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Blowup solutions to some systems related to biology

Takasi Senba

Abstract.

In this paper, we describe blowup solutions to so called Keller-Segel
system and its simplified system. Keller-Segel system was introduced
to describe the aggregation of cellular slime molds.

We want to investigate blowup solutions to Keller-Segel system.
However, it is difficult for us. Then, we investigate solutions to a
simplified system of Keller-Segel system, since we can expect that the
structure of solutions to the simplified system is similar to the one to
Keller-Segel system.

In this paper, we will describe some results for solutions to the
simplified system, our conjecture for solutions to Keller-Segel system
and the relation between those results and our conjecture.

§1. Introduction

We consider the following system

u =V (Vu—uVv) in Q x [0, 00),
vy = Av—v+uin Q x [0, 00),
du v
(KS) E:EZOOnQQX[O,OO),
u(-,0) = ug,v(-,0) = vp in Q.
We refer to this system as Keller-Segel system.

Here u(x,t) and v(z,t) represent the density of cells and the chem-
ical concentration at (z,t), respectively. ) is a domain in RV (N =
1,2,3,---). up(# 0) and vy are smooth and nonnegative in .

Keller and Segel [3] introduced a system to describe the aggregation
of cellular slime molds.

Nanjundiah [4] introduced (KS) as a simplified system of the one
introduced by Keller and Segel.
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In this paper, we describe our conjecture for blowup solutions to
Keller-Segel system, related results, and the relation between our con-
jecture and those results. '

§2. Our Conjecture and Related Results

We shall define blowup of solutions.

If limy 7 (sup,eq u(z,t)) = oo, we say that the solution blows
up and that T is the blowup time. If there exist two sequences
{gn} C Q and {t,} C (0,T) such that lim,_.co(gn, tn) = (¢, T) and that

lim,, 00 u(gn,tn) = +00, we say that the point ¢-€ Q1 is a blowup
point.

We can easily show the following theorem.

Theorem 1. Let Q = (a,b) and —o0 < a < b < 00, solutions (u,v)
to (KS) do not blow up. Moreover, the solution (u,v) satisfies that

sup (Ju(z,0)] + lu(a, 1)) < oo.
(z,t)E(a,b) x(0,00)

Then, we obtain that blowup can not occur in one dimensional case.
Since we consider blowup solutions to Keller-Segel system, then we con-
sider two or more dimensional case. »

Concerning blowup solutions to Keller-Segel system in two or more
dimensional case, we shall describe our conjecture.

Our conjecture. In the case where N = 2, a delta function appears
at each blowup point, if the solution to (KS) blows up in finite time.
In the case where N > 3, there exist two or more kinds of singular-
ities of finite time blowup solutions to (KS) and there exist singularities
which are different from a delta function.

We think that the following result shown in [1] is an evidence that
our conjecture is true.

Theorem 2. Let Q = {z € R?||z| < L} and L € (0,00). Then,
there exists a radial solution to (KS) satisfying
u(,t) = 8wdp + f in M(Q) ast — T

for some T € (0, 00).
_Here 69 is a delta function whose support is the origin, f € LY Q)N
C(Q\{0}), and M(Q) is the dual space of C(%).



Blowup solutions to chemotaxis systems 743

The following result shown in [5] is also an evidence that our con-
jecture is true.

Theorem 3. Let ) be a bounded domain with smooth boundary in
R2. Suppose that a solution (u,v) to (KS) blows up at T € (0,00) and
that blowup points are finite. Then, the solution (u,v) satisfies that

u(-,t) = Zm(q)Jq +finM@Q) ast — T,
qeB

where B is a set of blowup points, 64 is a delta function whose support
is the point ¢ € Q, f € LY(Q) N C(Q\ B) and

8  if g€,
m(q)Z{ 4r  if g € 0Q.

Next, we shall consider three or more dimensional case. Since it is
difficult for us to investigate solutions to Keller-Segel system in three or
more dimensional case. Then, we shall consider solutions to the following
system.

uy=V-(Vu—uVe) in R¥ x (0,7T),
(HMV){ 0=Av+u in RN x (0,7),
u(-,0) =uy in RV,

This system was introduced as a simplified system of Keller-Segel
system by Herrero, Medina and Veldzquez [2]. The second equation and
the domain of (HMV) are different from those of (KS). Then, the initial
condition of v and the boundary condition are not necessary. However,
we expect that the structure of blowup solutions to (HMV) is similar to
the one to (KS) in a neighbourhood of each blowup point.

Henceforth, we consider only radial solutions (u, v) to (HMV). Then,
it holds that

Ed 1
) =C — — z,t)dzdg,
v(@,t) /0 wyEN-T /la':|<gu(x )dzd§

where C is an arbitrary constant and wy is the area of a unite sphere

in RN. Therefore, we regard that (HMV) is a system with respect to u.
We can find blowup solutions to (HMV). Those blowup solutions are

so called backward self-similar solutions. The definition is as follows.

We say that u is a (backward) self-similar solution to (HMV),
if there exists a function % in R such that

u(e,t) = (=)




744 T. Senba

is a solution to (HMV) in RY x (0,T) for any T € (0, 00). Then, we say
that @ is a profile function.

This solution w blows up at (x,t) = (0,T), if the corresponding
profile function @ is positive and bounded.

The following theorem is concerned with the existence of profile
functions.

Theorem 4. In the case where 3 < N < 9, there exist infinitely
many, radial, positive and bounded profile functions having limits
Cs = lim |z|%T(x) € (0,00).
Jz]—o00
In the case where N > 10, there exists a radial, positive and bounded
profile function having a limit

Cs = lim |z|?T(z) € (0,00).

|| —o0

Concerning Theorem 4, Herrero and Vel4dzquez [1] considered three
dimensional case and the author [6] considered three or more dimensional
case.

For T' > 0 and a profile function ¥ in Theorem 4, the self-similar

solution
u(z,t) = = '11( ad )
T ) Tt

blows up at (x,t) = (0,T) and satisfies that

, 1 |z|? _ z _ Cs
et = i (7 (7)) - o

locally uniform in RY \ {0}.
Then, we obtain that the solution u has a 1/|z|? type singularity at
(z,t) = (0,T), and that the singularity is different from a delta function.
Then, we think that Theorem 4 is an evidence that our conjecture
is true.

§3. Sketch of Proof of Theorem 4

In t_liis_section, we explain the sketch of proof of Theorem 4. We
define (V, H), a variable s € R and a parameter 7 € R as

1 VT aE) v
A =S

St = . Vis;T) =
Tt (s57) rN-2
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and __
— dv
| H(s;7) = —=(s;7),
respectively. Here, i(|z|) = u(x) for z € RY and % is a radial profile

function. o
Therefore, if we find (V, H) satisfying

( % =—(N-4)H +2(N -2)V
43 OH V(H 4 (N -27) iR,
(1) H(s;7) = %Z(S;T) in R,
lims_,_oo(V(ss;T),—ﬁ(s;T ) :C(O,O),
tim (V7). H(si7) = (5725.0).

we can find a radial profile function @ having a limit Cs = limg| o |#|*T
(x) € (0,00). Moreover, we obtain that the profile function is positive
and bounded in RV,

In order to find (V, H), for any sufficiently small ¢ > 0, we consider
the following problem.

gldﬁ = (N —4)H +2(N - 2)V
s
+%eQ(S+T)H ~-V(H+(N-2)V) inR,
H(s;7) = Cii—v(sn’) in R,
s
limg oo (V(s;7), H(s; 7)) = (0,0), V(0;7) =e.

\

For any sufficiently small € > 0, we can show the existence and unique-
ness of a solution (V, H) to (2).
Let 79 be a constant satisfying

4€2T0

(3) FTAN 2 s e

Then,

4e2(s+70) 16(N — 2)e?(stm0) )

(V(s; TO)» H(S; o)) = (2(]\7 —2)+ e2(s+70)’ [Z(N -2)+ 62(S+To)] 2

is a solution to (2) and satisfying

slirgo(V(s;To),H(s;To)) = (4,0).
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Then, we find a radial, positive and bounded profile function @ having
a limit 4(N — 2) = lim;)_ o |2|*%(z). That is to say, we get Theorem 4
in the case where N > 10.

Henceforth, we consider only the case where 3 < N < 9.

Let @ be a radial and positive stationary solution to (HMV). Put
r = e® and

V(s) = ;_ /| . i(x)dz.

wnrN-2

For N > 3, (V, H) satisfies that

dv L
ds_H in R,
dH - o0 o
7i_:_(N—4)H+2(N—2)V—V(H+(N—2)V) inR
)
and that
Jim (V(),8(s)) = (0,0),

(v
lim (V(s), H(s)) = (2,0).

In the case where 3 < N < 9, the orbit (V, ﬁ) starts from the origin,
moves round the point (2,0) infinitely many times, and converges to the
point (2,0) as s tends to oo. Moreover, we can show that

(4) lim V(;7)=V and lim H(;7)=H
T——0Q T——00
uniformly in (—oc, S), for any S € R.
Let us put

Ay = {7 <7 | (V(;7),H(;;7)) moves round

the point (2,0) one time or more },

where 79 is the constant in (3).
Since we obtain that A; is unbounded from below by (4), then we
can define A; as the unbounded connected component of Al
Putting 7y = sup A;, we can show that 1 < 79, (V(:;71), H(-;71))
moves round (2,0) just one time, and that there exists a limit
lims 0o (V(s371), H(s;711)) = (Cs1/(N — 2),0) with some Cgy € (0, 00).
Next, putting

Ay = {r<m|(V(;7),H(;7)) moves round

the point (2,0) two times or more }
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and using an argument similar to the above, we can find the unbounded
connected component Ay of Ay. Putting 7 = sup As, we can show that
79 < 11, (V(:;712), H(-; 72)) moves round the point (2,0) just two times,
and that there exists a limit lim, o (V (s; 72), H(s;72)) = (Cs2/(N —
2),0) with some Cgy € (0, 00).

Repeating the above argument, for any positive integer m, we get the
solutions (V' (+; 7, ), H(-; 7)) to (2) moving round the point (2,0) just m
times and satisfying a limit lim,_, o (V(8; 7 ), H(8; Tm)) = (Csm /(N —
2),0) with some Cg,, € (0, 00).

Therefore, (V (s; T ), H(s; 7)) is not equal to (V (s; 7 ), H(S; Tim’)),
if m is not equal to m’. Moreover, for each (V(s;7,), H(s;Tm)), we can
find a radial, positive and bounded profile function %,, having a limit
Csm = hIn|:c|-—>o<> $$‘2ﬂm($)

Then, we can find infinitely many profile functions in the case where
3 < N <£9. Thus, we get Theorem 4.
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