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The Bender—Wu analysis and the Voros theory. II

Takashi Aoki, Takahiro Kawai and Yoshitsugu Takei

Abstract.

In our earlier paper ([AKT1]), by interpreting the formal transfor-
mation to the Airy equation near a simple turning point as the symbol
of a microdifferential operator, we derived the Voros connection for-
mula or, equivalently, the discontinuity function of a Borel transformed
WKB solution at its movable singularities. In this paper we extend
this approach to the two turning points problem; by constructing the
formal transformation which brings a Schrédinger equation with two
paired simple turning points that merge (i.e., a merging-turning-points
equation or an MTP equation for short) to the Weber equation and by
interpreting it as the symbol of a microdifferential operator, we reduce
the analysis of an MTP equation to that of the Weber equation. Then,
combining this transformation theory with the so-called “Sato’s con-
jecture” for the Weber equation, we obtain the discontinuity function
of a Borel transformed WKB solution of an MTP equation at its fixed
singularities.

80. Introduction

In our earlier paper [AKT1] we discussed how to understand the pio-
neering work of Bender and Wu ([BW]) in the framework of exact WKB
analysis ([V], [P1]), i.e., WKB analysis based upon the Borel resumma-
tion. This is what Silverstone ([S]) also aimed at; the paper [S] clearly
explains how the Borel resummation method clarifies several ambiguous
points in traditional WKB analysis. An important point of [AKT1] is
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that the formal transformation used in [S] can be interpreted as the sym-
bol of a microdifferential operator acting on the Borel transformed WKB
solutions ([AKT1, Section 2]). In a neighborhood of a simple turning
point, this interpretation enabled us to derive the Voros connection for-
mula from the connection formula for Gauss’ hypergeometric functions.
But, when two turning points are relevant, we encounter the following
troubles in putting the idea into practice.

Problem 1. To perform the actual computation we use an integral
operator that represents the microdifferential operator in question. In the
case of two turning points problem we are to analyze the analytic struc-
ture of a Borel transformed WKB solution at two singular points whose
relative location is fized (the so-called “fized singularities”), and we need
to guarantee the existence of a sufficiently large domain of definition of
the integral operator for this purpose. In [AKT1, Section 2}, we studied
only “movable singularities” which eventually merge, and troubles of this
sort did not arise.

Problem 2. In the situation where only one simple turning point is
relevant, the Borel transformed WKB solution of the canonical equation
(the Airy equation) can be explicitly written down in terms of hypergeo-
metric functions. When two turning points are relevant such a concrete
expression cannot be expected. Hence some other way of describing ana-
lytic properties of the Borel transformed WKB solutions of the canonical
equation (i.e., the Weber equation this time) should be found.

Problem 3. In the two turning points problem, the canonical equa-
tion contains an infinite series E(n) = 3,5 oExn~" as the parameter
E contained in the Weber equation. Hence we have to find the correct
analytic meaning of WKB solutions of an equation whose coefficients
contain such infinite series. In this paper we use the terminology “co-
Weber equation” to designate the Weber equation with an infinite series
as its parameter, if such a distinction is necessary.

Our answers to these problems are as follows.

To cope with Problem 1, we consider a Schrédinger operator that
depends on a parameter t (tied up with the energy in most applications)
and that has two paired simple turning points which merge to form a
double turning point at ¢ = 0. Such an operator is called a merging-
paired-simple-turning-points operator, or, for short, a merging-turning-
points (MTP) operator. To be more concrete, an MTP operator is a
Schrédinger operator of the form

d2

(0.1) =

—n?Q(&,t) (n: a large parameter)
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which depends on a parameter ¢, where the potential Q(Z, t) satisfies the
following conditions:

(0.2) Q(&,t) is holomorphic near the origin (£,t) = (0,0),
(0.3) Q(%,0) = ¢+ O(&*®) (c: a non-zero constant),

(0.4) for eacht (# 0), the equation Q(Z,t) = 0 in & has two distinct
simple roots which merge together at ¢ = 0, whereas other
roots stay uniformly away from 0 for sufficiently small t.

(The definition shall be made more precise concerning the merging speed
of two simple turning points in Section 2. Cf. Definition 2.1 in Section 2.)
Then we can construct a transformation that brings the following MTP
equation

d? o ~
(0.5) (@ -1 Q(mvt)) Yv=0
uniformly to the following ¢-dependent co-Weber equation
(0.6) L PEE - 259 v =0
. 70z "1 1) = 3% =0.

The precise meaning of the “uniform transformation” will be given in
terms of the transformation of the Borel transformed WKB solution
(Section 2, Remark 2.4). Intuitively speaking, we define the uniformity
of transformation through the uniformity with respect to ¢ of the domain
of definition of the integral operator determined by the transformation.
Since the distance of “fixed singularities” of (0.6) tends to 0 as t tends
to 0 (Section 4, Remark 4.1), the uniformity guarantees that they are
contained in the domain of definition of the integral operator for suffi-
ciently small . Thus Problem 1 disappears for an MTP operator with ¢
sufficiently small. Before establishing the transformation theorem (The-
orem 2.2 and Theorem 2.4) for ¢t # 0, we first prove the result for t = 0
in Section 1. The result plays an important auxiliary role in our later
discussions in Section 2, and it is also of its own interest as it gives the
transformation theory in the situation where a double turning point is
relevant. (Cf. [P1], [DDP2], [P2], [T].) The required transformation
theory for an MTP operator with ¢ # 0 (Theorem 2.2 and Theorem 2.4)
is constructed through a perturbation of the transformation found for
t = 0. In Sections 1 and 2 we concentrate our attention to the formal
structure of the transformation, and the estimation of the growth order
of the obtained series is separately discussed in Appendices A and B.
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In solving Problem 2 we make use of “Sato’s conjecture” ([KT1)),
whose clear-cut proof has recently been given by Shen and Silverstone
([SS]). (See also [V], which gives a transcendental proof for the parabola
potential (versus the inverted-parabola potential used in Sections 2 and
3).) An important consequence of Sato’s conjecture is that the discon-
tinuity function (or, more specifically, the alien derivative) of the Borel
transformed WKB solution of the Weber equation is an E-independent
constant multiple of the Borel transformed WKB solution evaluated at a
fixed singularity. (Theorem 3.1; see also [DDP1] and [CNP].) Note that
the study of one simple turning point problem given in [AKT1] makes
use of the explicit form of the Borel transformed WKB solution of the
Airy equation only in analyzing the structure of its discontinuity at a
movable singular point. Hence this seemingly somewhat weaker result
suffices for the study of the connection problem.

To answer Problem 3 we make full use of the estimates of the coeffi-
cients of the series E(t,n) (Appendix B); it is a symbol of a microdifferen-
tial operator. This observation enables us to employ the same technique
as was used in [AKT1] to give an analytic meaning to the formal co-
ordinate transformation in the independent variable of the Schrodinger
equation, i.e., z-variable. This time we regard F, together with z, as
an auxiliary variable in a resurgent function in 7-variable, that is, we
interpret

(0'7) ’(Z(.’L‘, 77) = "vb("l;’ ug E(n))

as

- E -1 + E. —2 +..)" or
08 Pl =y B BT Iy ),
= n! fS

or

0.9)  ¥p(z,y)

(B(Z) '+ Eo(Z) 2+ )" o

n>0

Because of the growth order condition that Ej’s satisfy (Appendix B,
(B.107)), the infinite series

1
(0.10) £=Y E(Em‘l + Eon 24 )m0"
n>0
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is a well-defined microdifferential operator, where 6 stands for the symbol
of the operator 9/0Fy and the ideograph : : designates the normal
order product of the symbol. (Theorem 4.1; see [A] for the definition
of a normal order product; it consistently assigns a microdifferential
operator to each symbol.)

Combining all these answers to Problems 1, 2 and 3, we describe in
Section 5 how to obtain concrete results from the transformation theory
developed in Section 2.

Appendices A and B give detailed proofs of required results on the
estimation of coefficients of several series formally constructed in Sec-
tions 1 and 2. In particular, we would like to call the attention of the
reader to Proposition B.1; this result gives another constructive proof
of the existence of (go(§), Ep) in Theorem 3.1 of [AKT1]. The proof
given in [AKT1] was rather geometric and transcendental, while the
construction of the corresponding object (zo(Z,t), Eo(t)) in this paper is
more algebro-analytic. It is noteworthy that the construction scheme for
(= (&), EY)) is uniform with respect to indices j and k and that still
their growth orders substantially differ depending on whether j tends to
oo or k tends to oo.

In ending this introduction, we express our heartiest thanks to Pro-
fessor H.J. Silverstone and Professor T. Koike for the stimulating discus-
sions with them. The extended stay of Professor Silverstone at RIMS
has given us fresh impetus to attack the two turning points problem
again, which we had set aside for quite a while.

81. Reduction of an MTP equation to the canonical form at
t=0

The purpose of this section is to find the canonical form of an MTP
equation at t = 0. As we emphasized in Introduction, the results in this
section (Theorems 1.1, 1.4 and 1.5 below) may be regarded as reduction
theorems for a general operator with a double turning point.

Theorem 1.1. Let Q(&,t) be the potential of an MTP operator (0.1)
in Introduction. Suppose that there exists an open disk U centered at the
origin & = 0 for which the following hold:

(1.1) Q(%,0) is holomorphic on U,
(1.2) Q(#,0) # 0 on U — {0}.

Then we can find an open neighborhood w of the origin, a sequence
{E;(CO)}kZO of constants and a sequence {x,(co)(ic)}kzo of holomorphic
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functions on w so that the series E®)(n) = EkZOE,(CO)n"“ and

O (&, ) = Zk>0mk (m)n_k, where 7 is the large parameter contained
in the MTP operator (0.1), formally satisfy the following relations (1.3)

~ (1.7) on w:
(1.3)

0) (5 2 (0) (5 )2 -2
@0 = (2522) @Om - =30 - T e @ia,
(1.4) z§”(0) =0,

dw(o)

(1.5) ——(0) #0,
(1.6) E(O) JEYL =0 (p=0,1,2,...)
(1.7) z5) =0 (p=0,1,2,...).

Here, and in what follows, {x;%} designates the Schwarzian derivative,

i.e.,
(1.8) @ [dz\ 3 (& [do)’
) dz3/ dz 2\d#2/ dz ) -

Proof. Comparing the coefficients of like powers of 7 in (1.3), we
find

2
1.9 o= (@) po 1 o2
(1.9) Q@,0) = ——| (Bo" — 7% ),
0) 4..(0)
dzy’ dx 1

dz” ’ © 1 © o
+ e (E; ~ 3% T )s

dz{” de?) 1
(1.11.n) 0=2 ( d% —= (E(()O) _ Zw(()O)Q)

dx(()o) ’ 0 1 0. (o 0
Al e (Er(L)—§$o sP)+ R (n>2),
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da:gi) da:g;) o
mY= 3 i

ki+kz+l=n
ky1,k2,l<n

0)
Z dxkl dmkz MOMO)

x

di dz "h Tk
kitko+li+lo=n
k1,k2,l1,l2<n

(0) (0) —(1+1)
+ 1 Z Z d3m§co) dx#l +1 dxltt+1 _ d.’L‘(()O)
2 di? dz dz dz

k+l4+p=n—-2 pi1+--+up=p

d2w(o) d2 (0)

> > eyt

kitke+l+pu=n—2 pi+--+p=p

(0) (0) —(+2)
X dxl‘1+1 dwm+1 (_dﬂ”g])) .

+
> o

di dz dz

First we note that the assumption (0.3) together with the requirements
(1.4), (1.5) and (1.9) forces

(1.13) E —o.

Hence (1.9) entails
5 1/2
(1.14) 20(z) =2 (/ \/—Q(a})d.%) ,

and conditions (0.3) and (1.2) guarantee that x(o)( ) is holomorphic on
U and that it satisfies (1.4) and (1.5).
Next we evaluate the right-hand side of (1.10) at Z = 0 to find

(1.15) E® =0

should hold if z§°) () is holomorphic near £ = 0. On the other hand, if
(1.15) holds, then by dividing (1.10) by 2 (dz{"’ /dZ)? we obtain

o) dz 0
(1.16) g>d }0) +29 =o0.
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In view of (1.4) and (1.5) we may use

(0) (=
1.1 =
(117 v = 2 (@)
as a new coordinate near £ = 0, and the inverse function of x(()o) (&) is
denoted by g(x), i.e

(1.18) 9@y’ (7)) = &.

Regarding (1.16) as an equation on z-space, we find that it is an equation
with regular singularity at = 0 with characteristic index —1. Hence a
holomorphic solution :zsgo) of (1.16) should vanish identically near x = 0.
To fix the notation, let us choose a small disk wg in z-space that is bi-
holomorphically mapped by g(z) to a neighborhood w of the origin of
Z-space which is contained in U.

Now, as the structure of the principal part of (1.11.n) is the same

as that of (1.10), the argument for 2 is basically the same as above;
the only difference is that, instead of (1.15), we obtain

-2

d.’E(O)

1.19 E'(O (0) | =20
(1.19) R (4 ,
=0

and that, instead of (1.16), we find

dz B + RY
(1.20) s 4 ) = 2+
dx zy (Z)

where R = (dz{” /dz)=2R{). The above choice of EY guarantees
that (En O 4 RO )/ m(o)( ) is holomorphic on w, and hence a holomorphic
solution ac( )( ) of (1.20) exists on wg. Furthermore, (1.12) entails that
Ré%_l is a sum of terms each of which contains Eé q)+1, :rg;)ﬂ or its deriva-
tive as its factor with ¢ < p. Since we have confirmed (Efo), §°)) =0, we
find by the induction on p that Rg;)ﬂ vanishes identically. Hence (1.19)
implies that Eép '\, also vanishes. Thus we have constructed z(?(z,n)

and E(© (n) which satisfy (1.3) ~ (1.7). Q.E.D.

Remark 1.1. If the potential @) contains lower order terms in 7, i.e.,
if @ has the form

(1.21) Q= n*Qk(&,1),

k>0
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the reasoning proceeds equally as well on the condition that Qo(Z,t)
satisfies (1.1) and (1.2) and that Qx(%,t)’s have the common domain of
definition which contains the origin; it suffices to add —Qn+2(%,0) to
R in (1.12).

As is well-known ([AKT1], [KT1], [KT2]), Theorem 1.1 entails the
following structure theorem for a WKB solution of an MTP equation
restricted to £ = 0.

Theorem 1.2. In the situation considered in Theorem 1.1, the in-
finite series 20 (z,1) and E©) (n) satisfy

i 2(0)
12 S = (L) s @, B0

B % (d%(;;(zi,n)) / (dx(o;gé, n)>’

where S and S are formal series in n~' beginning with respectively
S_1(Z)n and S_1(x)n which solve

. dS

(1.23) §%+ = =n°Q(,0)
and
ds 1
2 B0 20m(0),y _ 1 2

(1.24) §°+ = (E7 (1) — 75%),
and for which

5 _ d.’II(O) ~
(1.25) arg S_1(Z) = arg ( d% S_l(a:(()o) (m)))

dx(()o)

holds (and hence S_1(Z) and S_l(a:éo) %)) coincide).

dz (

Proof. First we note that the relation (1.3) together with the def-
inition of S entails the following relation (1.26). Here, and in what
follows, we often omit E(®(n) in the symbol S(z, E©(n),7).

(1.26)

dz©® 1 (22® dr®\\*
©)(z -~ (==
( =5 (@,m),m) 2( i2 )/( dz ))

d (dz© 1 [/ d2z© dz©
d (de o 0); 1
+d:z< & 5@ (@ m)m) 2< 2 )/( iz ))
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dz\ 2 a2z 1/ d2zO\? /[ dz©\?
— 0) .2 _ 2 ° (0) il e
(d:ﬁ) S@™ )7 - =g S ”7)+4(d5c2) /(di)

dx<°>)2 88

(@

d?2z©®
s+

L1 2zO\? /7 /deON\® 1 [dB3z© dz(©
2 dz? dz 2 dz3 dz

dz©®\? 1 o, 1 i
=< ) ?(EQ () = 72 (&n)?) - 5{=; 2}

dz
=1°Q(%,0).
Comparing (1.26) with (1.23), we find that

dz(©) 1 (/%2 dz(©
0) (5 -z

and S(Z,7) satisfy the same equation. Then, in view of the assumption
(1.25), we conclude

i dz(© 1 (d*z® dz®
o ©) (3 S
(1.28)  5(F,n) = —=—5@"(@,7),m) 2( di? )/( dz )

Q.E.D.

(1.27)

To proceed to discuss the structure of wave functions, let us now
recall the following definition of S,44, the odd part of a solution S of
the Riccati equation.

Definition 1.1 ([AKT3, Definition 2.1]). Consider the following
Riccati equation with 7-dependent potential (like E(©) () — 22/4):

(1.29) S(z,m)? + %j—(w, =0 > Qua)n*

k>0

Let S* respectively denote the solution of (1.29) that begins with
+n+/Qo{z). Then the odd part Seqq of S is, by definition, given by

1
(1.30) Sodd = §(S+ —-57).

Using this definition of the odd part of S, we obtain the following
result from (1.22).



The Bender-Wu analysis and the Voros theory. II 29

Corollary 1.3. The odd part Soqq is reduced to the odd part of S
of the Weber equation with E((,O) =0, that is,

- dz(©) .
(1.31) Soad(Z,m) = ( pE )Sodd(a:(o)(w,n),n)

holds with the appropriate choice of the branch of S_1(z).

Using these transformation results for a WKB solution of the Riccati
equation associated with the Schrodinger equation, we can relate a WKB
solution of the Weber equation itself with that of the MTP equation at
t = 0. To discuss this point in detail, we first note the following relation:

d
(1.32) (872 —(S7)2 + %(SJF -S7)=0.
Hence we obtain
(1.33) 2(S+ + 87)So0da + 2%Sodd =0,
ie.,
d
3 ~Podd d
1.34 trsm =42 C oS,
(1.34) ST+ 5o 75 108 Soad
This means that, for a generic point a,
1 x
(1.35) Vi = o explt [ Sesado)
Sodd a
satisfy the equation
d®s _
(1.36) df? =0 [ > Qul=)n™* | s,
k>0

though the definition of the odd part Soqq is not a naive one based on
the oddness of the degree in 7.

Now, using this normalization of a WKB solution, we find the fol-
lowing.

Theorem 1.4. Let us consider the situation assumed in Theo-
rem 1.1, and let ¢ be a WKB solution of the co- Weber equation

(137 (i - @O - 359) ¥ =0
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defined with the infinite series E®(n) constructed there; in particular,
we have

(1.38) E® =o.
Then with the infinite series (% (Z,1n) constructed there we find

20 (. 7\ "2
a9 een=(ESE0)  we@n.n)

satisfies the following MTP equation att = 0:
2, N
(1.40) (& -ra@0) v@n o
Proof. Tt follows from (1.3) and (1.37) that
(1.41)
2o (3 (dz© 22O\ 1 (@72 g2
iz Z(d*) (dﬁ?)"ﬁ(d@) @ | Y
dzO\*? 2y
+( -) @
dz dx z=1:(0)(i,7])
—1/2
d$<o> g0 _ 22 202\ /7 dz(© v
4 di
3 x<o> 220N 1 (da©@\ 7 @2@ [da©@\
Z di (di2)_§<d§:) dz’ (da‘fr) v

=7°Q

—5/2

Thus we find (1.40). Q.ED.

Concerning the structure of the function ¢, by considering the loga-
rithmic derivative of both sides of (1.39) we obtain the following relation
(1.42) by (1.22):

__ld, (%" ©)(
(1.42) di 2dz ¢\ o7 a5 S (@ m,m)

= 5(50#7)-

This means that the wave function ¢ is also represented in the form
of (1.35). Thus the infinite series (%) (#,7) defines a transformation of

dlogpy 1d l (6:U(O)> N dz(©
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WKB solutions via (1.39) in the case of a double turning point problem,
just like in the case of a simple turning point ([S], [AKT1]).

Furthermore, the growth order condition (A.3) on {E,(CO)} k>0 implies
that E© (n) is a symbol of a microdifferential operator; this means that
the Borel transform of the co-Weber equation

0? 22\ 062

i (0) _Z )2 —
(1.43) <8m2 (E (0/0y) 7 ) 8y2) Y =0
is a well-defined microdifferential equation defined on

(1.44) {(z,y;¢,m) € T*C? n#0}.

In what follows we let M denote the microdifferential operator in (1.44),
that is,
82

(1.45) =2 _(BO@ay - )2
Ox? 4 ) 0y?

On the other hand, the growth order condition (A.4) on {x,(co)(zf)}kzo
guarantees that the relation (1.39) turns out to be a microdifferential
relation through the Borel transformation. The proof of this fact is
basically the same as that given in [AKT1, Section 2], where a simple
turning point problem is discussed. In this paper, by following the pre-
sentation of [AY], we formulate our result as the microlocal equivalence
between the Borel transformed MTP equation at t = 0 and the Borel
transformed co-Weber equation with E((,O) = 0. (Theorem 1.5 below.)
To state Theorem 1.5, we first introduce

(1.46) ri(z) = 2y (g(x)) (k> 0).

In particular, we have

(1.47) To = .

We note that the Borel transformed MTP operator at t = 0, i.e.;

o? o?
4 — —Q(z,0)=—
can be rewritten in (z, y)-variable as follows:

32 .’L'2 82 g// a)

n—2" = | ——
(1.49) (¢')~°L, where L_(8x2+ 107 ¢ 0z
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Here, and in what follows, we let g’ and ¢’ denote respectively dg/dz
and d2g/dz®. As the Taylor expansion of ¢(z(®(%,n),7) is

Z (ri(z)n~t +ra(z)n=24---)" O

(1.50) ~ Fg V@),

n>0

its Borel transform is given by

(1.51) s exp(r(z,n)) : ¥ve(z,y),
where the ideograph : : designates the normal ordered product ([A]),
(1.52) r(z,n) = Zrk (x)n~*

k>1

and ¢¥p denotes the Borel transform of 1. Hence the Borel transform of
the right-hand side of (1.39) is expressed as

dr\ ~1/2
59 @ (14 5] el v,
Let us now denote the microdifferential operator in (1.53) by X, that is,
(159 X =g@)20+ L)V explr(z,n)e) ;.

Since Theorem 1.4 asserts that the Borel transformed MTP operator L
at ¢t = 0 annihilates X for a solution g of the Borel transformed oo-
Weber equation with E'(()O) = 0, we may naturally expect the following
Theorem 1.5 to hold. We now prove that our expectation is correct.

Theorem 1.5. There exists a microdifferential operator Y on
(1.55) Qo = {(z,y;¢,n) € T*C*z € wo,n # 0}
which satisfies
(1.56) LxX =YM,

and both X and Y are invertible.
Proof. Let us try to find Y in the form

(1.57) : C1(x, n) exp(r(z, n)§) :
Note that X’ has a similar form with C replaced by

(158) ng/(w)l/Q 1+ d’l" _‘1/2.
dx
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By a straightforward symbol calculus we find that (1.56) is satisfied if
the following three conditions are satisfied:

(1.59) c( + Z”) =,
dr\ dC dr g dr
(1.60)2(1+ )dx‘f—(@—?(ldi-%))c'—o,

z? d’c  g¢"dcC 0) 1
(1.61) CI772+E;2——?E; ZEIE n k= x+7’) .
£>2

As C satisfies (1.60), we should have

dr\%/*
— o 1/2
(1.62) Ci A g( ) <1+da:) .

Using these concrete expressions together with (1.9), we can rewrite
(1.61) as an equation in Z-coordinate:

2

(0 (5 ©) (5. n)2 -2
(163) Q@0 = (L2 (50 - 1) - Lz,

Here we have used the relation

dz —-1/2
0 o~ (£)
to find
PC g" dC\ _ d*C _
nN-2((2>~ _ 4

The relation (1.61) is nothing but (1.3). Thus (1.61) has a solution C4
of the form (1.62), which proves the existence of required operator ).
Since the principal symbol of X and that of )} are both

(1.66) g'(@)"? exp(ri(x)én™"),
they are different from 0 on . Hence they are invertible as microdif-
ferential operators. Q.E.D.

Remark 1.2. The microlocal result formulated as in Theorem 1.5 is
a special case of Theorem 2.6 in Section 2; the point is that the trans-
formation of an MTP operator to the oo-Weber equation is constructed



34 T. Aoki, T. Kawai and Y. Takei

as a perturbation of the transformation that brings the MTP operator
at t = 0 to a particular (i.e., E(()O) = 0) oo-Weber equation and that
the perturbation series in ¢ are convergent ones (Proposition B.1 and
Proposition B.2 in Appendix B).

§2. Reduction of an MTP equation to the canonical form for

t#£0

The purpose of this section is to find the canonical form of an MTP
equation for t # 0 by making use of the result in the preceding section.
Before entering the detailed analysis of an MTP equation, we first make
its definition precise concerning the merging speed of two simple turning
points in (0.4) so that we may avoid unnecessary complications.

Definition 2.1. A Schrédinger operator P of the form

2
(2.1) ;;%_2 - n*Q(F,t) (n:a large parameter)

is called a merging-paired-simple-turning-points operator, or, for short, a

merging-turning-points (MTP) operator, if its potential Q(Z, t) satisfies
the following conditions (2.2) ~ (2.5).

(2.2) Q(Z,t) is holomorphic near the origin (Z,t) = (0,0),
(2.3) Q(%,0) = ¢z + O(z®) (c: a non-zero constant),

(2.4) for eacht (# 0), the equation Q(Z,t) = 0 in Z has two distinct
simple roots s4(t) which merge together at ¢ = 0, whereas
other roots of the equation stay uniformly away from 0 for
sufficiently small ¢,

(2.5) there exists a positive constant oy for which
5+(t)

Vit

holds on a neighborhood of the origin ¢ = 0.

> 0p

Remark 2.1. Condition (2.4) means that the points z = s (t) are
simple turning points of the operator in question, and Condition (2.5)
guarantees that the situation considered is a generic one under the as-
sumption (2.3), as the following Proposition 2.1 shows.
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Proposition 2.1. Let P be an MTP operator. Then its potential
Q(Z,t) has the following form on a sufficiently small neighborhood of the
origin (Z,t) = (0,0):

(26) Q1) = Q&) + QM (@) + * QP (%) +--
with
(2.7) Q™ (0) #0.

Proof. Using (2.3), we apply the Weierstrass preparation theorem
to Q(&,t) to find holomorphic functions h(Z,t) and g;(t) (j = 1,2) for
which the following hold:

(2.8) Q(Z,t) = h(Z,)(F* + g1(t)Z + 2(1)),
(2.9) h(0,0) # 0,

(2.10) 91(0) = g2(0) =0.

Then we find |

o () = —91 ) £ Vg1 (1) ~ 4g2(t)
+(t) = 5

(2.11)

near ¢ = 0, and hence (2.10) and (2.5) imply

(2.12) ga(t) =gt + Y0P
=2
with
(2.13) gs) 0.
Expanding h(Z,t) and g;(t) as
(2.14) h(z,t) = hO(z) + thV (&) + 2R (F) + - - -
and
215)  git) =gMt+gP82 4,

respectively, we find

(2.16) Q(%,t) = h9(z)z*
+ (R ()32 + hO(3) (g7 + ¢iV)) + O(8?).
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Thus @ has the expansion of the form (2.6) and the coefficient Q()(%)
of t! in the expansion has the form

(2.17) hO @) (g5 + ¢V E) + RV (3)2.

Then (2.9) and (2.13) guarantee that Q1) (0) is different from 0. Q.E.D.

Remark 2.2. As the holomorphic function g2(t) vanishes at ¢t = 0,
the relation (2.13) entails that

(2.18) 91(t)? # 4g2(t)
holds near ¢ = 0. Thus (2.13) guarantees that s;(t) and s_(t) are
distinct simple turning points near t = 0.

We now state the core result in this section.

Theorem 2.2. Let Q(Z,t) be the potential of an MTP operator.
Then we can find an open neighborhood wy of the origin £ = 0, holo-
morphic functions xfj)(i‘) (4,k > 0) on wy and constants E,(j) (j,k >0)
such that the formal series

(2.19) 2@ t,m) = Y o) @'
J:k20
and
(2.20) B(t,)) = Y Bt
7,k20

satisfy the following relations (2.21) ~ (2.26):

(2.21)
a ~’ b 2 ~’ b 2 _2 ~ ~
Q@ = (G (men - T2 - (et tial,
(2.22) z{7(0) =0,
(0)
(223) Lo o) £0,
(2.24) E® =0,
(2.26) 2P @) =0 (,p=0,1,2,---).
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Proof. Using the expansion (2.6), we construct the required
(azgcj ), E,(vj )) by regarding the relation (2.21) as a perturbation of the rela-
tion (1.3); we start with our reasoning by regarding (z(9) (&,7), E© (n))
constructed in Theorem 1.1 as the initial term of the series
(.’E(.’f, t n)v E(t’ 77)) = (ZjZO w(j) (‘%7 ﬂ)tj, ijo E(j) (U)tj)- Then the
comparison of the coefficients of like powers of ¢ in (2.21) yields the
following relations:

- (2.27.9)

X 820 979 1 2
(5 = 0) _ =0
QY(%) ( 6~ pF )(E e )

ox(® ) 1 . N2 ) )
E(a) _ 2200 T @5 L RO (5> 1

where

(2.28)

R — Z _ __gUs)
Jitjz+is=j 0z 0z
J1,92,73<J

203) (d4)

Z aa;(ﬂl) 8x(]2)

0r 0z

e R

Jitde+jstia=j
1:32,33,J4<J

B3P Hplpa+1) ax(ul-{—l)( 6x(0))—(l+1)

n
Tt > > o3 9z 0% 0%

pHl+p=j pr+--+Hp=p
-2 822 (P1) §2(p2)

t > >, UV Zm

p1t+p2+Hlitp=j prt++m=p

orm+l)  gplm+1) 9z ~¢+2)
SELIE L (_%) |

Since RY) depends only on {EU1), 2(2) or its derivatives};, j,<j, we
may try to find a solution (EU),z()) of (2.27.5) recursively, i.e., using
{EG) g(2)}; . . as given data. As each equation (2.27.j) consists of
infinitely many terms, finding a solution (E(), z(9)) of (2.27.5) amounts
to finding out infinitely many quantities {E,(CJ ),xg )}kzo‘ In order to
construct a holomorphic function x,(cj ) (Z) on wp we have to choose a
constant E,(cj ) appropriately, just in the same way as was done in the
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proof of Theorem 1.1. To illustrate the point, we write down the degree
0 in 5 part of (2.27.1); it reads as follows:

dz® dzl) 1 dz(? dalM
(V/a 0 Gxy (0) (0)2 azxg
(2.29) QU@ =2 =B — 5% gz do:

0)\ 2 0
ey’ \" oy _ 1 i\ o m
t\7az | ™ ~3\Taz ) Tt

Since E((,O) vanishes by (1.6) and since a:(()o) vanishes linearly at the origin

by (1.4) and (1.5), generally speaking, we find (2.29) to be with an
irregular singularity at £ = 0. But, if we choose E(gl) 80 that it satisfies

2@ \?
(2:30) QW(0) = (ﬁw)) By,

we can divide both sides of (2.29) by z”(dz{"’ /d%)? to find

2
d (1) 9 d (0)
@31) O m_ 2 [pm_ [0 ) g |,
dx(()o) a:(()o)

which is with regular singularity at x(()o) = 0. We also note that (2.7)
implies

(2.32) EY #£0.

The equation for (E,(gl), azgc )) k>0 is exactly of the same form as (2.29),
ie.,

2
d (0 )d (1) d (0) d (0)
oo el g () o ()

where Rfcl) depends only on {E,(c?), (1)}k1 ke <k and {xk ,xil) and their

derivatives}y, k, <k Thus an appropriate choice of the constant E,(cl) en-

ables us to divide both sides of (2.33) by x((,o)(d:vgo) /d%)? to find an equa-

tion with regular singularity at :c(()O) = 0 with the characteristic index —1.

(1

We can then find a holomorphic solution z;,’ on wp. It is now clear that

we can proceed further in a similar way to find {xf )(fﬁ),E,(gj '}, k>0 80
that #(Z,t,n) and E(t,n) may satisfy (2.21). The relations (2.22), (2.23)
and (2.24) are then immediate consequences of Theorem 1.1. Further
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Rg,) ', 1, the coefficient of n~(2+1) in R\ is a sum of terms each of which

contains Eéq) 1 mgq) 41 or its derivative as its factor with either

(i) i<jandg<p
or
(ii) ¢ =4 and q < p.
Hence by the induction on p (and also on j as a subsidiary step), we find

they satisfy (2.25) and (2.26). This completes the proof of Theorem 2.2.
Q.E.D.

Remark 2.3. In the above proof we arranged our argument so that we

may construct {2\, E¥)} by assuming that {xg‘ ,x%)}ﬁ,qu;khkzzg

and {:vk1 ,E,(92 Yo<ky ky<k have been constructed. But we may arrange
our argument equally well by constructing {:v;cj ), E,(cj )} by assuming that
{xl(cjll ’El(chZ)}kl,k2<k,J1,Jz>0 and {w(]l)? EIE:H)}OSJ'M.?2<J' have been con-
structed. Actually our argument in Appendix B is arranged in the
second way.

The infinite series (2.19) and (2.20) are convergent with respect to
t as Proposition B.1 and Proposition B.2 in Appendix B show. Hence
Theorem 2.2 (together with the results in Appendix B) entails the fol-
lowing structure theorem (Theorem 2.4 below) for a WKB solution of
an MTP equation for ¢ # 0. Note that, for t # 0, the assumption (2.4)
enables us to describe explicitly the structure of a wave function for an
MTP operator, besides a solution of the attached Riccati equation, in
terms of that for the oo-Weber equation; the key point of the discussion
is the following lemma.

Lemma 2.3 (Cf. [AKT?2, Proposition 1.6]). For S,qq given in Def-
inition 1.1, we find that Soda consists of terms with a half odd integer
power of Q(O) multiplied by a holomorphic function. In particular, if a
point & = a is a simple zero of Q(© (Z) = 0, the singularity of Soaq is of
square-root type.

Proof. Using the induction on [, we can readily confirm that the

coefficient of 7! in S* (resp., S7) is of the form a;f (z)(Q(¥)~(1+2)/2
(resp., a; (z)(Q(®)~(+2)/2) with a holomorphic function a;" (z) (resp.,
a; (x)). Thus the assertion immediately follows from the definition of

Sodd. Q.E.D.

An important implication of this lemma is that the integral

Z
(2.34) / Sodad
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is a well-defined series for a simple turning point o if we interpret the
integral as

1%
(2.35) 1 / Spaads,
2Jz
where # denotes the point corresponding to # on the “second” (near a)

sheet of the Riemann surface of \/Q(©)(Z). Thus a normalization of a
WKB solution of an MTP equation (¢ # 0) can be given as

1 o
(2.36) = eXp(i/ Soddd),
Sodd s+(t)
or
(2.37) —-}—exp(i / SoaadZ).
V Sodd s—(t)

This normalization is most appropriate for our subsequent discussions.

Theorem 2.4. In the situation considered in Theorem 2.2 the con-
structed sequences z(Z,t,m) and E(t,n) enjoy the following properties:
(i) For a WKB solution S of the Riccati equation

S

~ 0
2. S? + = =12Q(a,t
(2:38) + 52 =P
and a WKB solution S of the Riccati equation

as 1
2. 24 22 = 2(E(t,n) — ~2°
(2:39) 8%+ o= = 1P(B(t,m) - 17°),
we find that

= . ox(Z,t, .
(2.40) Soda(Z,t,m) = —(—a:i—")sodd(x(x,t,n),n; E(t,n))
holds if the branches of 5’_1 and S_1 are chosen so that
~ Ozo(Z,1

(241)  arg §.(3,t) = arg (ngis_lwoa,t);Eo(t)))
may hold.

(ii) For a WKB solution ¥ (Z,t,n) of the MTP equation

(2.42) (% - n2cz(a~c,t>) Je=0 (t£0)
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that is normalized as in (2.36), we can find a WKB solution
Yi(z,m; E(t,n)) of the co-Weber equation

2
@) (- PECD - 7)) v EL) =0

for which the following relation holds:

(244)  Py(3,t,n) = <3ﬂv(§g, )

~1/2
) Y (2(Z,t,m), m; E(t,m)).
Proof. - The first assertion (i) is proved in exactly the same manner
as in the proof of Theorem 1.2 and Corollary 1.3.
To prove (ii) let us introduce the following symbols:

(2.45) zo(Z,8) = Y 2 (@),
j=0
(2.46) Eo(t) =Y EQY,
j=0
and
(2.47) w@ tn) = . ad @tk
Jj20,k>1

Note that we may assume

(2.48) 2o(s4+(t),t) = 2¢/Eo (D)

holds; in fact, since zo(Z,t) and Ey(t) are holomorphic by Proposi-
tion B.1, the comparison of the coefficients of 7° in (2.21) shows

3:1,‘0

2
(2.49) QG 1) = (%) (Eo(t) — izo(i,t)z).

Now using these symbols, we find

(2.50) Soad(x(Z,t,n),n; E(t,n))?f

0%
_ 6n50dd ~ . w(fatﬂ?)" ?ﬂ a_w
- = axn (wo(x’t)7n7E(t7n)) n| 85; + 35/_
_ 0™ Soad ) w™ Oxg
=> o 20 EE M)y 5=

n>0
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8”Sodd 0 w”“
n>0

We then obtain the following relation from (2.50):

(2.51)

1 r* ~
§ﬁ Soaal(z(Z,t,n),n; E(t, n))—dm

_ 1 z 8"SOdd . w™ 8.7:'0 -
=5 [ (X T o B Sy )

n>0
6nSodd ‘ ,wn+1
+7Z>O _393—”(1'0,777 E(t? 77)) (TL i 1)|
1 (% ™1 S 44 8xy wht! ~
~3 ), (X gt o B G oy )
1 ‘ on odd wntl
= 5/; Sodd(@o, 5 E(t,m)) 5=-dZ +Z (zo,m; E(2, W))m
Sodd wmt
/ Soaa(z,m; E(t,m))dz + Z 5z (zo, m; E(t, n))m
n>0 ’

= 5/ Sodd(zan; E(t7 "7))d‘7j

z=x(Z,t,n)
Furthermore, the relation (2.48) entails that this can be written as

2.52 / Sodad(x, n; E(t,n))dx
(2.52) BT ad(z,m; E(t,m))

Thus, by choosing

z=x(Z,t,n)

1 xr
(2.53) N ey oY exp(/2 — Sodd(z,m; E(t,n))dz)

as Yy(z,m; E(t,n)), we obtain (2.44) from (2.40), (2.51) and
(2.52). QE.D.

Corollary 2.5 ([KT1, Proposition A.6]). For a WKB solution S of
(2.38) we find

(2.54) ?{ Soad (%, t,n)dT = 2miE(t,n),

3(t)
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where ¥(t) designates the closed curve in the cut plane shown in Figure
2.1

3(t)
N ./}/‘/\
—2/Eo(®) -
Figure 2.1.

Proof. Using the convergence proof of } ..,z (J)( Z)t/ (Proposi-
tions B.1 and B.2), we find from (2.40) that

(2.55) ]f Seadd® = 7{ Soaadz.

zo(7(¢),t)

Then a straightforward computation shows that the right-hand side of
(2.55) coincides with 2miE(t, n). Q.E.D.

The similarity between Theorem 1.4 and Theorem 2.4 (ii) indicates
that the Borel transformation of the relation (2.44) may provide us with’
a microdifferential relation, and it is really the case. To show this fact
we introduce a holomorphic function g(z,t), instead of g{x) given by
(1.18), which satisfies

(2.56) = xO(g(zat)7t)

on a neighborhood of the origin (z,t) = (0,0). The unique existence of
such a function g is guaranteed by (2.23). In particular, g(z,0) = g(x)
holds. Then, by defining 7 = ri(z,t) (k > 0) by

(2.57) ZJ}(J) (g(z,1))

j>0

this time, we find that the proof of Theorem 1.5 applies to the current
situation, almost word for word.
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First, the Borel transformed MTP operator for ¢ # 0 is seen to
assume the form

82 .'172 82 g// o
— ()2 _ _ = _ <
(2.58) L def (9) (B.r2 (Eo(t) 4 ) oy ¢ 6‘:5)

in (x,y,t)-coordinate; here ¢’ and g” respectively stand for dg/0x and
0%g/0x2. Next we define a microdifferential operator X' by

ar\ 1?2
es0) @0V (1 g) el b -
where
(2.60) r=r(z,t,n) =Y ez, thn*.
E>1

Then (2.44) implies

(2.61) brp(z,t,y) = Xy p(x,7).

By letting M denote the Borel transformed oo-Weber operator, i.e.,
02 0 2\ 02

2.62 — (E(t, =) -=) =,

(262 5 (2(v3) - 5) 3

and defining another microdifferential operator } by

ar\>/?
o) @0 (145 ) el -

we obtain the following Theorem 2.6 that generalizes Theorem 1.5; The-
orem 1.5 is a special case of Theorem 2.6 in the sense that it is nothing
but Theorem 2.6 where £ is set to be 0.

Theorem 2.6. We find
(2.64) Lx =YM

holds for invertible microdifferential operators X and Y.

Theorem 2.6 shows that the operators L and M are microlocally
intertwined. This fact indicates that the singularity structure of ¥ g
should be inherited to 1;4_, B- A more precise statement (Theorem 5.1)
will be given in Section 5 after some detailed analysis of singularity
structure of 1 p to be done in Section 4. Here we only note that we can
find an integral operator to represent the action of the microdifferential
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operator X' upon the multi-valued analytic function ¢4 g(z,t,y), as is
discussed in Appendix C. Here we summarize the core of Appendix C
as the following

Theorem 2.7. The action of the microdifferential operator X
upon the multi-valued analytic function ¥4 g(z,y) is represented as an
integro-differential operator of the following form.

y

(265) X¢+,B = / K(.I, Ly — y,a d/d$)¢+,B($a t, y,)dy,7
Yo

where K(x,t,y,d/dz) is a differential operator of infinite order that is

defined on {(z,t,y) € C3;(x,t) € w for an open neighborhood w of the

origin and |y| < C for some positive constant C'}, and yo is a constant

that fizes the action of (0/dy)~! as an integral operator. (See Figure

¥l

X 82(.’1,', t)

X 53(1;7 t)
Yo

Figure 2.2 : ¢ = s;(z,t)(j = 1,2,---) are the singular points
of Y4 p(x,t,y’); the local character of K implies the
singularities of K1 p are confined to these points.

The proof of Theorem 2.7 is based on Theorem B.4 and Proposition C.1.
Here we emphasize that a differential operator of infinite order is of local
character ([SKK]). Thus the location of singularities of X4 p can be
immediately read off from the location of singularities of ¥4 p(z,y’) in
y'-plane for each fixed (z,t).

Remark 2.4. Tt follows from the reasoning in Appendix C that w
may be assumed to have the form wy x D, where

(2.66) wp is a simply connected open set in C, that contains s. ()
and s_(t),
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and
(2.67) D = {t € C;|t| < for some positive constant ¢}.

Then, as long as t is in D, the integral operator in the right-hand side
of (2.65), which is obtained through the Borel transformation of the
right-hand side of (2.44) written down in (z,y,t)-coordinate, acts on
any multi-valued analytic function ¢ defined on a neighborhood of wy %
{t} x {y € C;ly — do| < C}; the domain of definition of the acted
function ¢ contains a product set wp x D x {y € C; |y — dp| < C}. This
is what we mean by saying that the transformation given by (2.44) is
“uniform” with respect to t; the uniformity is primarily concerned with
the uniformity in the Borel-plane, i.e., y-plane. This uniformity, which
is not immediately visible from (2.44), guarantees that each individual
fixed singular point of 4 p is contained in the domain of definition of
the integral operator (2.65) for sufficiently small ¢. Note that, as we will
see in Section 4, a fixed singular point of 1. p is of the form

(2.68) y = —yx(z,t) + 2mmEe(t) (m=0,£1,42,---),

where

(2.69) yi(z,t) = :I:/; — 1/ Eo(t) — f;da:.

Note also that Eo(t) tends to 0 as ¢ tends to 0 by (2.24).

§3. Analytic properties of WKB solutions of the Weber equa-
tion

To analyze WKB solutions of the co-Weber equation in Section 4,
we first recall several basic facts about WKB solutions of the Weber
equation. In this section the Weber equation means, by definition, the
following Schrédinger equation:

2 2
(31) (g +r G -B)v=o

In choosing the above potential —(z%/4 — E) we have followed [KT1].
Via the scaling

(3.2) =2z,

Equation (3.1) is reduced to

2
(3.3) (% +7%(2? - 2E)> P =0,
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the equation used in [SS] with the difference of the sign in front of
2E. Note that we use the inverted-parabola potential to find the model
equation for the situation where two simple turning points are connected
by a Stokes curve ([AKT1, Section 3], [KT1], [SS]). We also note that
this choice forces us to employ the coordinate transformation

(3.4) w = exp (%z) NG

to relate WKB solutions of (3.1) with Whittaker’s principal parabolic
cylinder function D;,p_1/2(w). (The rotation by 7/4 has the effect of
bringing the inverted-parabola potential to the ordinary parabola poten-
tial.) As we emphasized in Introduction, the core object of this section
is Sato’s conjecture ([KT1, p.95]); originally it related a WKB solution
of (3.1) with the parabolic cylinder function, and Shen and Silverstone
elucidated its WKB-theoretic meaning by observing that the parabolic
cylinder function is a finite constant (versus infinite series; see (3.6) be-
low) multiple of a Borel resummed WKB solution of the Weber equation
that is normalized at infinity in the sense of [DDP1] and [DP], that is,

(3.5)
o 1 x x
¢(i )(:v,n) = N exp (:t {7)/2\/E S_idz + /Oo (Sodd — nS_l)d:c}> .

Here we note that the meaning of the symbols n and S is different
from that used in [SS]. There are two important points to be noted in
the relation presented in [SS, (44), (45)]. First it manifests the well-
definedness of the Borel sum of the WKB solution normalized at infinity
when arg n = 0; secondly it enables us to analyze Sato’s conjecture
completely in the framework of exact WKB analysis in the following
manner: the numerical factor relating the parabolic cylinder function
and the particular WKB solution in question is a “huge” but explicit
one, i.e.,
U=B)

(3.6) exp (%) (é’i) "

(cf. [SS, (43)]; 1/h is our large parameter 7), and setting aside this factor
we find that Sato’s conjecture is reduced to finding out the explicit form
of the logarithm ¢ of the ratio of a WKB solution

(37) ¢+(33» 77) = \/m eXp (/QJE Sodddx>

and the normalized at infinity WKB solution (3.5), that is,

(3.8) Yo (z,m) = (exp (B, )™ (z,n).
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Note that ¢(E, n) is independent of z; actually it is known in exact WKB
analysis by the name of Voros’ coeflicient after [V]. Its explicit form is

3.9 / Sodad — nS-1)dx,
(3.9) ; \/E( 1
and the problem is to show that it is equal to
1 217201
1 - — ~ Bo,(inE)!™?"
(3.10) 2§2n(2n—1) 2n(iE)

where Bsg, designates the 2n-th Bernoulli number, i.e.,

w w BZn 2
3.11 =1-2 ",
(3:11) 1 ) +nz>:1 )"

ew_

In what follows we use “Sato’s conjecture” in its WKB theoretic form,
that is, we begin our discussion with the expression (3.10) of ¢(E,n).
At the same time we note that the proof of “Sato’s conjecture” given
by Shen and Silverstone makes full use of analytic properties of the
parabolic cylinder function.

It is known ([DDP1], [DP, Theorem 1.2.2 (c)]) that w+ B(:c y), the
Borel transform of ;bfo) (z,m), is free from singularities on the real 1-

dimensional half line {y € C; y = —y+(z) + p, p > 0}, where y;(z) is,
by definition,

(3.12) /:/E S_1(z)dz

Hence (3.8) implies that the study of singularity structure of ¥4 p(z,y)
is reduced to that of the Borel transform of exp ¢(E,n). To study its
singularity structure we first give a concrete description of the Borel
transform ¢p(E,y) of ¢. It then follows from (3.10) and the definition
of the Borel transformation that

21 2n __ 1 y2n—2
(3.13) ¢5(E,y) = 3 Z an(iE)1~2”—

2n(2n — 1) (2n —2)!
_iE By, (21E) ™2
T2
v = (2n)!
iE Bay,

E —-2n,,2n
- 2 |(Z ) Y
2y = (2n)!



The Bender—Wu analysis and the Voros theory. II 49

_iE y/(2iE) .Y
-7 (e )
LGB y/E) L Y
e (smufeey=1 1" 5E):
Setting
(3.14) oc=y/(2iE) and X =expo,
we find
619 ooE) =3 (71 -7t o)

_ 171 + 1 n 1
T4y \ o X-1 X+1)°
In a neighborhood of y = 0, the Taylor expansion shows

(316) 6By = = +OW),

whereas, near y = 4nwE (n #0),

-1 1

_— 1
8ni y—A4nmE +0()

(3.17) oB(E,y) =

and, near y = 2(2n + 1)7E,

1 1
42n+ V)mwi y —2(2n+ H)7E

(3.18) ¢p(E,y) = +O0(1).

Thus ¢p(FE,y) is a single-valued analytic function with simple poles at
y = 2mnE (m # 0) with its residue (—1)™~!/(4wim) there.

We next consider the alien derivative Ay—omrr ¢ of ¢(E,n). The
alien derivative is, by definition, given by

(3.19) A¢ = B~ log(L= L) B
=B llog(1+ (LZ'Ly —1))By

=B~ IZ )n 1(£:Ic+ —1)"Bé¢,

where B denotes the Borel transformation and £ (resp., £_) denotes
the Laplace transformation along a path which avoids the singular points
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from the above (resp., from the below). It is known (cf., e.g., [DP]) that
(3.19) can be expressed also as

(3.20) Ap=>" Aycomrs ¢
m=1

with

(3.21)

_ P!
Ay:meE ¢ =B ! (PY-(}—m) - ’y(—m)) Lm'._ E(:—ll) T ’Y;Ei) B¢’
€5 =+ :

where 'y_(f) (resp., fy(_J)) designates analytic continuation along a path
avoiding the j-th singular point y = 2j7E from the above (resp., from
the below) and p4 (resp., p—) denotes the number of indices j for which
1<j<m-—1ande; =+ (resp., £; = —) hold. In the case of ¢(F,7) in
question, as its Borel transform is a single-valued analytic function with
simple poles at y = 2mnE (m # 0), its alien derivative Ay—omsg ¢ is
(—2mi) multiple of the residue of ¢p(FE,y) at y = 2mnE, that is,

~1)™

(3.22) Aysmnp & = ZW)L .

(Cf. [P1], [CNP], [Sa]). Then, by the alien calculus, we find
—~1)™

(3.23) Ay—omre(exp @) = ( 2711 exp ¢.

Since

(3:24) Aexp(—y+ (@m)$E (2,m)) = 0

holds when z is in the interior of each region bounded by Stokes curves
associated with the Weber equation (cf. Figure 3.1), say in region I, we
find that

(3.25) Ay=2mre (exp(—y+(x)n)Y4(z,n))
= Ayezmnp (exp(—y4(@)n) exp(¢(E,m)w ) (z,1))

(_271717” (exp(—y+(x)n) exp(dp(E, 7)) ¢S_°°)(m,n))
- (—22’” (exp(—y+(z)n)¢4 (z,7m))
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Figure 3.1.

holds for z in L.
Thus we find the following Theorem 3.1 on the singularity structure

of ¢+,B(w7 y)

Theorem 3.1. Let ¥4 (z,n) denote the WKB solution of the We-
ber equation that is normalized as in (3.7). Then its Borel transform
Yy g(z,y) is singular at

(3.26) y=—yy(z) +2mrE (m=0,+1,42,-.),

where

(3.27) wiw) = | @_ \/ - S,

and its alien derivative there, i.e, Dy—_y  (s)+2mrE Y+ Satisfies the fol-
lowing relation (3.28) for x in region I:

(=™
2m

(3.28)  (Ay——y, (@)+2mrE V+)B(T,Y) = Yy Bz, y — 2mnE).

84. WKB solutions of the co-Weber equation

As Theorems 2.2 and 2.4 show, the WKB theoretic canonical form
of an MTP equation is the co-Weber equation

(4.1) (% —n?(E(t,n) — %wz)) Y(z,m; E(t,n)) = 0.

In analyzing WKB solutions of (4.1), we wish to relate them with WKB
solutions of the Weber equation

(12 (3 -7® - 32 ve.mE) =0
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For this purpose we again use the core idea of Sections 1 and 2, that is,
we relate the Borel transform vz of 1 and the Borel transform g of 1
by a microdifferential operator and then deduce analytic properties of
1& g from that of ¢p. To be more concrete, we interpret a WKB solution

Y(z,n; E(t,n)) of (4.1) as follows:

(4.3) P(z,n) =¥(z,n; E(t,n))

— Z (Exn™ "+ Eon™ 2 4-- )™ 9"

n>0

where ¥(z,n; Eg) is a WKB solution of (4.2) with E = Ey(¢). As (2.32)
guarantees that
O0Ey

(4.4) =

#0
=0
holds for an MTP operator, we may use Fy as an independent variable;
E;’s may be regarded as functions of Fy. In view of the growth order
condition (B.107) that E;’s satisfy we find
(4.5)

o 0 E. (0 14+ FE 24 ...\ gn
g( )=Z(1( [Oy) " + E2(8/0y) 2 +---)" 8
>0

En. — —
% By’ 8E, nl OET
is a well-defined microdifferential operator on
(46) {(y,E07773 0) € T*C27|E0| < 607777&0}

for some §y > 0. In what follows we identify n and 6 respectively with
the symbol o(8/0y) and the symbol ¢(0/9E)); using these symbols we
may write

‘ (Eln_1+E277—2+"‘)n0n .
£=:)_ i '

(4.7)

n>0

Now, through the Borel transformation the relation (4.3) reads as fol-
lows:

(4.8) ¥p(z,y) = E(Eo, 8/8y, 8/0Eo)y5(z, y; Eo).

We also note that a similar relation (4.11) holds for the Borel transform
Sp (resp., Sg) of a WKB solution S (resp., S) of the Riccati equation
(4.9) (resp., (4.10)) associated with (4.1) (resp., (4.2)), that is,

08 _ 1,
(9_1‘- =7 (E(tﬂ?)——x )a

o2
(4.9) 524 7
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ds 1
2 el 2 _ T2
(4.10) S +_dx n°(Eo i ),
(4.11) Sp(z,y) = E(Eo, 8/8y,d/0Eo)Sg(x,y; Eo).

It is also clear that a similar relation holds for Soqq, the odd part of S;
(4.12) Soda,(z,y) = E(Eo, 8/8y,8/0Eq)Seaa,(z, y; Eo)-

Furthermore, in parallel with the above treatment of WKB solutions of
the co-Weber equation, we can give an analytic meaning to the expo-
nential of the Voros coefficient for the co-Weber equation via its Borel

transform, i.e., Vp = (exp ¢(E(t,n),n))p in the following manner:

(4.13) Ve(y) = E(Eo, 0/0y,0/0Eo)(exp ¢(Eo,1))B.

Remark 4.1. As in Section 2, the right-hand sides of (4.8), (4.11),
(4.12) and (4.13) should be understood as multi-valued analytic func-
tions acted upon by the integral operator determined by the microdiffer-
ential operator £. While the estimate (B.107) guarantees the existence
of a common domain of definition as ¢ tends to 0, the quantity Fo(t)
tends to 0 as ¢ tends to 0. On the other hand, (3.26) implies that a fixed
singular point of ¥4 g(x,y) (with respect to y = —yy(z)) is located
at y = —yy(x) + 2mnEy. Thus each individual fixed singular point of
¥y p(x,y) is contained, for sufficiently small ¢, in the domain of defini-
tion of the integral operator in question. Hence, in this section, we do
not worry about the existenee of a sufficiently large domain of definition
of the integral operator in question; if necessary, we assume that ¢ (or,
equivalently Ep) is sufficiently close to 0.

Concerning the analytic structure of 1ﬁ+, B and Vg we find the fol-
lowing.

Theorem 4.1. Let ¢ (x,n) and ¢(E(t,n),n) respectively denote

(4.14) } exp/ Soad dz
Sodd 2vEo

and

(4.15) / (Soad —nS-1) dz,
2vEo

where Soqq designates the odd part (in the sense of Definition 1.1) of a
WKB solution S of the Riccati equation attached to (4.1), i.e.,

(4.16) §2 + — = E(t,n) — —a°.
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Then the Borel transform 4 p(x,y) and Vg = (exp)p satisfy the
following relations:

(4.17)
(Ayz—y+(a:)+2mﬂ'Eo’&+)B (.’E, y)
—1)m -

= ( 217)1 :exp(—2mm(Ey + Ean™ +--+)) : ¥4 p(z,y — 2mmEy),
(4.18)

(Ay=2mrE,V)B(Y)

—_1)y™
= —(717—1—— s exp(—2mm(Ey + Ean™t +--+)) : Va(y — 2mnEy),
where m =1,2,3,---, and y4(x) denotes
(4.19) / S_1(z)dz.
2vEo

Proof. By (4.8) and the definition of the alien derivative, we find
(4.20)
(Ayz—y+(z)+2meolZ+)B (z,y)
=(Ay=—y, () +2mn B, B~ (E(Eo, 8/y, 8/OEo)p+ (2, y; Eo))) (2, y)
=E(Fo,0/0y,0/0Eo)((Ay=—y, (@)+2mnE.Y+)B (2, y; Eo))(, y).

It then follows from Theorem 3.1 that this can be rewritten further as
follows:

(4.21) E(Eo, 0/0y, d/0Ey) ( 7

ni Yy 8(x,y — 2mnEy; Ep).

To relate this function with J+, B(z,y — 2mnEy), we introduce the fol-
lowing coordinate transformation from (y, Fo) to (¥, Ep):

(4.22) {y =y — 2mmko

Eo = E;.

Correspondingly we then have

(4.23) m=no
0 = —2mmn+6.
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Using (7, Eo)-variable, we find

(4.24)
E(Eo,0/0y,0/0Eo) 4 B(x,y — 2mmEy; Eq)

Elﬁ”1+E277—2+-~"§—2m7r77" -~
=¢Z( o I L : ¥4,8(2, ¥; Eo)
n>0 :
1 ~— — n n! ~ - =
=) — (Bl B ) Y Wek(—zmﬁ?)l :¥+,8(2,Y; Eo)
n>0 k+l=n
k>0
1 ~
=) 7r(=2mm (B + Eff L
>0

. . _ o
> 7B Y Bofi 2+ )60% - ¢y (2,7 Eo)
k>0

=:exp(=2mn(By + Bofi " +--+)) : £(Bo, 0/, 8/0E0)v+,5(x, i Eo)
=:rexp(—2mm(Ey + Ean™' +---)): J,L,B(a:,y —2mwEy).

Combining (4.20), (4.21) and (4.24), we obtain (4.17). The proof of
(4.18) can be given in exactly the same manner. Q.ED.

Remark 4.2. From the viewpoint of applications, it should be most
appropriate to understand (4.18) to be the content of the mathematical
assertion called “Sato’s conjecture”. Note that, as an analytic implica-
tion of Sato’s conjecture, the Borel transform 1;4_, B of a WKB solution of
the co-Weber equation also possesses the same analytic structure (4.17)
as the exponential of the Voros coeflicient. As we will see in the subse-
quent section, this analytic structure is inherited also by a Borel trans-
formed WKB solution of an MTP equation thanks to the transformation
theory developed in Section 2.

Remark 4.3. Although we have presented the result in full generality
for the future reference, all Ex (k : odd) vanish in our actual problem
discussed in this article. (See (2.25).) However, if the potential @ has
the form (1.21), then Ejx (k : odd) appears in general.
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§5. Analytic properties of Borel transformed WKB solutions
of an MTP equation

In the preceding section we have seen that the Borel transform ¥
of a WKB solution % of the co-Weber equation
(5.1 L @ - ) e =0
. d.’L‘2 I 77 4 / ’ 77 -
can be represented in the form
(52) S(Eo,a/ay,a/an)QOB(fL', s EO)y

with a microdifferential operator £ and the Borel transform ¢p of a
WKB solution ¢ of the Weber equation

2
(5.3 (35 — (B - 32°) ) el ) =0,
(For the convenience of the presentation in this section, here we have
changed the symbol (¢, %) to (¥, ¢).) On the other hand, Theorem 2.4
(ii) shows that the study of each WKB solution 1, (Z,t,7) of an MTP
equation for ¢t # 0 can be reduced to that of a WKB solution ¢ of the
oo-Weber equation in that they are related as in (5.4) below with the
infinite series z(Z,t,n) and E(¢,n) constructed in Theorem 2.2:

~ (% —1/2
) datn) = (ZGE) T il e B

Furthermore, the growth order condition (B.108) that {zx(Z,t,7n)}r>0
satisfies has enabled us to rewrite (5.4) as a microdifferential relation
(2.61), that is,

(55) 1:[;+,B(x7t7 y) = X'(/)-}-’B(.'L',y)

for the microdifferential operator X given by

ar\ Y2
(5.6) g (2, 1)Y/? (1 + %> exp(r(z,t,n)€) 3,

with the notations in Section 2. (See (2.59).) In view of the concrete ex-
pression (2.65) together with Theorem 4.1, we find that the singularities
of ¥, p are confined to

(5.7) y=—y4+(z,t) +2mrEg(t) (m=0,%£1,£2,---)
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in a sufficiently small neighborhood of the origin (z,y,t) = (0,0,0),
where

(5.8) y(z,t) = /2”” _ \/ Eo(t) — %dac.

Then, in view of (2.48) and (2.49), we find that the corresponding sin-
gular point in (&, t, y)-coordinate is

(5.9) y = —y+(Z,t) + 2mmEy(t),
where
(5.10) v () = / x(t) JOG 1)di.

Since the alien derivative (or the discontinuity) of ¥, p at the point
is given by (4.17) (with Eopy1 = 0), the application of X' entails the
following

Theorem 5.1. For an integer m and the Borel transform 1/~J+, B of
the WKB solution 4 of an MTP equation (t # 0) that is normalized
as in (2.36), the following relation (5.11) holds for sufficiently small t

(#0).

(511) (Ay=—y+(i,t)+2m7rEo(t)'¢;+)B(577 2 y)
= O cxp(am(Baltn™ + Bultyr™ +--))

V1.8(Z,t,y — 2mmEg(t)),

where

(5.12) vel@t = [ :t) NGO
and

(5.13) E; = L S;(%,t)di

=i f,
with 4 being the closed path given in Figure 2.1 and with S’j denoting
the coefficient of n=9 in Soaa, the odd part of a WKB solution S of the
Riccati equation

= 0S N
(5.14) 5% 4 T "’ Q(,t).
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Appendix A. Estimation of the transformation to
the canonical form near a double turning point

In Appendix A we show that the transformation

(A1) (O) Z x(o)

constructed in Theorem 1.1 is Borel transformable in the sense of [KT2].
That is, we prove the following

Theorem A.1. Let

(A2)  2O@ =Y 20@n " ad EO@m) =3 EIn*
k=0 —

be the transformation and the coefficient of the canonical form of an
MTP operator at t = 0 constructed in Theorem 1.1, respectively. Then
there exist a positive number pg, an open neighborhood w of T = 0
and a positive constant Co for which w D {&; || < po}, x,(co)(i)
(k =0,1,2,...) are holomorphic and dxéo)/d:i: # 0 in w and the fol-
lowing inequalities hold for k=1,2,3,---:

(A-3) 1EX| < kI CE,
(A.4) sup [20(3)| < k! CE.
|Z|<po
(0)
(A.5) sup dry, (7) <kl'CF.
|Z|<po z

To prove this theorem, we show the following proposition by induc-
tion:

Proposition A.2. Let

(A6)  2O@,n) =Y aD@n"* and EOm) =Y EVn*
k=0

be the transformation and the coefficient of the canonical form of an
MTP operator at t = 0 constructed in Theorem 1.1, respectively. Let p

be a positive constant for which wg)) () (k=0,1,2,...) are holomorphic
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and da;(()o) /d& # 0 holds in an open set containing the disc |Z| < p. Then
there exists a positive constant A so that for each small positive number
g, the following inequalities hold for k =1,2,3,---:

(A7) |E| < kleF AF,
(A.8) sup |20 (&)| < kle~kAF,
|Z|<p—e

d (0) (4
(A.9) sup _ka_~(_x_) < klemkAF,
lel<p—c| AT

Proof. First we recall the construction of x, )(a:) and E( ) in Sec-
tion 1. For the sake of simplicity of notation, we abbreviate the super-
script. That is, z;, )(x) and E( ) are denoted by zx(Z) and Ej, respec-
tively. The leading term Egy of E is taken to be 0 and that of x is defined
by the relation

(A.10) Q) = Q(0,%) = —3 (@),

which entails

5 1/2
(A.11) :zrg(ir):Q( /0 \/—Q(:E)d.%) .

Here, and in what follows, z{, designates the differentiation of z¢ with
respect to Z. As is discussed in the proof of Theorem 1.1, Eop 1 = 0 and
Topt1 =0forp=0,1,2,.... Hence (A.7), (A.8) and (A.9) trivially hold
for odd k and the statements seem to be redundant. We prove (A.7),
(A.8) and (A.9) by induction on k, however, because our argument works
in the case Q(&) contains lower order terms with respect to 1, where
some of Ej or zp are not equal to zero for odd k. The higher order
terms x,, and E,, (n > 1) are determined so that the following relations
are satisfied:

, dzy,
(A.12) L — - " 4 xo(xh) 220 = 2(x5)2En + 2Ry,

where

(A.13) Ry=Rn1+Rn2+ Rus+ Rna
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with
o
(A14) Rn’]_ = Z xkl.’l:szl,
ky+kg+l=n
k1,kz,l<n
1 o
(A'15) Ry = 4 Z Ty Ty Ty Tl
k1+kg+ly+lg=n
kq1,kg,l1,lp<n
"ot ’ ’
(A16) Rng=+ 3 Y A anTen s Tun
. n,3 — ’
’ 2 —zh)i+1
k+l+p=n—-2 p1t+pz+-+u=pn ( 0)
(A.17)
"ot /
Rp4= § Z Z (l + 1)xk1xkzmu1+1 Ty
n,d = (—af)+? ‘

ki+kao+Hl+p=n—2 prtpz+--+p=p

We take z = zo(Z) as a new independent variable. Then (A.12) is
rewritten as follows:
dx R
2 Udn _ n
(A.18) z —E-i—za:n —-2En+2w.
To obtain the estimates of z, and E, from that of R,, we use the
following lemma:

Lemma A.3. Let v(z) be a given holomorphic function on A =
{z; 2| < 1o}, and consider the following differential equation for u(z):

d
(A.19) (zza + z) u(z) = 2E + 2v(z),
where E is a constant to be determined. Then there uniquely exist a
constant E and a holomorphic function u(z) on A that satisfy (A.19),
and the following inequalities hold for any positive constant r which is
smaller than ro:

(A.20) |E| < Sup lv(z)I,
4
(A.21) sup u(z)l < ~ Sup |v(2)],
du(z)

8
< — sup |v(2)|-
7 5 o(2)

(A.22) =

|z|<r
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Proof. The unique solution u(z) and E are given as follows:

(A.23) u(z) = Z/Oz Mdz,
(A.24) E = —v(0).

Hence (A.20) immediately follows from (A.24).
Let w(z) denote

(A.25) w(z) = =

Then (A.23) entails

1
(A.26) u(z) = 2/ w(zs)ds.
0
Hence, by using the maximum principle for w(z), we obtain

(A.27) sup u(z)] < 2 sup |w(z)]

|z|<r |z|<r

2
= = sup |v(z) + E|

T lzl<r
2
< —(sup Iv(z)I+IEI)
T \Jzl<r
4
< = sup |v(z)].
T |z|<r

Finally, using the differential equation (A.19) together with (A:25)
and (A.27), we find

du(z)

(A.28) sup P

lzl<r

IA

sup |u(z)| + 2 sup |w(z)|
|z|<r |z|<r

z

< 4 sup |w(z)]
|zl<r

< % sup ().
T |z|<r

Hence it follows from the Schwarz lemma that

du(z)

Y2l < 2 swp (o)l

A.29 sup
(429 % Jal<r

|zl<r

This completes the proof of Lemma A.3. Q.E.D.
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We assumme that (A.7), (A.8) and (A.9) hold for k < n. To obtain the
estimates of R,, from the hypothesis of induction, we need the following
lemma:

Lemma A.4. The following inequality holds for all positive integers
j and k satisfying k < j:

(A.30) > Al <4 -k D)L

Jitiz+tig=J
F1a-ees Jp=>1

Proof. 1If j is smaller than or equal to 3, (A.30) trivially holds.
Suppose that j is greater than 3. The case where & = 1 is trivial. If
k = 2, we find

(A.31) Z Jilje!

F1+iz2=j
j1.d221
Jl'(] _‘.71
G- 2+ Z

J1=2

Jj—2 9
<@-n{2+ Y =

U=
<23 — 1)! (1+J;i)
<4(j - 1)!

Hence we have (A.30) for k = 2. If k is greater than 2, (A.30) can be
reduced to the case k — 1:

(A.32)
o atelat= Y > il deoalie!
J1tiz+tig =i i tig=i  1tig_y=3"
J1oerordp>1 F'Zk-10k 21 f1,.0dk_1 20
< D ARG -k 2)
il +ig=3

' zk—1,5,21

=42 3" ol

Jotig=j—k+2
Jo>1,4p 21

<4kl —k+ 1)

This completes the proof of Lemma A .4. v Q.E.D.
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Let C denote the constant satisfying

dj.’lto(.f) .
(A.33 —=|<C (5=0,1,2,3),
) lzl<p| AT ( )
(A.34) sup |——=|<C
\z1<p | To(%)
and
1
(A.35) sup — <C.
|Z|<p (z0(£))?
By the definition of R, 1, we have
(A.36) Roy= Y. ahai,Ei+2ah Y aiB
k1i+ko+i=n k+l=n
kq,ko,l>1 k,i>1
and hence
(A.37) sup |Rn.(8)| < > kalkgllleThmhal glathatl
12|<p—e k1+kgt+i=n
kq,kg,l>1
+2C Y klleTFTtARH
k+l=n
k,I>1
< 16e7"A™M(n —2)! +8Ce" A" (n — 1)!
1 1
= nlegT"A” . — ( 6 +8C> .
n\n—1
We set
1 16
(A.38) B,i1=- <~—~— + SC) .
n\n-—1

Similarly, we divide the sum in the definition of R, 2 as follows:

1 x
! ! 0 ’
(A39) R,2=-— i E Ty T, T Tty — E TyT1, Ty
ky+ko+l+lg=n kt+ly+lg=n
k1,k2,l1,l221 kyly,lz2>1
o rood / ’
- ‘2— Jikl.’L‘k2.’L’l —"I’.OCBO xkxl
ky+kg+l=n k+i=n
k1,kg,l>1 k,0>1
/1\2 2
(IO) 2 : 1,2 (mo) } : 2 2
- 1%l T k1tka*
4 1 +lg=n 4 ky+ko=n

i1,05>1 ky,kg>1

63
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Estimating each term by using the hypothesis of induction, we have

(A.40) sup |Rn2(7)|

|E|<p—e
1 . C
- Vi 11.171.1 — 1110
< 1 E kilka! 11! + 5 E kit ,!
ky+ko+li+lg=n k+ly+lg=n
ky,kg,l1,la21 ki1l >1
C
= § : Vot 2 E ’ B
+ 2 ki'k1'+C PARA
k1+ko+l=n k+l=n
kq,kg,l>1 k,i>1

C? C?
T Z ll!le_T Z kilko! | e7™ A"

li+lp=n ki+ko=n
l3,09>1 ky,kg>1

Applying Lemma A.4, we obtain

(A.41) sup |Ry2(%)]

|Z|<p—e
< (16(n — 3)! + 8C(n — 2)! + 8C(n — 2)!
+4C?*(n — 1)1 4+ C?(n — 1)1 + C*(n — 1)!) e A"

1 16 16C
<ple ™A™ . = 2 ]
snieA n((n—l)(n—2)+n—1+6c>
Now we set
1 16 16C )
(A.42) B"’Q"ﬁ((n—1)(n—2)+n—1+6c)‘

To have the estimates of R, 3 and R, 4, we need that of z}/(Z) and
zy'(Z) for k < n. Replacing € by ke/(k + 1) in (A.9), we obtain the
following estimate for |Z| < p — ke/(k + 1):

ke \7F
! (=~ 1 k
(A.43) |z (@) < k! <k n 1) A
< eklekAF,
If |Z| < p — €, we can write
o L i (Q)
(A.44) (%) = — / k2> —d.
€@ = o c—dl=gire (C— )2
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Combining this with (A.43), we have
(A.45) sup |2}(%)] < e(k+1)e F1AF,
|Z|<p—e
Similar argument shows
(A.46) sup |z} (%) < e%(k + 2)!eF72 4%,
1Z2|<p—e
We divide the sum appearing in the definition of R, 3 as follows:
1 TR Ty 41811 Tyl
o Hi [22] [22]
(A-47)  Rngs ) Z Z (—af) T
a2 pituz+etp=p
4 / / 7
Zg Ty +1% 41" T4t
T Z Z r+1 :
2 l+;;§711—2 p1tpe+tpr=p (_mo)
The hypothesis of induction and (A.46) yield
(A.48)
sup |Rn,3(2)]
|2|<p—e
2
<5 X S (k+2)eEzaR
MRusn=2 patpttu=p
X (1 + D1 (g + Dl ArH
C
+E Z Z Cl+1(,ll1+1)!--'(/,bl +1)!€_“_IA“+I.

I+pu=n—2 =
%27; p1tpz+- =g

By Lemma A.4, the right-hand side is dominated by

(A.49) £ C e~ AN~ 22 =D ey
03 —n+2 n—2 - —'l)
+ 5 (n- A Z o] (ac).
Since
" (n—1)! “(n=l-DII+1
(A.50) Z (n n'l) st <e® and Z (n -1 ;‘) (L+ )sl <e®

1=0 ’ =0
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hold for any positive s and m < n — 1, (A.49) is not greater than

2 3
(A.51) (Ez—c nle A2 4 % (n —2)! s_"+2A"_2> e*C.
Hence we have
(A.52) sup |Rp3(Z)| < nle ™A™ By 3,
|Z|<p—e

where we set

_C 2 C?e? 4C
(A53) Bn73 = ﬁg (6 + m) e .

Finally, we rewrite the definition of R,, 4 as follows:

(A.54)

3 (I+ Dz @ , /
Fna = 4 Z ' (—;E{))l-li-Z * Z Ty Ty

ky+kot+ltu=n—2 =
1 kf,kz,z"zln prtetp=p
. 7 "
L3 > L1 The
1\2
4 ki+ko=n—2 (xO)
ky,ka>1
"
+§.’IJ” (l+1)$k ’ oo
9”0 Z (—z)i+2 Loyl Tyt
keblbu=n—2 07 pat i =p

k,1>1

34T, _o n 3(z)? Z (1+1) Z

/ /
2epy? 4 (—zp)'+2 A

I+p=n—-2

>t Hite ot =p

It follows from the hypothesis of induction and (A.45) that the following
inequality holds:
(A.55)
n—4
sup |Rna(%)| < AT (14 1)C
|Z]<p—e 1=1

x > (k1 + D k2 + D py + 1)1+ ( + 1))
kitke+tpi+-+pu=n—I1-2

3 22
4 30T n g 3 (k4 1)(ks + 1)

ki+kg=n—2
k1,kg>1

3e2C?
4

3eC?® —n+1 n—2n—3 l
+ =" Y a+1C

=1
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x > (k4 DNy 4+ 1)1+ (g + 1)!
ktpr+-+p=n—1-2

3
+ 3620 (n — 1)le~m+1An=2
3¢t _ +2 gn—2 - I
+ e A § (I+1C N (g1 + 1)!

=1 py1totp=n—1-2
By Lemma A.4, the right-hand side is dominated by

n—4
(A.56) 3e*C%e A2 (1+1)(4C) (n — 1 1)!
=1
+3e?C?%(n — 1)le A" 2

3eC? 3

67

c (1)L

+ —2—5‘"+1A"‘2 >+ 1D)EC) (n—1-1)!

=1
3eC3

+ (n —1)lemmHign—2

3¢t _ +2 —2n_2 l
+ g A ;(14—1)(40) (n—1-

Using (A.50), we see that (A.56) is smaller than

(A57)  3e2C%nle AN 24 1 3¢2C%(n — 1)1 A2

3eC3 3e

CB
+ nle T A"T2e4C 4 —2——(n —Dle™™

3C4
+ T6—n' E_n+2An_264C.

Thus we have the following estimates for R, 4:

(A.58) sup |Rp4(Z)| < nle™™A" By 4,

|Z|<p—e

where we set

(A.59)  Bpa= 3C° (<e2 cCe | Ce?

A2
Therefore we have the following estimates for R,,:

(A.60) sup |Rn(Z)| < nle™™A" B,

|Z|<p—e

L.

+1An—2

wc , &
5 + 16 )e +2n(26+06)).
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with
(A61) Bn = Bn}l + Bn,2 + Bn,?) + Bn,4-

We apply Lemma A.3 for

(A.62) v= @%.

Then we have the following estimates of E,,:
(A.63) |En| <nle ™A™ C?B,.

We go back to the original coordinate Z. Taking supremum in Z instead
of z = zo(Z), we have the following estimates for z,, and z,:

4C?B
(A.64) sup |z, (Z)] < nle”™A" —C——",
|&|<p—e p—¢
2 4C*B
A.65 sup |zl (%)] < ——nle A" —=,
o) s @) <2 L

Since we may assume 0 < £ < p/3, we obtain

2
(A.66) sup |zn(Z)] < nle™"A" E—%,
|Z|<p—e P
3
(A.67) sup |z}, (Z)] < mle "A" w
|#|<p—e P

We note that B,, are bounded when ¢ > 0 tends to zero and

(A.68) lim Bn,; =0, lim By,3=0.

n—o0 n—o0

Hence there exists ng € N which depends only on zy and p so that

(A.69) Buit Bus<min =, L 7"
‘ ml T P2 = 2C2° 12C2’ 36C3

holds for n > ng. On the other hand, we can choose A > 0 from the
beginning for which

(A.70) Bus+ Bag <min{— L 2
' me T o = 202’ 12C2° 36C3
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holds. Then we have

2 3
(A.71) max {Can, 6¢”B iy 18023 - } <1
p p

and induction proceeds when n > ng.
The above argument shows that there exist positive numbers K,
(n=1,2,...,n9 — 1) independent of & so that

(A.72) |En| <™ Kp,

(A.73) v sup |z (Z)] < e " K,,
|Z|<p—e

and

(A.74) - sup |z (@) <e K,
|Z|<p—e

hold forn =1,2,...,n9 — 1. Now we set

(A.75) A'=  max {(ﬁ) n}
1<n<ng—1 n!

and take A’ as A if A’ is greater than A. This completes the proof of
Proposition A.2. Q.E.D.

Appendix B. Estimation of the transformation that
brings an MTP equation to an co-Weber equation

In Appendix B we discuss how to estimate the growth order of the
transformation

(B.1) w(i,t,n)zi‘ iwg)(i)tj n*

k=0 \j=0

constructed in Section 2, that is, the transformation that brings an MTP
equation

o0

(B.2) ( < _ 2Q(:’é,t)> =0, Q@&t)=) Q@)

=2
az =
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satisfying (2.2) ~ (2.5) to an oco-Weber equation

2
(8.3 (52— (B - 32°) ) =
with
(B.4) E(t,n) = fj iE,‘:')tj .
k=0 \j=0

Estimation of growth order of E(¢,n) will be simultaneously done (in
the course of estimation of x(Z,t,7)).

We first verify holomorphy (in t) of the top order part with respect
to n. That is, we prove the following

Proposition B.1. Let
(B.5) zo(Z,t) =Y o @ and Eo(t) = EJV
j=0 7=0

be the top order part (with respect to 1) of the transformation and the
coefficient of the oo-Weber equation constructed in Section 2, respec-
tively. Then there exists a small positive constant § so that both xo(Z,t)
and Eo(t) are convergent for || < § and |t] < 4.

Proof. We will prove the convergence of xo(Z,t) and Ey(t) by using

the method of majorant series.
Before discussing the convergence, we now recall the construction

of z(2) and ES) explained in Section 2. (For the sake of simplicity
29 (z) and E) are denoted by 2U)(z) and EU), respectively, and the
differentiation with respect to Z are often abbreviated by ’ in this proof
hereafter.) Comparing the coefficients of like powers of n~! in (2.21),
ie.,

(B.6)
Ox(Z,t,n)

2 ‘ ~ 2 —
Q@0 = (ZEEDY (B - L2 - Lo, )5,

we find that z¢(Z,¢) and Ey(¢t) are determined in such a way that

(8.7 Q@ = (G2) (B - 3e0))

is satisfied. We now set E(®) = 0 and define z(?)(%) by the relation

(B3) Q) = — (O VP,
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that is,

(B.9) 2@ (z) =2 ( / ’ \/ —Q© (j)d:?:) 1/2.

Hence, thanks to the assumption (2.3), z(®)(Z) is holomorphic in
{%;]Z| < 6} for some small positive constant § and w(O)I(O) # 0 holds.
Next the higher order terms 2)(z) and E¥) (j > 1) are determined so
that the following relation is satisfied:

(B.10)

QW (3) = _%(x(o>)2(x(o>)r(m(j>)/ + (2286 - %x(c»):b(j)) + RO,

where R(Y) =0 and

(B.11) RO — Z (zF)Y (zk2)y O
k1+ko+l=j
k1,k2,1<j—1
_! 3 (@) (g
4

ki+ka+l1+la=j

ky,k2,l1,l2<j—1
for j > 2. If we take z = z(®(%) as a new independent variable in
{%;]Z| < &} for a sufficiently small constant J, then (B.10) can be equiv-
alently written as follows:

dz@
22 z

+ 220 = 2ED 4 2(2(9")"2R0),
z

(B.12)
where R0 = R — Q). The differential equation (B.12) uniquely
determines () and E(), as was already discussed in Section 2. Fur-
thermore, their estimates can be obtained through Lemma A.3. In fact,
putting

1

(B.13) C = sup W

|€|<6

)

we obtain the following estimates for E() and () through Lemma A.3.

(B.14) IEW)| < C sup [RO),
|z|<r
(B.15) sup |z | < 4c sup |}/3(VJ)|,

lz|<r Tjzlgr
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< % sup |R0)|.

(9
(B.16) sup dz
T Jz<r

lzl<r | dz

Based on these estimates (B.14) ~ (B.16), the construction of a
majorant series A(t) = Y. AW of xo(t,2) = Y, 29 (2)7 and Eo(t) =
>, E@D is done in the following manner.

We first take sufficiently large A and A() so that they satisfy

dz®| 2

(B.17) |E®| < ZA(O), sup |20 < A® sup < ZAO,
4 lzI<r l<rl dz [T
de@M| 2

(B.18) |EW|< ZA—A(l), sup [zM] < AM,  sup < 24D,
4 j21<r ir| dz | 7T

Next we define AY) for j > 2 by the following recursive relation:

(B.19)
2
A(j)zc<?£) T A At 4O
") kitkpti=;
ky1,k2,i<j—1

3
+ % (ETQ) T At A g0 g 4 40 s
ki+ka+l1+lo=j r
k1,k2,l1,l2<5—-1

where C; and r; are positive constants satisfying

(B.20) sup |QW] < Cyri.
: lz|<r
Then we can verify that A(t) = 3, AUt/ is a majorant series of

zo(t, &) = 3_; 29 (2)H and Eo(t) = 3, ED in the sense that the
following inequalities hold for any 5 > O:

dz(®
¥4

< gA(j),
-r

(B.21) ]E(j)l < CA(J')’ sup |z < AP sup
4 |z|<r |z|<r

To prove this, let us assume that (B.21) holds up to j — 1. Replacing
the definition (B.13) of the constant C by

1

(B.22) C = max { sup W

|&[<é

, sup 1x<°>’<£>\},

|£|<8




The Bender—Wu analysis and the Voros theory. II 73

we find that

dx(®
dz

2C’
T

22 AR

(k)
®2) ey = |« <o

holds for ¥ < j — 1. In view of (B.11), induction hypotheses together
with (B.23) entail

(B24) sup [RDV|< " |@®))||a*)y||EY)|

lzl<r ki +hotl=j
k1,ko,l<j—1

1
10 2 @Y IEE) )

kitka+l1+la=j
ki1,k2,l1,l2<j—1

02
< 2 Z Alkr) glk2) 4D

T
ki+ko+l=j
k1,k2,1<j—1

2
L1(%¢ At A0 40 ),
4\ r

kyt-ka-+l1+la=j

k1,k2,l1,l2<j—1

Hence we have

(B.25)
— 02
sup [RO)| < S ST Atk 40k 40
l2l<r r k1+ka+l=j
ki,k2,1<j—1

1020 ’ (k1) A(k2) g (1) A (l2) —J
+Z ry Z AV AR AN AV Oy

kitko+li+lo=j
ki,k2,l1,l2<j—1

’," .
= —_ A0
4C

Combining (B.25) with (B.14) ~ (B.16), we thus obtain (B.21) for j.
That is, (B.21) holds for any j > 0 by the induction.

To verify the holomorphy of z¢(Z,t) and Egy(t), it now suffices to
prove that A(t) = >, AWt/ is convergent for sufficiently small ¢. The
recursive relation (B.19) implies that A(t) satisfies the following alge-
braic equation:

(B.26) A = c(QTC) (43 = 3(A©)24) 4 2(2f) (A% — 4(A©)Y3 4
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(7))

3
+ A0 ¢ 3 (7) (2r(A©)3 1 3(A@)%) 4 4D,

4CCy

+

(Here the last few terms of (B.26) are added so that the degree 0 and 1
parts (with respect to t) of (B.26) are automatically satisfied.) Note that
A(t) = 3, AW ¢ is a unique formal power series solution of (B.26) with
the degree 0 part A, On the other hand, if we introduce ® = ®(¢t, A)
by

3
143 (?) (3r(AD)2 £ 4(A®)3) | A

2
2 3
ORSIOR
r 2 T
—1
(-2) ()
71 T1

3
— A % (7) (2r(A®)3 + 3(A)4 — 4Dy,

(B.27) ®(t, A) =

(B.26) can be equivalently written as ®(¢, A) = 0. Since
(B.28) ®(0,A9)=0 and %(O’A“”) =1#0

are readily verified, it follows from the implicit function theorem that
®(t,A) = 0 has a local holomorphic solution satisfying A(0) = A(©).
Hence A(t) = 3, AU is convergent for sufficiently small t. This com-
pletes the proof of Proposition B.1. Q.E.D.

Remark B.1. It is interesting to compare the above proof of Proposi-
tion B.1 with the core part of the proof of Lemma 3.4 of [AKT1], namely
the existence of (qgo(§), Fo), which corresponds to (zo(Z,%0), Eo(to))
(where t¢ is a fixed non-zero constant) in our current context.

First of all, in [AKT1] we made essential use of the assumption that
two simple turning points py and p; are connected by a Stokes curve v,
whereas we have not made this assumption in this paper. Actually the
argument in [AK'T1] was a subtle and geometric one; we first constructed
a bi-holomorphic function z(§) on a neighborhood of the interior of =,
and then confirmed that

(B.29) 90(q) = —2v/ Eg cos(2(§)/2)
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is well-defined and holomorphic near py and p;. Compared with this del-
icate argument, the reasoning in this paper seems to be more straight-
forward. The reason why we do not need such a geometric condition in
this paper is that an MTP operator has a double turning point at ¢t = 0.
This fact does not imply that sy(t) and s_(¢) in (2.4) are connected
by a Stokes curve, but it still excludes the “bad” case mentioned before
Theorem 3.3 in [AKT1], namely the situation where some Stokes curve
runs across the interval between sy (t) and s_(t); if such a Stokes curve
persists as ¢ tends to 0, s4(¢) and s_(t) cannot smoothly coalesce into
a double turning point.

Another interesting difference between the reasoning in [AKT1] and
that in this paper is that we do not require

(B.30) Io(si(t),t) =42 Eo(t)

in our reasoning but that it is a consequence of Proposition B.1, i.e., the
convergence of the series 3 29 ()19

Summing up, we observe that all the subtleties in the reasoning of
[AKT1] are automatically built in our double series (i.e., a series in ¢
and n~1) construction scheme, particularly in the convergence proof.

Thus we have verified the holomorphy of the top order part zo(Z, t)
and Ey(t) of the transformation (B.1) and the coefficient (B.4) of the
oo-Weber equation constructed in Section 2. We next consider their
higher order parts

(B31) an(f,t) =) aP (@)t and En(t)=)» EPY (n>1).
j=0 j=0

Comparison of the coefficients of like powers of 7! in (B.6) yields that
Tn, = o (Z,t) and E, = E,(t) (n > 1) are determined by the following
relation:

2
(B.32) 2-8—”’99%(130 e+ (%) (En — S20z0) + Bn = 0,

0t 0% 0z 2
where
(B.33) Ry, =Rpn1+ Rn2+ Ru3+ Rug,
with
(B.34)
Rua= S GnGEn

k1tko+l=n
Ky kg d<n—1
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(B.35)
1 Ozy, Oz
R, = -1 Z ai'1 6~2 o2,
ki+ke+li+lz2=n
k1,k2,l1,l2<n-1
(B.36)
R = 1 Z Z 83«’Uk 6.’L‘”1+1 . axﬂl+1 8$0 ~(1+1)
n,3 2 _ 85:3 653 6.’5 6;[; s
k+l+p=n—2 p1+--+p=p
(B.37)
3 8 .’L‘k 8 Tko
ri-d S Y el

ki+ko+l4pu=n—2p1+-+pu=p

o QTu Oxp 1 (0o s
0% 0% o ’

Since xo(Z,t) is holomorphic at (Z,t) = (0,0) and (0z0/0%)(0,0) # 0
holds, z¢(%,t) can be taken as a new independent variable near & = 0.
Furthermore, as Fy(t) is also holomorphic and (dEy(t)/dt)(0) # 0 holds
thanks to (2.32), we can take Eo(t) as a new parameter instead of t.
Thus, in what follows we use (z, s) = (zo(Z, t), Eo(t)) as a new coordinate
in a neighborhood of (%,t) = (0,0). Relation (B.32) then becomes of
the following form:

(B.38) (45— 2 _ oy = o, o (9% “r
‘ ° 9z mT 0% o

As a higher order version of Proposition B.1 we can prove the fol-
lowing

Proposition B.2. Letn > 1 and

(B.39) n(2,8) = Zx(” (2)s' and En(s)=)» EQ

be the n-th order part (with respect to n=!) of the transformation and
the coefficient of the oo-Weber equation determined by (B.38). Then
both x,(z,s) and E,(s) are holomorphic at (z,s) = (0,0). Consequently
they are holomorphic also in the original variables (Z,t).

Proof. - We now prove that x, and F, are holomorphic under the
assumption that R, in the right-hand side of (B.38) is holomorphic.
Then, as K, depends only on z; and E; for 0 < j < n — 1, Proposi-
tion B.2 immediately follows by an inductive argument. Similarly to the
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proof of Proposition B.1, we will prove the holomorphy of x,, and FE,, by
using the method of majorant series.
Let

-2 o]
(B.40) (%%) R, =Y RY)(2)s

=0

be a power series expansion of (8z0/8%Z) 2R, around s = 0. If we also
expand z,, and E, as in (B.39), the comparison of the coeflicients of like
powers of s in (B.38) yields the following relations:

(B.41) (zzdi + z) 20 = 2B + 2R,
z

d d (i—1) .
(B.42) ( -+ z) D =25V 44— 1 2RY (5 >1).
In view of Lemma A.3 we find that these relations uniquely determine
x(n] ) and E,(Lj ) in a recursive manner. Furthermore, Lemma A.3 also
entails the following inequalities for every j > 0 and any sufficiently
small positive number 7:

(B.43) |EQ)| < sup [FY)),
|z|<r
. 4 .
(B.44) sup |z | < = sup |[FU|,
|zl<r T \z|<r
d () ]
(B.45) sup Z” S — sup |F @,
lz|<r | G2 2 Jol<r

where F© = R and FO) = 2(dz¥ ™" /dz) + RY for j > 1.
Let us define BY) (j > 0) by

(B.46) BO = = Sup IRO)(2)],
T z|<r
; 4 (4 .. .y
B4 BY=C (;B”‘” + sup IR%”(z)n) (G2 1).
|z|<r

We now verify that B(s) =, BU)s7 is a majorant series of zn(z,s) =
>, (J)(z)sﬂ and En(s) = )_; EYs in the sense that the following
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inequalities hold for any j > O:

] ) ) ) () 9 i
(B.48) |EV)| < ZB(J), sup |z9)] < BY, sup des < ZBU),
4 |zl<r lsl<r| 42 | 7T

To prove (B.48), we first note that (B.48) for 7 = 0 immediately follows
from (B.43) ~ (B.45) for j = 0 and the definition (B.46) of B(®). Next
let us assume that (B.48) holds up to j — 1. Then we have

(B.49) IFO)| < 2 d"’" +‘
4 piG-1) %)
< BJ +sup|R’()|
|z|<r
— _B(J')
4

for |z| < r. Hence, combining (B.49) with (B.43) ~ (B.45), we obtain
(B.48) for j. Thus (B.48) holds for any j > 0 by the induction.
The convergence of the majorant series B(s) = }_; B(J s’ can be

confirmed in the following way: Let Il%n|( ) denote a power series of s
defined by

(8.50) i) =3 (s 180 )

j=0 \lzI<r

Then the definition (B.46) ~ (B.47) of BY) implies that B(s) and | R,|(s)
should satisfy the following algebraic equation:

(B.51) B(s) = 15 sB(s) + = |Ral(5),
that is,
-1
(B.52) B(s) = é (1 _ 1—23) 1B (5).
If R, (z,s) is holomorphic in {(z,s); |z| <r,|s| < 8}, then
(B.53) sup |[RP(2)] < sup  |Ra(z, )07
|z|<r |z|<r,|s|<é

holds and hence |R,|(s) is convergent for |s| < 8. Thus, as we may
assume 0 < § < r?/16, B(s) is also convergent for |s| < & thanks to
(B.52). This verifies the holomorphy of z,(z,s) and E,(s) at (z,8) =
(0,0), completing the proof of Proposition B.2. Q.E.D.
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Remark B.2. (i) Since Ry =0, we have z;(z,s) = 0 and E;(s) = 0.
(ii) Assume that zo(z,s) and Ey(s) are holomorphic and dx¢/dZ # 0
holds in {(z,); |2| < r,|s| < &} for some positive constants r and §
satisfying 6 < r2/16. The above proof of Proposition B.2 then verifies
that z,(2, ) and E,(s) are holomorphic in {(z, s); || < r,|s| < §,} for
an arbitrarily chosen decreasing sequence § = dg > §; > d2 > ---. In
particular, if we choose §,, so that § > §; > da > -+ >, > -+ > §/2
holds, we find that z,, and F, are holomorphic for every n in a domain
{(z,8); |z| <r|s| <§/2} independent of n.

Finally, combining the holomorphy of z,, and E,, verified above with
the reasoning employed in Appendix A, we discuss how to estimate the
growth order of z,, and E, as n tends to oc.

For that purpose, we first seek for integral representations of z,, and
E,, when s # 0. Equation (B.38) that determines z, and E, can be
written as

(B.54) 58; (Vas=22,) = 2 (Bn+Ra),

Vis — 22
where
~ 83:0 -2
. R,={— R,.
@59 (22)

We then find that, under the assumption s # 0, a solution z,, of (B.54)
which is holomorphic at z = —24/s is given by

(B.56) Ty = / Ent Ry

' " Vas =22 J oy Vas—w?
If this solution {B.56) is holomorphic also at z = 24/s, F,, should satisfy

e E.+R
B.57 / — T dw=0,
( ) _25 Vids — w?
that is,
1 * R,

B.58 E, = ——/ ———dw.
( ) T J_2/5 Vis — w2

Since x,, and E, that are constructed in Proposition B.2 enjoy the holo-
morphy both at z = £2+/s, we can conclude that they have the integral
representations (B.56) and (B.58) for any sufficiently small s # 0.

Using these integral representations (B.56) and (B.58), we prove the
following
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Lemma B.3. Assume that R, (z,s) is holomorphic on {(2,s); 2| <
4rg,|s| < r2} for a positive constant ro. Let (zn,Ey,) be a solution of
(B.54) which is given by the integral representations (B.56) and (B.58).

Then the following estimates hold for any s satisfying |s| = r? with
O0<r<rmry:
(B.59) |En(5)] < sup |Rn(z,8)|,

|z|<4r

4
(B.60) sup |zn(z,8)| < = sup |Ru(z,5)],

|z|<4r T |z|<4r
0z, (2, 8) 5 -

B.61 sup |——5——| < — sup |Rp(z,s)|
(561 NE r? |z|s4r| (i

Proof. (i) By making a change of variable w = 24/sp in (B.58), we
obtain
' Rn (2\f p, %) ap
N N

(B.62) E,(s) =
Hence we have

1 -
(B.63) |E.(s)| < = sup dp< sup |Rn(z,9)|.

R (2,8 / <
T |z|<2r| | 141 |z|<4r

(ii) Let Z denote z/(2+/s). Note that the region {|z| < 4r} corresponds
to {|Z] < 2} in z-variable. It then follows from (B.56) that

1 *E, (2
(B.64) Ty = B 2y5p.5)
\/_\/1 —z2 V1 - p?
We first estimate x, in the region Q_ = {Z; || < 2, Re Z < 0}.

When Z belongs to €2_, the integration variable p may be assumed to
satisfy |1 —p| > 1. Hence, by making a change of variable 1+p = (1+2)t,
we have

1
1
(B.65) <|1+2|1/2/ —dt = 2|1+ 5|1/2.
0

[ 7

Hence, as |1 — 2| > 1 holds when Z € Q_, we obtain

9 3
(B.66) sup |z,| < = sup |E, + Rn(z,3)|
2eQ_ T |zi<4r
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4
< = sup |Rn(z,9)].
T |z|<4r

Since xz,, can be expressed also as

1 2 En+ Rn(Q\/Ep, s)d
Vsvi-22 J; V1-p?
in view of (B.57), we can obtain the same estimate for Z € Q. =

{%; |2] €2, Re 2 > 0} as well. Thus (B.60) holds.
(iii) It follows from (B.38) that

(B.67) Ty =—

(B.68) 2v/5(1 — )3””" 551y, = —2(En + Ry),
that is,

2,00 . s E,+R,
(B.69) 1-3)=—= 55 = 9n with g, = 2z, 7

Let Q_ 1 (resp. Q_2) be {Z; |Z+1| < 1}NQ_ (resp. {Z; |2+1| > 1}NQ_).
In Q_,,as |1 — 2| > 1 holds in Q_, the maximum principle and (B.69)
entail that

sup 9L < qup g,

B.70 sup
(B.70) seab, 1—2 = zéa’,

zeQ_

Ln
0z

This inequality also holds in ©_ o since |1+ Z| > 1 holds there. Thus we
have

(B.71) sup
zeQ-

oxn,

—| < su .
0z ‘ - ser_ 19u
Note that in Q_ we have

1 ~
(B.72)  |gn| < 2 sup |zn|+ =(|En| + sup |Ral)
zZeQ_ r zZeQ_

8 1 1 ~ 10 -
< (— + -+ ——) sup |R,| = — sup |Ry|.
r v T)zaq_ T zeq_

Combining (B.71) with (B.72), we obtain

8a:n
07

10
(B.73) sup < s sup |Ry).

ZeQ_
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By a similar argument we can confirm the same inequality also in .
Hence we conclude

oz, 1 Oz, 5 .
B.74 sup = —sup |—==| £ = sup |Rn|.
(B.74) l<ar | 02 | 27 zj<2| 02| T 12 |z|§4r| "
This completes the proof of Lemma B.3. Q.E.D.

We now take a small positive constant p > 0 so that z,(z,s) and
E,(s) (n=0,1,2,...) are holomorphic and 0x¢/0% # 0 holds in a poly-
disk {(z,s); |z] < 4p,|s| < p?}. Combining Lemma B.3 with the rea-
soning employed in Appendix A, we can obtain the following estimates
of growth order of z,, and F, as n tends to co: There exist positive
constants A so that for each small positive number ¢

(B.75) sup |En(s)| < nle™mA",
|s|<(p—e)?
(B.76) sup |Zn(z,8)] < nle™™ A",
[z|<4(p—e),|s|<(p—e)?
(B.77) sup Bm_n(z_,_s_) <ple mA”
lzl<a(p-2)lsl<(p—e)2 | 0%

hold forn =1,2,3,... and any € > 0.
To verify (B.75) ~ (B.77), let us assume that they hold up to n— 1.
By the assumption we can find a constant C satisfying

(B.78) sup |Eo(s)| < C,
|s]<p?
)
(B79) sup 8—:.?0 <C (l =0, 17 2’ 3)7
|2|<4p,|s|<p? | OF
1
(B.80) sup 920)| o (1=2,3andl=-1,-2),
lzl<4p,ls|<p? | \ OF
31,‘0 82130
B.81 su — ——| < C.
(B.81) i<t ol<p? | OF OF

On the other hand, by the same reasoning as in Appendix A (cf. (A.45)
and (A.46) in Appendix A) we obtain

02z, (2, 8)

(B.82) sup 522

|z]|<4(p—e),|s|<(p—¢)?

< e(m+ 1)le=(m+D) gm
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and

B3rm(z,s)

(B.83) sup 555

|z|<4(p—2),|s|<(p—e)?

< €%(m + 2)le~(M+2) gm

for m < n —1 from (B.77). Using these estimates, we find that the
relations

0x,, Oxo Oz

B.84 $m _ J%0 9%m
( ) 0T 0% 0z’
8%z, 0%zp Oxm Oxg 2 8%z,
B.8&5 = _ ) —
(B-85) 02 01?2 0z ( 0% ) 022
(B.56) B, _ 83x0 OTm 382:80 dzo 82z, dxo 3 9%z,
’ o3 013 0z 012 0% 022 oz 023
yield
0Tm _
(B.87) sup — | < Cmle™™A™,
|2|<4(p—e) s <(p—e)? | OF
82z,
(B.88) e s)u|pl<( | 07 < C +e)(m+ 1)~ (Mt gm
z|<4(p—e),|s|<(p—¢
Bz 2
(B.89) < s)ulpl<( |5 < C(1+e)}(m+2) e (M 4m
z|<4(p—e),|s|<(p—e

for1 <m < m—1ande < 1. Then, through an argument similar to that
of Appendix A, we obtain the following estimates for R, x (k = 1,2,3,4)
defined by (B.34) ~ (B.37):

(B.90)
sup |Rn.k(2,8)| <nle " A"B, i (k=1,2,3,4),
[z|<4(p—¢)|s|<(p—¢)?
where
C? [ 16
. Byi=—|——
(Bgl) n,1 n (n_1+8),
Cc? 16 8(1+4C)
B.92 Byo=—
(B-92) "2 n{(n—l)(n—2) n-—1

+ (1+4C+Cz)},
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(B.93) Bh,3= oAz ((1 + 6) + m) [ s
_ 3¢t 2, (Lt+e)e | €\ 42
(B.94) Bp,4 = a7 { ((1 +e)” + 5 T 1—6-) e
(1+e)
+ o 201 +e)+¢e) ;.

It then follows from (B.33), (B.55), (B.80) and (B.90) that

(B.95) sup
|z|<4(p—e).|s|<(p—¢)?

4
Rn(z,s)| < nle ™A™ (C Bn’k> .
k=1

Thanks to the maximum principle (with respect to the s-variable for

each fixed z),

Oz (2, 8)
0z

(B.96) sup |En(s)|, sup|zn(z,s)| and sup

Z,8 z,s

for |z] < 4(p — ¢€) and |s| < (p — €)? should be attained on {s; |s| =
(p —€)?}. Hence we can apply Lemma B.3 to obtain

4
(B.97) sup |En(s)| <nle™"A" CZBn,k> )
[s|<(p—2)? k=1
o 4C
(B.98) sup |zn (2, 8)] < nle™ ™A™ Zank )
|21<4(p—e),|s|< (p—e)? P=& i

(B.99)
0z, (2, s)
0z

sup
[z|<4(p—e),|s|<(p—e)?

5C <
<ple A | —— "
<nle ™A <(p_€)2ZB,k>

=1

k
from (B.95). Since we may assume 0 < € < p/3 and 8p/15 < 1, we thus
obtain

(B.100) sup |E,(s)] <nle "A"C,
Is|<(p—e)?

(B.101) sup |2, (2, 8)] < nle™™A"C,
|2|<4(p—e),]s|<(p—e)?

<nleT"A™C

0xn(z,s)

(B.102) sup 52

|z|<4(p~2). 5| < (p—¢)?
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with
(B.103) C= @ZBM.

Hence, if we take n and A so large that C < 1 is satisfied, (B.75) ~
(B.77) hold also for n. That is, the induction proceeds (for sufficiently
large n) and we have completed the proof of (B.75) ~ (B.77).

In conclusion, we have proved

Theorem B.4. Let

(B.104) 2@t =y | Do) @ | 07"
k=0 \ j=0

be the transformation that brings an MTP equation (B.2) to an oo- Weber
equation (B.3) with

oo o<
(B.105) Etn) =3 Y EDV | n*
k=0 \j=0
We also let
(B.106) or(@,0) =Y 2l (@) and Ey(t) =Y B
j=0 j=0

denote the k-th order part (with respect to n=1) of x(Z,t,n) and E(t,n),
respectively. Then there exist positive constants § and Cy for which the
following hold:

(i) for every k both xy(Z,t) and Ex(t) are holomorphic in {(Z,t);|Z] <
8, |t| < 8} and {t; |t] < 8}, respectively.

(ii) the following inequalities hold for k =1,2,3,...:

(B.107) sup |Ex(t)] < k! C¥,
t]<6
(B.108) sup |zx(%,t)] < k! CE,
|&],1t|<6
(B.109) sup M‘ < k!C§.
jahlti<s|  OF
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Appendix C. Representation of the action of X as
an integro-differential operator

In Appendix C, using the estimates of the transformation obtained
in Appendix B (Theorem B.4), we investigate the microdifferential op-
erator X defined by (2.59) in detail and represent its action upon a
multi-valued analytic function in the form of (2.65). Throughout this
appendix, to simplify the notation, we do not write the dependence of
the transformation on the parameter t explicitly. As a matter of fact, the
parameter ¢ does not play an important role in the reasoning below and
it applies equally to the situation where no parameter is introduced such
as the transformation near a double turning point discussed in Section 1.

The microdifferential operator X" is defined by (2.59), that is,

-\ 12
(C.1) X =:g'(x)"/? (1 + -g;) exp(r(z, n)¢)
where
(C.2) r=r(z,n) = Zn‘jrj(a:)
jz1

(C.3) g'(x)71 (1 + gg) = Zn'jr;[(x).

Then, by expanding in the powers of 7, we may write

) 12 or —-1/2 &) y
(C.4) /@ (1457 =3
and
(C.5) exp (r(z,m)E&) =1+ »_ n77¢ fi().
1<i<y
Here we set

ho = (r)'/2,

(C.6) = (r} 1/22 l'l;‘(l-l— 3) Z o
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and
1
(C.7) fi=r Yoo or e
Todrteta =i
Jr21

Thus the total symbol of X' has the form
00 ‘ i 3

©8) . Doyt Y €k fiy
j=0 §'=11=1

We first consider the kernel function of X', which is, by definition,
given by

(C9) K(z,y,7',vy")

It follows from Theorem B.4 and its proof that there exist a neighbor-
hood wy of (z,t) = (0,0) and a constant Cy > 0 so that we have

(C.10) sup |rj| <jJ1C3 (5 =1,2,...),
w1
(C.11) sup|rl| <j1C5 (j=1,2,...)
w1
and
(C.12) max {sup rg‘, sup (rg)_l’} < Cb.
wi w1

Using Lemma A.4, we find

(C.13) sup |h;| < C3/2 % 51C8 (5 > 1)

and

-1+
!

l 4108 (1<1<g).

(C.14) sup | fi;] <
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Hence the coefficient of log(y —y’) in the right-hand side of (C.9) con-
verges in the set

1
(C.15) D= {(x,y,x',y') eChzew,z#2,ly—9|< E}
)

Thus K (z,y,2’,y’) has the following form:
(C.16)

1 —ho
K A 7 — ' A 1 _ /
(@,9,2.y) = (——(x, o — ) + L(z,y,2',y") log(y — y )) ,

where L is a holomorphic function defined in D.
Next we discuss the representation of the action of X’ as an integro-
differential operator. For that purpose we prepare the following

Proposition C.1. For a domain U in C, let Q denote

(C.17) Q= {(z,y:§,m) € T(U x Cy); n # 0},

and let P = P(x,0/0x,0/dy) be a microdifferential operator of order 0
on Q with the total symbol

(C.18) a(P) = n 7 Pi(z,n"¢).

=0

Here we assume that each Pj(x,() is an entire function of ( and that
the following growth order condition should hold: There exists a constant
Co > 0 so that for any compact subset K of U x C¢ we can find another
constant My satisfying

(C.19) sup |P;(z,¢)| < Mkj!CY
(z,{)EK
for 3 =0,1,2,.... Then the action of P upon a (multi-valued) analytic

function ¢(x,y) is represented in the following form:

Yy
(C.20) Po(z,y) = | K(z,y -y, d/dc)o(z,y")dy,

Yo

where K(z,y,d/dz) is a differential operator of infinite order that is
defined on {(z,y);xz € U and |y| < 1/Co} and yy is an arbitrarily chosen
point that fizes the action of (0/0y)~! as an integral operator.

Proof. Let

(C.21) Pi(z,0) =Y ai(z)¢*
k=0
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be a power series expansion of P;(z,() around ¢ = 0. Since ajx(z) is
given by
1 Pz, Q)

(C.22) ajk() P ok IGE dc¢,

it follows from (C.19) that for K = K’ x {(;|¢| < R} with a compact
subset K’ of U and a positive constant R we have

(C.23) sup lajx(z)| < Mi+,rjl CJR™*
z€K'’

with some constant Mg = Mg/ r
Now, in terms of {a;x(z)}; x, the action of P can be expressed as

(C.24) Po(z,y) = Zn”akx)n *eh p(a,y)

j.k=0
ZZ tan@): (2) o
-/ ii‘”’“(w)(? O (2 s

We set

o K e ) =3 (Semngters) (2)

k=0 \j=0

and let ¢, = cp(z,y) (k = 0,1,2,...) denote its coefficient of (9/9x)*,
ie.,

J+k 1
(C.26) ck(z,y) = Zaak(l’ Gk

To prove Proposition C.1, it then suffices to confirm the following esti-
mate for cy: For any compact subset K’ of U, any constant r satisfying
r < 1/Cy and any positive constant e there exists a constant M so that

ek

C.27 su ck(x, <M-——-:
( ) zeK’,lI;/lSr| k( y)l (k — 1)|

holds for k =1,2,....
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In view of (C.23) we find

o lj+k—1

(C.28) lex(@, y)| < Z Iajk(w)l()—i,;_—l)!

'C] Jj+k-1
R-—kZ] |yl

MK’RR ZcJ |J+k 1

for z € K'. Hence, if y satisfies |y| < r < 1/Cy, it follows from (C.28)
that

MKI’RR_kCé_k
E—1)'1-rCo)’

(C.29) sup  |ep(z,y)| <
weK Jyl<r (

Thus, as R can be taken arbitrarily large, we obtain (C.27) by setting
e =(RCp)" ! and M = Mg rCo(1 —7Cp)~". This completes the proof
of Proposition C.1. Q.E.D.

Remark C.1. The condition (C.19) is slightly stronger than the
growth order condition used in the definition of “a microdifferential op-
erator of WKB type” introduced in [AKKT]. For the reference of the
reader we recall the definition of a microdifferential operator of WKB
type, which is an operator P of order 0 on {2 whose total symbol is of
the form (C.18) with P;(z, ¢) satisfying the following condition: For any
compact subset K of U x C; we can find a constant Mg > 0 so that

(C.30) sup | Pj(z,¢)| < jt ML
(z,Q)eK

holds for 5 =0,1,2,....

To apply Proposition C.1 to the microdifferential operator X’ in
question, we rewrite the total symbol (C.8) of X in the following manner:

(C.31) donThg | 1+ Y w7 £y
=0

1<I<)

> 0k <1+ZTI kalHk(n §>
3=0 k=0
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=> n7hi+ Z US> Zfz k(™ 1E)!
j=0

7,k=0
=D 0 A [ D hifik | (07
m=0 1=1 \j+k=m
Thus, letting P, (z, () denote
(C.32) Pn(,Q) =hm+Y_ | > hifir |,

I=1 \j+k=m

we find that the total symbol of X has the form (C.18). Using (C.13),
(C.14) and Lemma A.4, we then obtain the following estimate for P,:

(C.33) |Pm15|hm|+z( 3 nhjfl,ml) 14k

=1 \j+k=m
3/2
< C’O/ e*Comi Cy

+§:< Z 03/2 4CoJ )41 1CJ+k+l> Kil

=1 \j+k=m
< Cy?et% (m + 1)1y §§: = (4Col¢)!
0 4 — !
= 326t (1 1 Z(e“CO'C‘ - 1)) (m + 1)1 Cg".

This implies that P, (z,() defined by (C.32) is an entire function of ¢
and satisfies the growth order condition (C.19). Hence it follows from
Proposition C.1 that the action of X can be represented in the form
(C.20), which completes the proof of Theorem 2.7.

Remark C.2. In estimating the transformation to the Airy equation
near a simple turning point in [AKT1], we used the following inequality:

(C.34) o il k! <4
jitiz+-+ig=3
J1seees 21

(cf. [AKT1, Sublemma A.2.2]). Lemma A 4 is a refined version of (C.34)
and this refinement is essential in the above proof of Theorem 2.7. In
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fact, if we were to use (C.34) instead of Lemma A 4, (C.13) and (C.14)
would then be

3/2 )
(C.13) sup|hy| < 0 1G5 (52 1)
wi 0
and
il .
(C.14) supfi,| < ;08 (1 <1<y),

respectively, and hence the estimate (C.33) for | Py, | would become

ci? - > m+1)!
(C.33)"  |Pn| < COO_lm!cg [14- (Col¢])! (1+2(‘EET”>
’ =1

Consequently, in order that the right-hand side of (C.33)" should con-
verge, it would be necessary for || to be sufficiently small. Thus, without
Lemma A.4, we cannot apply Proposition C.1 and the proof of Theo-
rem 2.7 fails.
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