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Abstract. 

In this note we extend the Kac and Todorov's orbifold theory 
to the principal admissible representations. This gives rise to non­
symmetric transformation matrices. 

§1. Introduction 

Recently Kac and Todorov [4] has shown a very beautiful theory on 
the modular transformations of twisted characters and on the connection 
of the fusion algebra of integrable representations of affine Lie algebras 
with that of finite groups. The aim of this note is to extend their theory 
to the characters of principal admissible representations of affine Lie al­
gebras. As is known well, the character of an admissible representation 
given by a similar formula as the famous Weyl-Kac character formula 
is not a real character exactly but coincides with it via a kind of renor­
malization ([6] and [7]). Also the corresponding Lie group G itself does 
not always act on the actual space of admissible representation, since 
the integrable condition is no longer satisfied. So in order to extend 
the theory, we will have to be free from the geometric picture. In this 
note, the relation between an affine algebra and a finite group is only 
algebraic, and is not supposed to have a geometric meaning of orbifolds. 
And by paying its cost, one obtains a nice family of twisted characters 
even in the case for admissible representations. It may also be expected 
and now under investigation that our theory will lead us to the study of 
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twisted characters of W-algebras as was done for non-twisted admissible 
characters via quantized Drinfeld-Sokolov reduction in [1]. 

We observe, by the simplest example of ;z(2, <C), that non-symmetric 
transformation matrices and associated fusion algebras take place in the 
modular transformation of twisted characters of admissible representa­
tions. To take care of them, we need to extend the Lusztig's theory [9] 
on a "fusion datum" with a non-symmetric transformation matrix to a 
more general situation. 

In this note, first we reconstruct the theory of Kac and Todorov for 
integrable representations in our non-geometric way, and then proceed 
to the admissible case. 

The author is grateful to Dr. K. lohara for his interest and comments 
on this work. 

§2. Modular transformation of twisted theta functions 

Let A= (aij)i,j=O,-··,£ be an affine Cartan matrix, and g(A) be the 
corresponding affine Lie algebra with the Cartan subalgebra ~- Let h v 

be its dual Coxeter number, and r (resp. rv) denote the tier number of 
g(A) (resp. of g(t A)). Throughout this paper, we follow the notation 
from [2], in particular from Chapter 13. The space~ is identified with its 
dual space~* by the standard inner product. Following [2] we introduce 
the coordinates in~* ~ ~ : h = (r, z, t) = 21ri(-rA0 + z + t8), and put 
H := {r EC; lmr > O} and Y := {h E ~*; lmr > O}. 

Let N := 6R. x ijR. x ilR be the Heisenberg group with multiplication 

(1) (a, (3, u) · (a', /3', u') = (a+ a', f3 + /3', u + u' + 1ri((alf3') - (a'l/3))). 

Consider the action of the Heisenberg group N and the group SL2 ('1i,) 
on~*: 

(2) 

(a, /3, u) · (r, z, t) := (r, z + a - r/3, t + ~ - (al/3) + _::1/31 2 - (/31z)) 
2n 2 2 

and 

(3) (a b) ( ) ·- (aT + b z clzl 2 
) 

c d · T~z,t .- cr+d' cr+d't- 2(cr+d) · 

Using the translation operator 
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introduced in Chapter 6 of [2], (2) is written as 

(5) (a, (3, u) · h = t13h + 21ria + (u - 1ri(alf3))8. 

The action of these groups SL2 (Z) and Non the space ~* is compatible 
in the sense that we have 

(6) (: !) • (a,(3,u) · h := (aa + b(3,ca + df3,u) (: !) · h. 

Now we consider the right action of the metaplectic group 

Mp2 (Z) := {(A,j); A E SL2 (Z), j is a holomorphic function in 

TE H, such that j(r)2 =er+ d} 

and the Heisenberg group N on the space of holomorphic functions F 
on Y: 

Fl(A,j)(T, z, t) := j(r)-lF(A · (r, z, t)), 

Fl(a,{3,u)(T,z,t) := F((a,(3,u) · (r,z,t)). 

The very important function is F"',/3 defined, for a, (3 E jj"*, by 

(7) F"'•13 (r,z,t) := F((a,(3,0) • (r,z,t)), 

namely 

(8) F°'•/3 ( T, z, t) F( t13h + 21ria - 1ri( al/3)8) 

( (al/3) T 2 ) F r,z +a -r/3,t- - 2- - (f31z) + 21/31 • 

We note that functions F"',!3(r, O, 0) were introduced in section 13.6 of 
[2], but here as above they are defined for full variables (r, z, t). The 
modular transformation of these functions is easily calculated by using 
(6) as follows: 

(9) F°',/31 _ (Fl )a'a+b'/3,c'a+d'/3 (A,j) - (A,j) 

if A E SL2 (Z) and A-1 = (:: r). In particular for S := (~ ~l) 
and T := G U , one has 

(10) 

(11) 

F"'•13 1(s,j) 

F"'•13 I (T,j) 

(Fl(S,j)).8,-"', 

(Fl (T,j) )a-/3,/3. 
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In the following sections, we study characters of integrable or ad­
missible representations of affine Lie algebras twisted by a finite group r. 
Here, as its preliminaries, we recall some of usual notations for a finite 
group r: 

(i) 

(ii) 

(iii) 

(iv) 

Let E(r) denote the set of irreducible characters of r, or equiv­
alently the set of all equivalence classes of irreducible representa­
tions of r. 

For each a Er, let Zr(a) (or simply Z(a)) denote the central­
izer of a in r. 

For g, a E r and a E E(r), we put a9 := gag- 1 and a9 is the 
character defined by a9(h) := a(g-1hg) for all h Er. 

For a E E(r), we put a(g) := a(g). Since a is the character of 
the contragredient representation of a, we sometimes write a* in 
place of a. 

Given a finite group r, we put 

X(r) := {(a, a); a Er and a E E(Z(a))}, 

and 
x(r) := .x(r)/r, 

where the action of the group r on X (r) is ( a, a )9 := ( a9, a9). 
Let [a, a] denote the equivalence class of (a, a), namely the r-orbit 

through (a, a). Then the associated transformation matrix is given in 
[9] as follows: 

(12) S[a,u],[a',u'] 
gEr such that 

aga' g- 1 =ga1-lg- 1a 

a'(g-1a-1g)a(ga'-1g-1) 

IZ(a)l · IZ(a')I 

1 

IZ(a)I 
(a" ,u")E[a' ,u'] 

such that a 11 EZ(a) 

§3. Twisted characters of integrable representations. 

We recall the representation theory of affine Lie algebras from [2]. 
Given a non-negative integer m, let P;;;, (or more exactly P;;;,(A) if nec­
essary) denote the set of all dominant integral forms (modulo <C8) of 
level m. For A E P;;;,, let ch(A) be the normalized character given by 
the formula 

(13) ch(A) ·= AA+p 
. AP , 



Twisted characters of admissible representations 329 

where A>-., for a strictly positive integral form .\ is a holomorphic func­
tion defined by 

01: A>-.(h) := e- 2n ('5lh) L E(w)e(w>-.lh) (h E Y), 
wEW 

and n := (>..JcS) is a positive integer. By its definition, it is easy to see 
the following: 

A>-.(h + u8) = eu(>-.lo) A>-.(h), 

A>-.(ta(h)) = A>-.(h) for all a EM, 

where M is the lattice in jj'* defined as follows in Chapter 6 of [2]: 

if A is symmetric or is twisted not of type A~~) , 

otherwise, 

namely 

{
-v 

M:= ~ if r = 1 or A = A~~), 

otherwise, 

- ._.e d -v ._.e '71 v N h 1 h where Q := L..,i=l Za an Q := L..,i=l !LJC\: • ote t at one a ways as 

(14) 
-v -* McQ cQ. 

Lemma 3.1. Let M 1 C R 1 be a pair of lattices in jj'* such that 

(15) 

Then, for A E P;;;_ and a, (3 E R1 and~' rJ E M1, the following formulas 
hold: 

1) e1ri(aHl.6+11)(A+pl8) A°'H,.6+11 
A+p 

= e21ri(A+pl~) e21ri( al11)(A+pl8) e1ri( al.6)(A+pl8) A~!P' 

2) e1rim(a+~l.6+11) ch ~+~,.6+11 = e27ri(AI~) e21rim(al11) e1rim(al.6) ch ~,.6. 

Proof. 

A a+,; ,.6+11 (h) 
A+p 

= AA+p(t.a+11 h + 21ri(a + ~) - 1ri(a + ~l/3 + ry)8) 

= e21ri(A+PIOe-1ri(aHl.6+11)(A+pl8) AA+p(t.a+11h + 21ria) by (15) 
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by (14) and (15) 

= e-1ri(a+el.8+71)(A+plo)e21ri(al71)(A+plo) AA+µ{t.,,(t,eh + 27ria)) 

= e-1ri(a+el.8+71)(A+plo)e21ri(al71)(A+plo) AA+it.eh + 27ria) 

= e-1ri(a+el.8+71)(A+plo) e21ri(al71)(A+plo) e1ri(al.B)(A+plo) 

AA+p( t,eh+ 27ria-7ri( aj,6)8) 

= e21ri(al71)(A+plo) e-1ri(a+el.8+71)(A+plo) e1ri(al.B)(A+plo) A~f p (h ). 

by {15) 

Thus 1) is proved. The formula 2) follows from 1) and {13). Q.E.D. 

By Lemma 3.1, the twisted character 

{16) Xa,,B(T z t) ·= e1rim(al.B)ch"''.B(T z t) 
A , ' • A ' ' 

is well defined for A E P;;;_ and a, ,BE Ri/M1, if the conditions {15) and 
m(M1IR1) CZ are satisfied. 

We now consider the situation where a datum ( m, r, Mr, Rr, 1') is 
given such that 

(Fl) mis a non-negative integer, 
(F2) r is a finite group, 
(F3) Mr C Rr is a pair of lattices in ij"* such that 

(17) Mr c M, 

(18) m(MrlRr) C Z, 

(F4) 1' : r--+ Rr/Mr is a map such that 

(19) 
(20) 

(21) 
(22) 

(23) 

7(aY) 

7(ab) 

7(a) for all a,g Er, 

7(a) + 7(b) if ab= ba. 

We note that the conditions (19) and (20) imply that 

7(e) 
7(a-l) 

7(ab-1) 

0, 

-7(a), 

7(a) - 7(b) if ab= ba. 

Associated to this finite group r, we consider the tranformation 
matrix on the set Xr := Xr/r: 

(24) 
1 

S[g,u],[g',u'] = IZ(g)I L a(g"-l)a"(g-1). 
(g",u")E[g',u'] 

such that g11 EZ(g) 



Twisted characters of admissible representations 331 

For A E P;;;, and (a, a) E Xr, we put 

(25) ( t) ·- 1 ~ (b) 7(b),y(a) ( ) 
X(a,u),A T, z, .- IZ(a)I ~ a XA T, z, t . 

bEZ(a) 

Since X(a,u),A = X(a,u)Y,A, this formula (25) defines the function X[a,a],A· 
We now turn to twisted affine algebras. It is known in [3] (see 

also [2]) that the modular transformation of characters of integrable 
representations in the case when g(A) is a twisted affine algebra not of 

type A~~) is given in terms of the adjacent root system. For a twisted 

affine Cartan matrix A not of type A~~), its adjacent Cartan matrix A' 
:= ((a?, a.i) )i,j=O,-·· ,£ is defined to be an affine Cartan matrix, of type 

(2) (2) (2) (3) . . (2) (2) 
Dl+I' Au_ 1 , E6 or D4 accordmg as the type of A 1s A2£_ 1 , D£+1 , 

E?) or Di3), satisfying the conditions: 

(Cl) 

if A - E(2) or D(3) - 6 4 , 

if A - E(2) or D(3 ) - 6 4 , 

for 1::; i::; £, 

(C2) and d=c, 

(C3) Ah= Ao, 

where (a0 , • • • , at) (resp. (at,··· , a'f) ) is the label (resp. co-label) of 

A, and c := Ef=o a'( a'( (resp. c') is the canonical central element of 
g(A) (resp. g(A') (see Chapter 6 of [2]). 

The Cartan subalgebra Q' of the adjacent affine Lie algebra g(A') 
is identified with its dual space Q'* by the standard bilinear form ( I )' 
on g(A'). But one can also identify the linear space Q' (resp. Q'*) with 
Q (resp. Q*) by conditions (Cl), (C2) and (C3), and so the standard 
bilinear form ( I ) on Q or Q* is, in itself, looked as a bilinear form on 
Q1 or Q'*. These two natural bilinear forms are related to each other as 
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follows: 

(26) 

(27) 

( I ) on Q 

( I ) on ry* 

r( I )' on ry', 

!( I )' on ry'*. 
r 

Since "ij"* ~ I)'*, lattices Mr and Rr can be looked as lattices in ry'*. 
Then, by a similar calculation, one sees that 

(28) (T z )afi . I (T z )afi X, - - t ·= e7rim(a f3)ch - - t A , , · A , , 
r r r r 

is well defined for A E P,t(A') and a, f3 E Rr/Mr, where the function 
J(~, ~' t)a,/3 is defined by 

We put 

( ) 1 (!.- ~ ) ·- _1 _ """' (b) 1 ( )-y(b),-y(a) 29 X(a,o-),A r'r't .-IZ(a)I ~ a XAT,z,t ' 
bEZ(a) 

for A E P,t(A') and (a, a) E Xr. 
The modular transformation of integrable characters are given as 

follows in [2], [3] and [5] : 

(30) 

Lemma 3.2. 

1) Ifr = l or A = A~~), then 

chAls(T, z, t) = L a(A, A')chN(T, z, t), 
A'EP;); 

and if A is twisted not of type A = A~~), then 

chAls(T,z,t) = L a(A,A')chA' (~, ~,t), 
A'EP;);(A') 

where 

a(A A')·= l IM* /M'l-l/Z """' E(w)e- m2;~v (w(A+p)IA'+p) 
' . (m+hv)f/2 ~ . 

wEW 
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2) If A is of type xt) (X =A,··· , G) and A-/- A~~), then 

where 

SA hA-~Z h __ (AIA+ 2p) 
.- 24m, A·-2(m+hv)' 

Zm .- mhvdim(g(XN)). m+ 

Under these setting, by a similar calculation as in [4], one obtains 
the following: 

Theorem 3.1. 

1) If r = l or A = A~~), then 

X[9 ,o-J,Als 

= ~ e-Z1rim(7 (9 )l7 (9 '))a(A A')S[ l [ , 'l · X[ , 'l A'· ~ , g,u , g ,u g ,u , 

[g' ,o-']EXr A' EP;!; 

2) If A is twisted not of type A~~), then 

X[g,o-J,Als(r, z, t) 

e-.21rim(-y(g)l-y(g')la(A A')S[ l [ ' 'l . X[ ' 'l A' , g,u , g ,u g ,u , 

[g',o-']EXr A'EP;!;(A') 

X (;, ~,t). 
3) If A -/- A~~), then 

X I _ e271"iSAe71"imh'(g)l 2 a(g)x 
[g,o-],A T - a(l) [g,o-],A· 

Proof 1) By (16), (25), (10) and Lemma 3.2, one has 

X I = _1_ ~ a(h)e1rim(1'(h)l-r(g))ch 1'(h),1'(Y)I 
[g,o-],A s IZ( ) I L...,; A s 

g hEZ(g) 

= -}- L L a(A, A')a(h)e1rim(1'(h)l-r(9 ))ch'X_~9 ),--y(h) 

I (g)I hEZ(g) A'EP;!; 

= -}- L L a(A, A')a(h)e1rim(1'(h)l7 (9 ))ch'X_~g),-y(h-i). 

I (g)I hEZ(g)A'EP;!; 
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Using 

(31) chI\g),,(h-1) = e1rirn(,(h)l,(g)) 

cr'EE(Z(h)) 

which follows from the orthogonality of characters of a finite group, and 
writing a in place of h- 1 , this is rewritten as follows: 

X[g,cr],Als 

1 " (A A') " " e-21rirn(,(a)l,(g)) 
IZ(g)I LJ a ' LJ LJ 

A'EP;t;, aEZ(g) cr'EE(Z(a)) 

X a(a- 1 )a'(g- 1 )X(a,cr'),A' 

= --J-- L a(A, A') L L e-21rirn(,(a")l,(g)) 

I (g)I A'EP;t;, aEZ(g) [a",cr"]EXr 

X 

(a,cr')E[a" ,er"] 
such that 

aEZ(g), cr'EE(Z(a)) 

( -1) '( -1) a a a g X[a" ,cr"],A' · 

Thus we have proved 1). A similar calculation proves 2). 
3) One has 

X I = _1_ " a(h)e1rirn(,(h)l,(g)) ch ,(h),,(g) I 
[g,cr],A T IZ( )I L....J A T 

g hEZ(g) 

= e27risA --J-- L a(A, A')a(h)e1rirn(,(h)l,(g))chthg-1),,(g). 

I (g)I hEZ(g) 

Using 

(32) chthg-l),,(g) = e-1rirn(,(hg-l)l,(g)) L a'(hg- 1 )X(g,cr'),A, 

cr'EE(Z(g)) 

this is rewritten as follows: 

I _ 21risA 1rirnl,(g)l 2 l " " (h)-'(h -1) 
X[g,cr],A T - e e -IZ( )I L....J LJ a a g X(g,cr'),A· 

g cr'EE(Z(g)) hEZ(g) 

Then by the orthogonality of characters this gives 

I _ e21risA e1rirnl,(g)l 2 a(g) 
X[g,cr],A T - a(l) X[g,cr],A, 

proving 3). Now the proof is complete. Q.E.D. 
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Example 3.1. We consider the simplest case A = A?) = ;t(2, q, 
where 

(33) 

and 

(34) 

since A1 = ½a1 . Let r := (½Z)/4Z be a cyclic group, and consider two 

lattices Mr := 2Q = 2Zaj" and Rr := ½P = ¼Zaj". Let 'Y be a group 
isomorphism of r to Rr/Mr given by 1(j) := jA1 for all j E ½Z, and 
then we get a datum ( m, r, Rr, Mr, 'Y) satisfying conditions ( 17) ~ ( 20), 
for arbitrarily fixed non-negative integer m. 

For each s E (½Z)/4Z, let c 8 : r ---+ U(l) denote the character 
defined by c 8 (j) := e1risj. Then the set E(r) of all characters of the 
group r is 

E(r) = E ((~Z)/4Z) = { cs; s E (~Z)/4Z}. 

We make use of a simplified notation: 

(35) 

for a holcimolphic function F on Y and j, k E ½Z. Also let r.p denote 

the Dynkin diagram automorphism of A~1) such that r.p(ai) := a 1 _i 

for i = 0, 1. Then it naturally induces the action on the weight space: 
r.p(Ai) := A1-i for i = 0, 1. 

First we note the following: 

Lemma 3.3. Let j, k E Z and A E P,;;-.. Then 

Since (a1 la1 ) = 2, this gives immediately the following: 



336 M. Wakimoto 

Lemma 3.3'. Let j,k E Zand A E P;;;_. Then 

. ('~lk~) 'k "(AV) e1r•m 1· 2 · 2 ch~ = e.,..'1 •°'1 chcpkA, 

e1rim((H½);i-lk•;i-)chi+½,k _ e "rke1rij(A,ar)ch½,o 
A - cpkA> 

e,rim(j·cxl l(k+½);i-)chj,k+½ - e,rij(A,ar)chO,½ 
A - cpkA> 

e,rim((j+½ )-rl(k+½) cxl )ch~+½,k+½ = e "r (k+¼)e,rij(A,an ch;Li: 

We now consider the functions X(k,e.),A as defined by (25), fork Er, 
s E (½i)/4Z and A E P;;;,. By a simple calculation using the orthogo­
nality of characters, one checks the following: 

Lemma 3.4. Let k E Z/4Z and AE P;;;_, then 

1) 

2) 

From this one immediately has 

Lemma 3.5. Let k, s E (½Z)/4Z, then 

1) 

2) 

_ {X(k,e.),A 
X(k+2,e.),A -

X(k,e.+2 ),A 

ifs = -(A, a¥), 

ifs= -(A,a¥) +2, 

otherwise. 

if m is even, 

if m is odd. 

if s=-(A, a¥), 

ifs=-(A, a¥)+2, 

otherwise. 

if (A, a~') is even, 

if (A, a;i') is odd, 
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3) 

So putting 

X+ ·-x k,A .- (k,e_(A,al'.')),A and 

if (A, a~;') is even, 

if (A, a~) is odd. 

x;,A := X(k,e_(A,c,J')+2),A, 

337 

for k E (½ Z) / 4.Z and A E P;;;_, one obtains a family of holomorphic 
functions xt A and Xi A' whose linear span is invariant under modu-

, 2, 

lar transformations. The transformation of these functions under S is 
explicitly computed by the formula in Theorem 2.1, and the fusion coeffi­
cients due to the Verlinde's formula are obtained as follows in particular 
when m =1 or 2. 

1) The case when m=l; We put 

X ·-x+ 0 .- O,Ao' 

X ·-x+ 4 .- ½,Ao' 

X1 := Xo,A0 , 

X5 := X~A' 2, 0 

X ·-x+ 2 .- O,A1' 

X •-x+ 6 .- ½,A1' 

X3 := Xo,A1' 

X7:=x~A. 
2, 1 

Then the transformation matrix is obtained as follows: 
XQ X1 X2 X3 X4 X5 XB X7 

Xo _!_ _!_ _!_ _!_ __.!._ __.!._ __.!._ __.!._ 

2y12 2y12 2y12 2y12 2v'2 2v'2 2v'2 2v'2 
X1 -1 -1 -1 -1 

2y12 2v'2 2y12 2v'2 2y2 2y2 20 20 
X2 -1 -1 • • -· -• 

2y12 2v'2 2y12 2v'2 20 20 2y2 2y2 
X3 

-1 -1 -• -• • • 
2v'2 2v'2 2v'2 2v'2 2v'.2 2v'2 2v'2 2v'2 

X4 
1 -1 i -i ,.;,7 w3 w ws 

2v'2 2v'2 2v'2 2v'2 2v'2 2v'.2 2v'2 2v'2 
X5 1 -1 i -i wa w7 ws w 

2v'2 2v'2 2v'2 2v'2 2v'2 2v'2 2v'.2 2\(2 

XB 
1 -1 -i i w ws w7 wa 

2v'2 2v'2 2v'2 2v'2 2v'2 2v'2 2v'2 2v'.2 
X7 1 -1 -i i ws w w3 w7 

2V2 2V2 2V2 2V2 2V2 2"'2 2V2 2V2 

where 
ti 1 +i 

w:=e 4 =--. 
v'2 

And the fusion coefficient Nx;,x3 ,xk is= 1 if (i,j, k) is a permutation of 
(0,0,0), (0,1,1), (0,2,3), (0,4,6), (0,5,7), (1,2,2), (1,3,3), (1,4,7), (1,5,6), 
(2,4,4), (2,5,5), (2,6,7), (3,4,5), (3,6,6), (3,7,7), and= 0 otherwise, and 
so the fusion algebra is 

Yi · Yi = Yi+i mod s, 
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by putting 

namely the group algebra over the cyclic group of order 8. 
2) The case when m = 2; We put 

X ·-x+ 0 .- 0,2Ao' X • X- X ·- X+ 1 .= 0,2A0 , 2 .- 0,Ao+A1' 

X ·-x+ 4 .- 0,2A1' X • X- X ·- X+ 5 .= 0,2A2' 6 .- ½,2A0 ' X7 := X:i° 2A ' 
2, 0 

X ·-x+ 8 .- ½,Ao+A1' Xg := X½,Ao+A1' X ·-x+ lO .- ½,2A1' 

Then the transformation matrix is obtained as follows: 

Xo X1 X2 X3 X4 X5 X5 X7 Xs Xg X10 X11 

Xo .!. .!. _!_ _!_ .!. .!. .!. .!. _!_ _!_ .!. .!. 
4 4 2{2 2{2 4 4 4 4 2y2 2y2 4 4 

X1 
1 1 1 1 -1 -1 -1 -1 -1 -1 
4 4 2y2 2y2 4 4 4 4 2y2 2y2 4 4 

X2 
1 1 0 0 -1 -1 i i 0 0 -i -i 

2{2 2{2 2y2 2y2 2y2 2y2 2y2 2y2 

X3 0 0 -1 -1 -i -i 0 0 i i 

2{2 2{2 2{2 2{2 2y2 2y2 2y2 2y2 

X4 
-1 -1 -1 -1 1 1 -1 -1 

4 4 2y2 2y2 4 4 4 4 2y2 2y2 4 4 
X5 

1 1 -1 -1 1 1 1 1 -1 -1 1 1 
4 4 2y2 2,/;i 4 4 4 4 2{2 2y2 4 4 

X5 
1 -1 i -i -1 1 -i i -1 i -i 
4 4 2y2 2,/;i 4 4 4 4 2y2 2{2 4 4 

X7 
1 -1 i -i -1 1 i -i -1 -i i 
4 4 2y2 2y2 4 4 4 4 2y2 2y2 4 4 

Xs 
1 -1 0 0 1 -1 1 -1 0 0 1 -1 

2{2 2y2 2{2 2y2 2y2 2{2 2y2 2{2 
Xg 

-1 0 0 -1 -1 0 0 -1 

2{2 2y2 2y2 2f 2y2 2,/;i 2,/;i 2y2 

X10 
-1 -i i -1 i -i 1 -1 -i i 

4 4 2,/;i 2y2 4 4 4 4 2y2 2{2 4 4 
X11 

1 -1 -i i -1 1 -i i -1 i -i 
4 4 2V2 2V2 4 4 4 4 2V2 2V2 4 4 

And the fusion coefficient Nx,,xi,xk is= 1 if (i,j,k) is a permuta­
tion of (0,0,0), (0,1,1), (0,2,3), (0,4,4), (0,5,5), (0,6,10), (0,7,11), (0,8,8), 
(0,9,9), (1,2,2), (1,3,3), (1,4,5), (1,6,11), (1,7,10), (1,8,9), (2,2,4), (2,3,5), 
(2,6,8), (2,7,9), (2,8,11), (2,9,10), (3,3,4), (3,6,9), (3,7,8), (3,8,10), (3,9,11), 
(4,6,6), (4,7,7), (4,8,9), (4,10,10), (4,11,11), (5,6,7), (5,8,8), (5,9,9), 
(5,10,11), and= 0 otherwise. From this one obtains the following prod­
uct table: 
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Xo X1 X2 X3 X4 X5 X5 X7 Xs X9 X10 Xu 

xo Xo X1 X2 X3 X4 X5 X5 X7 Xs X9 xw Xu 

X1 X1 Xo X3 X2 X5 X4 X7 X5 X9 Xs Xu X10 

X2 X2 X3 X1 +x4 xo +xs X3 X2 Xs X9 X7 + X10 X5+xu X9 Xs 

X3 X3 X2 Xo +xs X1 +x4 X2 X3 X9 Xs x5+xu X7 + X10 Xs X9 

X4 X4 X5 X3 X2 Xo X1 xw Xu X9 Xs X5 X7 

X5 X5 X4 X2 X3 X1 Xo Xu X10 Xs X9 X7 X5 

X5 X5 X7 Xs X9 xw Xu X4 X5 X3 x2 xo Xl 

X7 X7 X5 X9 Xs Xu X10 X5 X4 X2 X3 X1 Xo 

Xs Xs X9 X7 + X10 x5+xu X9 Xs X3 X2 xo +xs X1 +x4 x2 X3 

X9 X9 Xs X5+Xu x1 +xw Xs X9 X2 X3 X1 +x4 xo +xs X3 X2 

xw xw Xu X9 Xs X5 X7 xo X1 X2 X3 X4 X5 

Xu Xu X10 Xs X9 X7 X5 X1 Xo X3 X2 X5 X4 

§4. Twisted characters of principal admissible representations. 

Given an affine Lie algebra g(A), we introduce the following lattice: 

- {Q* 
M := (Qv)* 

if r = 1, 

if r ~ 2. 

A rational number m = ! - h v is called an principal admissible number 
( or shortly admissible number) if p and u are mutually co-prime positive 
integers such that p ~ h v and gcd( u, r v) = 1. For an admissible number 
m, u always stands for its denominator. Given an admissible number 
m, we choose y E W and (3 E M satisfying 

(36) 
(37) 

y((u - l)c + a;j) 
y(aY) 

E 

E for i = 1, · · · , £, 

where y := tf3Y and c := Ef=o a( a( is the canonical central element 
of g(A). 

Let P;;;_,Y denote the set of all 

(38) A:= y(.\0 - (u - l)(m + hv)Ao + p) - p, 

where ,\0 E P:Cm+hv)-hv are dominant integral forms. A linear form 
,\ defined by (38) is called a principal admissible weight (or shortly ad­
missible weight henceforward in this paper) of level m. The notion of 
principal admissible weights and principal admissible numbers was in­
troduced in [8]. 
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Given an admissible number m, the set of all principal admissible 
weights of level m is 

p+ = 
m u 

y: satisfying 
(36) and (37) 

P;;;,,y 

The character of the irreducible highest weight module L( >..), for an 
admissible weight >.. E P;;;,,y, is known by [6] and [7] as follows (see also 
[10]): 

(39) h (h) = B>.(h) 
C >. Ap(h)' 

where we put 

(40) 

and 

h .- u'fT1t!!_ (T, _:_, ~) 
u u u 

(41) ( UT, JT 1 (z + T,8), ~(t +(,Biz)+ ~l,81 2 )). 

So one has 

(42) 

B>,(T, z, t) 

A>. 0 +p ( UT, JT 1 (z + T,8), ~(t +(,Biz)+ ~l,81 2)) 

l-" 0 +Pl 2 • e - 2u(m+hV) (8l-21riuTAo) 

X L E(w)e(w(>.o+P)l(uT,Y-1(z+T/3),~(t+(/31z)+fl/312))) 

wEW 

qit~1~~) L E(w )e(w(>. 0 +P)l(uT,Y- 1(z+T/3),~(t+(/31z)+f l/31 2))), 

wEW 

where q := e21rir as usual. 

The map h --; h defined by ( 41) for given y satisfies the following: 

Lemma 4.1. Leth= (T, z, t) E IJ* and a E f; then 

1) Ck= ( UT, 1r1(z + T(,8 - a)), ~(t + (,8 - alz) + ~l,8- al 2)), 
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Proof. Since 

tah h - 21riTa - ('~12 (-21riT) + 21ri(alz)) 6 

(T, z - Ta, t + ilal2 - (alz)), 

one has 

Qi 
= (uT, "fT 1(z - Ta+T/3), ..!:_(t+~lal2-(alz)+(z-Tal/3)+~1/312)) 

u 2 2 

( uT, 1r1(z+T(j3-a)), ~(t+~l/3-al2+(/3-alz))) , 

proving 1). The formula 2) is shown as follows: 

t?,y-i)i 

~ 1r1a ( l1r1a1 2 
A rr 1a ) h- 21riuT · -u- - 2u2 (-21riuT) + (hl-u-) 6 

= ,;: + (o, -T1r 1a, 2-1a1 2 - ..!:.(z + T/31a)) 
2u u 

= ( uT, '.iT 1(z + T(/3 - a)), ~(t+(zl/3)+il/312+ilal2-(z+T/31a))) 

= ( UT, y- 1 (z + T(/3-a)), ~(t+il/3-al2+(/3-alz))) 

Qi by 1), 

proving 2). Q.E.D. 

Lemma 4.2. Let y = tf3y, >. E P~,Y' z' E Q* and t' E C, then 

Proof. By (42), one has 

B>,.(T, z + z', t + t') 
q J(::.!~~) L E( w)e(w(>. 0 +P)l(ur,y- 1 (z+z' +rf3),¾,(t+t' +(f31z+z')+½ lf31 2 ))) 

wEW 

q dt.:'.!~~) e21ri(>. 0 +Pl f 6) e21ri(>.. 0 +Pl¾, (z' lf3)6) 
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X L E( w)e(w(.>..o+p)J(ur,1rl(z+z' +r/3),:/;-(t+(/3Jz)+f l/312))) 

wEW 

1»o+Pl2 ·c hv) I ·c hv)( 'l/3) q 2(rn+h V) e2ni m+ t e2n:i m+ z 

X L E( w)e(w(.>..o+p)J(ur,y-l(z+z' +r/3),:/;-(t+(/31z)+f l/312))). 

wEW 

Now the lemma follows since e2n:i(w(.>.. 0 +P)l11- 1 z') = e2ni(.>.. 0 +Plz') for all 

w E W. Q.E.D. 

Lemma 4.3. Let m be an admissible number and (M1 , R 1) be a pair 
of lattices in jj"* such that 

(43) 

Then, for,\ E P;;;,,Y and a, a' E R1 and~' rJ E M1, the following formulas 
hold: 

(44) 

1) en:i(m+h v)(aHJa'+11) B;H,a'+11 (h) 

= e2n:i(m+h v)(al11)e21ri(m+h v)(el/3leni(m+hv)(aJa') B;,a' (h), 

2) enim(aHJa'+11lch;H,a'+11(h) 

= e2nim(aJ71)e2ni(m+h v)(el/3)enim(aJa') ch~•a' (h ). 

Proof. First we note that the condition (43) implies 

by (14). From (8) and Lemma 3.2 one has 

(45) B.>..(ta,h + 21ria - 1ri(aja')8) 

e-n:i(m+hv)(aJa') B.>,.(ta,h + 21ria). 

So 

en:i(m+h v)(aHJa' +11) B;H,a' +11 (h) 

= B.>..(ta'+11 h + 21ri(a + ~)) 
= e2n:i(.>..o+Ple)e2n:i(m+hv)W/3) B.>,.(ta'+11h + 21ria) 

= e2ni(m+hv)(el/3) B.>,.(ta'+11h + 21ria) 

by Lemma 4.2 and (44) 

by (44) 

= e 2ni(m+hv)(eJ/3)e27ri(m+hv)(aJ71) B.>..(t11(ta,h + 21ria)) by Lemma 4.2 

= e2ni(m+hv)(el/3)e2ni(m+hv)(aJ71) A.>..o+p((t11(ta,h + 21ria))~) 
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= e2,ri(m+hv)((l,B)e21ri(m+hv)(<>l'1) A>.o+p(h17-1'1(ta,f+~ia)) 
'U 

by Lemma 4.1. 

Since tM1 CM by (43), this becomes 

= e21ri(m+hv)(el,B)e21ri(m+hv)(<>l'7) A>.o+µ(ta,w'1ria) 

= e21ri(m+hv)(el,B)e21ri(m+hv)(<>l'7) B>.(ta,h + 21ria) 

= e21ri(m+h v)(el,B)e2,ri(m+h v)(<>l'7) e,ri(m+h v)(ala') Bf•°'' (h) by ( 45), 

proving 1). The formula 2) follows from 1) and Lemma 3.1. Q.E.D. 

By this lemma, a holomorphic function 

(46) X"',"'1 (r z t) ·= e1rim(ala')ch"''"'1 (r z t) 
>. ' ' · >. ' , 

is well-defined for an admissible weight >. E P;;;_, and a, a' E Ri/M1 if 
conditions (43) and m(M1 IR1) C Z are satisfied, since one always has 
(MIM) C z. 

We now consider a datum (m, r, Mr, Rr, 'Y) satisfying the following 
conditions: 

(Al) mis an admissible number, 
(A2) r is a finite group, 
(A3) Mr C Rr is a pair of lattices in jj"* such that 

(47) 
(48) 

Mr C uM, 

m(MrlRr) C Z, 

(A4) 'Y: r-+ Rr/Mr is a map such that 

(49) 
(50) 

-y(a) for all a, g E r, 

-y(a) + -y(b) if ab= ba. 

Associated to this finite group r, we consider the tranformation 
matrix (24) on the set Xr := Xr/r. For>. E P;;;_ and (a,a) E Xr, we 
put 

( t) ·- 1 ' """' (b) -y(b),-y(a)( t) X(a,u),>. r, z, .- IZ(a)I ~ CT X>. r, z, . 
bEZ(a) 

(51) 

Since X(a,u),>. = X(a,u)Y,>., this defines a function X[a,u],>. for [a, a] E Xr 
and>. E P;;;_. 

The modular transformation of admissible characters is given in [7] 
as follows: 
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Lemma 4.4. 

1) Ifr = 1 or A = A~~), then 

ch>.ls(T,z,t) = L a(>.,>.')ch>.,(T,z,t), 
A'EP;); 

and if A is twisted not of type A = A~~), then 

ch>.ls(T,z,t) = L a(>.,>.')chv (~, ~,t), 
A'EP;);(A') 

where 

a(>. >.') := il°K+I 1 IM* /M'l-1/2E('f.Jy') 
' uf(m + hV)f/2 

X L E(w)e - m2;.~v (w(>.+p)I>-' +p) e-2ni((>.o+~lf3')+(>.'o+p'l/3)+(m+h v)(/31/3')), 

wEW 

for >. E P~,y(A) and >.' E P~,y,(A'). 

2) If A is of type xf;> (X = A, .. · , G) and A # A~), then 

ch>.lr(T,z,t) = e21ris),,ch>.(T,z,t), 

where 

·- h, - __!__z h ·= (>.I>.+ 2p) 
"' 24 m, ,\ · 2(m+hv)' 

Zm 
m . 

hv d1m(g(XN) ). 
m+ 

Now the argument goes quite similarly with integrable cases and we 
obtain the transformation formula for X[g,o-],>. : 

Theorem 4.1. 

1) Ifr = 1 or A = A~~), then 

X[9 ,o-pls = L '""' e-21rim(-y(g)h(g'))a(>. >.')S[ l [ ' ']'X[ ' '] "· ,L....,; , g,a , g ,a g ,a ,A 

[g',o-']EXr A'EP;); 

2) If A is twisted not of type A~~), then 

X[g,o-),,\ Is ( T, z, t) 

'""' '""' -21rim(-y(g)h(g')) ( \ \ ')S ( T Z t) L...., L...., e a"," [g,o-],[g',o-']'X[g',o-'],A' :;::,:;::, • 
[g',o-']EXr ,\'EP;);(A') 
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3) (2) 
If A =/- A 2i , then 

X I _ e27riS.>.e7rimb(g)l 2 a(g)x 
[g,a],>. T - a(l) [g,o-j,A· 

§5. A fusion datum with non-symmetric transformation ma­
trix 

The theory of a fusion datum associated to a non-symmetric trans­
formation matrix was discussed by Lusztig [9]. In order to treat the 
modular transformation of twisted admissible characters, we extend his 
definition to a more general situation, and consider a fusion datum de­
fined as follows: 

Definition. Let X be a finite set with a given element x0 and with 
given commuting transformations*, a: X ~ X. Let S = (Sx,y)x,yEX 

and T = (tx8x,y)x,yEX be unitary matrices. We call (X, xo, *, a, S, T) a 
fusion datum if the following conditions (FDl) - (FD6) are satisfied for 
all x,y,z EX: 

(FDl) Bx,xo > o, 
(FD2) * is invplutive and x0 = xo, 
(FD3) Sa(x),a-l(y) = Sy,x, 

(FD4) Bx•,y = Bx,y, 

(FD5) 

N ·- ~ Bx,wBy,wBz,w _ ~. Sw,xBw,ySw,z '7l 

x,y,z .- ~ S - ~ S E iu:2'.0, 
wEX xo,w wEX w,xo 

(FD6) S4 = (ST- 1 ) 3 = (ST) 6 = the identity matrix. 

The condition (FD3) implies that the matrix (Sa(x),y)x,yEX is sym­
metric. It follows from (FD3) and (FD4) that 

(52) Bx,y• = Bx,y· 

We note that (52) and the condition (FD4), together with the unitarity 
of S, imply 

(53) L Bx,wBy,w = L Sw,xBw,y = Dx,y•. 

wEX wEX 

Given a fusion datum (X, x0 , *, a, S, T), the C-linear span R of X be­
comes a commutative and associative algebra by the multiplication 
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x•y := LzEX Nx,y,z•Z with the unity xo, called the fusion algebra asso­
ciated to (X, x0 , *, CJ', S, T). This multiplication satisfies (x · y)* = x* · y* 
by conditions (FD4) and (FD5), namely the map * is an involutive au­
tomorphism of R. 

Some examples of such fusion data are supplied by twisted admissi­
ble characters of affine Lie algebras. 

Example 5.1. Let us consider an affine algebra A= A~1) = J(2, C), 

and let m = '!!.. be an admissible number. The set of all admissible 
u 

weights of level m is 

P;;;, = {Am;k,n k,n E Z2:o, 0::; k::; u-1, 0::; n::; p- 2}, 

where 

Am;k,n 

(54) 

(m - n + k(m + 2))A0 + (n - k(m + 2))A1 

A n- k(m + 2) 
m o + 2 a1, 

and an explicit formula of the modular transformation of these charac­
ters is given in [6]. 

Let r := (½Z)/4uZ be a cyclic group, and consider two lattices 

Mr := 2uQ = 4uZA1 and Rr := ½P = ½ZA1. Let 'Y be a group 
isomorphism of r to Rr/Mr given by "((j) := jA.1 for all j E ½Z, and 
then we get a datum (m, r, Rr, Mr, 'Y) satisfying conditions ( 47) ~ (50). 

For each s E (½Z)/4uZ, let Es : r - U(l) denote the character 
~ defined by c: 8 (j) := e u • Then the set E(r) of all characters of the 

group r is 

First we note the following formulas where the function Fj,j', for a 
holomorphic function Fon Y, is as defined by (35): 

Lemma 5.1. Let j,j' E Zand Am;k,n E P;;;,. Then 

e1rim(j·¥-li'·¥-lchj,j' = E -k (J')chA . 
Arn;k,n nu P rn;k+1' ,n' 

· (( ·+ 1) "1 I'' ~) j+l j' "'"' ., l 0 
enm 1 2 2 1 · 2 ch 2 ' = e-2-J Enu-k (j)ch 2 ' , 

Am;k,n p Arn;k+j' ,n 

1rim(j·~l(j'+l)~) hj,/+½ _ ( ') ho,½ 
e 2 2 2 C Am;k,n - Enu-kp J C Am;k+j' ,n' 

e1rim((j+½) ",' IU'+½) ",' lchH½,/+½ = e "t"' (j' +¼ )Enu-k (J')ch½,½ , 
Arn;k,n P Am.;k+j 1 ,n 
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where 

{
chA (55) ch := ,n;k,n 

A,n;k+su,n -ch 
Am;k,p-2-n 

ifs is even, 

ifs is odd. 
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We now consider the functions X(j,e.),A,n;k,n as defined by (51) for 
j E r, s E (½Z)/4uZ and Am;k,n E P;;;,. By a simple calculation using 
the orthogonality of characters, one obtains the following: 

Lemma 5.2. Let j E Z/4uZ and Am;k,n E P;;;,, then 

1) 

X(j,e.),A,n;k,n 

{

1 ( h ti.m.(j+k) 1rik _,.-in h½,O l 2 C A,n;J+k,n + e 2 e e 2 C A,n;J+k,n 

- 1 ( h "i"'(j+k) 1rik _,.-in h½,o 
- 2 C A,n;J+k,n - e 2 e e 2 C A,n;J+k,n 

0 

2) 

X(i+½,es),A,n;k,n 

{ 

1 ( 0 ! ,.-i,n ( · k 1 ) "k ,.-in ! ! l - ch ' 2 +e-2- J+ +4 e1r• e----x-ch 2 ' 2 
2 Am;j+k,n Am;j+k,n 

( 
0 1 . l . 11 

- 1 h '2 =(j+k+-) 1rik -= h2'2 
- 2 C A,n;J+k,n - e 2 4 e e 2 C A,n;J+k,n 

0 

From this one sees 

if s=kp-nu, 

if s=kp-nu+2u, 

otherwise. 

if s=kp-nu, 

if s=kp-nu+2u, 

otherwise. 

if j + k = j' + k', 

for j,j', s, s1 E (½Z)/4uZ, and obtains a family ofholomorphic functions 

(57) 

(58) 

x+ j,(k,n) 

X7;(k,n) 

•- X(j,ekp-nu),Am;k,n' 

.- X(j,ekp-nu.+2u),Am.;k,n' 

with j = 0, ½ and Am;k,n E P;;;,, whose linear span is invariant under 
modular transformation. The transformation of these functions under 
S is given as follows: 

Lemma 5.3. 
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1) 

X~(k,n)ls = ~ L a(Am;k,n, Am;k',n') (xt,(k',n') + X~(k',n')) 
k',n' 

1 ~ _1rin + _ { 
u-2 p-2 

± 2e 2 u e 2 LL a(Am;k,n,Am;k'+I,n') (x½,(k',n') +x½,(k',n')) 
k'=On'=O 

p-2 } - L a(Am;k,n, Am;O,p-2-n') (xtcu-1,n') + x½,(u-1,n')) ' 
n 1=0 

2) 

± 1 ~ -~ ,cin1 
( + _ ) 

x½,(k,n)ls = 2 ~ a(Am;k,n,Am;k',n')e 2u e 2 Xo,(k',n') - Xo,(k',n') 
k',n' 

1 7rirn ~ 1rin 
± -e--4-e 2u e--2-

2 

{ 
u-2 p-2 
~ ~ _ 7ripk 1 7ri"n 1 

( + _ ) 
X f::o,f;-:o a(Am;k,n, Am;k'+l,n' )e 2u e 2 x½,(k',n') - x½,(k',n') 

p-2 } _ 7rip(u-1) -rrin 1 + _ - L a(Am;k,n,Am;O,p-2-n 1 )e 2 u e 2 (x½,(u-1,n')-x½,(u-1,n')) · 
n'=O 

And the transformation under T is easily calculated from Theorem 
4.1: 

Lemma 5.4. 

1) 

2) 

x± I - eH((2n-3k+2)2-3)x± 
O,(k,n) T - O,(k,n)' 

x~ Ir= ±ef½C2n-3k+½)2x~ . 
2 ,(k,n) 2 ,(k,n) 

We note that the transformation matrix of S with respect to this 
basis is not symmetric in general; e.g., 

and 

+ 1- 1( )+ Xo,(O,O) s - · · · + 2a Am;O,O, Am;l,O x½,(O,O) + · · · , 

+ 1 + 
X},(o,o)ls = 2 a(Am;o,o,Am;o,o)Xo,(o,o) + · · ·. 

We now look at the cases when m.= -½ and-! in more detail: 
1) The case when m = -½; 
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The transformation matrix a(k,n),(k',n') := a(A_.1.k n, A_.1•k' n') of 
2' ' 2' ' 

level m = -½ is given by 

(

acoo),(oo) 

aco1),(00) 

a(lo),(oo) 

acu),(00) 

acoo),(01) 

a(Ol),(01) 

a(10),(01) 

acu),(01) 

acoo),(10) 

a(Ol),(10) 

a(10),(10) 

acn),(10) 

acoo),(n)) (J1 
a(Ol),(11) _ 2 

- -1 
ac10),c11) T 
a(u),(11) 2 

-1 

T 
2 
-1 

T 
2 

-1 

]1 
T 

i 

2 
i 

2 

and Lemma 4.3 gives the following transformation formulas of x±(k ) 
J, ,n 

± 1 
Xo,(k,n) Is = 2 L a(k,n),(k',n') (xt,(k',n') + x~(k',n')) 

k',n'=0,1 

± ~e 3,c4ik e- ,c~n { L a(k,n),(1,n') ( xtco,n') + x½,(O,n'i) 
n'=0,1 

- L a(k,n),(0,1-n') (xt(l,n') + x½,(1,n'i) }, 
n'=0,1 

± 1 
x½,(k,n)ls = 2 

+ e 
3 t L a(k,n),(0,1-n')e "':/ (xt(l,n') - X°i,c1,n1)) }· 

n'=0,1 

Changing a basis cp\ := ( -1 )k+nX7 ( ) and renaming them as 
J, ,n 2 , k,n 

Xo ·- cp+ .- o,o,o, Xg := ({)o,o,o, X4 ·- cp+ .- 0,0,1, X12 := ({)0,0,1, 

X10 ·- cp+ .- 0,1,0, X2 := ({)0,1,0, X ·- cp+ 14 .- 0,1,1, X5 := ({)0,1,1, 

X1 ·- cp+ .- 1,0,0, Xg := ({)1,0,0, X5 ·- cp+ .- 1,0,1, X13 := ({)1,0,1, 

Xu ·- cp+ .- 1,1,0, X3 := 'P1,1,o, X15 ·- cp+ .- 1,1,1, X7 := 'P1,1,1, 

the modular transformations xi IT= tixi and xils = :Z::o:s;j::;i5 SijXj are 
explicitly given as follows : 

to= ts= ( 4 , t4 = ii2 = -(4, t2 = t5 = t10 = t14 = -(40 , 

t1=t15=(, t7=tg=-(, t5=t11=(25 , t3=t13=-(25 , 

and 
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(Sij )i,j=O,··· ,15 = ¼ X 

1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 
1 09 02 011 04 013 06 015 -1 0 010 03 012 05 014 01 
1 010 04 014 -1 02 012 06 1 010 04 014 -1 02 012 06 
1 011 06 0 012 01 02 013 -1 03 014 09 04 015 010 05 

1 012 -1 04 1 012 -1 04 1 012 -1 04 1 012 -1 04 
1 013 010 01 04 0 014 011 -1 05 02 015 012 09 06 03 
1 014 012 010 -1 06 04 02 1 014 012 010 -1 06 04 02 

1 015 014 013 012 011 010 09 -1 01 06 05 04 03 02 0 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
1 0 02 03 04 05 06 01 -1 09 010 011 012 013 014 015 

1 02 04 06 -1 010 012 014 1 02 04 06 -1 010 012 014 

1 03 06 09 012 015 02 05 -1 011 014 0 04 01 010 013 

1 04 -1 012 1 04 -1 012 1 04 -1 012 1 04 -1 012 

1 05 010 015 04 09 014 03 -1 013 02 01 012 0 06 011 

1 06 012 02 -1 014 04 010 1 06 012 02 -1 014 04 010 

1 01 014 05 012 03 010 0 -1 015 06 013 04 011 02 09 

where 0 := elf and ( := e~. 
These matrices S and T satisfy conditions (FD1)-(FD6) with the 

involutions 

x; := Xrn-i, 

( ) { Xi+s mod 16 if i is even, 
O' Xi := 

if i is odd. Xi 

The associated fusion algebra is Xi· Xj = Xi+j mod 16, namely the 
group algebra over the cyclic group of order 16. 

2) The case when m = -!; 
The transformation matrix of level m = -! is 

C 
1 _,) 

v'3 v'3 v'3 
(ak k' h k'-o 1 2 := ( a(A_1..k o, A_1..k1 o)) = 1 w w2 

v'3 'I! ' ' ' - ' ' 3 ' ' 3 ' ' k,k'=0,l,2 _ 1 w2 

v'3 v'3 v'3 
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where w := e¥, and Lemma 5.3 gives the following transformation for­
mulas of X±(k o) 's: 

J, ' 

± 

Xi (k o)ls 2, , 

± 

l rrik { " ( + _ ) 2e 3 ~ ak,k'+l X½,(k',O)+X½,(k',O) 
k'=O,l 

-ak,O (x½,(2,0)+X½,(2,o)) }, 

2 
1 " _ rrik

1 
( + _ ) 2 ~ ak,k'e 3 Xo,(k',O) - Xo,(k',O) 

k'=O 

1 ~ { " _,cik
1 

( + _ ) 2e 3 ~ ak,k'+le 3 X½,(k',O) - X½,(k',O) 
k'=O,l 

-ak,oe_2ii (xt,(2,0) - x½,(2,0)) }· 

Changing a basis r.p\ := i(-l)kXT (k ) and renaming them as 
J, 2' ,0 

Xo = X(ooo) := l.{)ri,o, 

xn = X(zn) := r.pt,o, 

x1 = xcoo1) := l.{)o,o, 

X10 = X(210) := l.{)1,0, 

X5 = X(lOl) := l.{)ci,1, 

Xz = X(OlO) := r.pt,l, 

X4 = X(IOO) := l.{)o,i, 

X3 = X(Oll) := l.{)1,1' 

Xg = xczoo) := l.{)ci,2, 

X7 = X(lll) := r.pt,z, 

Xg = X(20l) := l.{)o,z, 

x6 = X(no) := l.{)1,2, 

the modular transformation xi IT= tixi and xils = I:o:::;j:::;n SijXj are 
explicitly given as follows: 

to= t1 = (4, 
t2 = t7 = (25 , 

tg = tg = -(4 , 

t3 = t6 = -(2s, 

t4 = t5 = _,40, 

tn = (, iio = -(, 
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and (Sij )i,j=O,--· ,11 = 2-JJ X 

1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 
1 1 1 1 1 1 1 1 1 1 1 1 
1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 
1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 
1 1 -1 -1 w4 w4 w w w2 w2 w5 w5 

1 1 1 1 w4 w4 w4 w4 w2 w2 w2 w2 

1 -1 1 -1 w4 w w4 w w2 w5 w2 w5 

1 -1 -1 1 w4 w w w4 w2 w5 w5 w2 

1 1 -1 -1 w2 w2 w5 w5 w4 w4 w w 
1 1 1 1 w2 w2 w2 w2 w4 w4 w4 w4 

1 -1 1 -1 w2 w5 w2 w5 w4 w w4 w 
1 -1 -1 1 w2 w5 w5 w2 w4 w w w4 

where w := e¥ and ( := e?s. 
We consider three transformations * and a8 (s = l, 2) of the set 

X:={xi; i=0,··· ,ll}={x(i,j,k); iE'lL/371., and j,kE'lL/2'1L} 

defined by 

x(i,j,k) := X(3-imod3,j,k) and as(Xj) := Xas(j), 

where a1 and a2 are permutations: 

0"1 := (0, 1)(4, 5)(8, 9) 

= (~ 
1 2 3 4 5 6 7 8 9 10 11) 
0 2 3 5 4 6 7 9 8 10 11 ' 

0"2 := (0, 1, 2) ( 4, 5, 6) (8, 9, 10) 

= (~ 
1 2 3 4 5 6 7 8 9 10 11) 
2 0 3 5 6 4 7 9 10 8 11 . 

Then (X, x 0 , *, a 8 , S, T) (s = 1, 2) is a fusion datum, whose associated 
fusion algebra is 

X(i,j,k) · X(i',j',k') = X(i+i'mod3,j+j'mod2,k+k'mod2), 

namely the group algebra over '1L/3'1L x ('1L/2'1L) 2 • 

We remark that, in this example, a 2 is not involutive and tx• is not 
necessarily equal to tx. 
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