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Existence of standing waves for the nonlinear
Schrodinger equation with double power
nonlinearity and harmonic potential

Hiroaki Kikuchi

Abstract.

In this paper we prove the existence of standing waves for the
nonlinear Schrddinger equation with double power nonlinearity and
harmonic potential. The nonlinearity of our problem does not satisfy
the global Ambrosetti-Rabinowitz condition. Therefore, in general, it
seems difficult to obtain a boundedness of Palais-Smale sequence for the
associated functional. We overcome this by the compactness argument.

§1. Introduction and main theorem

In this paper we consider the existence of a solution to the following
semilinear elliptic equation:

(1) —Au+ (|22 + w)u+ [uP "y — [u)?lu =0 inRY,

where N > 1,1 < g < p < 2* —1 and w € R. Here, we set 2* =
2N/(N —2)if N > 3, and 2* = o0 if N = 1,2. A motivation to study
the equation (1) stems from the nonlinear Schrédinger equation:

2) B = —Ap+ |z + [P — [T inRx RY.

The model equation (2) describes the Bose-Einstein condensate with
attractive inter-particle interactions under the magnetic trap. Recently
many experiments on this phenomenon were done (see [17], [18]). We
are interested in standing waves for the equation (2), that is, solutions
of the form ¥(t,z) = e“*u(x). It is observed that the function (¢, z)
of this form satisfies the equation (2) if and only if « is a solution to the
equation (1).
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Many authors have studied the problem concerning the existence of
standing waves ([1], [3], [4], [5], [6], [8], [9], [10], [11], [12], [13], [14], [19]).
We recall several known results. We consider the following semilinear
elliptic equation:

(3) ~Au+V(zx)u+ f(u) =0 inRY,

where N > 1, f € C(R,R) and V € C(RY,R). In the case where the
potential V(z) = m > 0 (constant), that is, in the autonomous case,
Berestycki and Lions [4] (N > 3, N = 1) and Berestycki, Gallouét
and Kavian [5] (N = 2) prove an existence results for a wide class
of nonlinearities by the constrained minimization method. From their
results, we know that if f(s) = [s|P7ls — [s]771s (1 < g<p <2 —1)
the equation (3) has a radially symmetric solution in H!(R") under the
assumption m < mg for some mg > 0. Berestycki and Lions [4] also
show that if N > 3 the equation (3) does not have a nontrivial solution
for m > mg from the Pohozaev identity. Wei and Winter [19] show the
uniqueness of the positive radial solution to the equation (3).

In the case where the potential V' is not constant, that is, in the
nonautonomous case, Berestycki, Lions and Peletier [6] show the exis-
tence of a nontrivial solution to the equation (3) for a wide class of
nonlinearities including our nonlinearity f(s) = |s|P™!s — [s|771s (1 <
g < p < 2* —1) by the shooting method. However, they require the
boundeness of the potential V.

In this paper we use the mountain pass theorem ([2]) to show the
existence of standing waves. In order to use the mountain pass theorem,
we need the following Palais-Smale condition.

Definition. Let E be a Banach space and assume that J € C'(E,R).
(i) We say that a sequence {u,} is a Palais-Smale sequence (PS
sequence, for short) associated with the functional J if and
only if there exists a constant M > 0 such that

|J(ug)] < M, J'(un) — 0in E* (n — o0).

Here, J'(-) is the Fréchet derivative of J(-) and E* is the dual
of E.

(ii) We say that the functional J satisfies the Palais-Smale condi-
tion (PS condition, for short) if and only if any PS sequence
has a convergent subsequence.

When we show the existence of a solution to the equation (3), the
following condition is often assumed: there exists a constant p > 2 such
that

0 < uF(s) < f(s)s forallseR,
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where F(s) = [; f(t)dt. This condition is called the global Ambrosetti-
Rabinowitz condition. It ensures the boundedness of the PS sequence
for the functional associated with the equation (3). We explain why
this condition is useful. For simplicity, we suppose that the potential
V =m > 0 (constant). We define J : H' — R by

1
Jw) =1 /RN V|2 + %/RN mlu|?dz — /RN Fu)dz.

The functional J is a C! functional on H! and u is a solution to the
equation (3) if and only if u is a critical point of the functional J. If
{un} is a PS sequence for the functional J, then we have

M + Jupll g > pd (un) — (J’(un),un)

= (&= DlualZ + /R (f(un)un — pF (un)) da.

If the nonlinearity f satisfies the global Ambrosetti-Rabinowitz condi-
tion, we have

H 2
M+ Jlunlla 2 (5 = Dlfunlly:-

This implies that the sequence {u,} is bounded in H!. When the po-
tential V' is not constant, we can also obtain the boundedness of the PS
sequence similarly. However, our nonlinearity f(s) = |s|P™!s — [s]?97!s
does not satisfy the global Ambrosetti-Rabinowitz condition. Note that
if p < g, then f(s) satisfies the global Ambrosetti-Rabinowitz condition.
It seems difficult to show that the associated functional satisfies the
PS condition without the global Ambrosetti-Rabinowitz condition. Re-
cently there are several existence results without the global Ambrosetti-
Rabinowitz condition. Jeanjean [8] obtains the existence of a positive so-
lution to the Landesman-Lazer type problem. Jeanjean and Tanaka [10]
prove the existence of semiclassical states to the nonlinear elliptic equa-
tion with potentials. Zou [22] shows the existence of infinitely many
solutions to the equation (3) by the fountain theorem. These results
are based on Struwe’s method (see e.g. [15], [16]). However, they need
the following additional condition on the nonlinearity f: there is K > 1
such that

(4) F(s) < KFE(t) forallo<s<t,
where F = 1£(6)¢ = F(£). Our nonlinearity f(s) = |s|P™ts — [s|971s

satisfies neither global Ambrosetti-Rabinowitz condition nor the above
condition (4). Recently Jeanjean and Tanaka [11] prove the existence
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of the solution to the equation (3) for a wide class of nonlinearities.
However, they require that the nonlinearity f has a superlinear growth
at infinity and that there exists a function ¢ € L!(R") such that |z -
VV(z)| < ¢(z) for all z € RV.

To state our theorem, we give some notation. We define the function
space X by

X = {uec HY(RY) |/ |z Jul’dz < 00}
RN
equipped with the inner product
(u,v)x = / (Vu - Vo + |z uv + uv)dz.
RN

We use ||-]| x to denote the norm of the function space X. We denote the
dual of X by X*. Note that X is continuously embedded in H!(RY).
Furthermore, the embedding X <— L" is compact, where 2 < r < 2*
(see e.g. [3], [21]). we define two constants mg > 0 and 8 > 0 such that

1 1
mo = sup{m >0 | %32 + ms”“ - q—ﬁsq“ < 0 for some s > 0},

N N(q-1)
N 2 z (p+ 1\ 2D
P (_) ptl .
g+1 g+1

Our result is the following.

Theorem 1.1. Assume that 1 < q <p < 2* —1. Let Ay be the first
eigenvalue of —A + |z|2. If A1 < w < Omg — )1, there exists a solution
to the equation (1) in X.

Remark. We can show that the equation (1) has a family of so-
lutions (u(e), A(€)) bifurcating from (0, A;). Indeed, for some &g, the
solution can be expressed as

u(e) =e® +ez{e) for0 <e < ey,

where ® is an eigenfunction corresponding to A1 and z € X is a continu-
ous function of € such that 2(0) = 0 and (z, ®)x = 0 (see [7]). However,
we do not determine the size of 9. Our theorem gives a range of w for
which the equation (1) has a solution.
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We prove this theorem by the variational method. We define a C!
functional I: X — R by

1 1 1
I(u) = 5 /RN |Vu|2d:r + ‘2- AN(I$|2 +w)u2dm + p'—+~1'/RNlulp+l

— -1_ |u|q+1 dz.
g+1

Then we find that u is a critical point of the functional I if and only
if u is a solution to the equation (1). We briefly explain the outline of
the proof. We use the mountain pass theorem. We first prove that the
functional I satisfies the mountain pass geometry in Lemma 2.2. Next,
we show that the functional I satisfies the PS condition. Main difficulty
is to obtain a boundedness of a PS sequence. In Lemma 2.3, we prove
this by the following way. Let {u;} be the PS sequence of the functional
I and we suppose that |u;||x — 0o as j — oo and set w; = uju || %"
Since the sequence {w;} is bounded in X, there exists a subsequence
{w;} (we still denote by {w;}) and a function w € X such that w; — w
weakly in X. We derive a contradiction in both the cases w = 0 and
w # 0 in X. Finally, we show that any PS sequence has a convergent
subsequence in Lemma 2.4.

§2. Proof of the main theorem

We recall the mountain pass theorem to prove Theorem 1.1.

Theorem 2.1 ([2]). Let E be a Banach space equipped with the

norm || - ||. Suppose that a functional J € C*(E,R) satisfies the PS
condition and
(i) J(0)=0,

(it)  there ezist constants p,a > 0 such that J(u) > « for allu € E
and [Jul = p,

(iii) there exists a function e € E such that J(e) <0 and |e|| > p.

Then J possesses a critical value ¢ > a. Moreover the critical value c
can be characterized as

= inf J(y(t
c= #‘én‘é}g"f} (v(t)),

where T' = {y € C([0,1], E) | 7v(0) =0, v(1) = e}.

We first show that the functional I satisfies the mountain pass ge-
ometry, that is, we check that the functional I satisfies assumptions (i),
(ii) and (iii) of Theorem 2.1. We find that I(0) = 0. Next lemma shows
that the functional I satisfies the assumptions (ii) and (iii).
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Lemma 2.2, Assume that 1 < ¢ < p < 2*—1and -\ < w <
Omg — A1. Then we find that
(1) there exist constants p, o > 0 such that I(u) > o for allu € X
and [[ul)x = p.
(2) there exists a function v € X \ {0} such that I(v) <0,

Proof. (1) Leter =7n"7% exp(—lTI) be the eigenfunction corre-
sponding to A; for —A + |z|? with |le1]|2 = 1. For h > 0, we have

I(hey) = {/ (IVe1|® + |z|%e] — Arel) dx}
A1)h? hpL ha+l
+ (—ufl—)/ eldz + / e dx — / eItdz
2 RN p+1 Jgn qg+1 Jgn
A1)h? hPt1 hatl
= ———————(w ™ 1) / e%dl' + / 611)+1d$ e / q+1dx
2 RN p+1Jry a+ 1w

We put Ly = ||e;|[5f] and Lz = [le1]|2%]. Then we have

(w + /\1)/12 Llhp+1 . Lth+1
2 p+1 g+1°

I(hel) =

~l
A simple calculation yields that for w+ A; < Ll” i L37?myg there exists
a positive number h; such that

(WHADR | LikETh Lyhdt!

< 0.
2 p+1 qg+1

—1 =1
Therefore, if we set § = Lfﬁ L3 and e = hje; then we deduce that
I(e) <0 for all w < Omg — Aq. :
(2) Since w > —Ay, there exists a € (0,1) satisfying w > —al;.
Then we obtain

1 2 1 2 2 1 1
I(w) = - dz + - dz + —— Pty
(u) 2/RNIVU| z+2/RN(Ix| +w)u x+p+1 IRN|u| i
1
- lu|9T dx
qg+1

1- 1— A
p— |Vu|2dz + __E/ |z|?u?dz + G B / u?dz
2 RN 2 RN 2 RN

1
+ — Ju[PHdz —~ —/ [u|9Tdz.
p+ 1 N q-+ 1 RN
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Since aA; + w > 0, we have

1 1 1
I(u) > cllulls - H—lilUHZL > cllull¥ — cllull§

If ||u|| = p is sufficiently small, then there exists a constant o > 0 such
that I(u) > a. Q.E.D.

Next we check that the functional I satisfies the PS condition. We show
this by two steps. First, we obtain the boundedness of the PS sequence.
Then we find that there exists a sequence {u;} (we still denote by {u;})
and a function u € X such that u; — u weakly in X. Second, we show
that u; — u strongly in X.

Lemma 2.3. Every PS sequence of the functional I is bounded in
X.

Proof. We shall prove this lemma by contradiction. Let {u;} be
a PS sequence of the functional I and suppose that |ju;||x — oo as
j — 0o. We set w; = u;||u || %" There exist subsequence {w;} (we still
denote by {w,}) and a function w such that w; — w weakly in X. Since
X is compactly embedded in L" for 2 < r < 2*, we deduce that w; — w
strongly in L” for 2 < r < 2* as j — oo. Furthermore, we find that
w;(z) — w(z) for a.a.z € RY as j — co. We derive a contradiction in
both the cases w # 0 and w = 0 in X.

First, we consider the case w # 0 in X. We define the subspace
Q CRY by Q = {z € R¥|w(z) # 0}. Since w # 0 in X, we deduce that
Q # 0 and |uj(z)| — o0 as j — oo for z € Q. We have

(p+ 1M +llusllx > [(p + DI (uz) — (I'(u), us)]

P—q 1 p—1 2
> £ Aatlg,. (2.
> Pt [ huyfrrtae - B telul

Dividing the above inequality by ||u;||% yields that

M 1 - -1
(er)2 + 5P q/ @ D, Pz — P Lo
luili%  luillx — g+ 1 Jgw
—~ -1
2 u/|uj|(q_1)|wj{2d:c—p c.

By Fatou’s lemma, we deduce that liminf; .o [ |u;|9V|w;|2dz = oc.
However, we find that (p + 1)M||u;|| 3> + ||luj|| x> — 0. This contradicts
the above inequality.
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Second, we consider the case w = 0 in X. Therefore, we find that
w; — 0in L7 if 2 <1 < 2*. By the Holder inequality, we have

lujllgrr < Nl llu)§ 7,

where 8 = (p+1)(¢—1)(p—1)"!(g+1)~!. Dividing the above inequality
by ||u;||% yields that

1 +1 5_
sl az=¢ [ |lu;llp51
112 < ||w]-|]2 T
1wl % lJusll%

Furthermore, we find that

(g + DM + [lujllx > |(<I+ DI(uy) - <I'( ') u;)|

H ujllpis — 2 CH“J”X
It follows that there exists a positive constant ¢ such that ||u; ||Zﬁ lusli 3 <
c for sufficiently large j. Since [|w;[|2 — 0 and ||uj||gi}||u]|]} < ¢, we

deduce that ||uj||3ﬁ||uj||}2 — 0 as j — oco. On the other hand, we have

P+ DM +llusllx = [(p+ DI (ug) — (I'(u;), uy)]|

D— D g+1
> 2 C|‘uj||X—m||ujllq+l‘

Dividing the above inequality by |lu;||% yields that

1
(p+1)M 1 >p—lc_(p~tI)||ujIIZL.
gl Nwsllx = 2 (q+ Dilugll%

Since ||uj||gi}Huj||’2 — 0 as j — 00, we deduce that for any € > 0, there

exists sufficiently large j such that £ > &5 1c This is a contradiction.
Q.E.D.

Lemma 2.4. Assume that 1 < ¢ < p < 2* — 1. The functional I
satisfies the PS condition.

Proof. Let {u;} be the PS sequence of the functional I. From
Lemma 2.3, we deduce that {u;} is bounded in X. Then there exists a
subsequence {u;} (we still denote by {u;}) and function u € X such that
u; — u weakly in X. Since X — L" is compact in L” for 2 < r < 2%,
we deduce that u; — u strongly in L” for 2 < r < 2*. Since I'(u;) — 0
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in X* as j — oo, we have (I'(u;),h) < g;||h||x for all h € X, where
€j = |[I'(u;)||. We note that e; — 0 as j — oo and

®) ’/]RN <Vuj  Vh (|2 + w)ush + ug P~ ush — |Uj|q_1u]-h) da

<égjllhlx.

If we put h = u; in (5) and let j — oo, then we have

(6) lim (|wj|2 + (Jz)? +w)u§) dz
N

Jj—oo Jr

= lim (—/ |uj|”+1dm—|—/ luj{q“d:n)
j—oo RN RN
= w/ ]u|p+1dx+/ lu|?Tdz.
RN RN

If we put h = w in (5), then we obtain

‘/ (VUj Vu + (|2 + w)uju + us|P  uju — [uj|q_1uju) dz
RN

< gjllullx.

Since u; — u weakly in X and the embedding L%,L% — X* is

compact, letting j — oo, we have

(7 / |Vu|2dx+/ |m[2u2dm+w/ u?dx
RN RN RN
:_/ |u1p+1dz+/ | dz.
RN RN

From (6) and (7), we have lim;_, ||u;||% = |lull%. Therefore, we deduce
that

lim ||Ju; — uH_QX = lim (u; —u,u; —u)x
= Jlull% + lim [u;]} —2 lim (uy,u)x
= % + % —20ul’k =0,

This completes the proof. Q.E.D.

From Lemmas 2.2 and 2.4, we can use the mountain pass theorem and
deduce that I possesses a critical value ¢ which is characterized as ¢ =

infer max;ejo,1) 1(v(t)).
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