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Abstract.

We consider a category of finite crystals of a quantum affine alge-
bra whose objects are not necessarily perfect, and set of paths, semi-
infinite tensor product of an object of this category with a certain
boundary condition. It is shown that the set of paths is isomorphic
to a direct sum of infinitely many, in general, crystals of integrable
highest weight modules. We present examples from ctV and A,(f_)l,
in which the direct sum becomes a tensor product as suggested from
the Bethe Ansatz.

§1. Introduction

The main object of this note is to define a set of paths from a finite
crystal B, which is not necessarily perfect, and investigate its crystal
structure. The set of paths P(p, B) is, roughly speaking, a subset of
the semi-infinite tensor product --- ® B® ---® B ® B with a certain
boundary condition related to p. If B is perfect, it is known [KMNI]
that as crystals, P(p, B) is isomorphic to the crystal base B(\) of an
integrable highest weight module with highest weight A of the quantum
affine algebra U,(g). While trying to generalize this notion, we had two
examples in mind: (a) g = CV, B = BU (1 : odd); (b) g = AL, B =
BUl @ B™ (I > m). For this parametrization of finite crystals, we refer
to [HKOTY]. BU! stands for the crystal base of an irreducible finite-
dimensional U (g)-module. In case (a) (resp. (b)) this finite-dimensional
module is isomorphic to Vg, ®V|;_yx, @ -® Vg, (resp. Viz,) as Uy(g)-
module, where V), is the irreducible finite-dimensional module with high-
est weight A. In both cases B is not perfect except when | = m in (b).
For precise treatment see section 4.1 for (a) and 4.2 for (b).
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Let us consider case (a) first. When ! = 1 it has already been
known [DJKMO)] that the formal character of P(p, B1'!) for suitable p
agrees with that of the irreducible highest weight Agl)_l—module with
fundamental highest weight A; regarded as Cf(ll)-rnodule via the natural
embedding AR Agz)_l. On the other hand, the Bethe Ansatz sug-
gests [Ku] that P(p, BY) is equal to B(\)®P(p', BL!) for suitable p, p!
and a level l—;-l dominant integral weight A at the level of the Virasoro
central charge. _

Let us turn to case (b). In [HKMW] the U, (slz)-invariant integrable
vertex model with alternating spins is considered. To translate the phys-
ical states and operators of this model into t’pe language of representation
theory of the quantum affine algebra U,(sl2), they considered a set of
paths with alternating spins and showed that it is isomorphic to the
tensor product of crystals with highest weights. Another appearance of
example (b) can be found in [HKKOTY]. They considered the inductive
limit of (B')®L1 ® (BL™)®L2 when Ly, Ly — 00, Ly =71, L1+ Ly =19
(mod n), and showed that there is a weight preserving bijection be-
tween the limit and B((! — m)A,,) ® B(mA,,). Since there is a natural
isomorphism B @ Bl'™ ~ Bl™ @ BLL the above result claims that
P(p, B ® B™) for suitable p is bijective to B(({ —m)A,,) ® B(mA,,)
with weight preserved. These results are consistent with the earlier
Bethe ansatz calculations on “mixed spin” models [AM, DMN].

If we forget about the degree of the null root § from weight, this
phenomenon is explained using the theory of crystals with core [KK].
(See also [HKMW] section 3.2.) Let {Bji}r>1 be a coherent family of
perfect crystals and B],, be a perfect crystal of level m. Fix ! such that
I > m and take dominant integral weights A and u of level [ — m and m.
Then there exists an isomorphism of crystals:

B(A\)® B(p) =~ B(ocA)® Bj—m ® B(o'p) ® B),
~ B(o)\) ® B(oo'n) ® (B, ® By,),
where ¢ and ¢’ are automorphisms on the weight lattice P related to

{Bx}r>1 and B,,. Iterating this isomorphism infinitely many times, we
can expect

P(p*¥, B ® B,) ~ B()) ® B(u)

as P/Zd-weighted crystals with suitable p(-#),
In both cases (a),(b) we have illustrated above, what we expect is
an isomorphism of P-weighted crystals of the following type:

(1.1) P(p, B) ~ B(\) ® P(p', BY)
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and we shall prove it in this paper. First we examine the crystal struc-
ture of P(p, B) and show it is isomorphic to a direct sum of B()\)’s.
Therefore, the structure of P(p, B) is completely determined by the set
of highest weight elements. In the LHS of (1.1), such set P(p, B)o is
easy to describe, and in the RHS, this set turns out to be the set of
restricted paths P (pt, BY), which is familiar to the people in solvable
lattice models. Thus establishing a weight preserving bijection between
P(p, B)o and PX(pt, BY) directly, we can show (1.1).

§2. Crystals

2.1. Notation

Let g be an affine Lie algebra. We denote by I the index set of its
Dynkin diagram. Note that 0 is included in I. Let a;, h;, A; (i € 1)
be the simple roots, simple coroots, fundamental weights for g. Let
8 = ) ;c1 @ic; denote the standard null root, and ¢ = }_;.; a;'h; the
canonical central element, where a;, a} are positive integers as in [Kac].
We assume ap = 1. Let P = @,.; ZA; ® ZJ be the weight lattice, and
set Pt = ZiGI ZzoAi D Z6.

Let Uy(g) be the quantum affine algebra associated to g. For the
definition of U,(g) and its Hopf algebra structure, see e.g. section 2.1
of [KMN1]. For J C I we denote by U,(g;) the subalgebra of U,(g)
generated by e;, fi,t; (i € J). In particular, Uy(gp (o}) is identified
with the quantized enveloping algebra for the simple Lie algebra whose
Dynkin diagram is obtained by deleting the 0 vertex from that of g. We
also consider the quantum affine algebra without derivation Uj(g). As
its weight lattice, the classical weight lattice Py = P/Z4 is needed. We
canonically identify Py with €;c; ZA; C P. For the precise treatment,
see section 3.1 of [KMN1]. We further define the following subsets of
Py Pg[ ={)‘€Pcl | (A,C) =0}, P:l- ={)‘6Pcl | (A7hz> > 0 for anyi},
(P ={xe Pl | (\c)=1}. For \,u € Py, we write A > p to mean
A—pe Pt

2.2. Crystals and crystal bases

We summarize necessary facts in crystal theory. Our basic references
are [K1], [KMN1] and [AK].
A crystal B is a set B with the maps

&, f; : BU{0} — BU{0}

satisfying the following properties:
&0 = fi0 =0,
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for any b and 4, there exists n > 0 such that &b = fPb =0,

for b’ € Band i € I, f;b =V if and only if b = &'.
If we want to emphasize I, B is called an I-crystal. A crystal can be
regarded as a colored oriented graph by defining

b = fib=V.
For an element b of B we set
€i(b) = max{n € Z>o | &b # 0}, i(b) = max{n € Zx¢ | f"'b # 0}.

We also define a P-weighted crystal. It is a crystal with the weight
decomposition B = UycpB) such that

(2.1) €B) C Byya, U{0}, fiBx C By_q, U{0},
(2.2) (hi, wtb) = ©;(b) — €i(b).
Set

e®) =) _ei(®)Ai, o(b) =D @i(b)A.

i€l i€l

Then (2.2) is equivalent to ¢(b) — e(b) = wtb. Pg-weighted crystal is
defined similarly.

For two weighted crystals B; and B;, the tensor product B; ® By
is defined.

B, ® By = {b1®b2 I b1 € By,bs € Bg}.
The actions of & and f; are defined by

5 Eib1®by  if pi(b1) > €i(b2)
2. i = - .
@3 &lbrob) { b @by if gi(br) < ei(ba),
{ fibl 811)2 if (Pi(bl) > €i(b2)
b1 ® fiby  if pi(b1) < &i(b2).
Here 0 ® b and b ® 0 are understood to be 0. €;, ¢; and wt are given by

(2.5) gi(b1 ®b2) = max(e;(b1),e:(b1) +€i(b2) — wi(b1)),
(2.6)  @i(b1®b2) = max(pi(b2), pi(b1) + @i(b2) — €i(b2)),
27 wt(bhi®by) = wtby + wtba.

(2.4) fi(b1 ®by)

Definition 2.1 ([AK]). We say a P (or P )-weighted crystal is regu-
lar, if for any i,5 € I (i # j), B regarded as {i,}-crystal is a disjoint
union of crystals of integrable highest weight modules over Uy(gy; j1)-



Finite Crystals and Paths 117

Crystal is a notion obtained by abstracting the properties of crystal
bases [K1]. Let V(X) be the integrable highest weight U,(g)-module with
highest weight A € Pt and highest weight vector uy. It is shown in [K1]
that V() has a crystal base (L(A), B(A)). We regard u), as an element of
B()) as well. B(A) is a regular P-weighted crystal. A finite-dimensional
integrable U, é (g)-module V does not necessarily have a crystal base. If V
has a crystal base (L, B), then B is a regular P9-weighted crystal with
finitely many elements.

Let W be the affine Weyl group associated to g, and s; be the simple
reflection corresponding to a;. W acts on any regular crystal B [K2].
The action is given by

. Firowtoly if (hs, wtb) >0
siY ~—(hi,wtb) .
é; b if (h;, wtb) <0.

An element b of B is called i-eztremal if &b = 0 or fib = 0. b is called
extremal if S,b is i-extremal for any w € W and ¢ € 1.

Definition 2.2 ([AK] Definition 1.7). Let B be a regular P3-weighted
crystal with finitely many elements. We say B is simple if it satisfies
(1) There exists X € PY such that the weights of B are in the convez
hull of WA.
(2) By =1.
(3) The weight of any extremal element is in WA.

Remark 2.3. Let B be a reqular PS-weighted crystal with finitely
many elements. We have the following criterion for simplicity. Let
B(}) denote the crystal base of the irreducible highest weight Uq(81\ (0})-
module with highest weight A. If B decomposes into B ~ @;’;0 B();j)
- as Ug(81\(oy)-crystal and \; satisfies

(1) Xj € Xo+ X0 Z<oai and Aj # Ao for any j # 0,

(2) The highest weight element of B(\;) is not O-extremal for any

J#0,

then B is simple.

Proposition 2.4 (JAK] Lemma 1.9 & 1.10).  Simple crystals have the
following properties.

(1) A simple crystal is connected.
(2) The tensor product of simple crystals is also simple.



118 G. Hatayama, Y. Koga, A. Kuniba, M. Okado and T. Takagi

2.3. Category C/™"
Let B be a regular Pg—weighted crystal with finitely many elements.
For B we introduce the level of B by

lev B = min{(c,£(b)) | b € B} € Zso.

Note that (c,e(b)) = {c, (b)) for any b € B. We also set Bumin = {b €
B | {c,e(b)) = lev B} and call an element of By, minimal

Definition 2.5. We denote by Cf™*(g) (or simply C¥™) the category
of crystal B satisfying the following conditions:
(1) B is a crystal base of a finite-dimensional U, (g)-module.
(2) B is simple.
(3) For any A € P} such that (c,\) > levB, there ezists b € B
satisfying (b) < A. It is also true for ¢.

We call an object of Cf*"(g) finite crystal.

Remark 2.6. (i) Condition (1) implies B is a reqular PY-weighted

crystal with finitely many elements.

(ii) Set!l = levB. Condition (8) implies that the maps € and ¢ from
Bunin to (P4)1 are surjective. (cf. (4.6.5) in [KMN1])

(iii) Practically, one has to check condition (8) only for A € P¥ such
that there is no i € I satisfying A—A; > 0 and (¢, A\—A;) > lev B.
In particular, if a) = 1 for anyi € I (g = AY, C’T(ll)), the
surjectivity of € and ¢ assures (3).

(iv) The authors do not know a crystal satisfying (1) and (2), but not
satisfying (3).

Let B; and By be two finite crystals. Definition 2.5 (1) and the
existence of the universal R-matrix assures that we have a natural iso-
morphism of crystals.

(28) B1 ® By >~ By ® By.
The following lemma is immediate.

Lemma 2.7. Let By, By be finite crystals.
(1) lev(B; ® B2) = max(lev By, lev By).
(2) If levB; > Iesz, then (Bl 024 B2)min = {bl ® bo ‘ b € (Bl)miny
@i(b1) > €i(b2) for any i}.
(3) If levB; < lev By, then (By ® B2)min = {b1 ® b2 | b2 € (B2)min,
@i(b1) < €i(ba) for any i}.
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C7(g) forms a tensor category.

Proposition 2.8. If By and By are objects of CT"(g), then B; ® B,
is also an object of CT*™(g).

Proof. ‘We need to check the conditions in Definition 2.5 for B; ® B».
(1) is obvious and (2) follows from Proposition 2.4 (2).

Let us prove condition (3) for €. Set l; = lev By,ly = lev B;. Using
(2.8) if necessary, we can assume [; > I5. Thus we have lev B; ® By = ;.
For any \ € P:lr such that {c,A) > l;, one can take b; € B; satisfying
e(by) < A. Since (¢, (b1)) > Iy > ls, one can take by € B, satisfying
g(b2) < ¢(b1). In view of (2.5) one has e(b) ® bs) = e(b;) < A.

For the proof of ¢, repeat a similar exercise for By ® Bi(~ B; ® B2)
using (2.6). 1

2.4. Category C"

If an element b of a crystal B satisfies ;b = 0 for any i, we call it a
highest weight element.

Definition 2.9. We denote by C*(I, P) (or simply C*) the category of
regular P-weighted crystal B satisfying the following condition:

For any b € B, there exist | > 0,iy,---,4; € I such that b/ =
€;, -+ -€,b € B is a highest weight element.

Clearly, C*(I, P) forms a tensor category.

Proposition 2.10 ([KMN1] Proposition 2.4.4). An object of C*(I, P)
is isomorphic to a direct sum (disjoint union) of crystals B(A\) (A € Pt)
of integrable highest weight Uy(g)-modules.

Let O be an object of C*(I, P). By Op we mean the set of highest
weight elements in O. Suppose that Op = {b; | j € J} and wtb; = A; €
P7, then from the above proposition we have an isomorphism

O~ @ B();) as P-weighted crystals.
JEJ

J can be an infinite set.
The following lemma is standard.

Lemma 2.11. Let By, By be weighted crystals. Then by ®by; € B1® B

s a highest weight element, if and only if by is a highest weight element

and é'ghi’Wtb’)Hbg =0 for any 1.
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Let O be an object of C*(I,P). From this lemma we have the
following bijection.

(B(A) ® O)o — O :={beO| égh""\)ﬂb =0 for any i}
uy®b — b.

Note that O<? = O.

§3. Paths

In this section we construct a set of paths from a finite crystal and
consider its structure.

3.1. Energy function

Let us recall the energy function used in [NY] to identify the Kostka-
Foulkes polynomial with a generating function over classically restricted
paths.

Let B; and B; be two finite crystals. Suppose b; ® by € B; ® Bs is
mapped to by ® by € By ® B; under the isomorphism (2.8). A Z-valued
function H on B; ® By is called an energy function if for any ¢ and
b1 ® by € B; ® By such that &;(b; ® by) # 0, it satisfies

H(&(b1®b2)) =H(b1®b)+1 ifi=0,p0(b1) > eo(b2),
¢o(b2) = eo(b1),
=H(b1®bz)—1 ifi=0,p0(b1) < eo(b2),
po(b2) < eo(b1),
(3.1) = H(b1 ® b2) otherwise.
When we want to emphasize B; ® B2, we write Hp,p, for H. The
existence of such function can be shown in a similar manner to section 4
of [KMN1] based on the existence of combinatorial R-matriz. The energy
function is unique up to additive constant, since By ® B; is connected.
By definition, Hp, B, (bl ® b2) = HBzBl (b2 ® bl).
If the tensor product B; ® B; is homogeneous, i.e., B; = Ba, we
have by = b1, b1 = by. Thus (3.1) is rewritten as

H(éi(bl ® b2)) =H(b ®b)+1 ifi=0, QOQ(bl) > Eo(bz),
=H(b1 ®bz) —1 ifi=0,p0(b1) < eo(b2),
(3.2) = H(b1 ® ba) ifi #0.
The following proposition, which is shown by case-by-case checking,

reduces the energy function of a tensor product to that of each compo-
nent.
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Proposition 3.1. Set B = By ® Bs, then
Hpp((bi ®b2) ® (b ®b3)) = Hp,p,(b1 ®b2) + Hp,p, (b1 ® b))
+Hp, B, (bs ® by) + Hp, B, (b} @ b}).
Here by, by are defined as
Bi®By ~ B:®B
b1 ®b2 — ba®b1
Qb — beb.

Remark 3.2. Decomposition of the energy function is not unique. For
instance, the following also gives such decomposition.

Hpp((by ®b) ® (] ®b3)) = Hp,p,(b2®b)) + Hp,p, (b1 ®b})
+Hpg, 5, (b> ® by) + Hp, B, (0] ® b2),
where
Bo®B, ~ B1®B;
by @by — b @b
3.2. Set of paths P(p, B)

We shall define a set of paths from any finite crystal in Cf** imitating
the construction in section 4 of {KMN1] from a perfect crystal.

Definition 3.3. Anelementp=---®b; ®---® by ® by of the semi-
infinite tensor product of B is called a reference path if it satisfies b; €
Bumin and ¢(bj41) = €(b;) for any j > 1.

Definition 3.4. Fiz a reference pathp=---®b; ® - @by ® b;. We
define a set of paths P(p, B) by

Pp,B)={p=---®b;®---®ba2®b1 | bj € B,bg, = by, for k> 1}.

An element of P(p, B) is called a path. For convenience we denote
br by p(k) and - - Q bgyo @ bgy1 by plkjforp=---®b; ®--- R by ® b1.

Definition 3.5. For a path p € P(p, B), set

E(p) = _Zj(H(p(jH)@p(j))—H(p(j+1)®p(j))),
W(p) = so(P(l))JrZ(mp(j)—th(j))—E(p)5-

E(p) and W(p) are called the energy and weight of p.
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We distinguish W (p) € P from wtp = p(p(1)) + > 52, (wtp(j) —
wt p(j)) € Pa.

Remark 3.6. (i) If B is perfect, the set of reference paths is bi-
jective to (PY);, where | = levB. For A\ € (P}), take a unique
b1 € Bpin such that o(by) = A. The condition ¢(bjt1) = €(b;)
fizesp=---® b; ® --- ® by uniquely.

(ii} In [KMNI1] p is called a ground state path, since E(p) > E(p)
for any p € P(p, B). But if B is not perfect, it is no longer true
in general.

The following theorem is essential for our consideration below.
Theorem 3.7. Assume rank g > 2. Then P(p, B) is an object of CP.

Proof. Assume é;p = --- ® €b; ® --- ® by # 0. Note that E(&;p) =
E(p) — dip and wté;b; = wtb; + o — 6,00 € Py. By Definition 3.5 it
is immediate to see P(p, B) is a P-weighted crystal. Thus one has to
check the following:
(i) If for any i,5 € I (i # j), P(p,B) regarded as {i, j}-crystal is
a disjoint union of crystals of integrable highest weight modules
over Uq(8y;,5})-

(ii) For any p € P(p, B), there exist | > 0,41,---,% € I such that
p' =&, ---&,p € P(p, B) is a highest weight element.

We prove (i) first. For p € P(p, B) take m, m’ such that p(k) = p(k)
for k > m and m’ >> m. Note that if fiy, - - - fi, p[m] = p[m'|®b., ®---®
bjn+1, then by = p(k) for k > m+ N. From the assumption, Uy(gy; ;3) is
the quantized enveloping algebra associated to a finite-dimensional Lie
algebra. Since B is regular, the connected component containing p[m)],
as {i, j}-crystal, can be considered to be in B(p(p[m’]))) ® B®m'~m),
Since e(p[m]) = 0, we can regard p[m] as highest weight element of
some {3, j }-crystal By which is isomorphic to the crystal of an integrable
highest weight U,(gy; j;)-module. Hence p is contained in a component
of the {3, j}-crystal By ® B®™, which is a disjoint union of crystals of
integrable highest weight Uy (gy;, ;;)-modules.

To prove (ii) for p = --- Q@ by ® --- @ by € P(p, B), we take the
minimum integer m such that p’ = p[m] is a highest weight element. We
prove by induction on m.

First let us show that there exist [ > 0,41,---,4; € I such that
€, -+ €, (p) ® by,) is a highest weight element. The proof is essentially
the same as a part of that of Theorem 4.4.1 in [KMN1]. Nevertheless
we repeat it for the sake of self-containedness. Suppose that there does
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not exist such 41,---,4;. Then there exists an infinite sequence {i,} in
I such that

é'ik e é’il (P' ® bm) 7é 0.

Since €;, -+ €;, (' @ bm) =p' ® &, - - &€;,by, and B is a finite set, there
exists b) € B and ji,--- , j; such that

p @bl = €&, (0 ® b)),
Hence setting b+ = &;, b, we have
&, (0 ® b)) = p’ @ b™¥+D and D = pM),

In view of (2.6) we have ¢;(p') > @i(bm+1) for any i. Thus by (2.3) we
have ¢;, (b)) > ¢;, (p') > @;, (V') for some b’ € B. Hence we have

&, (b @b™) = @b+,
Therefore, from (3.2), we have
H @b@ )y = H @ b™) — §;,0.

Hence H(b' ® b+D) = H(Y ® b)) — #{v | j, = 0}, which implies there
is no v such that j, = 0. On the other hand, ) «; = 0 mod ZJ
and hence ) aj, is a positive multiple of §, which contradicts 0 ¢
{jla ot 7jl}-

Now set p” = p' @ b (= p[m —1]),b"” = bp—1 ® - - - ® by. Notice that
for any 7 € I satisfying &;p” # 0, there exists k£ > 1 such that

éf(]’” ® b”) — éz‘P" ® éf_lb”.
Therefore there exist I > 0, (i1,k1),- - - , (i1, ki) € I x Zg such that
éf: ... éﬁlp =&, %p" ® éfll—l L é?ll_lb”

and é;, - --€;p" is a highest weight element. Now we can use the induc-
tion assumption and complete the proof. I

Remark 3.8. As seen in the proof, the theorem does not require the
condition b; € Bpin for the reference pathp=---@b; ® --- ® b;.

The following proposition describes the set of highest weight ele-
ments in P(p, B).
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Proposition 3.9.

P(p,B)o = {p € P(p, B) | p(j) € Bmin, 0(p(j + 1)) = e(p(4)) for Vj}.

Proof. Assumep=---®b; ®---® by is a highest weight element. We
prove the following by induction on m in decreasing order.

(i) bm € Bmim(p(bm-}'l) = £::(bm)

(i) @(plm —1]) = ¢(bm)
These conditions are satisfied for sufficiently large m. From (ii) for m+1
we have p(p[m]) = ¢(bm+1). From Lemma 2.11 we see that p[m]| is a
highest weight element and e(by,) < wtp[m] = ¢(p[m]) = ©(bm+1)-
Combining this with (i) for m + 1, we can conclude (i) for m. For (ii)
use (2.6).1

As seen in the proof, we obtain

Corollary 3.10. Ifp e P(p, B)o, then wtp[j] = p(p(j +1)).

3.3. Restricted paths

When B is perfect the set of restricted paths was defined in [DJO]
and shown to be bijective to (B(X) ® B(i))o for some A, 1 € Pt. Here
we shall consider restricted paths for any finite crystal B.

For A € P:lr and p € P(p, B), we introduce a sequence of weights

{Ai(P) }izo0 by

Aj(p) = A+ ¢(p(j + 1)) for j > 1,
Aj-1(p) = Aj(p) + wtp(j).

Notice that this definition is Well—deﬁned by virtue of the property of
the reference path. In fact, A;(p) = A + wtp[j].

Definition 3.11. For A € P} we define a subset PN (p, B) of P(p, B)
by

PO(p,B) = {p e P(p, B) | & !p(j) = 0 for Vi, 5}.
An element of PV (p, B) is called a restricted path.
Proposition 3.12. For A e PCJ{ we have
P(p, B)** =P (p, B).

Proof. Assumep=---®b;®---®b; € P(p, B)S*, which is equivalent
to saying u ) ®p is a highest weight element. So is u ®p[j]®b; by Lemma
2.11. Using this lemma again we get £(b;) < wt (ux ® p[j]) = Aj(p).
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To show the inverse inclusion, assume p = --- ® b; ® --- ® by €
P (p, B). We prove (p[j]) < A by induction on j in decreasing order.
We know e(p[j]) = O for sufficiently large j. Supposing e(p[j]) < A
we immediately obtain e(p[j] ® b;) < A from (2.5) and the condition
e(bj) < Aj(p)- 1

As seen in the proof we have \j(p) € P} and its level is (c, ) +lev B.

Combining the results in section 2.4, Theorem 3.7 and Proposition
3.12, we obtain ’

Theorem 3.13. Let P(p, B) and P(p', Bt) be two sets of paths. If
for certain X\ € P;l' , there exists a bijection

(33) ' P(paB)O — P(A)(pTaBT)
p ~ p

such that W(p) = A + W(p'), then we have an isomorphism of P-
weighted crystals

P(p, B) ~ B(\) @ P(p', BY).

They are isomorphic to a direct sum of crystals of integrable highest
weight Uy (g)-modules, and their highest weight elements are parametrized

by (3.3).

84, Examples

We shall give two examples to which we can apply Theorem 3.13
efficiently.

4.1. Example 1

We present a useful proposition first. Similar to O<* we define B<*
for a finite crystal B and A € Pc"[ by

B = {be B | &Mt =0 for any i}.

Note that if lev B = [, then Byin = I—I)\E(P+)l BsA

cl

Proposition 4.1. Let B and Bt be finite crystals such that levB >
levBt, andp=---®@ b; ® --- ® by be a reference path for B. Suppose
there exists a map t : Bmin — B satisfying the following conditions:
(1) For any p € (PF) (1 =levB), t|g<u is a bijection onto (BT)<H,
(2) wtt(b) = wtb for any b € Bmin.
(3) Hptpt(t(b1)R®t(b2)) = Hpp(b1®b2) up to global additive constant
for any (b1,b2) € B2, such that p(b1) = £(bz).

min
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(4) pt =---®t(b;) ®--- ®@t(b1) is a reference path for Bt.
Then setting A = ¢(b1) — p(t(b1)), we have

P(p, B) ~ B(\) ® P(p!, BY).

Proof. Consider the following map.

P="'®bj®"'®bl

From Theorem 3.13 it suffices to show that this map is a bijection onto
PN (pt, Bt) such that W(p) = A + W(p!). Preservation of weight is
immediate. To show the bijectivity one has to notice that wtp'[j] —
wtp[j] does not depend on j. Thus one has wtp![j] — wtp[j] = wtpl —

P(p,B)o — P(p!

wtp = —A\, and hence

Ai(P") = A+ wtpl[j] = wtp[j] = o(bj+1) = £(by).

Note that p € P(p, B)o (cf. Proposition 3.9 & Corollary 3.10). In view

,BY)

of (1) this equality concludes the bijectivity. I

We now consider the C,(ll) case. For an odd positive integer [, con-

sider a finite crystal B given by

Bl,l — {(xl,--' 7xn,Tn,... ,T])

The crystal structure of B! is given by

éob

e,-b

énb
fob

fib
fab

- pl=- @) ®- - @t(b1)

:1:1;,51:_1; € ZZ()V’L: 1, ,n
S @i +T) efl,l-2,...,1}

(r1 —2,29,... ,T2,T1) ifx; > +2,

(r1 —1,z9,..., T2, 71+ 1) ifx; =7 +1,

(.’El,.’tz,... ,72,514'2) if 1 <74,

(1, i+ Lz — 1,...,71)  if 2441 > T,

("L'lv--- aii+1 +lyfi - 17 751) if Ti+1 ..<_.§i+17
(.’El,... T+ 1,7, —1,... ,:’f]),

(z1+2,72,... ,%2,71) if 1 > 71,

(.’IZ1+1,:L'2,...,§2,51—1) ifz; =%, -1

(z1,22,... ,T2, 71 — 2) ifr) <71 -2,

(xla"' y i — l,xi+l + 1’ ,-fl) if Tit1 25i+17

(.’L'l,... JTir1 — LT+ 1,...,71)  if zip1 < Tig1,
(1, y2n —1,T, +1,... ,T1),
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where b = (z1,... ,Zn,En,... ,T1) and i = 1,... ,n — 1. If some com-
ponent becomes negative upon application, it should be understood as
0. The values of ¢;, ¢; read

o(b) = l——z(b—) + (1 — T1) 4, wo(b) = l_‘;(b) +(Z1 — 1)+,
€i(d) =Ti + (Tig1 — Tix1)+,  @i(d) = 2 + (Tit1 — Tiv1)+,
en(b) = Tn, on(b) = Tp.

Here s(b) = Y. ,(zi + i), (z)+ = max(z,0) and i =1,--- ,n — 1. BM!
is a level %—1 non-perfect crystal. Now for a fixed [ set B = B, The
minimal elements of B are grouped as By = Llue ) B=t, where

!%_1
for pp = poAo + - -+ + pinAn. The set B<# is given by

B3 = {bf | pr-1>0,1<k<n}u{bd|pu>0,1<k<n}
bl/: = (B, s tk—1— L+ 1,0 fhny iy - s k-1 — 1,000, 1),
b% = (Nla---auk—ly---vunvﬂnv"'aul)'

Next consider Bt = B11 by taking [ to be 1. Setting
b;c = (z; = 6k, T; = 0), ng = (zs =0,T; = bx)
for 1 <k < n, one has
(BYYS# = {b] | o1 > 0,1 <k <n}U{bh | > 0,1 <k <n)
for p as above. Define the map t : Byin — B by
t| g 1 B bl forke{1,...,n,m,...,1}L

We are to show that this ¢ satisfies the conditions (1) — (4) in Propo-
sition 4.1. For our purpose fix a dominant integral weight A\ € (PCT )z_%l

and defne p=---®b; ®---® by by

b3‘+Ai" if j =1 —4(mod 2n) for some i (1 < ¢ < n).

b {b£‘+Ai if = i (mod 2n) for some i (1 < i < n),
Note that e(b374) = (b)) = A+ Ay, e(b} 1) = (B2 F4) = A+
A;_1. p becomes a reference path. Let us check (1) - (4) in Proposition
4.1. (1),(2) and (4) are straightforward. To check (3) one can use the
formula for Hgp in [KKM] section 5.7. (In [KKM] our non-perfect case
is not considered. However, the formula itself is valid. Since the formula
in [KKM] contains some misprints, we rewrite it below.)

Hpnagna(b@V) = max (6,000 ),05(b @ V), ;0 ®¥), n(b @),
sSIsn
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b0oY) = g(fk ~ ) + 5 (50) — s0),

GooY) = Zziji(x; — k) + 5 () — s(8)),

nbeb) = gm )+ (@5~ 25) + 5(0) ~ (),

oY) = kg(k k) + (2~ ) + 5(5(0) — (),
where b = (x4, ... ,mn,;n,... J T ), 0 = (2, T, T, T

Therefore, the isomorphism in Proposition 4.1 holds with notations
above.

4.2, Example 2
We consider the As_)l case. Let BY! be the crystal base of the

symmetric tensor representation of Ué(A(l)

no1) of degree [. As a set it
reads

n—1

B = {(ag,a1, " ,an—1) | a; € Zxo, »_a; =1}.
i=0

For convenience we extend the definition of a; to ¢ € Z by setting a;4, =
a; and use a simpler notation (a;) for (ag,a1,--- ,an—1). For instance,
(a;—1) means (a,—1,a0,- - ,an—2). The actions of &., f, (r=0,--- ,n—
1) are given by
er(a) = (ai =00 +0501),  fr(a) = (ai+ 05 =857 ).

Here (55}2) =1 (i = j mod n), = 0 (otherwise). If some component
becomes negative upon application, it should be understood as 0. The
values of €, ¢ read as follows.

n—1 n—1
&((a:)) = Z aihi,  o((ai)) = Zai—lAi-
=0

=0

Thus lev B = [ and all elements are minimal. We introduce a Z-linear
automorphism o on Py by oA; = Aj—1 (A1 = Ap_y).

Now consider the finite crystal B = B @ BY™ (I > m) and set
Bf = Bb™, From Lemma 2.7 (1) the level of B is l. Fix two dominant
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integral weights A = Y7/ " \A; € (P ) iemo =Yy ' jih € (PH)m.
From (A, 1) we define a path
p*H (5) = (Xitj + Hit25) @ (pit2j-1) € B.

From Lemma 2.7 (2) we see p»*)(j) € Bmin and by (2.5),(2.6) we
obtain e(p*#) (5)) = 0\ + 0% u = p(p*# (j 4 1)). Therefore p*#) is
a reference path.

We would like to show

(41)  P(E*H, B)~B\) @ P(pW,B!) as P-weighted crystals
with p* () = (1i4;). To do this, consider the following map
(4.2) P(*¥,B)y — P(p™,B"
p — o
given by p'(j) = (b §J)J+1) for p(j) = (a) ® (bY). Note that p*#) is

sent to p*) under this map. By Theorem 3.13 it suffices to check the
following items:
(i) The map (4.2) is a bijection onto P (p®), BY).
(ii) wtp — wtpf = \.
(iii) E(p) = E(p').
Since p € P(p*#, B)o, one obtains (cf. Lemma 2.7 (2), Proposition
3.9)

43 eul(@) =a2y 267 = &)
44 @) =y + b2 - b7 = af ™V = ei(p(j — 1))

for any 14, j. Taking sufficiently large J and using (4.4), one has

wtpl[j] = Zb D i+ Z S0P, - bE, A
k=j+1 1

J J
Z(bi )J+1 (—) (J—)J )Ai

— Za(J)A —\

Thus the condition &(pf(j)) < A;(p') is equivalent to saying b(_ i1 S

Il

(J ) for any 4, which is guaranteed by (4.3). This proves (i). For (ii)
one only has to notice that wtp[j] = ¢(p(j +1)) =, az(-j)A,».
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In order to prove (iii), we set

L
Bp = 3 i{Hes (@) @ 07 & (@) & (1)
j=1

—Hpipt (07711 11) ® (67541}

We can assume (agj)) ® (bz(j)) € Bmin for 1 < 7 < L+ 1. Under such
assumption the isomorphism B @ B1™ ~ Bl™ ® B! sends (a;) ® (b;)
to (bit+1) ® (a; — biy1 + b;) [NY]. Thus, from Proposition 3.1 we have

Hpp(((a:) ® (b:)) ® ((a;) ® (67))) = bo + ag + by + Hpt 1 ((b:) ® (b11))-

Let us recall the following formula for Hpi.mp1m (cf. [KKM] section
5.1).

Hpr.mprn (b)) © (b)) = | max Z(b’—bk)+b’)

From this one gets

Hprp (677) ® (621)) = Hprpn (025 @ (6711))
J
L .
= Z bl(c]+J )1 bfc]—)j)-
k=1
Using above facts and (4.4) one obtains

L j-1

Egiff - Z Za(L) +L kz b(L+1)
0

j=1 k=0

This completes (iii). We have finished proving (4.1). It is also known
[KMN2] that P(p®), BL™) ~ B(u). Therefore we have

P(p*#), B @ BY™) ~ B(A\) ® B(u) as P-weighted crystals.

The multi-component version is straightforward. Consider the finite
crystal Bbh @ ... @ BYs (I, > - > I, > l;41 = 0). For X\ ¢
(P4)i;—1:41 (1 <1 < s) we define a reference path p*1~ 3 by

the k-th tensor component of p(*1::4)(5)

_ (B (k+1) (s)
- ()‘H-ka k+1 )‘z+(k+1)] k+1 +ee ’\iisj—k—i—l)'
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Then we have
P(pPids) Blhi g ... @ Blbs) o~ B(A1) ® - ® B(Xs).

The proof will be given elsewhere.
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