genus g with

#Xf —3 ( Sign(5)).

For the proof of Theorem 5.1 (3), we need the following two results.
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Proposition 5.2. Let g be a positive integer with g > 3. Then there
exists a polarized K3 surface (S,H) such that every smooth member
C € |H| has mazimal gonality [(g + 3)/2].

Proof. By [18], the Clifford index is constant on all smooth curves
in a fixed complete linear system on a K3 surface. Let (S,H) be a
polarized K3 surface with p(S) = 1 and H? = 2g — 2. Then |H| is
free from base points. Let C € |H| be a non-singular member. If
Cliff(C) < [(g — 1)/2], then it also follows from [18] that there exists a
line bundle M on S such that M|c computes the Clifford index of C.
Since p(9) = 1, we have M = nH for some positive integer n. However,
it is impossible, because H|c is the canonical bundle of C and M|¢
should be a special line bundle with h'(M|c) > 1. The contradiction
shows Cliff(C') = [(g — 1)/2] and, therefore, gon(C) = [(g + 3)/2]. Note
that this also implies the very ampleness of H for g > 3. Q.E.D.

Proposition 5.3. Let X be a smooth algebraic surface and let H be
a very ample line bundle on X. Let f: X > Plbea generic Lefschetz
pencil of the complete linear system |H|. Let g be the genus of a general
fiber of f: X — PL. Then

#5; L9438 _ 2 H2(Kx - H)
—Sign(X) g+7 (H?—Sign(X))(H?+ Kx - H + 16)
(x(X) + 3Sign(X) + 24)H? + 2(Kx - H)?

(H? — Sign(X))(H? + Kx - H + 16)

(x(X)+38Sign(X)+32)Kx - H
(H? - Sign(X))(H? + Kx - H + 16)

16 x(X) + 24 Sign(X)
(H? — Sign(X))(H?2 + Kx - H + 16)’

(5.2)

+

+

where x(X) is the topological Buler number of X. In particular, when
X 1s a K3 surface, the following identity holds:

(5.3) #Er _ _g9+3
—Sign(X) g+7

Proof. Since H is very ample, a generic pencil of H is Lefschetz by
(25]. In particular, #X; is equal to the number of the singular fibers
of f: X - P Let L C |H| be the line corresponding to the pencil
f: X — P Let ®4(X)" C |H| be the projective dual variety of the
projective embedding ®,5((X). The number of the singular fibers of
f: X - Plis given by the intersection number of the line L with the
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divisor ®5(X)V, i.e.,
(5.4) #Xf = #(Lﬂ@lHI(X)V) :deg<I)|H|(X)V.

Let ¢(X) = 1+ ¢1(X) + c2(X) be the total Chern class of X. By a
formula of N. Katz [25], we have

(5.5) deg ®g(X)Y = (—1)2 ; H% =3H?+2Kx - H + x(X).
By (5.4), (5.5), we have
(5.6) #%: =3H?> +2Kx - H+ x(X).

If C € |H| is a smooth member, we get by the adjunction formula

C?’+C-K H24+ Kx-H+2
(67)  g=9(0)= 5= +1= . .

Since X is the blow-up of X at (H)? points, we have
(5.8) Sign(X) = Sign(X) — H2.

Equation (5.2) follows from (5.6), (5.7), (5.8).

Assume that X is an algebraic K3 surface. Since Kx =0, x(X) =
24, and Sign(X) = —16, the right hand side of (5.2) vanishes, which
implies (5.3). Q.E.D.

It is pointed out by the referee that the degree of the dual variety is
known as the class of the surface and that (5.5) (or (5.6)) is classically
known.

Proof of Theorem 5.1. By the definition of the discriminant divisor,
we have

k
#X; =deg®Dy = degpu}d = Z deg p5d;.
i=0

Since f : § — B is a stable fibered surface, we get

Lsd(f,S,) =0, Ny=1
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for all b € B in Definition 4.1. By Theorem 2.3 and the positivity of the
coefficients of Dywm, 61, - - ., 0k in the expression of Dgignam, we have

. « 2.kl k-2
Slgn(S) = deg ﬂstignHM 3(k‘ + ].()(2k‘ )4) deg ,u'fDHM

kE+3 21(2k—1—z)—(k+1)
- ] dee u*6.
ka1 deBH f”; k+ 1 e8 Ky
k +3
>__FTY x5,
k +3
T 3k+1) 2
Substituting k = (g + 1)/2 into this inequality, we get (5.1). This proves
(1).
If the equality holds in (5.1), then we have
deg pt Dy = deg pdy = - -- = deg ujds—1 = 0.
The equality degp}dr = --- = deg ,u’}dk_l = ( implies that
pi(®5) C oo\ | 6.
i>0

Since deg 43 Dum = 0, we get ps(B\Ds) C Mg\ Dum. Thus gon(Sp) =
k+1 for b € B\ Dy. This proves (2). By Propositions 5.2 and 5.3
Equation (5.3), we get (3). Q.E.D.

An extension of Theorem 5.1 shall be given in the end of the next
section. A simple way of constructing a stable fibered surface is to take
a Lefschetz pencil of curves on a surface. Unfortunately, it is rather rare
for a Lefschetz pencil to be HM-general by the following result due to
the referee.

Proposition 5.4. Let H be a nef and big line bundle on a smooth
projective surface S. If hO(S,H) > 2, then every smooth member of
|mH)| is not HM-general for m > 5.

Proof. Let H be a nef and big line bundle on a surface S with
hO(S,H) > 2. We put g(H) = EsH+H' L 1 Since H € |H| is 1-
connected, we have g(H) = h'(H,Ox). Recall that we have g(H) >
q(S), an inequality immediately verified with

0> 0s(—H) - 05 - O —0
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and Ramanujam’s vanishing theorem H'(S, —H) = 0. Let m be a posi-
tive integer such that there is a smooth member C € |mH|.
We claim that h°(C, Hc) > 1 and h'(C, Hg) > 1 hold when m > 5,
where Ho denotes the restriction of H to C.
The first inequality is easy: We get h°(C, H¢) = h%(S, H) for m > 2
using
0— Os(—(m — 1)H) — OS(H) — Oc(Hc) — 0.

Since we have assumed that h°(S, H) > 2, we get h°(C, Hc) > 2.

The second one can be shown as follows. We have h'(C, Hg) =
h°(C, K¢ — Hc) by the Serre duality. By the Riemann-Roch theorem
and the Kawamata—Viehweg vanishing theorem, we have

hO(S, Ks+(m — 1)H) = ﬁ%’—l(KSH + (m — 1)H?) + x(Os)

= g(H) ~ a($) + po(8) + "5 2 (Ks H +mH?)
= g(H) —q(S) +py(S) + T—2_—2(2g(H) + (m —1)H?).
The cohomology long exact sequence for
0— Og(Ks—H) — Os(Kg+(m—1H) - Oc(K¢c — Heg) — 0
yields
h(C,Kc — Hg) > h°(S,Ks + (m — 1)H) — h°(S, K5 — H).
We have h%(S, Kg — H) < p,(S). Hence

W(C, Ko — He) 2 o(H) — a(8) + "2 (29(H) — 2+ (m — 1)H?) > 2

for m > 5. In sum, we have shown the claim and see that H¢o contributes
to the Clifford index of C.
Using
29(C) —2 = m(KsH +mH?), Cliff(Ho) = mH? — 2h°(C, Hg) + 2,
one gets
29(C) — 6 — 4Cliff(H¢g) = (m? — 4m)H? + mKgH + 8h°(S, H) — 12

=m(m — 5)H? + 2m(g(H) — 1) + 8h°(S, H) — 12.

When g(H) > 1 and m > 5, we have Cliff(H¢) < (g — 3)/2. Assume

that g(H) = 0. Then ¢(S) = 0 and h%(H,H|g) = H? + 1. Hence
hO(S,H) = H? + 2 and it follows

29(C) — 6 — 4Cliff (Hg) = (m? — 5m + 8)H? — 2m + 4,
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which is positive if m > 5.

We have shown Cliff(C) < Cliff (H¢) < (g — 3)/2 for m > 5. This
implies that C is not HM-general when g(C) is odd, because the gonality
of C can not exceed Cliff(C) + 3 by a result of Coppens-Martens [13].

Q.E.D.

§6. Konno’s slope (in)equality

For a fibered surface f: S — B of genus g, we set
K2, = /Scl(w5/3)2 — /5(31(5)2—2@(5)#(:1(3), xs = deg frws) .

The ratio
Af = K%/p/Xs

is called the slope of f. The slope inequality of Xiao [46] says that

4(g—-1)
g

If f belongs to a certain restricted class of fibered surfaces, a sharper
inequality and also the existence of a local invariant are expected.

Definition 6.1. Let A be a subset of M, and let A € Q be a con-
stant with 4—4/g < X < 12. A non-negative function Ind 4 : Germ(A) —
Q>0 is called a Horikawa index with respect to the pair (A, A) if the fol-
lowing hold:

(1) If[So] € Aandif (f,S) is an A-general fiber germ of genus g,

then

<Ay £12.

Ind.A(fa SO) =0.
(2) For every A-general fibered surface f: S — B of genus g, the
following slope equality holds:
K35 =Axs+ ) Inda(f, 5).
beB
If there exists a Horikawa index Ind 4(-) with respect to (A, A), then
8— A
TR

Inda(-)

(6.1) oA() = 15—

is a local signature with respect to .4, where the function e: Germ(A) —
Z is the topological Euler contribution

€(f, ) == XtOp(Sb) — (2~ 2g).
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See [4], [6] for more about Horikawa index.

In the rest of this section, we assume that g is odd and ¢ > 3. A
fibered surface f: S — B of genus g is Clifford-general if it is Mg\ Dcuig-
general, i.e., a general fiber of f: S — B has the maximal Clifford index
(g—1)/2. Note that the Clifford-generality of a fibered surface f: S — B
implies its HM-generality.

Theorem 6.2 (Konno). With respect to the pair (Mg \ Dcug, 6(g —
1)/(g + 1)), there exists a Horikawa index. In particular, the following
slope inequality holds for every Clifford-general fibered surface f: S — B
of odd genus g:

)\fZG(g__ll.
g+1

Proof.  See [28]. Q.E.D.

Notice that the stability of f is not assumed in Theorem 6.2. The
proof of Konno’s theorem is involved and relies on the solution of the
Green conjecture [45].

Now we restrict our consideration of the above slope equality prob-
lem to (semi-)stable curves over compact Riemann surfaces. Namely,
fibered surfaces in Definition 6.1 are assumed to be (semi-)stable. In
this restricted setting, we give a simpler proof of Konno’s theorem as an
application of the Harris-Mumford formula:

Proposition 6.3. With respect to the pair (My\Duwm,6(g—1)/(g+
1)), there erists a Horikawa index for (semi-)stable curves over compact
Riemann surfaces. In particular, the following slope inequality holds for
every HM-general (semi-)stable curve f: S — B of genus g =2k—1> 3
over a compact Riemann surface B:

6lg—-1)

Ar >
f g+1

Proof. 'We have K2 /g = 12x5 — degD; by the first Mumford re-
lation [20, Equation (3.110)], so that

6(g— 1 6(g—1
Kﬁ/s———(g )Xf:{12"_‘—“(g )}Xf—degﬁf

g+1 |
62 s [{12- 8201, ]

. [6(k+1)
:deg,uf{——k— Ag —6}.
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We prove that the Q-divisor 6(k + 1)/k Ay — ¢ is effective. Since

WE_ o k=1 .00 & .
A = 5 i(lk)@:); oy et 5(%—]?:1—) ot ; 1(22k(k+11) Y,
by the Harris—Mumford formula, we get
(6.3)
6(k,:r 1) . (k —(22)!_(/1; Vs ’{;11 34(2k — }c— D)=k
Since k > 2 by the assumption g = 2k — 1 > 2, we get
6

3i(2k—1—-i)-—k23(2k——2)—k=5(k_5)>07

which implies the effectivity of 6(k + 1)/k Ay — 9.
For a fiber germ f: (S, Sp) — (A, 0) belonging to Germ(M \Dywm),
we define the Horikawa index Indmm(-) by

(6.4)
Indgwm(f, So)
k-1 . .
E—1(k—2) . 3i(2k—1-d)—k .
: Y .

To get the non-negativity, we used the effectivity of 6(k + 1)/kAg — ¢
and the fact that uy intersects Dawm properly. By (6.2), (6.3), (6.4), we
get the slope equality

6(g—1)

or1 M + > Indam(f, S)-

beB

Kg/B =

This completes the proof. Q.E.D.

Corollary 6.4. Let f: S — B be a nonhyperelliptic (semi-)stable
curve of genus 3. Then

K35 —3xs =Y _Indum(f, Ss)
beB

= Z {multb (,uji—ﬁhyper) + 2 - multy (,u}(ﬁ)} .
beB
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Especially if (f,So) is a generic deformation germ of the following curve
So, then the following holds:

0 an irreducible Lefschetz curve,
Induam(f, So) = ¢ 1 if Sg is a smooth hyperelliptic curve,
2 a reducible Lefschetz curve.
Proof. The result follows from (6.4). Q.E.D.

Remark 6.5. The result in the latter part of Corollary 6.4 coincides
with the ones obtained by Reid [38] and Chen—Tan [12].

In view of the definition of the Harris-Mumford local signature and
the relation (6.1), it seems to be natural to propose the following:

Congecture 6.6. For a Clifford-general fiber germ f: (5, So) — (A, 0)
of genus g = 2k — 1 > 3, let indk(f, So) be Konno’s Horikawa index in
Theorem 6.2 ([28, §3]). Then the following equality holds:

(6.5)

indg (f, So) =—

N
k

(k — D)(k — 2)!
(2k — 4)!
6i(2k — 1 —22 —3(k+1) deg u;z,ai}

+1)~ k+3
+ —-—2—k——LSd(f, So) + —2E—€(f; So).

In particular, the right hand side of (6.5) is non-negative.

L= k43
deg ﬂf’DHM — —ék—degﬂfléo

—

1

-}

o =
o~

We extend Theorem 5.1 using Konno’s slope inequality.

Theorem 6.7. Let f: S — B be a Clifford-general fibered surface
of genus g = 2k — 1 > 1. If #3 < +oo, then the following inequality
holds:

g+3 ;
(6.6) p;;f #i(p) 2 35— (~Sign(9)),

where pyr(p) is the Milnor number of the critical point p € Xj.
Proof. Set

ey = Z e(fv Sb) = Xtop(X) - Xtop(F)Xtop(S)-
beB

By Noether’ formula and Hirzebruch’s formula, we get

12x; = K&/p + €5, Sign(S) = K3, — 8x5 = 4xs — €5
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Substituting these equalities into the slope inequality in Theorem 6.2,
we get

9+3, .
> 3——(— .
(6.7) ef > 3g T 7( Sign(9))
Since #X; < oo, we deduce from e.g. [24, (5.5)] that

(6.8) ef = Xtop(X) = Xtop(F)xtop(S) = D u(f.p).
pPEXf

The result follows from (6.7) and (6.8). Q.E.D.

Question 6.8. Does inequality (6.6) remain valid if we replace the
condition of Clifford-generality by that of HM-generality in Theorem
6.77

§7. Eisenbud—Harris general fibered surfaces of genus 4

In this section, we discuss the local signature and the Horikawa index
of an EH-general fibered surface f: S — B of genus 4. We start with
the following Lemma which was pointed out to us by the referee. (See
also [37], [35].)

Lemma 7.1. A hyperelliptic curve of genus 4 is in E}.

Proof. Take a hyperelliptic curve C of genus 4 and a point z € C.
Put L = g3 + . Then |L| is a pencil of degree 3 with a base point z.
Note that any gi on a hyperelliptic curve is obtained in this way. If
7' is the conjugate to z, that is, z + 2’ € g3, then Ko — L = g1 + 2'.
Hence |K¢ — L| is a pencil of degree 3 with a base point z’. Recall
that |K¢| is free from base points. This implies that the multiplication
map p: H(C,L)® H°(C, K¢ ~ L) — H°(C, K¢) cannot be surjective,
because the image consists of those sections vanishing at = + /. Since
hO(C, L) = h%(C, K¢ — L) = 2 and h°(C, K¢) = 4, one also sees that u
fails to be injective. Q.E.D.

Therefore the isomorphism class of a Riemann surface C' of genus
4 is contained in E3 of My if and only if C is hyperelliptic or non-
hyperelliptic with a unique trigonal structure g3, i.e. the canonical image
of C is contained in a singular quadric. Note that a generic Riemann
surface of genus 4 is non-hyperelliptic with two mutually distinct g3, i.e.
its canonical image is contained in a smooth quadric.

We remark that EJ C My coincides with the locus of vanishing
even theta constants. Namely, the product of all even theta constants
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IT(a,6) even 0a,b is regarded as a holomorphic section of a holomorphic
line bundle on M (cf. [43, p.542]), and one has the equation of divisors

. = =
le(H(a,b) even aa,b) = E3 on My.
Now Theorem 2.5 says that

2 7! 9 11 19
Daion Z b0+ =0y 4 —
signil = 72y = 700 + 7501 + 170

is a signature divisor of My. We define the Eisenbud-Harris local sig-
nature of a fiber germ (f, Sp) of f by

1

oeu(f, Sp) = A

2 9 11
(17mu1tb/ [,uf,E3] multb/ [17:00] + 17multb: (1701

19 =~
+ﬁmultb/ [u},52]> + Lsd(f, Sp).

Theorem 7.2. Let f: S — B be an EH-general fibered surface of
genus 4. Then

Sign(S) =Y own(f, ).

beB
Proof. The result follows from Theorems 2.5 and 3.4. Q.E.D.

Furthermore, if f: (S,Sy) — (A,0) is stable and EH-general, the
Horikawa index is defined as

1 —1 3 " 7 "
(7.1) Indgnu(f, So) := —~ degujibs + 5 deg pé1 + 3 deg u3 02,

4
which is a non-negative rational number.

Proposition 7.3. Let f: S — B be a stable EH-general curve of
genus 4. Then
7
K§yp =5 xs + ) Indpn(f, ).
beB
Proof. From the first Mumford relation and Theorem 2.5, the as-
sertion follows. Q.E.D.

Remark 7.4. Under the same assumption as in Theorem 7.2, Chen
[11] and Konno [27] proved the following slope inequality

7
Kip> SXf-

Konno [29] also defined the Horikawa index of unstable EH-general fiber
germs of genus 4 from another viewpoint.
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Example 7.5. Let L = Ops(1) be the hyperplane bundle over P3.
Let qo,q1 € H°(P3,2L) be generic quadrics. Then Qg := div(go) and
Q1 := div(qy) are generic hyperquadrics of P3. Let {Q:}:cp1 be the
pencil of hyperquadrics of P3 generated by Qo and Q;, where Q; =
diV(to(]o + thl), t= (to : t1) e PL.

Let X be a generic cubic hypersurface of P3. Then {X NQ;}scp is
a Lefschetz pencil of curves of genus 4 with base locus B = X NQeNQ1,
where #B = 3-2-2 = 12 by Bezout’s theorem. Let w: § — X be
the blow-up of X at B. Then S has the structure of a stable fibered
surface f: S — P! of genus 4 over P! such that f=1(t) = X NQ;. Since
f: S — P! is a Lefschetz pencil, every fiber of f has at most one node.
Moreover, every fiber of f is irreducible, and every smooth fiber is a
non-hyperelliptic curve since its canonical map is clearly an embedding.
By the definition of the Eisenbud-Harris local signature, ogm(f, St) # 0
if and only if one of the following is satisfied:

(i) S is singular. In this case, ps(t) € do;

(i) S is smooth and Q; is singular. In this case, us(t) € Ei.

Case (i) Since f: S — P! is a Lefschetz pencil, we get

#{t € PL; ps(t) € 6o} = #(Singular Fibers of f)
= deg(®y2rx|(X), Op(1))",

where P = P(H%(X,2L|x)") and deg(®a1i,|(X),Op(1))" denotes the
degree of the projective dual variety of ®|51),|(X) C P. Setting H =
2L|x in (5.5), we get

el e} = (17 [ S~

Since the total space of the germ (f,Sy) is smooth, py intersects dp
transversally at b when Sing Sy # 0. Namely, multy[u}do] = 1 when
Sing Sy # 0.

Case (i) Choosing a generic X € |3L|, we may assume X N
Uiep: Sing Q¢ = 0. Hence S; is smooth when Q; is singular. Since
{Q¢}eepr C |2L] is a Lefschetz pencil, we deduce from [25] that

#{t € PY; us(t) € E3} = #{t € P}; Sing Q; # 0}
s [ _e®)
= (1) /Ps (1+2L)2_4

Let {t € P*; ps(t) € E3} = {a1, a2, a3, a4} and set v; := mult,, (Wi Es] €
Zs1.
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By Cases (i), (ii) and Theorem 7.2, we get

. 2 * 9 *
Sign(S) = T Z multt[,ufE?}] — 17 Z mult [} do]

tePl; us(t)eE] tePl; us(t)edo

4
. 2 9 _2(U1+V2+V3+V4)—297
=17 ;” 733 = 17 :

Since S is the blow-up of a cubic hypersurface X C P3 at B, S is
isomorphic to the blow-up of P? at 18 points in total, so that

Sign(§) =1—18 = —17.

Comparing these two formulae for Sign(S), we get vy +vo+v3+vy = 4.
Since v; > 1, we get v; = 1 for all i. Hence we get the formula for
oeu(f, Sp) as follows:

2/17 (b€ p'(E3)),
oen(f, $) =4 —9/17 (b€ p;' (%)),
0 (b€ P\ 7' (B U d)).

By (7.1), the formula for the Horikawa index Indggu(f, Ss) is given as
follows:

1/4 (b€ uy (E3)),

0 (b u;'(ED).

Example 7.6. We study the local signature and Horikawa index for
hyperelliptic curves of genus 4. A hyperelliptic curve is said to be generic
if its automorphism group is generated by the hyperelliptic involution.
Let H4 C My denote the hyperelliptic locus of genus 4.

Let C be a generic hyperelliptic curve of genus 4 with hyperelliptic
involution ¢, and let ¢* be the induced action on Def(C) ~ H*(C,©¢).
Then (My, [C]) 2 (Def(C)/i*,[C]) = (H'(C,0c) /1, [0)). Let H'(C,00)+
(resp. HY(C,0O¢)-) be the invariant (resp. anti-invariant) subspace of
H'(C,©¢) with respect to the (*-action. Since ¢ is hyperelliptic, it fol-
lows from the Lefschetz fixed point formula that Trace t*|g1(c.00) =
10- 3 =5, ie. dimHY(C,0¢)4 =7 and H(C,0¢)- = 2. Hence we
get an isomorphism (My, [C]) = (C7 x (C?/{£1}),0).

Let p: (Def(C),[C]) — (M4,[C]) = (Def(C)/c*,[C]) be the pro-
jection. By Pringsheim [37] and Tsuyumine [43, p.561 1.20~p.562 1.9,
Theorem 4], there exist invariant functions 7,...,77 € Obet(c),[c] and
anti-invariant functions f1,..., fio € Opef(c),[c] With respect to the ¢*-
action on Opet(c),[c] satisfying the following:

IndEH(f, Sb) = {
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(i) For any i # j, (11,...,77, fi, f;) is a system of coordinates of
Def(C) such that Def(C) Np~*(Hs) = {fi = f; = 0}. In
particular, there is an isomorphism of local rings Oaq, 0] =
C{Th“ -7T7aff£23fj27fifj}'

(ii) There exist exactly 10 even theta constants {6g, », }1<i<i0 van-
ishing at [C]. Moreover, f; (1 < i < 10) is the square root of
eai’bi, i.e., fl = \/9%1,1..

By (i), (ii) and the equation of divisors p~1 (Fé) = div[p* (T (4,5) even fa,b)]

on Def(C'), the germ of analytic subset p‘l(E;) C Def(C) is defined by

the ideal
10

. 2
Ip_l(Eé),[C] = ODef(C),[C](IIl fz) .
1=
Let v: (4,0) — (My,[C]) be a curve and c: (A,0) — (Def(C),[C])
be a lifting of the curve v such that v = poc. Then v is said to be
generic if its lifting ¢ intersects the divisor {f; = 0} C (Def(C),[C])
transversally at [C] for all 1 <7 < 10. If v is generic, then

10
w=1 1 e | 1
multy—oy* E5 = mmultt:oc p*Es = §multt:0 I—Ifi(c(t))2 = 10.
i=1

Let f: (5,S0) — (A,0) be a stable EH-general fibered surface of
genus 4 such that Sp is hyperelliptic. The deformation germ (f,Ss)
is said to be generic if Sp is generic and if pg: (A,0) — (My,[So]) is
generic. For a generic deformation germ (f, So) of a generic hyperelliptic
curve Sp of genus 4, we have

2 =1 20
O'EH(fa SO) = ﬁmuh}t:o/,l,fEB = ﬁ’
5
5.

1 -
Indgr(f, So) = i multi—opyF3 =

§8. Examples of the local signature of genus 3

In this section, we give two examples of fiber germs of genus 3, whose
Harris—-Mumford local signatures and hence local signature defects are
calculated explicitly. For the terminology about monodromy maps, see
[31], [5] etc.

For our purpose, we first recall the main result of [3]. Let py : Ry —
Ry be the pseudo-periodic map of a Riemann surface R, of genus g,
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which is the monodromy map of fioc : (9, So) — (A,0) as in §3. Let

AC) =T AC) [T A (Cx)
J k

be the decomposition of the annular neighborhood A(C) of the admis-
sible system of cut curves C for ps, where A(Cj) is a non-amphidrome
annulus and A’(Cy) is an amphidrome annulus For each A(Cj), let

cr](.l) / )\?) and a](?) / /\§-2) be the valency at both banks of A(C}), and let
5§1)/ )\gl) and 5§2)/ /\§2) be their covalencies, respectively. By definition,
the following relations are satisfied:

o8 = 1modA?),  1<o? <A 1< <A (1=1,2).

Let K(C;) be the integer greater than or equal to —1 defined by

50 5(2)
K(C)) = -3 % _gcy),
J AW )\(2)
J J

where s(C}) is Nielsen’s screw number ([36]). For each A'(C}), let 65/ Ak
be the covalency at both banks of A'(Cy).

Let B := R4\ A(C) =[], B; be the decomposition into the connected
components. Each B; is a Riemann surface of genus < g with boundary.

Let {a(’) / )\(i)} and {5(1) / )\(’)} be the set of valencies and covalencies

for py attached to the multiple points and the boundary curves on B;,
respectively. Let

AD 1
(z) = Ki(a,i) —

KQ(O[, ’L) —_ 1

- K. (o,1)

be the continued linear fraction.

Let B/ ~ =[] [B;] be the orbit decomposition with respect to the
cyclic action generated by py. Here B;, ~ B, if and only if B;, =
(pf)™(B;,) for some integer n, and [B;] denotes the equivalence class of
B;. Similarly, for the set A’ of non-amphidrome annuli (resp. the set
A" of amphidrome annuli), we put A’/ ~ =[] [A(C})] (resp. A"/ ~=

L1 [A(Cx))-
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Theorem 8.1. ([3]) The local signature defect of (f, So) is given by

T

Q
Lsd(f, So) = ——ZZ o< + 08 +ZK[3(O¢Z)

O
5] @ A
50 52 5
j ‘ 2k _
+ > ((1) CAEI N > ()\k 2)
[A(CS)] i [A(Ci)]

where ¢; is the rational number defined in [3]. If K(C;) >0, thene; = 0.

Example 8.2. Let (¢, x,t) be a system of coordinates of X = P! x
P! x A, where £, = are the inhomogeneous coordinates of the first and
the second projective lines, respectively. Define the divisor S’ on X by

S = {(¢ x,t) € X; & 4+ 2t + 12 =0}

The surface S’ has a simple elliptic singularity of type Er at (0,0,0). Let
m: S — S’ be the minimal resolution and let f : S — A be the morphism
defined as f := prs|x o m. By the same argument as in [2, pp.67-68],
any fiber of f except for the central fiber F = f~1(0) is a smooth non-
hyperelliptic curve of genus 3, and the irreducible decomposition of F' is
expressed as F' = 2F + Zg‘zl F;, where F is a nonsingular elliptic curve
with E? = —2 and F; (1 < i < 4) are (—2)-curves with EF; = 1 and
F;, Fi, =0 (i1 # i2). (See [2, Fig.1 in p.68].) We compute the local
signature o (f, F).

In the classification [5], the topological monodromy map of f is the
periodic map of order 2 with the total valency 1/2 +1/241/2+1/2,
i.e., the list (iii) (12) in [5, p.199]. Since (f, F) is normally minimal,
Theorem 8.1 implies that

Lsd(f,F) = Lsd(f, F) = —= (1%1 +2) 4= —4.

3

On the other hand, the minimal semi-stable reduction of f is given
as follows: Let By = {z* + t?> = 0} be the branch divisor of the 4-fold
cover &' — W = P1 x A. Let A — A be the double cover defined by
u > t = u2. Then the pull back B} of By on W’ = P! xa A is defined
by the equation z* + u* = 0.

By the elementary transformation at the center (z,u) = (0,0), the
Pl bundle W' is transformed to a new P!-bundle W so that the 1e proper
image Bo of B is a smooth curve meeting any fiber of 7: W - A
transversally at four points. (See Figure 1.)
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Figure 1

Let S be the divisor on P! x W defined by the equation
54 +g(yvu) =0,

where g(y, u) = 0 is the equation defining E). Then f:z Toprslg: S —
A is a smooth family of non-hyperelliptic curves of genus 3. By the
uniqueness of the minimal semi-stable reduction, the germ (f,ﬁ =
~1(0)) is the minimal semi-stable reduction of (f, ) F).
Since F' is non-hyperelliptic and hence o f, F) = 0, we get by
Theorem 3.4

oam(f, F) = %UHM(J?, 1?') + Lsd(f, F) = —4.

Since ¢(f, F) = 8, the “conjectural Konno’s Horikawa index” of
genus 3 in (6.5) is
“indg(f, F)" =1

as is expected (cf. [26, §9.7] and [2]).

Example 8.3. Let X be the same as in Example 8.2, and let S be
a smooth divisor on X defined by the equation

@@+ t)(z+a)(z+b) =0, (a#b,a#0,b#0).

Set f := prg|s. Then f: S — A is a non-hyperelliptic fibered surface of
genus 3. The central fiber F' = f~1(0) is an irreducible singular curve
with a tacnode, so that the normalization of F' is an elliptic curve. We
compute ogm(f, F).
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The central fiber £ of the normally minimal model f S Aoff

is written as A
F=FE+4F + 2F3,

where E is an elliptic curve with E? = —8 and Fy, F, are rational
curves with F2 = —1, FZ = -2, EF; =2, FiF, = 1 and EF, = 0.
We obtain § from § by blowing down (—=1)-curves two times. The
admissible system of cut curves of the monodromy map consists of two
simple closed curves of type (E) in [5, p.221,Table 2]. The monodromy
map acts trivially on one body, and acts on another body with the
total valency 1/4 + 1/4 + 1/2. The screw numbers on both annular
neighborhoods of the cut curves are —1/4. It follows from Theorem 8.1
that

1+1 141 1 7
Lsd(f,F):_5 <_Z— 2+4- 2+T+2)+Z'2:_§‘

Thus Lsd(f, F)=-3/2.

The minimal semi-stable reduction of f: S — A is described sim-
ilarly as in Example 8.2. Namely, by the cyclic base change of degree
4, the pull back B{ of the branch curve of the 4-fold cover consists of
three connected components; the one component has a tacnode whose
tangent line is transversal to the fiber and the other two components
meet the fiber transversally. The 4-fold cyclic cover S’ branched along
B, is a normal surface with a simple elliptic singularity of type E7 The
minimal resolution S of S ' has the structure of fibered surface f S—A
induced from f : § — A, whose central fiber F is a stable curve con-
sisting two elliptic components with two nodes. The germ (f, F) is the
minimal semi-stable reduction of (f, F').

The locus of stable curves consisting two elliptic components with
two nodes is of codimension 2 in M3, and is contained in the closure of
the hyperelliptic locus, i.e. the support of Dum. We can see that the
curve uz(A) intersects Day transversally. (For instance, this is verified
from the “global method” as in Example 7.5, which is omitted.) Namely,

multt:()(p,}ﬁHM) =1.

On the other hand, the germ (f, ﬁ) has a splitting deformation in the
sense of [6, §4] into two deformation germs of an irreducible Lefschetz
fiber, .each of which is stable under deformation (i.e. atomic) by the
smoothness of S at the nodes of F. Thus

multtzo(,u}ég) =2, multtzg(u}él) =0



A divisor on the moduli of curves associated to the signature 31

Hence

S~ 4 o 5 . 1 )
orm(f, F) = gmulte—o(uFDmm) — gmulte=o(4700) + gmulte=o(u701)

9 3
_ 2
=-z.
By Theorem 3.4, we obtain
1 T E LT 5
oam(f, F) = ZUHM(f7F) + Lsd(f, F) = -3

From the above calculation and (6.5), the conjectural Konno’s Horikawa
index is

“indg (f, F)” =0,

as is expected.?
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