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§1. Introduction

Definition 1.1. Let f;(z1,...,z,) be polynomials whose coeffi-
cients are real or complex numbers. An affine algebraic variety is the
common zero set of finitely many such polynomials

X =X(f1,---, fr) = {x]| fi(x) =0, Vi}.

To be precise, I also have to specify where the variables z; are. If the f;
have complex coefficients then the only sensible thing is to let the x; be
complex. The resulting topological space is

X(C):={xeC"]| fi(x) =0, Vi},

which we always view with its Euclidean topology. If the f; have real
coefficients then we can let the x; be real or complex. Thus we obtain
two “incarnations” of a variety

X(R) :={xeR"| fi(x) =0, Vi}, and
X(C):={xeC"| fi(x) =0, Vi}.
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Again, both of these are topological spaces where the topology is induced
by the Euclidean topology on R™ or C™.

It is frequently inconvenient that X (C) is essentially never compact.
To remedy this, we introduce projective varieties which are closed sub-
sets of the projective n-space P™. Since the coordinates of a point in P”
are defined only up to a scalar multiple, the zero set makes sense only
for homogeneous polynomials. Given any number of homogeneous poly-
nomials F;(zo,...,z,) we obtain the corresponding projective variety

X =X(F,...,Fy) ={xeP"| Fi(x) =0, Vi}.
As before, we can look at the set of real or complex points

X(R):={x € RP" | F;(x) =0, Vi}, and
X(C):={x e CP" | Fi(x) =0, Vi}.

Basic Question 1.2. My main interest is to establish connections
between the algebraic properties of X and the topological properties of
X(C) and X (R). There are two main direction that one can follow.

Determining which topological spaces can be obtained as X (C) or
X(R) is called the realization problem. One may also ask for realiza-
tions where there is a strong connection between various algebraic and
topological properties.

We may also want to know which algebraic properties of X are
determined by topological properties of X(C) or X(R). This is the
recognition problem. Ideally we would like to have a way of computing
algebraic invariants from topology.

One can also say that the recognition problem is about obstruc-
tions to the realization problem. A recognition result leaves us with less
freedom in the realization problem.

The following example illustrates the general features of the recog-
nition problem, which is the main focus of these notes.

Example 1.3. Let F(zq,...,z,) be a real, homogeneous polyno-
mial of degree d and set Xp := (F = 0) C P". The basic algebraic
invariant of F is its degree deg F. The simplest form of the recognition
problem asks if deg F' is determined by Xz(C) or Xp(R).

In this generality the answer is no. Indeed, F and F? have the same
zero sets but different degrees. Thus it is sensible to assume to start
with that F' is irreducible. With this assumption the degree is easy to
read off from topological data.
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Hy,,_2(CP™,Z) = 7 where the generator is given by the hyperplane
class [H]. It is easy to see that Xp(C) C CP" has a homology class
[XF((C)] S Hgn_g((CPn,Z) and [XF((C)] = degF . [H]

It is somewhat harder to obtain deg F' from X (C) alone. First of
all, there are some exceptions. For instance, if G = :cg_lch — z¢ then
X(C) is homeomorphic to S2. This is caused by the fact that X (C)
is not a submanifold of CPP? near the point (0:0: 1).

If we restrict our attention to the case when Xz (C) is a submanifold
of CP™ then we are in a good situation. For instance, it is easy to
write down a formula for the Chern classes of Xz(C) in terms of deg F
(cf. [Hirzebruch66, §22]). From this we see that X (C) determines deg F
with the sole exception Xz (C) ~ S? where deg F' can be 1 or 2.

The real case is trickier. H,_1(RP™,Z,) & Zs and the generator is
given by the hyperplane class [H]. X(R) C RP" has a homology class
[X(R)] € Hy—1(RP™,Z3) and [X(R)] = deg F' - [H]. Thus the topol-
ogy determines deg F' mod 2. In fact one can not do better than this.
It is not hard to see that if Xp is smooth and F* is a small homoge-
neous perturbation of (zZ + --- + 22) - F then the pairs (RP", Xr(R))
and (RP™, X« (R)) are diffeomorphic. This shows that X (R) does not
provide an upper bound for the degree.

On the other hand, X(R) does provide a lower bound for deg F'.
Indeed it is a priori clear that only finitely many topological types can
be realized by hypersurfaces of bounded degeree. Thus if X (R) is com-
plicated then deg F' has to be large. [Milnor64] is an explicit result in
this direction. I do not even have a conjecture about the precise answer.

Thus we can summarize our results as follows:

Conclusion. Let X C P" be a smooth hypersurface. Then
1. X(C) determines deg F.
2. X(R) determines deg F mod 2.
3. If X(R) is complicated then deg F' is large.

The aim of these notes is to collect a series of results and conjec-
tures concerning the recognition problem of real and complex algebraic
varieties. As in the hypersurface case, the main idea can be summarized
as follows.

Principle 1.4.
1. X(C) determines the important algebraic invariants of X.
2. If X(R) is complicated then X is also complicated.
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§2. Homological Methods

As an intermediate step of our answers, we can study the relation-
ship between X (C) and X (R). The simplest case is when X is the zero
set of a real polynomial in one variable. Then X (C) is the set of complex
roots and X (R) the set of real roots. We have the following two basic
relationships:

1. #£(real roots) < #(complex roots), and
2. #(real roots) = #(complex roots) mod 2.

It is quite amazing that these elementary assertions can be general-
ized to arbitrary dimensions.

Theorem 2.1 [Floyd52], [Thom65]. Let X be a projective variety
over R. Then

th X(R),Zy) < th (C),Zy),

where h{(X (R),Zs) is the dimension of the Zy-vector space H{(X (R),Zs).

Theorem 2.2 [Sullivan71]. Let X be a projective variety over R.
Then
x(X(R)) = x(X(C)) mod 2,

where x denotes the Euler characteristic. (The choice of the coefficient
field does not matter.)

It is slightly disappointing from the algebraic point of view that both
of these results are essentially topological. Complex conjugation gives
an involution 7 : X (C) — X (C) whose fixed point set is precisely X (R).
2.1 and 2.2 hold for the fixed point set of any involution.

Equality frequently holds in 2.1, even in the algebraic case. A gen-
eralization is given in [Krasnov83], but the main part is again purely
topological. Thus it is possible that the homological aspect of compar-
ing X(C) and X(R) has very little to do with algebraic geometry.

The homological methods give sharp results which are especially
useful in dimensions 1 and 2. The reason is that a topological surface is
determined by its homology groups. By contrast, the homology groups
of a 3-manifold carry very little information. For instance, there are
many 3-manifolds M, called homology spheres such that

Ho(M,Z) =7, Hy(M,Z)=Hy(M,Z)=0, Hy(M,Z)=Z
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For 3-manifolds the crucial information is carried by the fundamental
group. In higher dimensions one needs the other homotopy groups as
well. One of the main challenges of the theory is to connect the homotopy
theoretic properties of X(C) and X (R) with the algebraic nature of X.

83. The Realization Problem

Over the real numbers, the realization problem has a very nice com-
plete solution. The first results of this type were proved by Seifert.
The main contribution to the subject is [Nash52] which was sharpened
by [Tognoli73].

Theorem. For every compact differentiable manifold M there is
a real, smooth, projective variety X such that M is diffeomorphic to
X(R).

The case of singular varieties is still not completely solved. For some
recent results see [Akbulut-King92].

The realization problem behaves very differently over the complex
numbers. There are very few manifolds M which can be written as X (C)
for a smooth projective variety X.

First of all, the dimension of M has to be even. The Hodge structure
on the cohomology groups of M gives further restrictions. The deepest
results in this direction are in [DGMST5).

There has been a lot of recent interest in the fundamental group of
complex algebraic varieties. The conclusion is that most finitely pre-
sented groups can not be the fundamental group of a smooth projective
variety. The simplest such examples are free Abelian groups of odd
rank. There is a quite extensive theory of those groups which occur as
the fundamental group of a smooth projective or Kéhler variety, see for
instance [ABCKT96).

[Kapovich-Millson97] found examples of groups which can not be
the fundamental group of a smooth quasi-projective variety.

It is quite remarkable that the topological spaces X(C) are spe-
cial even among compact complex manifolds. As observed by Carl-
son and Kotschick, the main theorem of [Taubes92] implies that every
finitely presented group is the fundamental group of a compact complex
3-manifold.

84. The Recognition Problem over C

Let X; be a family of smooth projective varieties depending contin-
uously on a parameter t. Then X;(C) is a continuously varying family of
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smooth manifolds, hence locally constant. Thus the topology of X (C) is
not able to distinguish the individual varieties X; from each other. The
best we can hope for is that the topology tells us in which family we are.

For a smooth projective curve C the only discrete invariant is the
genus g(C). By definition, this is the dimension of the space of holo-
morphic 1-forms, denoted by H°(C,{¢). By Serre duality this is dual
to the first cohomology group of the structure sheaf H!(C,O¢).

The set of complex points C(C) is a compact topological surface. It
is also orientable, so it can be obtained from S? by attaching handles.
The basic invariant is the number of handles.

Theorem 4.1. Let C be a smooth, projective, algebraic curve.
Then
1. (Riemann, 1857) h°(C,Q¢c) = number of handles of C(C).
2. (Hurwitz, 1891) All curves with the same genus form a connected
family.

Ideally one would like to get similar results in higher dimensions.

Definition 4.2 (Kodaira dimension). Let X be a smooth projec-
tive variety of dimension n. In analogy with the curve case it is natural
to consider the space of holomorphic n-forms. Unfortunately this is not
enough and we have to look at multivalued holomorphic n-forms as well.
It is technically easier to work with sections of powers of the line bun-
dle of holomorphic n-forms H°(X, (%)®™) = H(X,O(mKx)). The
Kodaira dimension, denoted by x(X), essentially measures the growth
of these vector spaces.

To be precise, if these groups are always zero then we set k(X) =
—o00. Otherwise it turns out that there is a unique integer 0 < k(X)) <
dim X and constants 0 < ¢3, ¢2 such that

C1 -mX) < hO(X7 O(mKx)) < ca - mX)

holds whenever h%(X,O(mKx)) # 0.

(It is conjectured that there is an integer N and finitely many poly-
nomials P;(m) such that h°(X, O(mKx)) = P;(m) if m =4 mod N and
m > 1, but this is proved only for dim X < 3.)

In analogy with 4.1.1 one can ask if the Kodaira dimension of a
surface is determined by X (C). It was noticed that the answer is no if
we consider X (C) as a topological manifold [Dolgachev66].

As Donaldson theory started to discover the difference between dif-
feomorphism and homeomorphism in real dimension 4, the hope emerged
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that this may hold for diffeomorphism. This has been one of the moti-
vating questions of the differential topology of algebraic surfaces. After
many contributions, the final step was accomplished by [Pidstrigach95],
[Friedman-Qin95]. With the methods of Seiberg-Witten theory, the
proof is quite short [Okonek-Teleman95]:

Theorem 4.3. Let S be a smooth, projective algebraic surface over
C. Then k(S) is determined by the differentiable manifold S(C).

As in 4.1.2 we may also look at the family of all algebraic structures
on a given 4-manifold. It is known that they form finitely many con-
nected families. Recent examples of [Manetti98] show that in general
there are several families.

Starting with dimension 3, the differentiable stucture of X(C) does
not determine the Kodaira dimension of X, as it was first obeserved
in [Friedman-Morgan88]. It becomes necessary to find additional topo-
logical data. A natural candidate is the symplectic structure of X (C).
Hopefully, this provides the right setting in all dimensions.

Definition 4.4 (Symplectic manifolds). A symplectic manifold is
a pair (M?",w) where M is a differentiable manifold of dimension 2n
and w is a 2-form w € T'(M, A2T*) which is d-closed and nondegenerate.
That is, dw = 0 and w™ is nowhere zero.

For a smooth projective variety X the following construction gives
a symplectic structure on X (C). On C"*! consider the Fubini-Study
2-form

o - V=1 (Y dundz (O zidz) A (OS2 dz)

2 | Xlal (C =)’

It is closed, nondegenerate on C"*!\ {0} and invariant under scalar
multiplication. Thus w’ descends to a symplectic 2-form w on CP" =
(€1 {o})/C".

If X C CP" is any smooth variety, then the restriction w|x makes
X(C) into a symplectic manifold.

The resulting symplectic manifold (X (C),w|x) depends on the em-
bedding X «— CP", but the dependence is rather easy to understand:

We say that two symplectic manifolds (M, wg) and (M, w,) are sym-
plectic deformation equivalent if there is a continuous family of symplec-
tic manifolds (M, w;) starting with (M,wp) and ending with (M, w1).

To every smooth projective variety the above construction associates
a symplectic manifold (X (C),w|x) which is unique up to symplectic
deformation equivalence.
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This allows us to formulate the correct generalization of 4.3.

Conjecture 4.5. Let X be a smooth, projective variety over C.
Then x(X) is determined by the symplectic manifold (X(C),w|x).

A few special cases of this conjecture are known. It is conjectured
that £(X) = —oo iff X is uniruled. It was proved in [Kolldr98a, 4.2.10]
that being uniruled is a property of the symplectic manifold (X(C),w|x).
Mirror symmetry suggests that varieties of Kodaira dimension zero can
also be recognized from their symplectic structure.

One can also ask if there are only finitely many connected families
of varieties with a given symplectic structure (M,w). If ba(M) = 1 then
this is true even for the differentiable structure by [Koll4r98a, 4.2.3] but
nothing seems to be known in general.

§5. Rational and Uniruled Varieties

The recognition problem is much less understood for real varieties.
As shown by 1.3, we can easily get some mod 2 information about X
but it is less clear what else to do. The basic works of [Harnack1876]
on curves and [Comessattil4] on surfaces were promising, but it is only
recently that some meaningful positive results appeared in higher di-
mensions.

Very little is known about the connection of X (R) with the Kodaira
dimension of X. The special case of varieties with Kodaira dimension
—o0 is now becoming clearer, so I mainly concentrate on those.

Partly for historical reasons, I focus on rational and uniruled vari-
eties. Rational varieties are very special but the topology of their real
part turns out to be quite interesting. It is conjectured that X is unir-
uled iff K(X) = —o0, so the study of uniruled varieties fits well within
the framework of the recognition probem.

Definition 5.1 (Rational and unirational varieties). In Section 1
we have defined varieties as zero sets of functions. There is another way
of associating a geometric object to a function by looking at its graph or
its image. This leads to the notions of rational and unirational varieties.

Let ¢;(tg,- - .,tq) be homogeneous polynomials of the same degree.
They define a map

®:P-—-> PV givenas tr— (¢o(t):---: dn(t)).

Over C the image of such a map is automatically a dense subset of
an algebraic variety. A variety which can be written this way is called
unirational. Note that we do not assume that X has dimension d, but
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it is not hard to see that once X is unirational we can always choose a
parametrization ¥ : PdimX __, X

One has to be a little more careful over R. First of all, if we have
a real variety X then we are interested only in those parametrizations
® : P4 -—» X where the coordinate functions of ® have real coefficients.
Second, the image of RP? need not be dense in X(R). For instance the
image of

(to:t1) s (t§ + 1] : 26242 1 3 — t])

is only half of the circle 22 + z2 = 2.

There are some examples of X where there is no parametrization
U : P4 -—5 X such that the image of RP? is dense in X (R), but for every
z € X(R) there is a parametrization ¥, : P? --» X such that ¥, (RP?)
contains an open neighborhood of .

A parametrization of a variety ® : P% -—» X C PV is especially
useful if ® has an inverse X --» P4, Over C this is equivalent to assuming
that ® is injective an a dense open subset of P%. It is important to note
that this fails over R. For instance ¢ : z — x> gives an injective map
R — R but it is a 3 : 1 map if viewed as ¢ : C — C.

The following is an easy example of the recognition problem.

Lemma 5.2. Let X be a smooth, real, projective variety which is
rational. Then X (R) is connected.

Rationality and unirationality are very useful and strong properties
of an algebraic variety but unfortunately they are exceedingly hard to
check in practice. A considerable weakeneing of these notions is given
next.

Definition 5.3. A variety X of dimension d is called uniruled if
there is a variety Y of dimension d — 1 and a map ® : ¥ x P! --» X
which has dense image over C. If in addition ® has an inverse then we
say that X is ruled.

As before, one has to be careful with the real versions.

At first sight this notion seems too general. Since Y can be arbitrary,
uniruled can be interpreted to mean that X behaves like a rational
variety in one direction only. It would be more convincing to have a
notion which requires rational like behaviour in every direction. The
concept of rationally connected varieties was introduced in [KoMiMo92]
with exactly this aim in mind.

For our present purposes uniruled is sufficient. The reason is that the
current topological methods are not fine enough to detect different type
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behaviour in different directions. In some sense rational is analogous to
positive curvature. At present we have results that distinguish negative
curvature from everyting else but we can not handle the mixed curvature
case well.

Example 5.4.

1. Nonempty quadrics are rational as shown by the inverse of the
stereographic projection from a point of the quadric.

2. Set S := (z? + y* + [[;~,(z — a;) = 0) where the a; are distinct
real numbers. Then S is rational over R iff m < 2. Indeed, if m < 2
then this is a quadric so rational. If m > 3 then S(R) is disconnected,
80 it can not be rational by 5.2. On the other hand, a surface of the
form 22 — 4% + f(z) = 0 is rational as shown by the substitution

oy (L L)

So z2 + y? = f(z) is rational over C but not over R.
3. [Segre51] The cubic surface 22 = z® +y> + ¢ is unirational for any
¢, as shown by the parametrization

u? ub +27¢ —27Tv
T=— Y= ——
u(6v + u?)
6 4+ 27¢c — 27v + 54v% + 9uv
z= .
9(ud + 6v)

Uniruled hypersurfaces are easy to characterize.

Theorem 5.5. Let X = (f(zo,-..,xs) = 0) be a smooth hyper-
surface of degree d in P™. Then X is uniruled iff d < n.

The question of (uni)rationality of hypersurfaces is more subtle.

Question 5.6. Let X = (f(=zo,...,Tn) = 0) be a smooth hyper-
surface of degree d in P™. Is it true that if X is rational then d < 37

I do not know any conceptual reason why the answer should be yes.
On the other hand, by now we have many ways of constructing cubic
hypersurfaces which are rational [Tregub93], [Hassett99] and there are
several unirationality constructions for higher degrees as well. In general
X is unirational for d < ®(n) where ® is a function that goes to infinity
very slowly with n. For instance, a smooth cubic of dimension at least 2
or a smooth quartic of dimension at least 6 is unirational (cf. [Kollar96,
V.5.18]).
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It is also known that if X is rational and “very general” then d <
2n 41 [Koll4r95).

§6. The Nash Conjecture for 3-folds

As we saw in 1.3, in the real version of the recognition problem
we can only expect results claiming that if X(R) is complicated then
so is X. Among algebraic varieties the rational ones are the simplest.
Proving the nonrationality of a variety using only its real points may be
the simplest version of the real recognition problem.

A following bold conjecture of Nash asserted that this can not be
done:

Conjecture 6.1 [Nash52]. For every compact differentiable man-
ifold M there is a smooth, real, projective variety X such that X is
rational over R and M 1is diffeomorphic to X (R).

As far as I know, this has been the shortest lived conjecture in
mathematics since it was disproved 38 years before it was posed. (This
seemed not to have been realized for quite some time though.)

Theorem 6.2 [Comessattil4]. Let S be a smooth, real, projective
surface. Assume that S is rational and S(R) is orientable. Then S(R)
is either a sphere or a torus.

The examples (22 + y? = 22 & u?) C RP? show that the sphere and
the torus both occur. Also, by blowing up points of RP? we see that all
nonorientable surfaces do occur. Thus the above theorem gives a neces-
sary and sufficient condition for a topological surface to be representable
as the set of real points of a smooth, real, projective surface which is
birational to RP2.

While the negative solution of the surface case suggests that the
Nash conjecture may fail in higher dimensions, efforts to use the 2-
dimensional case to produce higher dimensional counter examples have
failed so far. In fact, most of the higher dimensional results were positive.

The first such result is the solution of the topological Nash conjecture.
It is generally hoped that a birational map between smooth varieties can
be factored as a sequence of blow ups and downs of smooth subvarieties’.
Blowing up and down makes sense in the topological or differentiable
setting. Thus it is reasonable to expect that if X is rational then X(R)
can be obtained from RP™ by blow ups and downs.

1This was recently proved by Wiodarczyk and by Abramovich, Karu, Matsuki,
Wiodarczyk.
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Theorem 6.3 [Akbulut-King91], [Mikhalkin97]. Every compact
differentiable manifold is obtainable from RP™ by a sequence of differen-
tiable blow ups and downs.

One can try to prove the Nash conjecture by trying to make the -
above sequence of blow ups and downs algebraic. For blow ups one needs
to realize certain submanifolds by algebraic suvarieties. This is relatively
easy, though not automatic. The algebraic realization of toplogical blow
downs is much harder. Assume for instance that n = 2 and we want to
realize a blow down 7 : X(R) — S algebraically. 7 contracts a simple
closed curve L C X(R) to a point. In order to make this algebraic,
we have to find a smooth rational curve C C X(C) of selfintersection
—1 such that C(R) is isotopic to L. An algebraic surface frequently
contains only finitely many smooth rational curves of selfintersection
—1, so it is usually impossible to find such a C. It is easier to find
some curve D such that D(R) is isotopic to L. We can then blow up
suitable complex conjugate points to achive that D becomes contractible.
Contracting D we obtain a surface X’ with a very singular point such
that X’(R) is a manifold. (Such examples abound in all dimensious, for
istance Y = (% + y° + 2° = t?¢+1) is homeomorphic to R? as shown by
¢<x’ y) z) = (x’ y’ '27 2t V ma + yb + ZC)')

These ideas can be used to solve another weakening of the Nash
conjecture: '

Theorem 6.4 [Benedetti-Marin92]. For every compact 3-manifold
M there is a singular real algebraic variety X such that X is rational
and M is homeomorphic to X (R).

It turns out that despite these positive partial results, the Nash
conjecture fails in dimension 3 as well. Before stating the precise results
we need to review the general features of the topology of 3-manifolds.

6.5 (The topology of 3-manifolds).
As a general reference see [Scott83].
Assume for simplicity that we consider only orientable 3-manifolds.
By the results of Kneser and Milnor, any such can be written as a
connected sum M, # - - - # M}, where m3(M;) = 0 and the summands are
uniquely determined. Thus one has to concentrate on those 3-manifolds
M such that ma (M) = 0.
There are 3 known classes of such 3-manifolds.
Seifert fibered: These are 3-manifolds which admit a differentiable
map to a surface M3 — F? such that every fiber is a circle.
M? — F? is a fiber bundle outside finitely many points of F' and
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the behaviour of M3 — F? near the exceptional points is fully
understood.
Torus bundles: These are 3-manifolds which can be written as a torus
bundle over a circle (or are doubly covered by such).
Hyperbolic: These can be written as the quotient of hyperbolic 3-
space by a discrete group of motions H3/T' for I' C PO(3,1).
This is the largest class and it is not sufficiently understood.
The geometrization conjecture of Thurston asserts that every 3-
manifold M such that mo(M) = 0 can be obtained from the above ex-
amples. For this to work one has to consider generalizations of these
examples to the case of 3-manifolds with boundary and to allow gluing
the pieces along boundary components which are tori.

For us the main consequence to keep in mind is that very few 3-
manifolds are Seifert fibered.

‘We are now ready to formulate the 3-dimensional analog of Comes-
satti’s result:

Theorem 6.6 [Kolldr98c]. Let X be a smooth, real, projective 3-
fold. Assume that X is uniruled and X(R) is orientable. Then every
component of X (R) is among the following:

1. Seifert fibered,
connected sum of several copies of S/Zy,, (called lens spaces),
torus bundle over S* (or doubly covered by a torus bundle),
finitely many other possible exceptions, or
obtained from the above by repeatedly taking connected sum with RP3
and S* x S2.

Cu W

I expect the final answer to be even more precise. Unfortunately the
current version of the proof falls short of proving these.

Conjecture 6.7. Notation and assumptions as above.

1. Torus bundles over S' do not occur (unless they are also Seifert
fibered) and the finitely many exceptions in 6.6.4 are also not needed.

2. All Seifert fibered 3-manifolds and all connected sums of lens spaces
do occur, at least with X uniruled.

3. The list should be much shorter for X rational.

6.8. I expect that 6.7.2 can be proved using the constructions
of [Kollar99b]. The method of [Kollar99c| fails to exclude torus bundles
over S, but this may not be very hard to achieve eventually.

It is much less clear to me how to deal with the possible finitely
many exceptions. There are two related sources of these.
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The first part of the proof of 6.6 given in [Kolldr99a] shows that
X (R) does not change much if we simplify X using the minimal model
program (see, for instance, [Kollar-Mori98]). Thus we are reduced to
understanding the topology of X(R) where X is in some kind of “stan-
dard form”. There are 3 types of standard forms and two of these have
been dealt with in [Kolldr99b], [Kollar99¢c]. The third class is the so
called Fano 3-folds. These are 3-folds such that minus the canonical
class is ample. There is a complete list of smooth Fano 3-folds, but
unfortunately the reduction method of [Kolldr99a] introduces some sin-
gularities. There are only finitely many cases by [Kawamata92], but the
explicit list is not known. Even if X is some reasonably well known vari-
ety, determining X (R) may be quite hard. One of the simplest concrete
open problems is the following.

Question. Let X C P* be a smooth hypersurface of degree 4. Can
X(R) be hyperbolic?

Standard effective estimates of real and complex algebraic geometry
give the following bound for the number of possible cases.

Proposition. The number of exceptions in 6.6.4 is at most 1010%,

Instead of getting bogged down in the minutiae of the precise list,
it may be more interesting to consider the following general problem.

Conjecture 6.9. Let X be a smooth, real, projective, uniruled
variety of dimension at least 3. Then none of the connected components
of X(R) is hyperbolic. (Even without assuming orientability.)

A very substantial step towards proving 6.9 is the following:

Theorem 6.10 [Viterbo98].  Conjecture 6.9 holds if H2(X(C),Z)
> Z and X is covered by lines. (A line is a morphism f : CP! — X
such that f.[CP] generates Hy(X(C),Z).)

6.11 (Lagrangian versions). Real algebraic varieties provide the
largest known class of Lagrangian and special Lagrangian submanifolds
(cf.  [McDuff-Salamon95]). It would be quite interesting to know if the
above results have their analogs for Lagrangian submanifolds of sym-
plectic varieties. This problem is also related to some of the questions
posed by Fukaya during the conference.

§7. The Nonprojective Nash Conjecture

The original conjecture of Nash asked about the existence of a vari-
ety X such that X(R) is diffeomorhic to M and X is
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1. smooth,
2. projective, and
3. rational.

If we drop the third condition then the asnwer is yes by 3.1. If we
drop the smoothness assumption, the answer is again yes by 6.4. Is it
possible to drop the projectivity assumption?

Allowing quasi projective varieties instead of projective ones does
not help at all. 6.3 suggests to look at compact complex manifolds
which can be obtained from P2 by a sequence of smooth blow ups and
downs. The smooth blow up of a projective variety is projective, but
it is not clear that the same holds for smooth blow downs, thus we
may get something interesting. This class of manifolds was introduced
by [Artin68] and [Moishezon67].

Definition—Theorem 7.1. A compact complex manifold Y is
called a Moishezon manifold or an Artin algebraic space if the follow-
ing equivalent conditions are satisfied:

1. Y is bimeromorphic to a projective variety.
2. Y can be made projective by a sequence of smooth blow ups.

It is not at all clear that there are nonprojective Moishezon mani-
folds. By a result of Chow and Kodaira, if a smooth compact complex
surface is bimeromorphic to a projective variety then it is projective
(cf. [BPV84, IV.5]). The first nonalgebraic examples in dimension 3
were found by Hironaka (see [Hartshorne77, App. B.3]).

We of course want to keep the notion of a real structure, thus we look
at pairs (Y, 7) where Y is a compact complex manifold and 7: Y — Y
an antiholomorphic involution. Then Y (R) denotes the fixed point set
of 7. Considering such pairs is very natural. The main problem of their
theory is that all reasonable names have already been taken. “Real
analytic space” is used for something else and “real complex manifold”
sounds goofy.

Moishezon manifolds seem quite close to projective varieties. In
general, if a property of projective varieties does not obviously involve
the existence of an ample line bundle, then it also holds for Moishezon
manifolds. It was therefore quite a surpise to me that for the Nash
conjecture the nonprojective cases behave very differently.

Theorem 7.2 [Kolldr99d]. Let M be a compact, connected 3-
manifold. Then there is a sequence of smooth, real blow ups and downs

IPBZYb -——=2 Yl m—e Y s e ——— ) Yn____XM
such that X p(R) is diffeomorphic to M.
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