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Zero-Range-Exclusion Particle Systems

Kohei Uchiyama

§1. Introduction

Let Ty denote the one-dimensional discrete torus Z/NZ represented
by {1, ..., N}. The zero-range-exclusion process that we are to introduce
and study in this article is a Markov process on the state space XN :=
ZEN (Zy ={0,1,2,...}). Denote by n = (7,2 € Tn) a generic element
of XN, and define

& = l(nz > 1)

(namely, &, equals 0 or 1 according as 1 is zero or positive). The process
is regarded as a ‘lattice gas’ of particles having energy. The site z is
occupied by a particle if £, = 1 and vacant otherwise. Each particle has
energy, represented by 7, which takes discrete values 1,2,... If y is a
nearest neighbor site of x and is vacant, a particle at site z jumps to y at
rate Cex(7):), where cex is a positive function of K = 1,2,... Between two
neighboring particles the energies are transferred unit by unit according
to the same stochastic rule as that of the zero-range processes. In this
article we shall give some results related to the hydrodynamic scaling
limit for this model. ‘

To give a formal definition of the infinitesimal generator of the pro-
cess we introduce some notations. Let b = (z,y) be an oriented bond
of Ty, namely = and y are nearest neighbor sites of Ty, and (z,y)
stands for an ordered pair of them. Define the exclusion operator my
and zero-range operator V, attached to b which act on f € C(XN) by

mof(n) = f(Sbn) — f(n) and Viuf(n) = F(Skn) — f(n)

where the transformation S¢,_: XN s X'V is defined by

Ny, if z=uz,
(ngn)z = Nz if z =y,
Nz, otherwise,
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if & =1 and &, = 0; and S by

Ne — 1, if z =z,
(Soem)z =19 My +1, if z=1y,
Nz, otherwise,

if , > 2 and &, = 1; and in the remaining case of 7, both S n and S2.n
are set to be 7, namely

Stn=mn if &(1-§)=0,

Spn=mn if 1(ns >2)& =0.
Let cex and c, be two non-negative functions on Z, and define for

b=(z,y)
Ly = Cex('r/.'z:)ﬂ'b + Czr(n:c)vb'

Let T} denote the set of all oriented bonds in T y:
Ty ={b=(z,y) : 2,y € Ty, |z —y| =1}.
Then the infinitesimal generator Ly of our Markovian particle process
on Ty is given by
Ly= Y L.
bETY

It is assumed that for some positive constant ag, cex(k) > ag for k > 1
and ¢, (k) > ag for k > 2. This especially implies that the lattice gas on
Ty with both the number of particles and the total energy being given
is ergodic. We call the Markov process generated by Ly the zero-range-
exclusion process. For the sake of convenience we set

cex(0) =0 and c;(0) = c,(1) =0.

We need some technical conditions on the functions cex and c¢;:
there exist positive constants aj, az, as, a4 and an integer ko such that

(1) lear(k) —cor(k+ 1) < a1 forall k>1;
(2) Car(k) — ce(l) > az  whenever k > I + ko;
(3) ask < cex(k) < agk for all k > 1.

These conditions are imposed mainly for guaranteeing an estimate of
the spectral gaps for the local processes ([4]). The conditions (1) and
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(2) are the same as in the paper [2] where is carried out an estimation
of the spectral gap for the zero-range processes.

We shall also write 7, S%Y, Ly ,, etc. for m, S8,

Ly, etc.

Grand Canonical Measures and Dirichlet Form.

For a pair of constants 0 < p <1 and p > plet v, , = Vg: Y denote

the product probability measure on X whose marginal laws are given
by

1-p if 1 =0,
VA z ifl =1,

vpo({{n:me =1}) := A(p,p) .
p (A(p, p)) 1o

Zap)  Cax(2)car(3) - cur(l)

)\l—l

{o o)

for all z. Here Zy := 14+ ,_, o Den@) ol

positive constant depending on p and p and determined uniquely by the

relation E¥r¢[n,] = p, where E¥».» denotes the expectation under the

law vp ,. Clearly E¥rr[£;] = p. The lattice gas is reversible relative to

the measures v, , (namely Ly is symmetric relative to each of them).
It is convenient to introduce the transformations S, b = (z,y) which

acts on n € XV according to

st if& =0
b __ ex ] Y )

and A(p,p) is a

and the operators
Ly = &emp + 1(ne 2 2)Vs (b= (z,9)).

The latter may also be defined by Ty f(n) = f(S®n)— f(n) (f € C(&xN)).
Let 7,n be the configuration n € X viewed from x, namely (7,1), =
Net+y. We let it also act on a function f of n according to 7, f(n) =

f(rzm). Setting

c01(n) = cex(10)(1 — &1) + car(10)15
c10(n) = cex(m) (1 — &o) + cor(m)éo0;

and ¢z z4+1 = TzCo1 Cx+1,2 = TzC10, W€ can write

Lb = Cbrb.
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The Dirichlet form is then given by

Dro{fy = 3 El(Tof) e

bET},

(Functions f of configuration 1 will be always real in this article.)
Diffusion Coefficient Matriz.

Following Varadhan [7] we define the diffusion coefficient matrix.
First we introduce some notations. Let X denote Zf, the set of all
configurations on Z and F, the set of all local functions on X’ (namely,
f € F. if f depends only on a finite number of coordinates of n € X).
For f € F. we use the symbol f to represent the formal sum »_ 7. f. It
has meaning if T'g; is acted:

Tof = Zroﬂ'mf = ZTme,z-i-lf)
x x

where the infinite sums are actually finite sums. Let x(p, p) denote the
covariance matrix of & and 7o under vy, ,:

_( A=pp  (1-—p)p
X@W”‘(u—mw E%ﬂm—pF)

For each 0 < p < 1,p > p, let &(p,p) = (¢“I(p, p))1<i j<2 denote a
2 x 2 symmetric matrix whose quadratic form is defined by the following
variational formula:

a-ép,p)a = éNp,p)a® + 26 (p, p)afB + 2 (p, p) 5

=g B [(Tor{abo-+ B0 + /1) o]

where o = (a,3)T, a two-dimensional real column vector (T indicates
the transpose), and - indicates the inner product in R x R. Then the
diffusion coefficient matrix is defined by

D(p, p) = &(p, p)x ' (p, p),

where x~!(p, p) is the inverse matrix of x(p, p). The two eigen-values of
D are positive (cf. Section 5) and D is diagonalizable.
Let V~& and V™7 be the particle and energy gradients:

V=& —-& and Vigp=n—-m
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and wf] and wg] the particle and energy currents, respectively, from the
site 0 to the site 1 :

w01 _L{O 1}{50} and w01 = _L{O 1}{770}

Here L;g,13 = Lo1 + L1o. The explicit form of the currents are

wh = cex(Mmo)(1 = &1) — cex(m)(1 — &)
Wi = Cex(n0)(1 = €1)M0 + o (m0)€1 — cex ()1 — €o0)m — car(m)éo.

f

We can show that

w1 V¢ Lfr) | P
<w(])51> —D(p, p) (v_n> € {(Lfg) : f1, f2 € FX for some K € N} ,

where {---}""* is the closure relative to the central limit theorem variance
VPP (see Section 3). This would lead one to expect that the hydrody-
namic equation for the limit densities p = p(t, ) and p = p(¢,0) should

be
o (p\ 0 d (p
ot <p> = 26" ") (p)'

Unfortunately in deriving this equation there arises serious difficulty
due to the unboundedness of the spin values. While the marginal of
our grandcanonical measure is roughly Poisson, the energy current wg
involves the term cex(70)no that is bounded below by én2 (§ > 0) and
cannot be controlled by the grandcanonical measure as in the case of
Ginzburg-Landau model, the logarithm of the Poisson density function
being of the order O(nplognp). Nagahata [3] studies a similar model
and derives a system of diffusion equations of the same form as above:
his model is the same as the present one except that the energy values
are bounded by a constant.

In the rest of this article we shall state some results on the equilib-
rium fluctuations and the central limit theorem variances without proof,
and give certain asymptotic estimates for the density-density correlation
coefficients and for the least upper bound of the spectrum of an operator
of the form Vi + L as consequences of these results. In the last part of
the paper some upper and lower bounds of the diffusion matrix will be
given.
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§2. Density-Density Correlation Function

Consider an infinite particle system on the whole lattice Z whose
formal generator is L = 3 ¢,I'p. It is well defined on F:

Lfm) =Y aMTef(m), f€Fe

beZ~

Let F? be the set of all f € F. such that both f and Lf are in
L*(vp,,X). Then the operator L with the domain FY is a symmet-
ric and non-negative transformation in L?(vp, ,, X). Clearly F? is dense
in L%(vp,p, X). Hence L has the Friedrichs extension, which we denote
by £: namely £ is the smallest self-adjoint extension of L. The following
theorem is a consequence from the standard theory on the semigroup of
operators. Let Ag be the finite interval {—K,... ,K} and Ljk) the
generator of the lattice gas on Ak, namely

Ly = Y, Lus
bEA* (K)

also put Xp(x) = Zﬁ(K). Here A(K) is used in stead of Ax in sub- or
superscripts and A*(K) = (A(K))* (the set of all oriented bonds in A).

Theorem 1. The operator L generates a strongly continuous
Markov semigroup on L2(vp ,, X). Denote by S(t), t > 0 this semi-
group, and by Sk (t) the semigroup on L*(Xp(x)) generated by L (k).
Then

Jim_ k() f(nlago) = SOF ), [ € 7,

strongly in L?(vy, ,, X). The convergence is locally uniform in t.

Fix 0 < p <1 and p > p. Let n(¢) be a Markov process on X whose
infinitesimal generator and initial distribution are £ and v, ,, respec-
tively. Denote the probability law of the process n(t) by Peq = Peg(p,p)
and the expectation relative to it by Eeq(p,). Define the fluctuation
processes ;5 and Y5 by

P __L T 24\ %)
YiN(J) = m;z"( /N)(E(N?t) —p), J€CF(R),

YE(J) = \/—% 2; J@/N)na(N?%) — ), T € CP(R)

respectively. (C§°(R) is the set of smooth functions with compact sup-
ports.) Under the equilibrium measure Py, ,) the process Y;n =
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(Y;ﬁv,Yt‘?N) converges in the sense of finite dimensional distributions,
namely for each set of Jy,...,J; € C(R) and ty,... ,t; € [0,00), the
joint distribution of Y3, n(J1),...,Ys, n(Jk) converges ([6]). The limit
process Y; = (Y,F,Y,F) is an infinite dimensional Ornstein-Uhlenbeck
process. The distribution of Y; is described as follows.

Let Kp denote the fundamental solution for the heat equation

o 5 02
al= D pge

and U; a matrix of corresponding convolution operators:
U0) = [ Kp(t,0—6))a8"

where J = (J1,J3)T € C(R) x CP(R). Let J; and J, be vector
functions of the same kind. Then the distribution of the limit process
Y;: is given by

) ) 1 rt
E[el(yoyll)e@(yt»lz)] = exp [ - 5 / Q{Urlz}dr - %02{Ut12 +J_1}:|;
0

in particular
(4)  E[(Yo,dy)(Ys,J5)] = 0*(Ueds, J1) = (x(, P)Ui 2, J1) 12(R)-

Here E denotes the expectation by the probability law of the limit
process and

QLY =2, e )2y, oI} = (L, x)r2m)-

(Also (Y3, J) = Y2 (1) + YVE(R), (L1, o) 2wy = Jg(JiJ3 + J7J3)db;
&= &(p, p) is the matrix appearing in the definition of D = D(p, p); J' is
the (component-wise) derivative of J; o2(-, ) is the bilinear form associ-
ated with the quadratic form 02{-}.) The kernel Kp may be explicitly
written down in the form

1 [ ‘
Kp(t,0) = o / exp{—tAZDT}e"*d)\

— VamDT exp{—0%(4tDT)"'}.

Here D7 is the transpose of D; for a 2x 2 real matrix A whose eigenvalues
are positive,

NN S AT S
\/Z._ﬁ/_ooexp{ 62A~1}do,
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which is a real matrix having positive eigenvalues such that A = (v/A)2.
Define the symmetric matrix ¥(z,t) with parameters (z,t) € Z x
[0, 00) by

a-Y(z, t)a = Eeq(p,p) [ug(O, O)UQ(x7 t)]

‘.

where uq(z,t) = a(é:(t) — p) + B(nz(t) — p).

Since Peq(p,p) is invariant under the translation, ¥(z,t) is the covari-
ance matrix of (£;(s),7,(s)) and its space-time translation (§;4,(s +
t), Nz4y(s +t)). Hence if we define

R(z,t) := X(z, t)x " (p, p),

then R(z—y,t—s) is the space-time correlation coeflicient of (£, (¢), 1,(t)).
The next theorem states that R(z,t) behaves like R(z,t) = Kp(t,z) as
z,t — 00, as being expected ([5]).

Theorem 2. For J = (J1,J?)T ¢ C°(R) x C§°(R)
lim S R(z, N2)J(z/N) = / K (t,0)J(0)d6.

N->oo
reZ

Theorem 2 is deduced from (4). Indeed by (4),

—
Tt
~—

Jim =SS (u/N) - Rl -y, N0y (2/N)

= /oo 41(0) - UpJ,(0)df

— 00

because the formula under the limit on the left side equals E[(Yo n,J;)
(Yi,n,J5)]. If the delta function could be taken for J,, the relation of
Theorem 2 would come out. For justification we take Fourier transform
in (5). To this end let R be the Fourier series with coefficients R:

RNME = SOutx™Y,  AeR
B(A,t)

I
@
©
>
8
\g|
—
B
o~
~—

Lemma 3.
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Proof. If a, = e***%(x,t), then

k—1 k-1 2k

Yo D aypa= > (2k-|ul)au.

z=—k y=—k u=—2k

The right-hand side divided by 2k converges, as k — oo, to 33(), £). Since
S(t) is a symmetric operator, the first diagonal component of a,_, may
be expressed in the form

ajt, = B[S (t/2){&, — ple T S(t/D{E — p}),

and similarly for the other components; hence
2

3 i 1 Vp,p
aX(\ta = lim ﬂE

k—oo

k—1
5(t/2) { Z eikm[a(gm ~p)+ B(ns — ,0)]}

z=—k

The inequalities of the lemma now follow from the fact that S(t) is
contraction in L?(v,, ,). Q.E.D.
Proof of Theorem 2. Rewriting the relation (5) by means of R, we have

Nm

lim [ Jy () ROUN, N2, (—A)dx
N—ooo —Nx
(6) = /oo J1 () e 0T Jo (= M)d.
Here
JV ) = %Zi(m/N)ei’\z/N, Jo) = f_ Z J(0)e*do.

By the Poisson summation formula, iN()\) = ez J(A+27Nx). The
class of Ji (i = 1,2) in (6) may be extended to the set of rapidly
decreasing functions. Let § > 0, g5(6) = (478)"*/2¢="/4%) and J, (§) =
gs(0)a. Then, §s(A) = e=**" and

2 R _oy2 2€w5(7rN)2
e <G () < e + sy (A< Nm);
and writing J for J, in (6), we infer that
N ez 20 7N
Nlim e " a-R(A/N,N°t)J (—A)dA
— 00 —N~m

= / Ny e“t’\zDTj(—)\)d)\.
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On taking the limit as 6 | O this relation is also valid for 6 = 0. The
proof is complete. Q.E.D.

§3. Central Limit Theorem Variance

The canonical measure for the configurations on A,, with the number
of particles m and the total energy E is the conditional law

Upo(+ N {lam) =m, Mlam) = E} | Fzaam) )
Vpo(lElamy =™, nla@m) = E)

Here for A C Z, [§|a = > e & and [9la = D, cp 25 Fa stands for the
o-fleld in X generated by n,,y € A. From the reversibility relation it
follows that for any functions f and g of  and any bond b € A},

Em,les(m) £(S*0)g(0)] = Enm,ley (n) f(n)g(S¥ )],

where b’ is the bond obtained from b by reversing its direction. The
Dirichlet form for Ly,) accordingly is given by

Dn,m,E{f} = —En,m,E[fLA(n)f]
= Z Dz,m,E{f}

beA*(n)

Pn,m,E[ . ] =

where DfL’m,E{f} = %Emm’E [(Tsf)2cy],; the corresponding bilinear form
is given by

D?L?m,E(fa g)= —lEn,m,E[f' (Lo1+Lio)g] = "];En,m,E[(Folf)(l—blg)coﬂ-

2 2
We introduce a function space on which the central limit theorem
variance is well defined. The numbers p and p are fixed so that 0 < p < 1
and p > p unless otherwise specified. They will be dropped from the
notations if used as sub- or superscripts.

Definition 4. Let G denote the linear space of all functions h € F,
of the form
(7) LiH:=Y L,H=h,
bel*

where I is an interval of Z and H is a local function such that for some
positive integer K,

(8) Y THm)? <KDY ()5, nex.

ber* zcl
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(This bound, which may be replaced by a weaker one, is adopted only for
convenience sake. We may take I as the minimal of intervals A such
that h € Fy. )

If h € F, satisfies

E¥[R| Fanr vV o{l€lr, Inlr}] =0 as.,

then it admits a representation (7) but the condition (8) may fail to
hold. The functions wd},w§] are in G: the requirements are satisfied
with T = {0,1} and H = —&; and H = —1q, respectively. For each
positive integer K put

FE={feF: IfMI <K > )"}

el <K

Then the linear space LFX is obviously included in G.

Let Ly m,r denote the restriction of L,y to the space of functions
on Xy m,e = {n € Xr(n) : [€|a@m) = M, |nlam) = E}, and for h, g € G,
define

1 _
Vn7m7E(h’ g) = _277:E’n’7m7E Z Tzh - (—Ln,m,E) ! Z Ted | »
|z|<n’ lz|<n’

where n’ is the maximal integer among those for which both sums in the
brackets are F (n)-measurable.

Theorem 5. For every h,g € G and for every p > 0,p > p, there
exists a following limit

im V, h
m/2n—p,E/2n—p n,m,E( ’ g)’

where the limit is taken in such a way that n,m and E are sent to infinity
so that m/2n — p and E/2n — p. The functional defined by this limit
makes a bilinear form on G. If it is denoted by

V(h, g) = me(ha g)»
then the subspace
Go := {awl, + Buwl, — Lf: a,B € R, f € FX for some K}

is dense in G with respect to the quadratic form VP*{h} .= VP (h h).
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Theorem 5 says that every h € G can be approximated by an element
of G, in the metric v VP as accurately as one needs. To apply this to
the gradients V™ := &y — &; and V™5 := 19 — 11, we need the following
lemma (cf. [6]).

Lemma 6. Suppose that (1) and (2) are satisfied. Then both V™¢
and V™n are in G. Let HY and HF stand for the corresponding H’s
( with I(h) = {0,1} ). Then

T HY = &y/cex(no) and TorHF =ng/cex(no) if &(1—&) =1
and Ton HY = 0 if £o(1 — &) = 0; moreover there exists a constant § > 0
such that § < To1 HE < 1/§ whenever 1(no > 2)¢; = 1.

The proof of Theorem 5 may be carried out along the same lines as
in [7] or [8].

§4. The Least Upper Bound of Spectrum

In this section we are concerned with the Markov process whose
infinitesimal generator is £, a self-adjoint operator on L%(v, ,) (see The-
orem 1). Let P(X) be the set of all probability measures on X. Define
a functional Z(u) of p € P(X) b

I(p) = E¥[p(—L)yp], where p = \/dpu/dv

if p is absolutely continuous relative to v = v, , and ¢ is in the domain
of /—L; and Z(u) = oo otherwise. For a local function G on X let
Q.{G+ L} denote the least upper bound of the spectrum of the operator
G + L. Tt has the variational representation

Q{G+L} = sup (E“ [G] - z(u)).
neEP(X)

Given a positive integer n and h € G, let n’ be the maximal integer
such that 7,h € Fp(, if [y| < n/, and define a function G, = G% by

1
Gn == % Z Tyh.
yilyl<n’

Theorem 7. Let h € G. Let the interval I = I(h) and the func-
tion H be chosen so that

(9) > (ToH)c, < AY ¥

beI* xzel
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where n& = (n,)X, and A and K are positive constants with K > 1 .
Let G, = G be defined as above. Also define a function ¢t (n) forl>1

by

z:jz|<n
Then, if A € (—=1,1), J € C3(R), and C is a positive constant such that
AlT?(1 —27%)=1 < C, it holds that for all n,l € N,

— C
: A _ L l 1422
Jim {%; [N J(@/N)roGr — = J*(2/N )Tzcn] +N E}

<INz sup Vims{h}
m,E:E/m<2l

where ||J||2, = [g J?d0 and the supremum is taken over all couples of
positive integers m and E such that m < E < 2lm.

Proof. The proof is divided into three steps.

Step 1. This step is quite similar to a corresponding argument in
[7], so we provide only an outline. The supremum of the spectrum 2,
that is to be estimated may be given by the variational formula

C .
< i2raCh| = NI ()

oV = sup E“{ N2jy70Gr, —
5 [snc. S

HEP(X)

where we put j, = J(z/N).

Let ¢ = \/du/dvand D =3, . D°, then I(u) = Y yezn D*{¢} =
=3 ez DA {1,0}. We substitute this into the variational expression
given above. To compute the expectation appearing in it we first take the
conditional expectation conditioned on w = n|sc. If u(-|w) stands for
this conditional law, then E*[G,] is expressed as an integral of F(w) =
ErCI9[G, ] by pu. We have a similar expression for the form DA™ {1,
which may be naturally restricted to the space L2(vA(?), Xr(ny) (W™ is
the product measure on X, with the same common one-site marginal
as that of v = v}, ;). Rewriting p for u(-|w) € P(X(n)) and taking the
supremum in p, we see that Q% is not greater than

N1+2)\

C
sup E*|N%ju G — =52¢ | = DA™y }
2n zeZ”GP(XA(")){N1+2A [ N z n] { }

Decomposing X (n) into the ergodic classes A, m g We may express
DM Lo} in the form DA™ {p} = Y om 25 Pm,EDn.m 5{¢m,5}, where
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Pm.E = W(Xn,m,g) and ¢, g is the square root of a probability density
on Xp m,e. As a consequence we see that if

2nj 2nCj2
Umee= s {ZEEEHG) - TR PG - Pmsle)
122 n,m,E
then
N1+2>\ N
(10) QN < m — :‘:p QnmEac

Step 2. Let (-)nm,p stand for the expectation by P, m g. For H
introduced in Definition 4 and for any Fj ,)-measurable function u, we
have the following identity

(11) (uTgh)n m.E = —% Z <1“b+wu . Tm(CbeH)>

n,m,E
beI*(h)

or in terms of the Dirichlet form

(12) (Wrehynmp=— Y Dote o(u, 7 H).
beI*(h)

(Here b + z is the oriented bond obtained by translating b by z.) From
this it follows that

E*[Gp] = —— Z > D p(reH, 7).

|a:|<n’ beI*(h)

A simple computation verifies that the terms |Dz’m’ 5(F,¢?)|, where F €
C(Xn,m,E), are bounded by

\/ %< [(PbF)2Cb + (Fb/F)%b/] <p2>n’m’E1 /DY . 5{e}

where b’ is the bond b but reversely oriented. By employing Schwarz
inequality and the assumption (9) on H it therefore follows that |[E*[G,,]|

is at most
> Y (CesareHPerap?) I[P ple}

|lz|<n’ bel*(h) ’

S %\/A Z <77£<‘P2>n B V’Dn,m,E{w}'

|z|<n ’
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By the inequality 2ab — a® < b? this shows that

2 AlIP2
(13) N1+2)\ E*# [Gn] - Dn,m,E{QD} < W <nf@2>n .
jel<n m,

Since (MY 1)K < m~1Y nK, the condition E = Y 7, > 2Im
implies the inequality 27% 3" 7&K > [%m, which in turn implies that

¢ = nF1(ne > 1) 2 Y 0 —1Fm> (1 -275) Y gk

This combined with (13) shows that if the constant C is chosen so that
A|I? < (1 —27%)C, then

Qﬁ{m’E’w <0 whenever E/m > 21,
and accordingly that the supremum over the pairs of m and E in (10)
may be restricted to those satisfying E/m < 2I. Consequently

1+2A
N N

n,m,E,x"

(14) oV < sup Q0
n S5 mEBE/m<2

Step 3. Now we apply the following estimate for the spectrum of the
Schrédinger type operator Ly, m g + F with F € C(X,,m, g) satisfying
<F>n7m7E = O:

4
(15) Qo{F+ Ln,m,E} < (F(_Ln,m,E)_1F>n,m,E + 'N_QHFHiov

where K, = Knm g is the second eigenvalue of —L,, ., g (cf. [7],[1] etc.).
Taking F = (2nj,/N***)Gpm g in (15), where G i g = Gn|x, .m0

QN

n,m,E,x

IN

QO{(2njz/N1+A)Gn,m,E + Ln,m,E}
. . 3
(27)Vi,m, { th} o [—‘TVTJ——

2nj2 1
= warax Vnmeih} +0O (W) :

INA

From (14) we thus obtain Iim QN <||J||2.  sup  Vpmre{h}, the
N—oo m,E:E/m<2l
required bound. Q.E.D.

The next theorem is essentially a corollary of Theorem 7.
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Theorem 8. Let h € G and put

FN(n) = \/JVZ J(z/N)7ph(n).

z€Z

Then there exists a constant C' such that for all positive constants 3 and
l

< BTIJIfL.  sup  VPoPo{h}

PosPoiPo/Po<l

+(log2)/8 + (CB)/1.

Tim Eeq
N—o0

T
| v
0

Proof. We may replace 'V by

1
=VNY_ J(/N)5- > rh
T€Z y:ly—z|<n’
In fact if

=53 > [J(@/N)-J(y/N),

y: ly—z|<n’

then [a%; | < fnr/lI/VN |J”(s + N~1z)|ds and the difference

FN—F,{V E aNnT;,;
weZ

is obviously negligible under the equilibrium measure.

Introducing the random variable XV = fOT FN(n(N?t))dt, we may
write Eeq| X Y| for what to estimate. Let K > 1 be a constant for which
the condition (9) is satisfied. Let ¢!, be a function defined in Theorem 7
and put

T
= [ X S emdaer

Then by Jensen’s inequality and the Feynman-Kac formula

Eeq[|XN| = BY™]

log 2
—log Iilaerq[eiﬁXN_ﬂzyN] + O—g—

T
<3 111?3(90{ +BFN - EEZZ |80 (@/N)Proch + N2L} 4+ 25

log 2
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According to Theorems 7 and 5, if C is chosen suitably large, then

B Feql |X™|— BYN | < BT\ J|Z.  sup  VPore{n} 4 82
N—oo0 po,Po:PO/POSl ﬂ

This gives the required inequality since Eeq[8Y Y] < C15/1. Q.E.D.

§5. Upper and Lower Bounds For D(p, p)

Let k = k(p, p) and & = R(p, p) stand for the eigen-values of D(p, p)
such that k < K. We here prove that for some positive constants m and
M,

m
p+(14+X)-1

where A = A(p, p) is the parameter appearing in the definition of v, ,.

<k<RE<MQA+X) (p>p>0),

Proof of the upper bound. We shall apply the fact that if ¢, is a sym-
metric 2 X 2 matrix and & > ¢ then Tr(éx™!) > Tr(éx™1). Let (-)
indicate the expectation under v, ,. Then

IA

a-&(p, p)a

<(F01{a€0 + 5”0})2601>
<{a§0 + Bmo}?(1 - 51)cex(no)> + B%(€o€1¢2r(0))

In view of the conditions (2) and (3), cex(n0) < Cleu(n0)+1(no = 1)]. By
combining this with the relations (c,(10)) = pA, (Moca(m0)) = (p + p)A
and (nécu(no)) = ((N3) + 2p + p)A, the last line above is dominated by
B2%p? ) plus a constant multiple of

(1 —p)le®pA +2a8(p+ p)A + B2((05) + 20+ P)A + (¢ + 5)*(1(no = 1))].

Recalling what is remarked at the beginning of this proof, noticing
det x = (p(ng) — p*)(1 — p) so that

1 ( () — P -(l—p)p>
p(mg) —p?)(1—p) \ =(L=p)p (1—p)p

and carrying out simple computations, we see that

X (p,p) = (

Tr(éx™") < CilA+ P (W) (p(m3) — p*) " + Al

Since &+ k = Tr(éx™!), these yield the required upper bound, if we can
find a positive constant 6 so that

(16) p(ng) — p* = 8p*A.
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(This is certainly true for A < 1.) To this end set £ = ¢()\) = max{k :

cal{k) < A} and px = vp{n : mo = k}/p. Noticing that pry1/pr =
A c(k + 1), we infer from |c, (k) — ¢r(€)] < a1]lk — £| that for all

sufficiently large A,
pr > peexp{—ay(k — £)%/A} if |k—£ <2V,

or, what we are about to apply, min{} ,_,_ /x Pks D_p>eyyx Pk} = 0
with some constant § > 0 independent of A. Hence

() /p— (p/p)* = E"*[lno —p/pl*|m0 > 0]
> APY»e[|no — p/p| > VA |m0 > 0] > A

Thus we have shown (16).

Proof of the lower bound. Let A = A(p, p) be a 2 X 2 symmetric matrix
whose quadratic form is

a-Aa=V{aV~{+ BV}

Then D(p, p) = x(p, p)A~(p, p) and it holds that V{aV~—£+ 8V} <
((Tor{aHF + BHFY})?co1) (cf. [6]), where HY and HZ are functions
introduced in Lemma 6. We shall apply the inequality

det(xA™') 1
(17) £ 2 ROATT — T(eTA)

By employing Lemma 6 as well as the conditions (1) through (3) we see
that for some constant C,

a-Aa < (T {aH? +BHE})?cy;)

. &o( 1) ,
C<Czr(770 1) (ko + Bro)? > + CB2{Ercy (o))

One observes that the right-hand side equals C times

IA

(1~ p)% (1 _ Zi) +2a8(1 - p)? 32
+67 (1—;—9«% —&)?) +p2A).
Noticing that Zy =1+ A/c,;(2) + O(A?) as A | 0 and vp p{no = 2} =

pA/¢z:(2)Zy, and applying the inequality used in the preceding proof,
we infer that

(18) det(x)Tr(x *A) < C'p* (1 —p)A for 0<A <1
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For large values of A we make an elementary computation (as we did for
the upper bound) to see that det(x)Tr(x 1A) is at most C times

_ o202 (1
1—/\—p(2—p)(p<n3>—p2)+(1 f) P —(1Azf)p(<n§>—pz)+(1—p)p3/\~

Hence, in view of (16),
1
Tr(x 1A) < C’ [X +p} (A>1).

This together with (17) and (18) concludes the asserted lower bound of
K.

References

[1] C. Kipnis and C. Landim, Scaling limits of particle systems, Springer,
1999.

[2] C.Landim, S. Sethuraman and S. Varadhan, Spectral Gap for Zero-Range
Dynamics, Ann. Probab. 24 (1996), pp. 1871-1902.

[3] Y. Nagahata, Fluctuation dissipation equation for lattice gas with energy,
to appear in Jour. Stat. Phys., Vol. 110 Nos.1/2 (2003) 219-246.

[4] Y. Nagahata and K. Uchiyama: Spectral gap for zerorange-exclusion dy-
namics, preprint

[5] H. Spohn, Large scale dynamics of interacting particles, Text and Mono-
graphs in Physics, Springer, 1991.

[6] K. Uchiyama, Equilibrium fluctuations for zero-range-exclusion processes,
preprint

[7] S.R.S. Varadhan, Nonlinear diffusion limit for a system with nearest
neighbor interactions - II, Asymptotic problems in probability theory:
stochastic models and diffusions on fractals (eds. K.D. Elworthy and
N. Ikeda), Longman (1993), pp. 75-128.

[8] S.R.S. Varadhan and H.T. Yau., Diffusive limit of lattice gases with mix-
ing condition, Asian J.Math vol. 1 (1997), 623-678.

Department of Mathematics

Tokyo Institute of Technology
Oh-okayama, Meguro

Tokyo 152-8551

Japan

E-mail address: uchiyama@math.titech.ac.jp



