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Abstract.

In this note we extend the Kac and Todorov’s orbifold theory
to the principal admissible representations. This gives rise to non-
symmetric transformation matrices.

81. Introduction

Recently Kac and Todorov [4] has shown a very beautiful theory on
the modular transformations of twisted characters and on the connection
of the fusion algebra of integrable representations of affine Lie algebras
with that of finite groups. The aim of this note is to extend their theory
to the characters of principal admissible representations of affine Lie al-
gebras. As is known well, the character of an admissible representation
given by a similar formula as the famous Weyl-Kac character formula
is not a real character exactly but coincides with it via a kind of renor-
malization ([6] and [7]). Also the corresponding Lie group G itself does
not always act on the actual space of admissible representation, since
the integrable condition is no longer satisfied. So in order to extend
the theory, we will have to be free from the geometric picture. In this
note, the relation between an affine algebra and a finite group is only
algebraic, and is not supposed to have a geometric meaning of orbifolds.
And by paying its cost, one obtains a nice family of twisted characters
even in the case for admissible representations. It may also be expected
and now under investigation that our theory will lead us to the study of
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twisted characters of W-algebras as was done for non-twisted admissible
characters via quantized Drinfeld-Sokolov reduction in [1].

We observe, by the simplest example of .;l(2, C), that non-symmetric
transformation matrices and associated fusion algebras take place in the
modular transformation of twisted characters of admissible representa-
tions. To take care of them, we need to extend the Lusztig’s theory [9]
on a “fusion datum” with a non-symmetric transformation matrix to a
more general situation.

In this note, first we reconstruct the theory of Kac and Todorov for
integrable representations in our non-geometric way, and then proceed
to the admissible case.

The author is grateful to Dr. K. Iohara for his interest and comments
on this work.

§2. Modular transformation of twisted theta functions

Let A = (aij)i,j=0,... ¢ be an affine Cartan matrix, and g(A) be the
corresponding affine Lie algebra with the Cartan subalgebra §. Let hY
be its dual Coxeter number, and r (resp. rV) denote the tier number of
g(A) (resp. of g(*A)). Throughout this paper, we follow the notation
from [2], in particular from Chapter 13. The space } is identified with its
dual space h* by the standard inner product. Following [2] we introduce
the coordinates in h* = § : h = (7, 2,t) = 2mi(—7Ag + z + t6), and put
H:={reC; Imr>0}and Y :={h€bh*; Imr >0}

Let N := br x br x iR be the Heisenberg group with multiplication

(1) (. 8,4) - (o, 8, v) = (@ + o/, B+ B, u+u' + 7i((al ) — (/|B)))-

Consider the action of the Heisenberg group N and the group SLy(Z)
on h* :

(2)
v _ (alf)

@80 (20 = (rta-rpas o - B8 Zigp— gg10))

and

a b ar+b =z cz|?
3 . t) = - .
(3) (c d) (7,2,1) <c7'—|—d’c7'+d’t 2(cT +d)

Using the translation operator

187
2

@ tohi= e (65 - (L h1e) + 009) ) .
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introduced in Chapter 6 of [2], (2) is written as
(5) (e, B,u) - h =tgh + 2mia + (u — mi(«|B))0.

The action of these groups SLz(Z) and N on the space h* is compatible
in the sense that we have :

(6) (‘c‘ Z)-(a,ﬂ,u)-h: (ac+ bB, car + dB, ) (‘c‘ Z)h

Now we consider the right action of the metaplectic group

Mpo(Z) :={(4,7); A€ SLy(Z), j is a holomorphic function in
T € H, such that j(7)? =cr +d}

and the Heisenberg group N on the space of holomorphic functions F
onY :

Fliag(m 2,t) i=j(r)T*F(A- (1, 2,1)),
Fl(a,,@,u)(’r,zvt) = F((a,ﬁ, u) . (T’zat))'

The very important function is F'®# defined, for o, 8 € E*, by

(7) F*P(r,2,t) :== F((a, 8,0) - (7, 2,1)),
namely
(8) F*P(1,2,t) = F(tgh+ 2mia — mi(a|B)S)
= F (T,z+a—7'ﬂ,t— @ — (Bl2) + gW) .

We note that functions F*8(7,0,0) were introduced in section 13.6 of
[2], but here as above they are defined for full variables (7,z,t). The
modular transformation of these functions is easily calculated by using
(6) as follows:

(9) Fa’ﬂl(A,j) — (F|(A,j))a a+b'B,cat+d B
a b 0 -1
if A€ SLy(Z) and A7 = (c’ d’) . In particular for S := (1 0 )
11
and T := (0 1) , one has
(10) F*s5) = (Flsg))® ™,

(11) F*P\ iy = (F|(T,j))a_ﬁ’ﬁ~
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In the following sections, we study characters of integrable or ad-
missible representations of affine Lie algebras twisted by a finite group T'.
Here, as its preliminaries, we recall some of usual notations for a finite
group I':

(i) Let E(T') denote the set of irreducible characters of T, or equiv-

alently the set of all equivalence classes of irreducible representa-
tions of T'.

(ii) Foreach a €T, let Zr(a) (or simply Z(a)) denote the central-
izer of @ in T

(iii) For g,a € T and o € E(T'), we put af := gag~' and o9 is the
character defined by 09(h) := o(g~thg) for all h € T.

(iv) For o € E(T'), we put a(g) := o(g). Since 7 is the character of
the contragredient representation of o, we sometimes write o* in
place of 7.

1

Given a finite group I', we put
X(T) :={(a,0); acT and o € E(Z(a))},

and
X(D) = X(IT)/L,

where the action of the group T on X(T) is (a,0)9 := (a9, 09).

Let [a, 0] denote the equivalence class of (a,o), namely the I'-orbit
through (a,c). Then the associated transformation matrix is given in
[9] as follows:

d'(g7ra"tg)o(ga’"1g™ 1)
(12) Sa,a,a',a’ =
o] ger gc:hthat 1Z(a)] - 1Z(a’)]
aga’g~'=ga’"'g"a
1 n—1y_ry¢ —1
= 1Z@)] o(a@" Ho"(a™).

(a// 7o_/l)e [a/ ,(7/]
such that a’’€Z(a)

§3. Twisted characters of integrable representations.

We recall the representation theory of affine Lie algebras from [2].
Given a non-negative integer m, let P;; (or more exactly P} (A) if nec-
essary) denote the set of all dominant integral forms (modulo Cé) of
level m. For A € P}, let ch(A) be the normalized character given by
the formula

(13) ch(A) := Astp,
AP
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where Ay, for a strictly positive integral form A, is a holomorphic func-
tion defined by

2
Ax(h) = S L) Z e(w)e™M (b eY),
weWw

and n := (A|§) is a positive integer. By its definition, it is easy to see
the following:

Ax(h+ub) = MO 45 (h),
Ax(ta(h)) = Ax(h) for all a € M,

where M is the lattice in §~ defined as follows in Chapter 6 of [2]:

M = Q if A is symmetric or is twisted not of type Aéi),
T @V otherwise,
namely
M= _Q_V ifr:lorAZAgz)’
Q otherwise,

where Q := Ele Zo and @v = Ef=1 ZaV. Note that one always has
(14) McQ cq.
Lemma 3.1. Let My C Ry be a pair of lattices in 5* such that

(15) M, C M.

Then, for A € Pt and a,8 € Ry and &, 11 € My, the following formulas
hold:
1) emilatelBtn)(A+el) Aﬁiﬂﬂ
= e2ﬂi(A+p|£)627ri(a|n)(A+p|5)eﬁi(alﬁ)(A+P|5)A7\fp,

2) ewim(a+§|ﬂ+n) chx+§7ﬁ+”7 — eZﬂi(A|£)621rim(a|n) ewim(a’ﬁ) Chx’ﬂ.

Proof.

Azii,ﬂ+n(h)

= Antp(tph + 2milor+ €) — mi(a+ |8 +n)9)
= 627ri(1\+pl£)e—ﬂ'(a+£|ﬁ+n)(A+pl5)AA+p(tﬁ+nh + 2mic) by (15)
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— et ElBI (MR8 4, (14, B+ 2mic) by (14) and (15)
_ e_wi(a+§|5+n)(A+p|«5)e2wi(a|n)(A+p|5)AA+p(tn(tﬁh + 2miar))

= e~ milatElBn) (A+pld) 2milealm(A+ol8) 4\ (tsh + 2mic) by (15)
— —mi(a+E]B+n) (A+pl6) j2mi(aln) (A+p]8) omi(alB) (A+pl6)
Aptp(tgh+2mia—mni(a|B)6)

= 2Tl (A+p18) g=milate|fn) (Ateld) gmilal)Ateld) A28 (1),

Thus 1) is proved. The formula 2) follows from 1) and (13). Q.E.D.

By Lemma 3.1, the twisted character
(16) Xx»ﬁ('r, 2, t) = eﬂim(a‘ﬁ)chxﬁ(T, 2, t)

is well defined for A € P} and «, 8 € R, /M, if the conditions (15) and
m(M;|Ry) C Z are satisfied.

We now consider the situation where a datum (m,T’, M, Rp,7) is
given such that

(F1) m is a non-negative integer,
(F2) T is a finite group,
(F3) Mp C Ry is a pair of lattices in i~ such that

(17) Mr C M,
(18) m(Mr|Rr) C Z,

(F4) ~:T — Rr/Mr is a map such that

(19) v(@?) = ~(a) for all a,g €T,
(20) v(ab) = ~(a)+v(b) if ab=ba.

We note that the conditions (19) and (20) imply that

(21) ve) = 0,
(22) @™ = —(a),
(23) y(ab ™) = ~(a) —y(b) if ab = ba.

Associated to this finite group I', we consider the tranformation
matrix on the set Xr := Xp/T":

1 —_ —
(24) S[g,o-]’[gl7o.[] = m Z O’(g” 1)0_//(9 1).
(9".0")€lg’,0']

such that g’€Z(g)
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For A € Pt and (a,0) € Xr, we put

1 a
(25) X(a,a),A(T, zZ, t) = m Z U(b)xz(b)’v( )(T, 2, t).
beZ(a)

Since X(q,0),A4 = X(a,0)s,A, this formula (25) defines the function X[a,o],A-

We now turn to twisted affine algebras. It is known in [3]| (see
also [2]) that the modular transformation of characters of integrable
representations in the case when g(A) is a twisted affine algebra not of

type Aéi) is given in terms of the adjacent root system. For a twisted

affine Cartan matrix A not of type Agi), its adjacent Cartan matrix A’
= ({e",a%))i, j=0, ¢ is defined to be an affine Cartan matrix, of type
(2) (2) (2) (3) ; i A2 (2)
D), Az, Eg” or Dy according as the type of A is A, |, D,y

E‘éz) or Df) , satisfying the conditions:

(C1)

oy it A=A$)  or DP,,

Tt i if A=E® or DY,

2 ay it A=A or D,

v
ay, . _. )
brlziny o if A=E® or D®
fr1—i 6 4 s
\ Qg+1—14

for1 <i<¥,
!’ 1 /
(C2) 8 = ;6 and d=c,

(03) A6 = AO’
where (ao,- -+ ,ag) (resp. (ay,---,a)) ) is the label (resp. co-label) of
A, and ¢ := Zf:o ayay (resp. c’) is the canonical central element of
g(A) (resp. g(A’) (see Chapter 6 of [2]).

The Cartan subalgebra §’ of the adjacent affine Lie algebra g(A4’)
is identified with its dual space §’* by the standard bilinear form ( | )’
on g{A’). But one can also identify the linear space §’ (resp. h'*) with
b (resp. §*) by conditions (C1), (C2) and (C3), and so the standard
bilinear form ( | ) on b or h* is, in itself, looked as a bilinear form on
b’ or h’*. These two natural bilinear forms are related to each other as
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follows:
(26) ([)onbh = r(|) on¥,
(21) (1)ont = (] onp".

Since E* = EI*, lattices Mr and Rr can be looked as lattices in h’*.
Then, by a similar calculation, one sees that

o,f3 «a,B
(28) xh (£,2,0)" im emmteiiten, (7,2, 1)
T T r’r

is well defined for A € Pf(A’) and o, 8 € Rr/Mr, where the function
f(Z,2,t)*P is defined by

FEET =g (LTl BB (o4 D).

T T r

We put

T Z
(29) Xaora (2120t = S o(b)x) (281 ®@,

L
12(a)l 75,

for A € Pt (A’) and (a,0) € Xp.

The modular transformation of integrable characters are given as
follows in [2], [3] and [5] :

Lemma 3.2.

1) Ifr=1lorA= Agi), then

chals(T, z,t) = Z a(A, A)chpi (T, 2, t),
AEPF

and if A is twisted not of type A = Agzz), then
h = Nehar (I i )
chals(T, z,t) Z a-(A,A)chA r’r’t ,
A EPE(AY)
where
(30)

AN 1 * 11—1/2 —=Zrio (w(A+p)|A +p)
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2) IfAisoftype X\ (X =A,---,G)and A# AD, then

chalr(T, z,t) = €2 chy (T, 2, 1),

where
1 (AJA+2p)
= ha — 52m, P SIS A2 R
A Y = S TR
m .

Under these setting, by a similar calculation as in [4], one obtains
the following:

Theorem 3.1.
1) Ifr=1 orAzAgi), then

X(g.0),als

= Z Z e 2mim(v(9)(g ))G(A,A')S[g,a],[g/,a'] “Xlg' o A

lg’,0’]€eXr Are P}
2) If A is twisted not of type Aéi) , then

X[g,a],AIS(Ta Z, t)

= Z Z e—2mim(v(9)|7(g")) a(A, NSl o]0 0] - Xlg o LA
l[g,0")€XT A’e P (A)

T Z
(7:7)-
3) IfA# A, then

27isa 7rzm|’y(g)| 0(9)

X[g,a],A[T =e U( )X[g,o'] A

Proof. 1) By (16}, (25), (10) and Lemma 3.2, one has

h)ewzm(fy h)]'y(g))ch’Y h)w(g)|

1
“ Tz, %
- 1 Z Z (A, Ao (h)e ’”mW(h)lv(g))Ch'r(g), v (h)
ez(
Z
eZ(

12(9) (9) AepPy

1 Z ')a(h)e”im(v(h)l'y(g))Chx(/g)w(h—l)_

A
(9) A ePF,
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Using
(31) Ch’[);gg)ﬁ(h_l) — eﬂ'im(’)’(h)h(g)) Z —U_I(Q)X(h—l,a’),A/a
o' €E(Z(h))
which follows from the orthogonality of characters of a finite group, and

writing a in place of A}, this is rewritten as follows:

X[g,a]AlS

_ 1 Z a(A A) Z Z e—27rim(’7(a)|7(g))
I ( )l AePt a€Z(g) o'€E(Z(a))

x (@™o (g7 )X (a0 A"

_ lZ?gl Z a(A, A Z Z e~ 2mim(v(a")lv(g))

Alep;rfl' aEZ(g) [a“,a’"]EXr
X Z O'(G_I)O',(g_l)X[a//,o//},A/.
(a,0')€[a",0"]
such that
a€Z(g), o'€E(Z(a))
Thus we have proved 1). A similar calculation proves 2).
3) One has

1 Tim h),
Xlg.olAlT = ZG) S o(h)emimOMI©) gt

heZ(g)
=T 3 alA AR OO,
I hez(q)
Using
~t —Tim -1 — -
(32) chy " 79 = gmmim(rhg™Hn(9) > T (hg X as

o'€E(Z(g))

this is rewritten as follows:

1
L SR IR (0T
I g1eB(Z(9)) heZ(g)

Xlg,

Then by the orthogonality of characters this gives

27r SA LTI 2 U(g)
X[g7U]aA|T ' Ae I’Y(g)l U(l)x[g,d] A

proving 3). Now the proof is complete. Q.E.D.
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Example 3.1. We consider the simplest case A = A(ll) = gl(2,(C),
where

(33) M=0Q=0Q =Za, =Za
and

) =V % A 1 4
(34) P:=(Q )=ZA = §Za1,

since A; = Za;. Let I' := (3Z)/4Z be a cyclic group, and consider two
lattices Mr := 2Q = 2Zay and Rr := 1P = 1Zay. Let v be a group
isomorphism of I' to Rr/Mr given by v(j) := jA, for all j € 1Z, and
then we get a datum (m, T, Rp, Mr, -y) satisfying conditions (17) ~ (20),
for arbitrarily fixed non-negative integer m.

For each s € (3Z)/AZ, let e, : T — U(1) denote the character
defined by e4(j) := e™. Then the set E(I') of all characters of the
group I is

ET)=F ((%Z)MZ) = {53; s € (%Z)/4Z}.
We make use of a simplified notation:

(35) FPk(R) ;= Fovse(p) = Fihokha(p)

for a holomolphic function F on Y and j,k € %Z. Also let ¢ denote

the Dynkin diagram automorphism of Agl) such that ¢(a;) == a1
for ¢ = 0,1. Then it naturally induces the action on the weight space:
gO(Az) = Al—i fori = 0, 1.

First we note the following:

Lemma 3.3. Let j,k € Z and A € P};. Then

T

k - i r .. v
chi® =e "2 Jke’”]m‘al)ch(PkA,
Jtok _ —mim (- Dk mii(8,aY) o 30
chy =e 2 2/%e o1 ch(pkA,
hk+: _ —mimikal) mij(aaY) 2003
chy =g 2 Z'e e Cth’

i1l 1 mim j .. 11
ch,j\-i-i,k-i—g — o= (]k+%—§)eﬂ1](A,a¥)ch;;§\'

Since (o |a;) = 2, this gives immediately the following:
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Lemma 3.3". Let j,k € Z and A € P;;. Then

im( 2L |k 2L) j 7 (AaY
67rzm(] L )Chi,k — 67”"7<A’a1>ch4pkA,

. . o o il Tim .. 1
ermGED RIS BN = Tk cp 20

. . a ; 1 . 1
ewzm(]-%](k+%)71)ch_kk+2 . e‘rrz](A,a\l/)ChO,kQ ,

. . a a iy 1 1 -nzm
R+ F3) F) T H R _ 22 e grid(ha)) o

We now consider the functions x(4c,),a as defined by (25), for k €T,
s € (3Z)/4Z and A € P. By a simple calculation using the orthogo-
nality of characters, one checks the following;:

Lemma 3.4. Let k € Z/4Z and A € P}, then
1)

1 (chyrp +e" 5k ”—<A°‘1>ch2’ if s=—(A,ay),
X(kea)h = | 3 (Chorp — e"F*he=F (Mol >ch;icA if s=—(A,a)) +2,
0 otherwise.
2)
11
% (Ch 32 +67”2m(k+ )6 1rl(A 011>c ; ";\) if S=—<A,a\1/>,
m i 11 .
X(k+1,e0),0= | & (C%& — " P e F hal) e i) ifs=—(A, a))+2,
0 otherwise.
From this one immediately has
Lemma 3.5. Let k,s € (1Z)/4Z, then
1)
) X(k,es),A if m is even,
X220 = ) heran) if m s odd.
2)
X(k+1e_(n,ay))oA if (A,ay) is even,

Xk gon,ay))oh = { if (A, ay) is odd,

X(k+l,a__(A,u\1/>+2),A
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3)
X payyia (A, af) is even,
X(koe_(on,ayyra)eh = {X(k+1,s_<,\,ay>)»1\ if (A,af) is odd.
So putting
XA = Xl grayy)d 30 XA = Xk y oy a)ihs

for k € (3Z)/4Z and A € P},

m)

one obtains a family of holomorphic

functions x? A and xT ., whose linear span is invariant under modu-
' b

A7
lar transformations. The transformation of these functions under S is
explicitly computed by the formula in Theorem 2.1, and the fusion coeffi-
cients due to the Verlinde’s formula are obtained as follows in particular
when m =1 or 2.

1) The case when m=1; We put

P T .— T —
To ‘= XoAgr T1=XoA,r T2°=Xoa,r T3 =XoA,
y420 2430 9431 1

— T — T — 4T — T
T4 1= X%,Ao’ Ty 1= X%,Ao’ Tg 1= X%,Al’ L7 = X1 Ay”

Then the transformation matrix is obtained as follows:

Zo Z1 T3 Z3 Tyq Ts Te X7
g0 | = | o | o T o
2\{5 2v/2 2\{5 2¢v2 | 2v2 | 2v2Z | 2v2 | 22
| = | L - | LA | =L | =L | =L | =L
2\{5 22 2\{5 2\/15 2\1,/5 2\{5 2\/1,5 2\/i§
Z2 22 | 2v2 | 2y7 | 2V2 | 2V2 | 22 | 2y | 23
— — -3 —1 2 K
T3l oz |2ve |avz | 2ve | 2v2 | 2v2 | 2v2 | B
T 1 -1 i —1 w’ W w w®
12|z |2vE | 2v2 | 2v2 | 22 | 2v2 | 23
pe | L | =L | =i | W | W | W | _w
SlovB | 2ve | avE | 2v2 [ 2v2 | 2v2 | 2v2 | 22
pe | L | =L | =i | 1 w W | W | WP
6l 2vZ |2v2 | 2v2 | 2v2 | 2v2 | 2V2 | 2v2 | 22
oo | 1| =L | =i | _¢ W | _w | W | W'
1ol 23 |2/ | 22 | 232 | 23 | 242
where )
i ]. + 1
wi=ed = .

S

And the fusion coefficient Ny, ¢, », is = 1 if (4,4, k) is a permutation of
(0,0,0), (0,1,1), (0,2,3), (0,4,6), (0,5,7), (1,2,2), (1,3,3), (1,4,7), (1,5,6),
(2,4,4), (2,5,5), (2,6,7), (3,4,5), (3,6,6), (3,7,7), and = 0 otherwise, and
so the fusion algebra is

Yi * Yj = Yi+j mod 8
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by putting
Yo:=%o0, Y1:=Te, Y2:=T2, Y3:=Ts5, Y4:=T1, Ys5:=T7, Y6:=T3, Y7:=T4;

namely the group algebra over the cyclic group of order 8.
2) The case when m = 2; We put

Nt o — At =
Zo = Xo,2800  T1°= Xo,2800 T2 °F Xo,A0+A0 T3 T Xo,Ag+Ay)
= At N i i
Ta:=Xo280  F5°= Xo2a,0  T6 75 X1op0  TT 75 Xpopy

e— AT — I —
Ts = X%,A0+A1’ To = X%,Ao-f-l\l’ T10 := X%,2A1’ T = X%,ZAl'

Then the transformation matrix is obtained as follows:

o | L1 | T2 | T3 | T4 | T5 | Te | T7 | T8 | T9 [ T10 | T11
zo 1 I T 1 [ 1_1 1 1 1 I _ I 7 1| 1 1
4 4 24/2 | 22 4 4 4 4 22 | 24/2 4 4
T 1 1 i i 1 1\ =1|=1 :__\/1_ —_\/1_ =1 =1
1 414 |ov3ava| 4| 4 | T84 ovaaye) T
T S I =1 —1 . 1 1 —1 —1
2 2{5 23{5 010 2\/15 2v2 2\/15 2\/15 010 2V2 | 2v2
3 |===|=—==| O 0 |=|—=|—= - 0 0
2v2 | 2v/2 2v2 [ 2v2 | 22 | 2v/2 22 | 22
B Gl el T I e G ) ) I B Y Y
4 4 |2v22v2| 4 4 4 4 | 2v2(2v2| 4 4
O N o I I O I O A N
51 2 | 12 |2v2|2v2| 4 | 4 | 4 | 4 22 |2v2| 4 | 4
T 1 | =1z -t | =1 1 | =2 | 2 | 1 | =1 2 | =2
SR A Y R R A G A
- T - - 7 —1i - —1i )
T 1| =1 -1 1 O T A e T S S I A 4
Tl 4 4 |22 |2v2| 4 | 4| 1|4 |2v2|ve| 4| 1
re || =L| 0 0 |- [=L|1_|=L]| o 0 |1 |=L
€T —_ | == = | = = = = | =
9 2\{5 242 0, " 2v2 2\{5 22 | 242 010 2V2 | 22
T 1 =1 =) ¢ | =1] 1 O e B s N =
101 2 4 |22 |2v2| 4 1 1 1 (22 2\{5 4 1
T 1 =1 | = | 2 | =t | 1 | = | & | =L|_1 | i | =t
W) a2 |4 |2p)2/2] 4 | 4 |4 | 3 |2vRkl2/a| 4|4

And the fusion coefficient N, 2, 4, is = 1 if (i, 4,k) is a permuta-
tion of (0,0,0), (0,1,1), (0,2,3), (0,4,4), (0,5,5), (0,6,10), (0,7,11), (0,8,8),
(0,9,9), (1,2,2), (1,3,3), (1,4,5), (1,6,11), (1,7,10), (1,8,9), (2,2,4), (2,3,5),
(2,6,8), (2,7,9), (2,8,11), (2,9,10), (3,3,4), (3,6,9), (3,7.8), (3,8,10), (3,9,11),
(4,6,6), (4,7,7), (4,8,9), (4,10,10), (4,11,11), (5,6,7), (588), (5,9,9),
(5,10,11), and = 0 otherwise. From this one obtains the following prod-
uct table:
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To | T1 T2 T3 Ty |T5 | T | L7 Tg Tg Z10[T11
Zo |[Zo|T1 x2 z3 T4 |T5| %6 | X7 s g Z10[T11
1 |T1 | %o z3 T2 Ts | Ty L7 | T Tg Ts Z11|T10

T2 |To|T3|T1+ T4 |ZTo+ X5 | T3 | T2 | T8 |Tg [T7 + T10|Te + T11| To | X8
T3 |T3|T2 |To+ 25 |T1 + Ty | X2 | T3 | Tg | Tg [Te + T11[T7 + T10| T8 | T9

Ty |T4|Ts5 x3 z2 Lo |T1{T10|T11 g xg Te | L7
Ty |Ts5|Ta T2 T3 Z1|Zo |T11|T10 Zg Tg T7 | Te
Te [T | X7 Ts Tg L10|T11| T4 | T5 T3 T2 Zo | T1
Z7 | X7 |Te g zsg Z11|T10| T5 | T4 z2 T3 T1|Zo

Tg |Xs|T9 [T7 + T10[Te + T11|Z9 | T8 | T3 | T2 [To + T5 X1 + T4 [ T2 | T3
T |Tg|ZTg [Te + T11|T7 + T10| T | T9 | T2 |T3|T1 + T4 |To + T | T3 | X2
Zio|T10|Z11| g rg |Te|T7|To|T1| X2 T3 | T4|Ts
T11|€11|T10 g Tg Z7|ZTe|T1 | Lo Z3 I3 T5 | Tq

84. Twisted characters of principal admissible representations.

Given an affine Lie algebra g(A), we introduce the following lattice:

e {Q—v ?fr:l,
(@) if r>2.

A rational number m = 2 — bV is called an principal admissible number
(or shortly admissible number) if p and u are mutually co-prime positive
integers such that p > hY and ged(u, rV) = 1. For an admissible number
m, u always stands for its denominator. Given an admissible number
m, we choose § € W and 8 € M satisfying

(36) y(u—1)c+ay) € AY,
(37) yay) € AY  fori=1,---,4,

where y:=tgy and c:=3Y.'_,aYa) isthe canonical central element
of g(A). ‘
Let P}, denote the set of all

(38) Ai=y(A° = (u—1)(m+hY)Ao + p) — p,

where \° € P:m +hY)—py BT€ dominant integral forms. A linear form
A defined by (38) is called a principal admissible weight (or shortly ad-
missible weight henceforward in this paper) of level m. The notion of
principal admissible weights and principal admissible numbers was in-
troduced in [8].
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Given an admissible number m, the set of all principal admissible
weights of level m is

+ +
= U B
y: satisfying
(36) and (37)

The character of the irreducible highest weight module L(}), for an
admissible weight A € P}, is known by [6] and [7] as follows (see also

[10]):
_ Bi(h)

(39) chr(h) = A0’
where we put
(40) Bu(h) = Ao, (R),
and

h o= uy_ltg (7’, 5, %)
(41) = (w0 S Bl + 18P

So one has

(42)

Bi(7,2,t)

= A)\o+p<u7,§_1(z+75) ={t+ (B|z) + %Iﬁlz))

zf(—mi’%'é—(ﬁi —2miutAg)
x D e(w)eAHANurT e rh), L (t+(812)+ £ 151)
weWw
= q:J(Amoiﬁ 2(mtaY) Z e(w)e(w(A°+P)|(“Tﬂ_I(Z+rﬂ),i(t+(ﬁ|z)+ 1612 )))
weW

= e

where ¢ := €*™" as usual.
The map h — h defined by (41) for given y satisfies the following:

Lemma 4.1. Let h = (7,2,t) € hb* and o € §"; then

1) toh = (uT, 7 Nz +T7(8—a)), %(t + (8 —alz) + gl,@ - a[2)>,
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o~ ——

2)  tiz 1 h = tah.

7 la

Proof. Since

o 2|2( —2miT) + 27rz(a|z)>

(T, 2 —Tat+ §|a|2 . (a|z)) ,

toh = h—2mita —

one has

e

toh
(m,y—%z —rat7h), §<t+§|a|2—(a|z>+<z—m|ﬁ)+—;—W))

(ur 7 e4r(5-a)), 0+ T p-aP+(5-al2) ).

Il

proving 1). The formula 2) is shown as follows:

h

L

¥l
=1 112 e
= h—2miur- 2 a_ (|y2 (;' (—27riu7')+(h|u))6
u

= Bt (0 e lal? - S+ 7fla) )
- ( Yz + (8- ), a(t+(zlf3)+§|ﬂ|2+%Itﬂélz—(erTﬁIOé)))
- ( Lz 4+ 7(6— )),%(t+glﬂ—alz+(ﬂ—aIZ)))
= by 1),
proving 2). QE.D.

Lemma 4.2. Lety=tgy, A€ P}, 2 € Q" andt' € C, then

m,y’

BA(T, Z+ Zl, t+ tl) _ e27ri()\°+p|z')627ri(m+hv)(z’|[3)627ri(m+hv)t’B)‘(7_, 2, t).

Proof. By (42), one has

B)\(T,Z—l'z/ t+t)
B 7 €(1)e WO HANWTT 4 +78) (4 (Pl )+ 5 187)
weWw
1A%+

— q2(m+h )e2M(>\°+P|t 6) p2mi(X°+pl 1 (2']8)8)
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X Z e(w)e(W(A°+p)l(ur,“1 (z+2'+78), 1 (t+(8|2)+ 5181%)))

weWw
o 2
_ qz'(*m%%ezm(m+hV)t'ezm(m+hV)(z'|/3)
X Z e(w)e@OT D@ T s+ +78), L (t+(B12)+F181))
weWw

Now the lemma follows since e2™i(WA°+0)[F"2") — 2mi(A°+0l2')  for all
weWw. Q.E.D.

Lemma 4.3. Let m be an admissible number and (Mi, R;) be a pair
of lattices in E* such that

(43) M, C uM.

Then, for )\ € P,j;,y and a,a’ € Ry and £, € M, the following formulas
hold:
1) ewi(m+hv)(a+£|a'+n)B§+£,a’+n(h)
= e2mi(m+hY)(a|n) g2mi(m+h") (€|8) gmi(m+hY)(ala’) Bgya’(h),

2) ewim(a—}—ﬁla'—f—n) ch;!+§,o¢'+n (h)

— eZﬂ'im(a]n)eZWi(m-f-hv)(Elﬁ)ewim(am’)chi,a'(h).

Proof. First we note that the condition (43) implies
(44) MicQ cq,
by (14). From (8) and Lemma 3.2 one has
(45) B (h) = Bi(tah + 2mia — mi(alo))
e~ mimtRY) (@) B, (1, b + 2micy).
So

e‘lri(m+hv)(a+5|a'+17) B;\U+§,a'+7l (h)

= Bi(tar4nh + 2mi(a + €))
_ 627ri(/\°+P15)ez”i(m+hv)(£lﬁ)B)\(ta/+7,h + 2mia) by Lemma 4.2 and (44)
= 2mimh ) EB B (1, b+ 2micy) by (44)

= e27fi(m+hv)(5Iﬁ)e2”i(m+hV)(a|’7)B,\(t,, (tarh + 27ia)) by Lemma 4.2
= 2mimFh")(E1P) 2milm+h)(elm) Ao (2, (torh + 2mic)) ")
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_ ezm'(m+hv)(Elﬁ)ezwi(m+hv)(aln)AAo+p(t%§_ln(ta,hﬁm'a))

by Lemma 4.1.
Since 1 M; C M by (43), this becomes
= 627ri(m+hv)(£|ﬁ)€27ri(m+hv)(aln)A)‘o+p(talm7T’l:Ol)
— e27ri(m+hV)(gm)ezwi(m-i—hv)(am)B)‘(ta/h + 27ria)

= il hY)(E18) 2mi(mth ) alm) gritm+h) (@le) B2’ (1) by (45),

proving 1). The formula 2) follows from 1) and Lemma 3.1.  Q.E.D.

By this lemma, a holomorphic function
(46) X (1, 2,) 1= €O R (7, 2, 1)

is well-defined for an admissible weight A € P}, and o,o’ € Ry /M if
conditions (43) and m(M;|R;) C Z are satisfied, since one always has
(M|M) C Z.

We now consider a datum (m,T', M, Ry, ) satisfying the following
conditions:

(A1) m is an admissible number,

(A2) T is a finite group,

(A3) My C Ry is a pair of lattices in §" such that
(47) Mr C uM,
(48) m(MF|R1'*) c Z,

(A4) v: T — Rp/Mr is a map such that

(49) v(@?) = ~(a) for all a,g €T,
(50) v(ab) = ~(a)+~(b) if ab= ba.

Associated to this finite group I', we consider the tranformation
matrix (24) on the set Xr := Xr/T'. For A € P} and (a,0) € Xr, we
put

1 b a
(51) X(a,o‘),)\(Taz7t) = m Z a(b)X’)\Y( ) )(T,Z,t).
bEZ(a)

Since  X(a,0),A = X(a,0)9,r, this defines a function X[, ,» for la,0] € Xr
and A € P}.

The modular transformation of admissible characters is given in [7]
as follows:
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Lemma 4.4.
1) Ifr=1 orA:Agi), then

chals(r,2,t) = D a(X, N)chy (T, 2,t),
NePh

and if A is twisted not of type A = Aéi), then

_ / Tz
chyls(r, z,t) = Z a(\ X\ )chy (7_, r’t) ,
NEPS(AT)
where
1 _
a(A, X) = lA+! M /M| e(gy)

ul(m + hV)4/2
% Z E(w)e——vmﬁ',i (w(/\-f—P)|>\'+P)e—27ri(()\°+P|ﬂ/)+()\'°+p'|,3)+(m+hv)(ﬁ|ﬁ’))7
UJEW
for A€ P (A)and X € P/ (A).

2) If Ais of type X](\;) (X=A,---,G)and A # Agi), then

chy|r(r, z,t) = 627”'5*ch>\(‘r, z,t),

where
1 (AA+2p)
= hy-oozm,  hyi= e DL
A ATt AT o(m+ rY)
m .
Zm = mdlm(G(XN))-

Now the argument goes quite similarly with integrable cases and we
obtain the transformation formula for x(g 1 :

Theorem 4.1.
1) Ifr=1or A=A, then

X[g,tTL/\]S = Z Z e—21rim(’y(g)|’y(g'))a()\’ )‘/)S[g,cf],[g’,d’]'X[g’,o’],)\’-
l¢,0']€Xr NePF,

2) If A is twisted not of type Ag), then

Xig,o1,A IS(Ta Z, t)

= ¥ S emimhe gy, ,\/)S[M]’[g,’a,}.X[g,’a,m,(;ﬁ,t)'
lg',0’'l€Xr Are Pt (A "
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(2)
3) IfA# A/, then

2mwisy e‘rrim|'y(g)|2 0(9)

X[g,o’],)\lT =€ 0_(1) Xlg,o),A-

85. A fusion datum with non-symmetric transformation ma-
trix

The theory of a fusion datum associated to a non-symmetric trans-
formation matrix was discussed by Lusztig [9]. In order to treat the
modular transformation of twisted admissible characters, we extend his
definition to a more general situation, and consider a fusion datum de-
fined as follows:

Definition. Let X be a finite set with a given element xoq and with
given commuting transformations *,0 : X — X. Let S = (Sg4)zyex
and T = (t305,4)e,yex be unitary matrices. We call (X, xo,*,0,5,T) a
fusion datum if the following conditions (FD1) - (FD6) are satisfied for
all z,y,z € X:

(FD1) S;4, >0,

(FD2) =« is involutive and z§ = xo,
(FD?’) So'(a:),a_l_(_g!l_: Sy,

(FD4)  Szey = Szy»

(FD5)

szy’z = Z Sm,wSy,wSz,w _ Z Sw,ccSw,ySw,z c Z_>_O,

S,
weX weX wsTo

(FD6) S*=(ST~')3 = (ST)® = the identity matrix.

The condition (FD3) implies that the matrix (S, (z),y)e,yex is sym-
metric. It follows from (FD3) and (FD4) that

(52) Sw,y* = _S_w—;

We note that (52) and the condition (FD4), together with the unitarity
of S, imply

(53) > SewSyw =Y SwaSuy = bayr
weX weX

Given a fusion datum (X, g, *,0,S5,T), the C-linear span R of X be-

comes a commutative and associative algebra by the multiplication
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z-Y: =) ,cx Ney,z+2z Wwith the unity xo, called the fusion algebra asso-
ciated to (X, zg, %, 0, S,T). This multiplication satisfies (z-y)* = * - y*
by conditions (FD4) and (FD5), namely the map * is an involutive au-
tomorphism of R.

Some examples of such fusion data are supplied by twisted admissi-
ble characters of affine Lie algebras.

Example 5.1. Let us consider an affine algebra A = Agl) = gl(2, C),
and let m = £ be an admissible number. The set of all admissible

U
weights of level m is

Pf_y’L_:{Am;k,n; kaTLEZZOy OSkSU—l, OSNSP—2}7

where
Amikn == (m—n+k(m+2))Ao+ (n—k(m+2))A
—k 2
(54) = mho+ %——F—)al,

and an explicit formula of the modular transformation of these charac-
ters is given in [6].

Let T := (3Z)/4uZ be a cyclic group, and consider two lattices
Mr := 2uQ = 4uZA; and Rr := %? = %ZA_l Let v be a group
isomorphism of I' to Rr/Mr given by v(j) := jA; for all j € 1Z, and
then we get a datum (m, T, R, Mr, v) satisfying conditions (47) ~ (50).

For each s € (1Z)/4uZ, let e, : T — U(1) denote the character
defined by e,(j) := e"% . Then the set E(T) of all characters of the
group I' is

ET)=E ((%Z)MuZ) - {ss; se (%Z)/4UZ}.

First we note the following formulas where the function F%7', for a
holomorphic function F on Y, is as defined by (35):

Lemma 5.1. Let 5,5’ € Z and Apk.n € Pt. Then

_;L 4 _L .
7r2m 7 .7.7
G end = €nu—kp(J)ChA 4 jr 0

mk
a 1
mim((j+3 ) Lj’- 2L j+3.5 _ "”m]’ 3.0
€ h Amikym =€ Enu— kp(])ChAm;k_H,m?
(- S |(57 4 1) 81 \
e'n'zm(] 5 (4 +2) ch]] +2 = Epu kp( )Ch 72

mik—+j! n

(DR P ET 5 = P De,, 4y(f)chi

m

P
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where

chp if s is even,

if s is odd.

mik,n

(55) ChAm;k+su,n = {"‘Ch/\

mik,p—2—n

We now consider the functions X(je,),Amu.. 2 defined by (51) for

jel, se (%Z) /4uZ and A, € P, By a simple calculation using
the orthogonality of characters, one obtains the following:

Lemma 5.2. Let j € Z/4uZ and A € P, then
1)

X(jves)yAm;k,n

wim (s : _min 1 0 .
] (ChAm;j+k,n + e Utk gmik =73 chi, vinn) i s=kp—mu,
’  Amitk,
— l _ wim (j+k) ik  — Tin 5,0 . _ _
3 (ChAm;j+k,n e 2 e™re~ 2 chy’ ) if s=kp—nu+2u,
0 otherwise.
2)
X(j"‘%vss)yAm;k,n
1 . . 11
1 (.02 mim (k1) mik ,—Zn 3303 R
5 (ChAm;j-Hc,n +ez e™re 2 ChAm;j-Hc,n if s=kp—nu,
— 0,1 mim (. 1y i1 _min 4 %1 .
=93 (chA’niwc _—e"? (J+k+3)emik =3 chi? n) if s=kp—nu+2u,
0 otherwise.

From this one sees
(56) X(j»ES)aAm;k,n = X(j/ass+2u(k+k’))rAm;k’,n if ‘7 + k = j/ + k/’

for 3,5',s,8' € (%Z) /4uZ, and obtains a family of holomorphic functions

+ —
(57) ) X],(k,n) T X(j35kp—nu),Am;k,n’
(58) X;,(k,n) = X(jaskp—-nu+2u)yAm;k,n’
with 7 = 0,% and Am;k,ﬁ € P, whose linear span is invariant under

modular transformation. The transformation of these functions under
S is given as follows:

Lemma 5.3.
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1)
1
+
X(),(k’n)lS 5 Z a(Am k,n» Am;k' nl) (XO (k' ') + Xo (&' n’))

1 wipk win = + —
+ 56 e T { Z Z a(Am;k,n’Am;k’—H,n’) (X%,(k',n’) +X-21—,(lc’,n’))

p—2
- Z G(Am;k’n, Am;o,p—2—n’) (X%_’(u_l7nl) + X;,(u—l,n’)) }a

n’/=0
2)
+ 1 _mipk!  min/ + _
Xpkmls =3 D A At )€™ 5 (05 ) = Xo, 1)
kl,n/
]- wim wipk __ win
+ §€_T6 2u e 2

u—2 p—2
j : _ win’ + .
{ E a(Am skymo m k'+1,n' )6 2u e 2 (X%’(kl’nl) - X%,(k’,n'))
=0n'=0
- mip(u—1) min'
— + _

— u 2 _

E : a(Amsk,ny Am;o,p—2-n')e 2 € (X%,(u—l,n’) X%7(u_1’n,)) }

n’=0

And the transformation under T is easily calculated from Theorem

4.1 :

Lemma 5.4.
+ _ T ((2n—3k+2)2-3), *

1) XO,(k,n)lT 2(( 3k+2) >X0 J(kn)?
+ 2n— 3k+ 2

2) X3 (kmyT = F€ il "X 2,(k n)’

We note that the transformation matrix of S with respect to this
basis is not symmetric in general; e.g.,

1
X_OF,(O,O)‘S =4 ’z“a(Am;O,OaAm;l,O)X—g,(O’O) 4,

and
1
Lools = §G(Am;0,0,Am;0’0)X6ﬁ(0,0) o

‘We now look at the cases when m = —% and —%— in more detail:

1) The case when m = —%;
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The transformation matrix a n) (k) = a,(A_%;km,A_%;k/ n) of
level m = —% is given by
P U St
4(00),(00)  4(00),(01)  %(00),(10)  %(00),(11) 2 7 2 32
Uo1),(00)  G(on),(01)  G(01),(10) O, | — | 20 2 2 2
%(10),(00)  0(10),(01) %(10),(10)  (10),(11) 3 7 3 3|
@(11),(00)  (11),(01) &(11),(10) (11),(11) 2 2 3 2

and Lemma 4.3 gives the following transformation formulas of ij_:( ko) -

1
+ _ + -
Xo,(k,n)|5 =3 Z A(k,n),(k',n") (XO,(k’,n’) +Xo,(k/,n')>
K n'=0,1

1 37wik __ win + —
iie 4 e 2 { Z A(k,n),(1,n') (X%,(O,n’)—'—xé,(ﬂ,n’))

n’=0,1

+ -
- Z G(k,n),(0,1-n") (X%,(l,n’) +X%,(1yn,)) }7

n’=0,1

min'

1 3mik’
+ _ - + -
asmls =3 Zmawnwm')e F e (X~ Xowm) )
' m'=0,

’

1 arik _min [ mi win 4 _
tge s e {68 Z Q(k,n),(1,n)€ 2 (X%,(O,n’)_xé,(o,n’))

n'=0,1

3mi win’ -
+ es Z a(k,n),(O,l—n’)e * (X%—v(l,’fbl) N X%a(l,n')) }

n’=0,1

k+n. t

Changing a basis @jckn = (1) X1 (km)

and renaming them as

. e pT R e AT
o = 0,000 T8 = Po,0,00 T4:=Poo,10 T12:= Poo,15
At e AT R e A
10 *= ¥Po,1,00 T2 =Po,1,00 T14 = Po11> T6 = Po1,1o
. e — At — AT
T1'= Y1000 L9 =%P10,0 T5:=%P1,01> T13=P10,1>
R e AT . —
Z11 = P11,00 T3 =Pia0 T15=Pr1n TTIE P
the modular transformations z;|7 = ¢;z; and z;|s = ZO<].<15 S;jx; are
explicitly given as follows :
4 4 _ _ 40
to=tg=¢", ty=tin=-C, ta=tg=tin=tiu=—-C,

th=tis=C(, tr=tg=—( ts=t=C> t3=rtiz=—(®,

and
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171 -11-11 -11-11 -1 1 -1 1 -1
99 02 911 04 013 06 915 -1 0 010 03 012 95 014 07
910 04 014 -1 02 912 96 1 010 94 014 -1 92 012 06
911 06 0 912 07 02 913 -1 93 014 09 64 915 010 95
g2 -1 ¢* 1 62 -1 ¢* 1 02 -1 ¢* 1 62 -1 6*
013 010 97 04 0 014 911 -1 05 02 015 912 99 06 93
914 912 010 -1 96 04 02 1 014 012 910 -1 06 94 02
015 914 013 012 911 010 09 -1 07 06 05 04 03 02 0
11 1 1 1 1 1 1 1 1 1 1
2] 92 03 94 95 06 97 -1 09 010 011 012 013 014 915
02 94 06 -1 910 012 914 1 02 94 96 -1 910 012 014
93 96 09 012 915 92 05 -1 011 914 0 04 97 010 913
g* —1 62 1 6* —-162 1 6* -1 62 1 6* —1 62
05 010 015 04 09 014 93 -1 913 92 97 912 0 06 011
06 612 92 —1 014 04 910 1 06 012 02 -1 014 04 910
07 g14 95 012 03 010 0 —1 915 96 913 94 911 02 99

e el T s T e T e T e T o T S =S S G =y
[e—y
—
[u—ry

where 8 := e% and (:= els,
These matrices S and T satisfy conditions (FD1)-(FD6) with the
involutions

* [p—
T; = T16—i

olz;) = Zi+8 mod 16 if 4 is even,
3 T . . .
5 if 7 is odd.

The associated fusion algebra is x; - £; = Zi1j mod 16, Namely the
group algebra over the cyclic group of order 16.

2) The case when m = —%;
The transformation matrix of level m = —% is

-1 1 -1
V3 V3 \/2:3
- — | i w @ w
(ak,k/)k’k/=0,1,2 = (a(A_g;k,o,A_%;k/,o))k p—012 \/§ Vi V3o
? ' — w w
V3 V3 V3




Twisted characters of admissible representations 351

where w := e%, and Lemma 5.3 gives the following transformation for-
mulas of X;!:( k.,0) ’s

2
1
+ — + -
Xo,k0)ls = 3 Z Q,k! (Xo,wm +Xo,(k',o>)
1 1rik + —
* 5 kzozlak,k’-i-l (X%,(k',0)+xé,(k’,0))

+ -
—Qk,0 (X%,(z,o)_"x%,(zo)) }’

2
]. mik’
+ _ — e + =
Xé,(k,o)ls = 3 Z A€ 2 (Xo,<k',0) - Xo,(k',m)
kl.—.
7m(k+1) _ mik’ _
+ { Z Ay, k'+1e 3 (X——é_,(k’,O) - X%,(k’,O))

k'=0,1

—27i + -
—ag,0€ (Xé,(z,o) - X%,(ZO)) )

Changing a basis cpjfk = i(—1)kxT and renaming them as

X4 (k,0)

— — At
To = Z(000) = 0,0

— R
T11 = T(211) ‘= P1,00
1 = T(oo1) = ¥o,0)

Z10 = Z(210) ‘= ¥1,0)

- At
Ts = Z(101) ‘= ¥o,1-

— eyt
T2 = Z(010) ‘= ¥1,1>
T4 = Z(100) = P 1

T3 = T(o11) ‘= <P1_,1,

_ et
Tg = T(200) ‘= Po,29
_ e ot
L7 = T(111) = P1,2)
Tg = Z(201) = Po,2)

T = T(110) ‘= P1,2>

the modular transformation z;|r = t;z; and z;|g = ZOSJ’SII Sijx; are

explicitly given as follows:

to =t = (%,
ty = t7 = (%%,

t3:t6=

ts =tg = —(*%, t4
_C25, tll = C?

ls = "'C4O’

tio = —¢,
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_ 1
and (Sij)i7j=0,‘..’11 = mx

1 1 -1 -1 1 1 -1 -1 1 1 -1 -1
1 1 1 1 1 1 1 1 1 1 1 1
1 11 -1 1 -1 1 -1 1 -1 1 -1
1 -1 -1 1 1 -1 -1 1 1 -1 -1 1
1 1 -1 -1 w* o w w w W oW W
1 1 1 1 w o wt oWt oWt W oW w? W
1 =1 1 -1 w* w w w w? W W W
1 -1 -1 1 w w w w W W W W?
1 1 -1 -1 w? w? W W W Wt w w
1 1 1 1 w? w? w? Ww? oWt Wt oWt Wt
1 -1 1 -1 w? W% w2 W W w W w
1 -1 -1 1 w? W W W vt w w W

where w := e% and (:= ef.
We consider three transformations * and o5 (s = 1,2) of the set

X:={z;; i=0,-,11} ={a  ; ¢ €Z/3Z and j,k € Z/2Z}
defined by
Tl jk) = T(3—imod3,j, k) and  05(z;) = T5,(j),

where &1 and &5 are permutations:

&1 := (0,1)(4,5)(8,9)
(01 2 3 45 6 7 8 9 10 11
“\1 0 2 3 5 46 7 9 8 10 11)°

G2 == (0,1,2)(4, 5,6)(8, 9, 10)

(01 2 3 4 5 6 7 8 9 10 11
“\1 2 0 3 56 4 7 9 10 8 11/

Then (X, zg,%,05,5,T) (s=1,2) is a fusion datum, whose associated
fusion algebra is

L(i,5,k) " L(3',5',k") = L(i+4' mod 3, j+j’ mod 2, k+k’ mod 2)»

namely the group algebra over Z/3Z x (Z/2Z)%.
We remark that, in this example, o5 is not involutive and ¢« is not
necessarily equal to t;.
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