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§1. Introduction and theorem

In the present paper we consider the asymptotic behavior in time of
solutions for the coupled Klein-Gordon-Schréodinger equations:

(1.1) i%v,b + %Aip =¢p, teR, zeRV,
2
(12) Jo6-Aé+g=—loP, teR, zeRY,

(19 $(0,2)=vo(@), 9(0,7) = dol@), ;9(0,7) = ().

Equations (1.1)—(1.2) describe a classical model of Yukawa’s interaction
of conserved complex nucleon field with neutral real meson field and
the associated mass has been normalized as unity. Here v is a complex
scalar nucleon field, and ¢ is a real scalar meson field. (1.1)—(1.2) are
a semi-relativistic version of the coupled Klein-Gordon-Dirac equations
(see, e.g., [2]).

Since the interaction above is only quadratic, the problems concern-
ing asymptotic behavior of solutions are harder than the cases of higher
interactions, especially in lower space dimensions. In order to examine
the basic structure of nonlinearities of (1.1)—-(1.2), it would be instructive
to look at the decoupled case with self-interaction.

There are a large amount of papers concerning the asymptotic be-
havior in time of solutions for the nonlinear Schrédinger equation

1
(1.4) i%u + —2—Au =|ulP~lu, ,teR, zcRV,
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and the nonlinear Klein-Gordon equation

2
o
(for the nonlinear Schrédinger equation, see [3], [6], [11]-[13], [16], [17],
[19], [21], [23], [27]-[31] and for the nonlinear Klein-Gordon equation,
see [4], [5], [14], [18], [20], [22], [24], [26]-[29]). When we consider the
asymptotic behavior of solutions for (1.4) or (1.5), it is natural and
important to investigate whether the wave operators W1 exist or not.
For (1.4), we define the wave operator W, as follows. Let u, (t) be the
solution of the free Schrodinger equation
(1.6) 12u+1Au—0 tcR, ze€RV

. 9t 2 =Y ’ 3 ’
with 44 (0) = v¥4. If one can look for the solution u(t) of (1.4) with
u(0) = ¢ such that u(t) exists globally in time and

(1.5) —Autu=—|uflu, teR, ze€RN

(1.7) [t () — u(®)llLz — 0 (¢ — +00),

then the wave operator W, can be defined by a mapping from v, (0) =
¥y to u(0) = to. Here ¢4 and g are called a scattered state and
an interacting state, respectively. For the case of t — —oo, the wave
operator W_ is defined in the same way. We can also consider the wave
operators Wy for (1.5). In [6], [26] and [31] it is proved that when
N = 3 and the nonlinear term is quadratic, that is, p = 2, both in the
cases (1.4) and (1.5) the wave operators Wy can be defined for some
data. On the other hand, in [3], [10], [14], [17] and [20] it is proved that
when N = 1,2 and p = 2, there exist no nontrivial asymptotically free
solutions for (1.4) and (1.5), that is, the wave operators Wy can not
be defined for any nonzero data. This is because the time decay rate
of solutions of (1.4) and (1.5) for N = 2 is worse than that for N = 3.
Therefore, we have to consider the modified wave operators for (1.4) and
(1.5) with N =2 and p = 2 (see, e.g., [23]).

The unique global existence of solutions for (1.1)-(1.3) are already
established (see [1], [2], [8] and [15]). Fukuda and M. Tsutsumi [9] and
Strauss {29] studied the asymptotic behavior as t — +o00 of solutions
for the coupled Klein-Gordon-Schrédinger equations with interactions
higher than the quadratic order of (1.1)—(1.2). The results in [9] and
[29] are similar to the results obtained for the decoupled nonlinear Klein-
Gordon and Schrédinger equations.

If there is a complete analogy between the full system (1.1)-(1.2)
and the decoupled system (1.4) and (1.5), it is natural to conjecture that
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when N = 2, the wave operators W could not be defined for (1.1)—(1.2).
But this conjecture is not true. The purpose in the present paper is to
show that when N = 2, the wave operators W for (1.1)—(1.2) can be
defined for certain scattered data.

This is a sharp contrast to the decoupled case and gives a reason
that the coupled Klein-Gordon-Schrédinger equations are not a simple
superposition of the nonlinear Klein-Gordon and Schrédinger equations.

Before we state the theorem, we define several notations. Let w =
V=A +1 and let U(t) = e3*2 be the evolution operator of the free

Schrédinger equation. We denote by f the Fourier transform of f. For
nonnegative integers m and s, we define H™ and H™* as follows:

H™ = {ve S'RY);||(1 - A)Fol|z= < +oo},

H™ ={veS'RY);(1+z*)2(1 ~ A)Fof|12 < 400}

with the norms

[vllam = [I(1 = A) %ol 2,
[vllzrmes = [1(1 + |23 (1 — A) F o]l 12,
respectively. For a multi-index o = (a1, --an) with nonnegative integers
a;, we put
la| = a1+ +an,

Ova_(0 o , 0
(32" = )™ (e

aN
aiL‘N) )

For p > 1 and a nonnegative integer k, we let
0
WP = {u € LP(RY); (5_)u € LP(RY), o] <k}

with the norm

lllwen = 3 o) ullzr

|| <k
We now state the theorem.

Theorem 1.1. Let N =2 ande > 0.

(i) Assume that Yy € H>%, (1 + |2|2)7(£)*y; € LY(R?) for j +
la| < 2 and supptp; C {&1€] = 1+¢e}. We put up(t) = ed*Ayy.
Assume that ¢ € H*?, ¢11 € H>?, for |a| < 4 (a%)a¢+0 € L'(R?),
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and for |af < 3 ()41 € L*(R?). We put vy(t) = (coswt)dio +
(w™lsinwt)p 1. Then, there exists n > 0 such that if

(18)  Isllmza+ D |l(1+|w|)’( =)

jtlal<2
+ l|p+ollze2 + lldrollwer + l|o41llase + [[orallws: <,

(1.1)~(1.2) have the unique solutions (v, $) satisfying

(L9) e () C/(0,00); H ),
(1.10) ¢ € () CU([0,00); H>7),

=0

(111)  [R0(E) —our () + 608) — v () s+ 1 90) — v (8
=0@t™!) (t— +00),

+o0
(1.12) (/t l(s) = us(8)[[fy2ads) '/ = O(™Y) (¢ — +o00),

where n depends only on €.

(i) Assume that _ € H**, (1 + |2|?)7(Z)*y_ € LY(R?) for j +
la| < 2 and suppd_ C {&¢] > 1+¢e}. We put u_(t) = ethe_,
Assume that ¢_o € H¥?, ¢_1 € H3?, for |a| < 4 ( ~)*¢_o € Ll(Rz),
and for |a| < 3 (£)*¢-1 € L*(R?). We put v_(t) (coswt)p_o +
(w™lsinwt)p_y. Then, there exists n > O such that if

(113) [l + Y (1 +]2]) (—)“w [z

Jtel<2
T -0l + [|o-ollwsr + l|¢-1llma.2 + [|6-1llwas <,

(1.1)~(1.2) have the unique solutions (v, d) satisfying

(1.14) o€ ﬂ ¢ ([0, 00); H>%),
(1.15) ¢ () CU([0,00); H*7),

=0
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(116)  9(2) ~ u- (Ol + [9) — vl + | ox8(1) — o0 (D)}
= O(t_l) (t — —oo),

+o0
(1.17) (/t l(s) — u—(s)lfy2ads)/* = O@™Y)  (t — —oo),

where 1 depends only on ¢.

Remark. 'The unique global existence theorem for the Cauchy
problem of (1.1)—(1.3) is already established (see [1], [2], [8] and [15]).
In [1], [2], [8] and [15] only the case of N = 3 is treated, but the proof
of the unique global solutions for N = 2 is easier than that for N = 3.
Therefore, the solutions of (1)—(2) given by (i) and (ii} of Theorem 1.1
can be extended to the whole time interval (—o0,+00).

The following corollary is an immediate consequence of Theorem
1.1.

Corollary 1.2. Assume N =2. Let £ > 0.

(i) By D+ we denote the set of all scattered states (Y4, P40, P+1)
such that suppvy C {& €] > 1+ ¢} and (1.8) holds. Then, for (1.1)-
(1.2) the wave operator Wy : (¢4, d40,d+1) — (¥(0),6(0), 2¢(0)) is
well defined on D .

(ii) By D_ we denote the set of all scattered states (Y, d_q,P—1)
such that supp_ C {&;]€| > 1+ ¢} and (1.13) holds. Then, for (1.1)-

(1.2) the wave operator W_ : (_,¢_0,6_1) > ($(0), $(0), 2(0)) is
well defined on D_.

The proofs in the previous papers [9] and [29] are the same as those
used for (1.4) and (1.5) and do not have anything to do with the specific
feature of quadratic nonlinearities. Our proof of Theorem 1.1 is based
on the special property of the Yukawa interaction and on the improved
decay estimates of the interaction term which take account of the dif-
ference between the propagation properties of the Schrodinger wave and
the Klein-Gordon wave.

§2. Sketch of Proof of Theorem 1.1

We first summarize several lemmas needed for the proof of Theorem
1.1 without proofs.

Lemma 2.1. Let N > 1.
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(i) Let p and g be two positive constants such that 1/p+1/q =1 and
2 < p< +4oo. Then,

21) U@l < rld) MNPl ve Ll t#0.

(i) Let k be a nonnegative integer. Suppose that for j + |a| < k
(1+|z])i+2(Z ) Y € L? and (1+|z|)72( ‘?ﬂ)ad} € LY. Weputug(t,z) =
eilel®/(20) (54) = N/2p(2). Then, for some K > 0,

22 Y ) (U - w(®}:

2j+|a| <k
<K YD 0+ ol (o)l 1>,
J+lal<k
d\a,0
@3) > MG GUOY —u®}le
2j+|al<k

< KJgmNE N |l(1+|w|)]+2( )¢|Iz, It > 1,
j+lal<k

where K depends only on k and N.
For the proof of Lemma 2.1, see, e.g., [33, Lemmma 2.1].

Lemma 2.2. Assume N = 2. Let k be a nonnegative integer.
Then, for some K > 0,

(2.4) Z ||(%)a(§;) (cos wt)v| oo

jtial<k
< KL+ [t) 7 (lollwesss + o]l g2er), tER,

@5 > l|(%)a(%)j(w_lsinwt)v“w

jt+lal<k
< KA+ )7 (llwssea + o] mee), tER,

where K depends only on k.

For the proof of Lemma 2.2, see, e.g., [5], [L3] and [22].
We next state the decay estimate of solution for the Klein-Gordon
equation outside of the light cone.
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Lemma 2.3. Assume N > 1. Lete > 0 and let k be a nonnegative
integer. Then, for some L > 0,

0\a,0
(2.6) Z “(%) (a)J(COSU)t)’UHL°°(|z|>(1+s)[t|)
J+|al<k

< L+ [t)7?|loll grstvsaiera, tER,

6 @ 6 ] - .
(2.7) > ||(%) (@)J(w b sin w)v| poo (jz)> (14€) )

jt+lal<k
< L+ )7 ?|vll gerivsa2, tER,

where [N/2] is the largest integer that does not exceed N/2, and L de-
pends only on e, k and N.

The proof of Lemma 2.3 is based on the finite speed propagation of
the Klein-Gordon wave. For the details, see, e.g., [25, Theorem XI. 17]
and [33, Lemma 2.3].

We next consider the following problem: Given h(t), find u(t) such
that

2
(2.8) iu—Au—%—u:h(t), t>0, zeRY,

012
(2.9) II%U(t)Ilg +IVu@®llf + [u@®)llz — 0 (t — +o0),
or

2
(2.10) %U—Auﬁ—u:h(t), t<0, zeRY,

@11) a3+ IV + u@l —0 (¢ —oo).

We assume that for some M > 0,

(2.12)
o [0 OO+ 0407 3 ()" (M0l < M
t€(0,00 1<j+|a|<3

(2.13)

wp [0+ Q-0 T (5" (ko] <M

t€(=00,0 1<j+al<3
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We have the following lemma concerning the existence of solution
for (2.8)—(2.9) and (2.10)—(2.11).

Lemma 2.4. Let N > 1. ’
(i) Assume that h € N3_,C7([0,00); H*>77) and that h(t) satisfies
(2.12). Then, there exists a unique solution u(t) of (2.8)—(2.9) such that

(214)  ue []C([0,00); H*),

=0

(2.15) sup (1+1) > | 2)J‘u(t)u2 < CoM,

t€[0,00) j+lal<a

where M is defined (2.12) and Cy is independent of h and u.

(ii) Assume that h € N3_,C7((—o0,0]; H*~7) and that h(t) satisfies
(2.13). Then, there exists a unique solution u(t) of (2.10)—(2.11) such
that

4
(216)  we () C¥((—o0,0); HAY),
j=0

6
2.17 sup (1-—¢ t)]|e < CoM,
e e (-0 3 ()" () uOlk <G
JHlei<a

where M is defined (2.13) and Cy is independent of h and u.

For the proof of Lemma 2.4, see [33, Lemma 2.4].

Now we describe a sketch of proof of Theorem 1.1. We consider only
the case of ¢ — 400, because the proof for the case of t — —o0 is quite
similar to that for the case of t — +o00.

We seek the solutions to the final value problem for (1.1)—(1.2)
around almost free solutions. We choose a function z € C°° ([0, c0))
such that z(t) =1 for t > 2 and 2(t) =0 for 0 <t < 1. We put

(218) () = =(Ouo(®) = 2O i) (D),
where ug(t,z) is defined in Lemma 2.1 (ii). Let vo(t,z) be a solution

of (2.8)—(2.9) given by Lemma 2.4 (i) with h = |u;|2. We introduce the
following almost free solutions.

(2.19) u(t) =U@®)ps, v(t) = (coswt)pro + (wtsinwt)py1 + vo(t).
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We note that u(t) = uy(t). Furthermore, we put

(2.20) () = F(t) +u(d),
(2.21) o(t) = N(t) + v(t).
We rewrite (1.1)—(1.2) as the following system of F' and N:

+oF + f(t), t>0, zeRZ

(2.23) (,?—;N — AN + N = |F|? + 2R(F (@ — 1,))

+ 2R(Fa1) +g(t), t>0, ze€R?
(2.24) [F@)lz =0 (t— o0),
(2.25) II%N(t)H% +IVN@I3+IN@®IZ =0 (t— o0),
where
(2.26) ft) =v(u —uq) + vus,
(2.27) g(t) = |u—ug|? + 2R((u — w1)@1).

If we have the solutions (F, N) of (2.22)-(2.25), then we obtain Theo-
rem 1.1 (i) by (2.20)--(2.21). Lemmas 2.1-2.4 and the support condition
of the Fourier image of ¢, show that f(t) and g(t) decay in L? fast
enough as ¢ — co. Therefore, we can obtain the desired solutions (F, N)
for (2.22)—(2.25). The details of the proof will be published elsewhere
(see [33]).

References

[1] A.Bachelot, Probléme de Cauchy pour des systémes hyperboliques semi-
linéaires, Ann. Inst. Henri Poincaré, Analyse non linéaire, 1 (1984),
453-478.

[2] J.B. Baillon and J.M. Chadam, The Cauchy problem for the coupled
Schrédinger-Klein-Gordon equations, in “Contemporary Develop-
ments in Continuum Mechanics and Partial Differential Equations”,
edited by G.M. de La Penha and L.A. Medeiros, North-Holland, Am-
sterdam, 1978.



(10]
(11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

T. Ozawa and Y. Tsutsumi

J.E. Barab, Nonexistence of asymptotically free solutions for a nonlinear
Schrédinger equation, J. Math. Phys., 25 (1984), 3270-3273.

P. Brenner, On space-time means and everywhere defined scattering
operators for nonlinear Klein-Gordon equations, Math. Z., 186 (1984),
383-391.

P. Brenner, On scattering and everywhere defined scattering opera-
tors for nonlinear Klein-Gordon equations, J. Diff. Egs., 56 (1985),
310-344.

T. Cazenave and F.B. Weissler, Rapidly decaying solutions of the non-
linear Schrédinger equation, Comm. Math. Phys., 147 (1992), 75-100.

R. Courant and D. Hilbert, “Methods of Mathematical Physics, Vol. IT”,
Interscience Publishers, New York, 1962.

I. Fukuda and M. Tsutsumi, On coupled Klein-Gordon-Schrédinger
equations II, J. Math. Anal. Appl., 66 (1978), 358-378.

I. Fukuda and M. Tsutsumi, On coupled Klein-Gordon-Schrédinger
equations III - Higher order interaction, decay and blow-up, Math.
Japonica, 24 (1979), 307-321.

J. Ginibre, private communication.

J. Ginibre and G. Velo, On a class of nonlinear Schrédinger equations I,
II, J. Funct. Anal., 32 (1979), 1-32, 33-71.

J. Ginibre and G. Velo, Scattering theory in the energy space for a class
of non linear Schrodinger equations, J. Math. Pure. Appl., 64 (1985),
363-401.

J. Ginibre and G. Velo, Time decay of finite energy solutions for the
non linear Klein-Gordon and Schrédinger equations, Ann. Inst. Henri
Poincaré, Phys. Théor., 43 (1985), 399442,

R. Glassey, On the asymptotic behavior of nonlinear wave equations,
Trans. Amer. Math. Soc., 182 (1973), 187-200.

N. Hayashi and W. von Wahl, On the global strong solutions of coupled
Klein-Gordon-Schrédinger equations, J. Math. Soc. Japan, 39 (1987),
489-497.

N. Hayashi and Y. Tsutsumi, Remarks on the scattering problem for
nonlinear Schrédinger equations, in “Differential Equations and Math-
ematical Physics, Proceedings, Birmingham, Alabama, 1986”, Lecture
Notes in Math., 1285, Springer, 1986, pp. 162-168.

N. Hayashi and Y. Tsutsumi, Scattering theory for Hartree type equa-
tions, Ann. Inst. Henri Poincaré, Phs. Théor., 46 (1987), 187-213.
K. Mochizuki and T. Motai, On small data scattering for some nonlin-
ear wave equations, in “Patterns and Waves - Qualitative Analysis of
Nonlinear Differential Equations”, edited by T. Nishida, M. Mimura

and H. Fujii, North-Holland, Amsterdam, 1986.

J.E. Lin and W. Strauss, Decay and scattering of solutions of a nonlinear
Schraodinger equation, J. Funct. Anal., 30 (1978), 245-263.

A. Matsumura, On the asymptotic behavior of solutions of semi-linear
wave equations, Publ. RIMS, Kyoto Univ., 12 (1976), 169-189.



Klein-Gordon-Schrédinger Equations 305

[21] H. MacKean and J. Shata, The nonlinear Schrédinger equation and the
nonlinear heat equation: reduction to linear form, Comm. Pure Appl.
Math., 44 (1991), 1067-1080.

[22] C. Morawetz and W. Strauss, Decay and scattering of solutions of a
nonlinear relativistic wave equation, Comm. Pure Appl. Math., 25
(1972), 1-31.

[23] T. Ozawa, Long range scattering for nonlinear Schrédinger equations in
one space dimension, Comm. Math. Phys., 139 (1991), 479-493.

[24] H. Pecher, Low energy scattering for nonlinear Klein-Gordon equations,
J. Funct. Anal.,, 63 (1985), 101-122.

[25] M. Reed and B. Simon, “Methods of Modern Mathematical Physics III:
Scattering Theory”, Academic Press, New York, 1979.

[26] J. Simon, A wave operator for a nonlinear Klein-Gordon equation, Lett.
Math. Phys., 7 (1983), 387-398.

[27] W. Strauss, Nonlinear scattering theory, in “Scattering Theory in Math-
ematical Physics”, edited by J.A. La Vita and J.-P. Marchand, Reidel,
Dordricht-Holland, 1974, pp. 53-78.

[28] W. Strauss, Nonlinear scattering theory at low energy, J. Funct. Anal.,
41 (1981), 110-133.

[29] W. Strauss, Nonlinear scattering theory at low energy: Sequel, J. Funct.
Anal., 43 (1981), 281-293.

[30] Y. Tsutsumi, Scattering problem for nonlinear Schridinger equations,
Ann. Inst. Henri Poincaré, Phys. Théor., 43 (1985), 321 347.

[31] Y. Tsutsumi and K. Yajima, The asymptotic behavior of nonlinear
Schrédinger equations, Bull. Amer. Math. Soc. (New Series), 11
(1984), 186-188.

[32] K. Yajima, Existence of solutions for Schrédinger evolution equations,
Comm. Math. Phys., 110 (1987), 415-426.

[33] T. Ozawa and Y. Tsutsumi, Asymptotic behavior of solutions for the
coupled Klein-Gordon-Schrédinger equations, preprint.

Tohro Ozawa

Department of Mathematics
Hokkaido University
Sapporo 060, Japan

Yoshio Tsutsumi

Department of Mathematical Sciences
University of Tokyo

Hongo, Tokyo 113, Japan





