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Blowup solutions to some systems related to biology 

Takasi Senba 

Abstract. 

In this paper, we describe blowup solutions to so called Keller-Segel 
system and its simplified system. Keller-Segel system was introduced 
to describe the aggregation of cellular slime molds. 

We want to investigate blowup solutions to Keller-Segel system. 
However, it is difficult for us. Then, we investigate solutions to a 
simplified system of Keller-Segel system, since we can expect that the 
structure of solutions to the simplified system is similar to the one to 
Keller-Segel system. 

In this paper, we will describe some results for solutions to the 
simplified system, our conjecture for solutions to Keller-Segel system 
and the relation between those results and our conjecture. 

§1. Introduction 

We consider the following system 

{ 

Ut = \7 · (\i'u- u\i'v) in f2 X [0, 00), 
Vt = ~V- V + U in f2 X [0, oo), 

(KS) au av - = - = 0 on an X [0 oo) av av , , 
u(·, 0) = Uo, v(·, 0) = Vo in f2. 

We refer to this system as Keller-Segel system. 
Here u(x, t) and v(x, t) represent the density of cells and the chem­

ical concentration at (X, t), respectively. n is a domain in R N ( N = 
1, 2, 3, · · · ). Uo("" 0) and Vo are smooth and nonnegative inn. 

Keller and Segel [3] introduced a system to describe the aggregation 
of cellular slime molds. 

Nanjundiah [4] introduced (KS) as a simplified system of the one 
introduced by Keller and Segel. 
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In this paper, we describe our conjecture for blowup solutions to 
Keller-Segel system, related results, and the relation between our con­
jecture and those results. 

§2. Our Conjecture and Related Results 

We shall define blowup of solutions. 

If limt_,T (supxEn u(x, t)) = oo, we say that the solution blows 
up and that T is the blowup time. If there exist two sequences 
{ qn} c n and { tn} c (0, T) such that limn_,=(qn, tn) = (q, T) and that 
limn_,= u(qn, tn) = +oo, we say that the point q E f2 is a blowup 
point. 

We can easily show the following theorem. 

Theorem 1. Let n =(a, b) and -oo <a< b < oo, solutions (u, v) 
to (KS) do not blow up. Moreover, the solution (u,v) satisfies that 

sup (iu(x, t)l + lv(x, t)l) < oo. 
(x,t)E(a,b) X (O,CXJ) 

Then, we obtain that blowup can not occur in one dimensional case. 
Since we consider blowup solutions to Keller-Segel system, then we con­
sider two or more dimensional case. 

Concerning blowup solutions to Keller-Segel system in two or more 
dimensional case, we shall describe our conjecture. 

Our conjecture. In the case where N = 2, a delta function appears 
at each blowup point, if the solution to (KS) blows up in finite time. 

In the case where N :;:: 3, there exist two or more kinds of singular­
ities of finite time blowup solutions to (KS) and there exist singularities 
which are different from a delta function. 

We think that the following result shown in [1] is an evidence that 
our conjecture is true. 

Theorem 2. Let n = {x E R 2 llxl < L} and L E (0, oo). Then, 
there exists a radial solution to (KS) satisfying 

u(-, t) --' 8m\"o + f in M(D) as t----+ T 

for some T E (0, oo). 
Here Jo is a delta function whose support is the origin, f E L 1(n) n 

C(D\{0}), and M(D) is the dual space ofC(D). 
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The following result shown in [5] is also an evidence that our con­
jecture is true. 

Theorem 3. Let n be a bounded domain with smooth boundary in 
R 2 . Suppose that a solution ( u, v) to (KS) blows up at T E (0, oo) and 
that blowup points are finite. Then, the solution ( u, v) satisfies that 

u(·, t) --' L m(q)Dq + f in M(IT) as t---> T, 
qEB 

where B is a set of blowup points, Dq is a delta function whose support 
is the point q E IT, f E L 1 (0) n C(IT \B) and 

{ 
87r 

m(q) 2: 4n 
if q En, 
if q E an. 

Next, we shall consider three or more dimensional case. Since it is 
difficult for us to investigate solutions to Keller-Segel system in three or 
more dimensional case. Then, we shall consider solutions to the following 
system. 

{ 

Ut = \7 · (\lu- u\lv) in RN x (0, T), 
(HMV) 0 = ~v + u in RN x (0, T), 

u(-,0) = u0 in RN. . 

This system was introduced as a simplified system of Keller-Segel 
system by Herrero, Medina and Velazquez [2]. The second equation and 
the domain of (HMV) are different from those of (KS). Then, the initial 
condition of v and the boundary condition are not necessary. However, 
we expect that the structure of blowup solutions to (HMV) is similar to 
the one to (KS) in a neighbourhood of each blowup point. 

Henceforth, we consider only radial solutions ( u, v) to (HMV). Then, 
it holds that 

11xl 1 1 
v(x, t) = C- ~N-l u(x, t)dxd~, 

0 WN lxl<~ 

where C is an arbitrary constant and w N is the area of a unite sphere 
in RN. Therefore, we regard that (HMV) is a system with respect to u. 

We can find blowup solutions to (HMV). Those blowup solutions are 
so called backward self-similar solutions. The definition is as follows. 

We say that u is a (backward) self-similar solution to (HMV), 
if there exists a function u in RN such that 

1 X 
u(x,t) = -T u(y"i'=t) - t T -t 
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is a solution to (HMV) in RN x (0, T) for any T E (0, oo). Then, we say 
that 'IT is a profile function. 

This solution u blows up at (x, t) = (0, T), if the corresponding 
profile function 'IT is positive and bounded. 

The following theorem is concerned with the existence of profile 
functions. 

Theorem 4. In the case where 3 :::; N :::; 9, there exist infinitely 
many, radial, positive and bounded profile functions having limits 

Cs = lim lxl2u(x) E (0, oo). 
lxl-+oo 

In the case where N ~ 10, there exists a radial, positive and bounded 
profile function having a limit 

Cs = lim Jxl2u(x) E (0, oo). 
lxl-+oo 

Concerning Theorem 4, Herrero and Velazquez [1] considered three 
dimensional case and the author [6] considered three or more dimensional 
case. 

For T > 0 and a profile function 'IT in Theorem 4, the self-similar 
solution 

u(x, t) = (T ~ t) 'IT ( ~) 
blows up at (x, t) = (0, T) and satisfies that 

lim u(x, t) = lim _1112 . (rlxl2 u ( ~)) Cs 
t--->T t-+T x - t T- t lxl2 

locally uniform in RN \ {0}. 
Then, we obtain that the solution u has a 1/lxl2 type singularity at 

(x, t) = (0, T), and that the singularity is different from a delta function. 
Then, we think that Theorem 4 is an evidence that our conjecture 

is true. 

§3. Sketch of Proof of Theorem 4 

In this section, we explain the sketch of proof of Theorem 4. We 
define (V, H), a variables E Rand a parameter TERas 

s+r r e = --=== 
JT-t' 

- 1 1r/VT-t u(~) 
V(s· T) = -- --~N-ld~ 

' rN-2 o T-t 
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and 
- dV 
H(s; T) = ds(s; T), 

respectively. Here, u(lxl) = u(x) for x E RN and u is a radial profile 
function. 

(1) 

Therefore, if we find (V, H) satisfying 

dH - -ds = -(N- 4)H + 2(N- 2)V 

+~e2(s+T) H- V(H + (N- 2)V) in R, 

- dV 
H(s; T) = ds(s; T) in R, 

lim8__,~ 00 (V(s; T), H(s; T)) = (0, 0), 

. - - ( Cs ) hm (V(s;T),H(s;T)) = -N ,0 , 
S-->00 - 2 

we can find a radial profile function u having a limit Cs = limlxl-->oo lxl 2u 
(x) E (0, oo). Moreover, we obtain that the profile function is positive 
and bounded in RN. 

In order to find (V, H), for any sufficiently small E > 0, we consider 
the following problem. 

dH ds = -(N- 4)H + 2(N- 2)V 

+~e2(s+rl H- V(H + (N- 2)V) in R, 

dV 
H(s; T) = ds(s; T) in R, 

(2) 

lim8 __, 700 (V(s;T),H(s;T)) = (0,0), V(O;T) =E. 

For any sufficiently small E > 0, we can show the existence and unique­
ness of a solution (V, H) to (2). 

Let To be a constant satisfying 

(3) 
4e2ro 

E - --:--:--::-----:-----::--
- 2(N- 2) + e2ro · 

Then, 

( 
4e2(s+ro) 16(N _ 2)e2(s+ro) ) 

V s· Ti H s· Ti -( ( ' o), ( ' o)) - 2(N- 2) + e2(s+ro)' [2(N- 2) + e2(s+rol]2 

is a solution to (2) and satisfying 

lim (V(s; To), H(s; To))= (4, 0). 
s-->oo 
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Then, we find a radial, positive and bounded profile function u having 
a limit 4(N- 2) = limlxl---+oo lxl2u(x). That is to say, we get Theorem 4 
in the case where N ~ 10. 

Henceforth, we consider only the case where 3 ::=; N ::=; 9. 
Let u be a radial and positive stationary solution to (HMV). Put 

r = e8 and 
A 1 1 V(s) = N-2 u(x)dx. 

WNT ixi<r 

For N ~ 3, (V, H) satisfies that 

{ 
dV A 

ds = H in R, 

dH = -(N- 4)H + 2(N- 2)V- V(H + (N- 2)V) in R 
ds 

and that 

{ 
8_!!~00 (V(s),H(s)) = (0,0), 

lim (V(s), H(s)) = (2, 0). 
S---+00 

In the case where 3 :::; N ::=; 9, the orbit (V, H) starts from the origin, 
moves round the point (2, 0) infinitely many times, and converges to the 
point (2, 0) ass tends to oo. Moreover, we can show that 

(4) lim V(·; T) = V and lim H(·; T) = H 
r~-~ r~-~ 

uniformly in ( -oo, S), for any S E R. 
Let us put 

A1 { T <To I (V(·; T), H(·; T)) moves round 

the point (2, 0) one time or more }, 

where To is the constant in (3). 
Since we obtain that A1 is unbounded from below by ( 4), then we 

can define A1 as the unbounded connected component of A1. 
Putting T1 = supA1, we can show that T1 <To, (V(·;Tl),H(·;T1)) 

moves round (2, 0) just one time, and that there exists a limit 
lims---+oo(V(s;Tl),H(s;Tl)) = (Csl/(N- 2),0) with some Cs1 E (O,oo). 

Next, putting 

A2 { T < T1 I (V(·; T), H(·; T)) moves round 

the point (2, 0) two times or more } 
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and using an argument similar to the above, we can find the unbounded 
connected component A2 of A2. Putting 72 = supA2, we can show that 
72 < 71, (V(·;72),H(·;72)) moves round the point (2,0) just two times, 
and that there exists a limit lim8 _.00 (V(s; 72), H(s; 72)) = (Cs2/(N-
2),0) with some Cs2 E (O,oo). 

Repeating the above argument, for any positive integer m, we get the 
solutions (V(·; 7m), H(·; 7m)) to (2) moving round the point (2, 0) just m 
times and satisfying a limit lims--;oo(V(s; 7m), H(s; 7m)) = (Csmf(N-
2), 0) with some Csm E (0, oo). 

Therefore, (V(s; 7m), H(s; 7m)) is not equal to (V(s; 7m' ), H(s; 7m' )), 
ifm is not equal tom'. Moreover, for each (V(s;7m),H(s;7m)), we can 
find a radial, positive and bounded profile function 'Urn having a limit 
Csm = limlxl-->oo lxl 2um(x). 

Then, we can find infinitely many profile functions in the case where 
3:; N:; 9. Thus, we get Theorem 4. 
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