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On Symmetry Groups of the MIC-Kepler Problem 
and Their Unitary Irreducible Representations 

Toshihiro Iwai and Yoshio Uwano 

It is well known that the quantized Kepler problem (i.e., the hydro­
gen atom) admits the symmetry groups, S0(4), E(3) (the Euclidean 
motion group), or so+(l,3) (the proper Lorentz group), according 
as the energy is negative, zero, or positive (cf. [B-I]). The symmetry 
groups here stand for Lie groups which act unitarily irreducibly on the 
Hilbert spaces associated with the energy-spectrum for the Kepler prob­
lem. However, only a part of the unitary irreducible representations are 
realized as the symmetry group for the Kepler problem. A question now 
arises: Are the other unitary irreducible representations realizable as 
symmetry groups for a "modified" Kepler problem ? 

This question is worked out in this article. Both in classical and 
quantum mechanics, the Kepler problem is generalized to the MIC­
Kepler problem, the Kepler problem along with a centrifugal potential 
and Dirac's monopole field, which is named after McIntosh and Cis­
neros [MI-C]. It will be shown that the quantized MIC-Kepler problem 
exhausts almost all the unitary irreducible representations of SU(2) x 
SU(2), R 3 ~ SU(2), or SL(2, C) as the symmetry group, according as 
the energy is negative, zero, or positive, which groups are the double 
covers of S0(4), E(3), and s0+(1, 3), respectively. For SL(2, C), the 
principal series representations are all realizable, but not the others. 

§1. Setting up the quantized MIC-Kepler problem 

The MIC-Kepler problem is to be defined as a reduced system of 
the conformal Kepler problem. Consider the principal U(l) bundle 7f: 

R4 -{0}--+ R3 -{0} whose projection 1r and U(l) action <I>t are given, 
respectively, by 
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where (qj)j=l,2,3,4 are the Cartesian coordinates in R4 . The missing 
matrix entries are all zero, here and henceforth. 

For any fixed integer m, let Pm be the unitary irreducible represen­
tation of U(l) on C, 

(1.4) Pm: T(t) 1-+ eimt/2 , t E [0,47!"]. 

Then the associated complex line bundle Lm = (R4-{0} Xm C, 7l"m, R 3-

{0}) is formed through the representation Pm· Note that, contrary to 
the literature [K-N], the left action is under consideration. 

The standard connection on R4 -{0} gives rise to the linear connec­
tion V for Lm, the curvature of which, Om, takes the form 

im 
Om= - 3 (x1dx2 A dx3 + x2dx3 A dx1 + x3dx1 A dx2), 

2r 
(1.5) 

where 7r(q) = (xj)j=l,2,3 are the Cartesian coordinates in R 3 -{0} and 

r2 = I:t:i x;. The Om describes Dirac's monopole field of strength 
-m/2. The MIC-Kepler problem is then defined on the complex line 
bundle Lm. 

Definition. The MIC-Kepler problem is a quantum system de­
fined on Lm together with the Hamiltonian operator 

(1.6) 
3 2 

Hm = _! '°'V ·2 + (m/2) - '-5_ 
2 ~ J 2r2 r 

j=l 

acting on cross sections in Lm, where Vj stands for the covariant deriva­
tion, Va/ax;, and k is a positive constant. 

The reduction process giving this definition proceeds as follows: 
The conformal Kepler problem is defined as a quantum system with 
the Hamiltonian operator 

(1.7) 
1 

H=--
2 

(
1 4 a2) k 

4r L aq2 - -;: 
l=l £ 
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acting on the functions on R4 -{0}, where r = I:!:i q;, 
A function f ( q) on R 4 - { 0} is referred to as P= -equivariant, if it 

satisfies 

(1.8) f(T(t)q) = ei=t/2 f(q), t E [O, 47r]. 

The P=-equivariant functions are in one-to-one correspondence with the 
cross sections in Lm,. Then, on denoting by q= the correspondence of 
the P=-equivariant functions to the cross sections in Lm,, one has 

(1.9) 

which turns out to be expressed as (1.6). 

Since our interest centers on quantum systems only, the adjective 
"quantized" is to be omitted. Further, for convenience' sake, we will of­
ten abbreviate the MIC-Kepler problem and the conformal Kepler prob­
lem to MICK and CK, respectively. 

Equation (1.9) is the relation on the base of which we study symme­
try groups for the MIC-Kepler problem in each case of energy, negative, 
zero, or positive. The procedure is as follows: 

(1) Find symmetry groups of the conformal Kepler problem. As 
the results, the harmonic oscillator, a free particle, or the repul­
sive oscillator are associated with CK, according respectively as 
the energy of CK is negative, zero, or positive. These symme­
try groups are represented in Hilbert spaces labeled with the 
energies of CK. 

(2) Equation (1.9) shows that the subspace of P=-equivariant func­
tions in the representation space for the symmetry group of CK 
reduces to the Hilbert space of cross-sections in Lm associated 
with each of the spectra of the MIC-Kepler problem. Through 
this reduction, a symmetry group of MICK turns out to be given 
by a subgroup of the symmetry group of CK that leaves invari­
ant each subspace of P=-equivariant functions. 

(3) Prove the irreducibility of the representations of the symmetry 
groups of MICK. 

There is another way to study the quantized Kepler and MIC-Kepler 
problem. For negative energies, the geometric quantization method pro­
vides the negative energy eigenvalues [S, Ml-T, Ml]. However, the geo­
metric quantization turns no attention to zero or positive energy, nor to 
the relation with representation of symmetry groups. 
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§2. The negative energy case and SU(2) x SU(2) 

2.1. A symmetry group of the conformal Kepler prob­
lem with negative energy 

Following Procedure (1)~(3) presented in Section 1, we start with 
a symmetry group of CK with negative energy. It is of great help to 
associate CK with the four-dimensional harmonic oscillator, which is 
the quantum system with the Hamiltonian operator 

(2.1) 

where >.. is a positive parameter. The harmonic oscillator will be often 
~ ~ 

abbreviated to HO, henceforth. Hand J>- satisfy 

(2.2) ( ~ >,_2) ~ 
4r H + 8 = J>- - 4k. 

This means that the eigenfunctions of CK with negative eigenvalue 
->..2 /8 are obtained from eigenfunctions of HO with positive eigenvalue 
4k. Thus to find the symmetry group of CK for the eigenvalue ->..2 /8 
is to find that of HO for the eigenvalue 4k. Let us define the creation 

operator (a})J=l,2,3,4 for the harmonic oscillator by 

(2.3) 

Then, by using multi-indices k denoting k 1 k2 k3 k4 (k1 2'. 0: integers, 
j = 1, · · · ,4), the normalized eigenfunctions for HO, a basis in L2 (R4 ), 

are expressed in the form 

(2.4a) 

with 

(2.4b) 7/Jo(q) = ~exp(->..r/2), 
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where kl = k1 !k2!k3!k4!. Equation (2.2) and the fact that 1Pk is associ­
ated with the eigenvalue >.( n + 2) with k1 + · · · + k4 = n are put together 
to provide the following. 

Proposition 2.1. The negative eigenvalues of the conformal 
Kepler problem are given by En = -2k2 /(n + 2) 2 (n 2: 0 : integer), 
and their associated eigenspaces denoted by Sn are spanned by the func­
tions 1Pk given by (2.4) subject to the conditions 

We mention here that the Hilbert space structure of each Sn 1s 
determined by restricting the inner product 

(2.6) 

to Sn. The restricted inner product is denoted by ( , )n- Note that with 

respect to ( , ) the fl becomes a symmetric operator in C0 (R4 ) (see 
[I]). 

We note here that the relation similar to (2.2) holds also in classical 
theory, so that the well-known symmetry group SU(4) of the harmonic 
oscillator turns out to be the symmetry group of CK (see [I, 1-Ul]). 
Hence, on "quantizing" the action of the classical symmetry group SU(4) 
of CK, a symmetry group of CK with negative energy is to be derived 
so as to act on Sn. We thus obtain the following. 

Proposition 2.2. 
energy admits SU ( 4) 
ducibly on (Sn, ( , )n) 

(2.7) (U2Jn)1Pk)(q) 

The conformal Kepler problem with negative 
as a symmetry group which acts unitarily irre­
in the manner 

= (k!)-1/2 ( cT a t)~l ( cT a t);2 ( cT a t);3 ( cT a t)~41Po ( q) 

for C E SU(4) and 1Pk E Sn, where at stands for the column vector of 
operators and (CT at)1 (j = 1, 2, 3, 4) is the j-th component. 

2.2. A symmetry group of the MIC-Kepler problem 
with negative energy 

We proceed to a symmetry group of MIC-Kepler problem with neg­
ative energy. As was stated in Procedure (2) in Section 1, the subgroup 
of the symmetry group SU(4) leaving invariant the subspace Sn,m of Pm­
equivariant functions in Sn will become a symmetry group of MICK. We 
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shall first look into Sn,m· From (2.3) and (2.7), the U(l) action given 
by (1.2) proves to be expressed as 

(2.8a) 

with 

(2.8b) f(t) = ( 
e-it/2 I2 

(h : 2 x 2 identity matrix), 

This equation yields the following. 

Lemma 2.3. The subspace Sn,m of Pm -equivariant functions in 
Sn is spanned by the functions 1Pk E Sn subject to 

(2.9) 
n-m 

k1 +k2 = - 2-, 

where the integers n and m are simultaneously even or odd with Jml :Sn. 
The Sn,m is of dimension (n - m + 2)(n + m + 2)/4. 

From the relation (1.9), we see that the Sn,m reduces to the space of 

eigen-cross sections of Hm with negative eigenvalue En= -2k2 /(n+2)2. 
Indeed, for any f E Sn,m, one has 

(2.10) 

We hence denote by qm(Sn,m) the space of eigen-cross sections of Hm 
derived from Sn,m· The Hilbert space structure ( , )n,m is, of course, 
induced from the inner product ( , )n as 

(2.11) 

for '")11, '")12 E qm(Sn,m)- We now have the following. 

Proposition 2.4. The subspace Sn,m of Pm -equivariant functions 
in Sn is mapped, through qm, bijectively to the space of eigen-cross sec­
tions, qm(Sn,m), for the MIC-Kepler problem with negative eigenvalue 
En = -2k2 /(n + 2)2, where n and m are simultaneously even or odd 
with I ml :S n. 

Now that we have the eigenspace qm(Sn,m), we are ready to discuss 
a symmetry group of MICK with negative energy. In view of the course 
of obtaining qm(Sn,m), we see that a subgroup of SU(4) that leaves 
Sn,m invariant turns into the symmetry group of MICK with negative 
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energy. The largest subgroup of SU(4) that leaves Sn,m invariant is 
S(U(2) x U(2)), which includes the U(l) with the action (2.8). ,However, 
since the U(l) action (2.8) is the identity in qm(Sn,m) we had better 
get rid of this U(l) action, so that we treat SU(2) x SU(2). For any 
(C1 , C2 ) E SU(2) x SU(2), we have, of course, the inclusion 

(2.12) 

In order to express the action of SU(2) x SU(2) in a concrete form, 

we rewrite the creation operators al, at at and a! as Al, At B{, 

and BJ, respectively. Then Proposition 2.2 reduces to the following ( cf. 
[I-Ul]). 

Proposition 2.5. A subgroup SU(2) x SU(2) of SU(4) acts uni­
tarily on Sn,m, whose action is expressed, for (C1, C2) E SU(2) x SU(2) 
and 'lpk E Sn,m, as 

(2.13) (U(~:12 ) 'l/Jk}( q) 

= (k!)-1;2(cf At)~1(cf At);2(cfBt)~a(cf Bt);4¢o(q), 

where (Cf At)j and (Cf Bt)j (j = 1, 2) are the j-th components of the 
column vectors of operators Cf At and Cf Bt, respectively. 

Owing to Proposition 2.5, we can define well a unitary SU(2) x 
SU(2) action, w(n,m), on the eigenspace qm(Sn,m) of the MIC-Kepler 
problem; for 'YE qm(Sn,m) and (C1, C2) E SU(2) x SU(2), 

(2.14) W (n,m) ( u(n,m) -1) 
(C C )'Y := Qm o (C C ) o qm 'Y· 1, 2 1, 2 

Proposition 2.6. The group SU(2) x SU(2) has unitary repre­
sentation on each of the eigenspace Qm(Sn,m) of the MIC-Kepler problem 
with the eigenvalue En, where n and m are simultaneously even or odd 
with 1ml::; n. 

2.3. The irreducibility of the SU(2) x SU(2) represen­
tation 

On recalling Lemma 2.3, the condition (2.9) enables us to identify 
Sn,m with the tensor product of the space of homogeneous polynomials 

in (A}) of degree (n-m)/2 and that in (Bj) of degree (n+m)/2. Then, 
it follows from (2.13) that each of the factor groups of SU(2) x SU(2) 
is represented irreducibly in homogeneous polynomial space of degree 
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(n - m)/2 in At and in that of degree (n + m)/2 in Bt, so that the 
representation u(n,m) proves to be irreducible. Further, according to 
Wigner [W], the tensor product representations exhaust all the unitary 
irreducible representations of SU(2) x SU(2), up to isomorphisms. Ow­
ing to the unitary equivalence, the representations w(n,m) turn out to 
exhaust all the unitary irreducible representations of SU(2) x SU(2), up 
to isomorphisms. The results in this section is summarized as follows: 

Theorem 2. 7 [I-Ul]. The MIC-Kepler problem with negative en­
ergies admits SU(2) x SU(2) as a symmetry group. The representation 
of SU(2) X SU(2) on each of the eigenspaces (qm(Sn,m), ( , )n,m) covers 
all the unitary irreducible representations of SU(2) x SU(2), up to iso­
morphisms, if n and m vary under the condition stated in Proposition 
2.6. 

§3. The zero-energy case and R 3 t>< SU(2) 

3.1. A symmetry group of the conformal Kepler prob­
lem with zero-energy 

In the case of zero-energy, we associate CK with a four-dimensional 
free particle; a quantum system with the Hamiltonian operator 

(3.1) 

which can be extended to a self-adjoint operator in L 2 (R4 ). The free 
~ ~ 

particle will be often abbreviated to FP, in what follows. H and F 
satisfy 

(3.2) 4rH = F-4k, 

which implies that to study the jj with zero-spectrum is to study the F 
with spectrum 4k. 

We start with a review of F with positive spectra. Let us denote 
by S(R~) and S(R!) the spaces of smooth rapidly decreasing functions 

on R~ and R!, respectively, where the subscripts q and u indicate the 

variables used in R 4 's. For cp E S(R~), we denote its Fourier transform 

by¢ E S(R!). On using the polar coordinates, u = v12sw, with w E S3 

and s 2 0, the Fourier integral formula is put in the form 

(3.3) cp( q) = ~ f 00 
2s ds { eiq·fisw ¢( v12sw) dS3 , 

(21r) }0 1s3 
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where dS3 denotes the standard volume element of the three-sphere S3 • 

Further, Plancherel's theorem takes the form 

(3.4) 

Thus, if we define the function space 

£ 2 (Rt) turns out to be decomposed into a direct integral 

(3.6) 

It is worth pointing out that any f E 1i8 satisfies the Schrodinger equa­
tion; Ff= sf (see Helgason [H]). Moreover, the map t,,8 :L2 (S3 )---+ ris 
given by F(w) f-+ f(q) through (3.5) makes ris into a Hilbert space, so 
that one has the isomorphism, for all positive s, 

(3.7) 

Summarizing the above, we have the following. 

Proposition 3.1. L2 (Rt) is decomposed into the direct integral of 

Hilbert spaces {ris} each of which is isomorphic to L2 (S3 ) and associated 

with the spectrum s of F. Hence, 1i4k is a Hilbert space associated with 
the zero-energy of the conformal Kepler problem. 

We proceed to study a symmetry group of FP to get a symmetry 
group of CK with zero-energy. In classical theory, the symmetry group 
of FP is known to be R 9 ~ S0(4), where R 9 and ~ denote the additive 
group of 4 x 4 traceless real symmetric matrices and the semi-direct 
product, respectively [I-U2]. In quantum theory, the action of R9 ~ 
S0(4) is "quantized" to give a unitary representation in L2 (Rt) as 

where¢ is the Fourier transform of¢ E L2 (Rt), and (M, g) E R 9 ~S0(4) 
(see [I-U2]). On applying (3.6) to (3.8), the representation X(M,g) gives 
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rise to unitary representations U(M,g) of R 9 K SO(4) in each ris, which 

takes the form 

where f E ris is of the form (3.5). 

Proposition 3.2. The free particle admits R 9 K SO(4) as a sym­
metry group, which is represented unitarily as (3.9) in each Hilbert spaces 
ris given by (3.5). 

Propositions 3.1 and 3.2 are put together to give the following. 

Theorem 3.3. The conformal Kepler problem with zero-energy 
admits R 9 K SO(4) as a symmetry group whose action is represented 
unitarily on the Hilbert space 1{4k. 

Remark. Because of (3.7), a unitary representation, denoted by 
vs, of R 9 K SO(4) in L2 (S3 ) is also defined by 

(3.10) u(M,g) 0 Ks= Ks O ViM,g) ((M,g) E R 9 K SO(4)). 

3.2. A symmetry group of the MIC-Kepler problem 
with zero-energy 

We derive a symmetry group of MICK with zero-energy from the 
symmetry group of CK obtained in Theorem 3.3. A subgroup of the 
symmetry group, R 9 K SO(4), of CK that leaves the subspace of Pm­
equivariant functions in 1{4k is shown to be a symmetry group of MICK 
with zero-energy. 

We study first the subspace of Pm-equivariant functions in ris, which 
subspace is denoted by ris,m· On carrying out a similar argument to 
that of negative energy case, we have the following. 

Proposition 3.4. The subspace, 1{4k,m, of Pm -equivariant func­
tions in 1{4k is mapped, through qm, to the space of cross sections asso­
ciated with the MIC-Kepler problem with zero-energy. 

We then understand that qm(H4k,m) is the space associated with 

Hm = 0. The Hilbert space structure is defined on qm(Hs,m) by the 
inner product (, )s,m which is naturally induced from the inner product, 
say, (, )s, in ris as 

(3.11) 
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where ')11, ')12 E qm(Hs,m)- We studyJurther the structure of Hs,m and 
of qm(Hs,m)- Specializing (3.9) in a subgroup {(O, T(t)); t E [O, 41r]} of 
R 9 I>< S0(4), one has, for f E Hs, 

(3.12) f(T(t)q) = (U(O T(-t))f)(q) = r eiq·v12sw F(T(t)w)dS3 , ' 1s3 
where f = K 8 (F) for F E L2 (S3 ). This implies that f is Pm-equivariant 
in Hs if and only if F is Pm-equivariant in L2 (S3). We denote by 
L 2 (S3 )m the space of Pm-equivariant functions in L2 (S3), which has 
a Hilbert space structure as a closed subspace of L2 (S3 ). Thus we have 
the isomorphisms, 

(3.13) 

We are now in a position to find a symmetry group of MICK with 
zero-energy. Like in the negative energy case, a subgroup of R9 I>< SO( 4) 
that leaves Hs,m invariant proves to be a subgroup which is commutative 
with the U(l) action (3.12). We can show that the largest one of such 
subgroups is isomorphic to R 3 I>< U(2). However, since this subgroup 
includes the U(l) ~ { (0, T(t)); t E [O, 41r]}, we choose to take R 3 1><SU(2) 
after eliminating the U(l) from R 3 1>< U(2). We have to notice here how 
the R 3 I>< SU(2) is represented as pairs of 4 x 4 matrices in R 9 I>< S0(4): 
Let a map f3 be defined as 

(3.14) /3 : ( a1 + ~b1 a2 + ~b2) f-----+ z = ( Z1 Z2 ) 
a3 + ib3 a4 + ib4 Z3 Z4 

with Z = 1 (
a· 

J bj (j=l,2,3,4). 

Then R 3 I>< SU(2) is represented as a subgroup of R 9 I>< S0(4), f3(R3 ) 

1>< f3(SU(2)). We thus obtain the following. 

Proposition 3.5. The semi-direct product group R 3 I>< SU(2) acts 
unitarily on Hs,m, where R 3 indicates the additive group of 2 x 2 trace­
less Hermitian matrices. 

By u(s,m) we denote the induced action of R 3 I>< SU(2) on Hs,m· 

Then, the action of R 3 I>< SU(2) on the Hilbert space qm (Hs,m) is defined, 
for ')1 E qm(Hs,m), by 

(3.15) W (s,m) ( u<s,m) -1) 
(M,g) '"Y = qm o (M,g) o qm '"Y, 

where (M, g) E R 3 I>< SU(2) is represented as a pair of 4 x 4 real matrices 
(cf. (3.14)). This action is unitary, of course. 
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Proposition 3.6. The MIC-Kepler problem with zero-energy ad­
mits the semi-direct product group R 3 I>< SU(2) as a symmetry group, 
which is unitarily represented in qm(Hs,m) in the manner of (3.15) to­
gether with (3.9). 

In closing Section 3.2, we make a mention of the unitary represen­
tation vs of R 9 1>< S0(4) in L2 (S3 ) (see (3.10)). From (3.10) and (3.13), 
we can define a unitary representation y(s,m) of R3 I>< SU(2) on L2 (S3 )m 
by 

(3.16) U (s,m) v;(s,m) 
(M,g) 0 "-s = "-s O (M,g)' 

where (M,g) E R3 I>< SU(2) is represented as a pair of 4 x 4 real matri­
ces. The representations w(s,m) and y(s,m) are unitarily equivalent on 
account of (3.15) and (3.16). 

3.3. Relation to the Mackey's induced representation 

In this section, the representation w(s,m) of R3 1>< SU(2) is shown to 
be equivalent to the Mackey's induced representation. Since w(s,m) is 
equivalent to v(m,s), we choose to show the equivalence between v(s,m) 
and Mackey's representation. According to Mackey [Mk], the induced 
representation of R 3 I>< SU(2) is realized on the Hilbert space of functions 
on the group manifold R 3 I>< SU(2). 

Let a be a bijection of S 3 to SU(2) given by 

(3.17) 

Using a, we can define an injection A(s,m) of L2 (S3 )m to a space of 
functions on R 3 I>< SU(2); for FE L 2 (S3 )m, A(s,m) is given by 

(3.18) (A(s,m) F)(M, g) = exp(isv • g- 1 Mgv) F(a- 1 (g)) 

with v = (1,o)r, where (M,g) E R 3 1>< SU(2) indicates a pair of 2 x 2 
complex matrices. It is easy to prove that for a subgroup R3 1>< U(l) 
acting on R3 I>< SU (2) to the right, functions A (s,m) F are subject to the 
transformation · 

(3.19) A(s,m) F((M, g)(N, u(t)) = Xs,m(N, u(t))-1 (A (s,m) F)(M, g) 

with Xs,m(N, u(t)) = exp(-isv • N v) e-imt/2 , 

where u(t) is the 2 x 2 matrix given by u(t) = diag(eit/2 ,e-it/2 ), and 
the Xs,m is known as an irreducible representation of R 3 I>< U(l) on 
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C. Equations (3.18) and (3.19) imply that L 2 (S3 )m is mapped to the 
space of Xs,m-equivariant functions on R 3 I>< SU(2), which space can 
be made into a Hilbert space, and is isomorphic to the Hilbert space 
of £ 2-cross sections in a complex line bundle over the quotient space 
(R3 1>< SU(2))/(R3 1>< U(l)) ~ S2 • We denote by L 2 (R3 1>< SU(2))s,m the 
Hilbert space of Xs,m-equivariant functions on R 3 I>< SU(2). 

Let r(s,m) be the Mackey's induced representation of R3 1>< SU(2) 
in L 2 (R3 I>< SU(2))s,m• Then a straightforward calculation shows that 
A(s,m) gives an intertwining operator between r(s,m) and v(s,mJ; 

(3.20) T(s,m) o A (s,m) = A (s,m) O V:(s,m) ((M, g) E R 3 I>( SU(2)), 
(M,g) Re(M,g) 

where Re(M,g) denotes the real matrix representation (see (3.14)). 
Since r(s,m) is known to be irreducible and to exhaust all the unitary 
irreducible representations, up to isomorphisms, we have the following. 

Theorem 3.7. The unitary representation (W(4k,m), qm(7i4k,m)) 
of the symmetry group R 3 I>< SU(2) of the MICK is irreducible. The 
w(4k,m) exhausts all the unitary irreducible representations of R 3 1>< 

SU(2), up to isomorphisms, if the parameter k and m range over all 
the positive real numbers and the integers, respectively. 

§4. The positive energy case and S£(2, C) 

4.1. A symmetry group of the conformal Kepler prob­
lem with positive energies 

In the positive energy case, the four-dimensional repulsive oscillator 
is associated with the conformal Kepler problem. The repulsive oscillator 
is a quantum system with the Hamiltonian operator 

(4.1) 

where A is a positive parameter. From now on, the repulsive oscillator 

will be often abbreviated to RO. The ii and ft. satisfy the relation 

(4.2) (~ A2) ~ 
4r H - 8 = R>. - 4k. 

Like in the zero-energy case, studying ii with positive spectrum A2 /8 

amounts to studying R>, with positive spectrum 4k. 
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We start by studying the repulsive oscillator. On physical grounds, 
it is better for us to introduce a unitary operator~ of L2 (R~) to L2 (R;), 
which is expressed as the integral transform (see [I-U3]) 

(4.3) (~</>)(u)= \ { exp{i(u-u-2./?5.u·q+>.q-q)}</>(q)dq. 
21r }R4 2 

q 

Then the ~ maps R;.. into 

( 4.4) ( 
4 ) 

~ ~ -1 ).. 8 
L;._ := ~ 0 R;._ 0 ~ = i L Uj OU· + 2 ' 

j=l J 

where the domains of R;.. and L;.. are considered, say, as the spaces of 
smooth functions of rapid descent on R~ and R;, respectively. The 

L;.. is easy to treat. In fact, L;..j>. is immediately integrated to give a 
one-parameter group of unitary transformations Dt on L2 (Rt); 

(4.5) 

The generator of Dt should be a self-adjoint extension of L;..j>., which 
we denote by the same letter. The unitary operator Ft defined by Ft= 
~- 1 o Dt o ~ then have the generator that is a self-adjoint extension of 
R;..j >., which we denote by the same letter. Hence we have the following. 

Lemma 4.1. The repulsive oscillator (R;.., L2 (Rt)) is unitarily 

equivalent to the quantum system (L;.., L2 (R;)). 

We may choose to study the system (Dt,L2 (Rt)), instead of (L;.., 
L 2 (Rt)). For</> E S(R;), the space of smooth functions of rapid descent 
on R;, set 

(4.6) 

Then, from the Fourier integral formula, one obtains a decomposition 

(4.7) 1 Joo </>(u) = ~ (Ps</>)(u) ds. 
V 27r -oo 

It is worth noting that Ps</> satisfies a homogeneity condition 

(4.8) (Ps</>)(rn) = is-2 (Ps</>)(u) (u ER!, E > 0). 
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Equation ( 4. 7) together with Plancherel's theorem results in a direct 
integral decomposition 

(4.9) 

where 1-is(R;) are a one-parameter family of Hilbert spaces defined by 

(4.10) 1-is(R!) = {f E Lf0 c(R! - {O} ); f(rn) = Eis-2 J(u), 

E > 0, and r If 12 dS3 < +oo }. 1s3 
The Hilbert space structure of 1-is(R;) is, of course, defined, for f E 

1-is(R;), by 

(4.11) llflltcR4) = r lf(w)l2 dS3 • 
u 1s3 

Further, the homogeneity condition in (4.10) makes any f E 1-is(R;) be 
determined by its restriction to S3 , so that one has the isomorphism 

(4.12) 

Further, that homogeneity condition along with ( 4.8) and E = et gives 

rise to the equation, L>. f = >..sf, for a smooth function f in 1-is(R;). 
We thus have the following. 

Proposition 4.2. The Hilbert space 1-is(R;) which is isomorphic 

to L2 (S3 ) is associated with the spectrum >..s of L>.. 

We turn to a symmetry group of (Dt, L2 (R;)). On "quantizing" 
an SL( 4, R) action on the phase space in classical theory (see [I-U3]), 
a unitary action of S£(4, R) is derived on L2 (R;), which is given, for 
cp E L2 (R;), by 

(4.13) Y9 : cp(u) 1--------+ cp(g- 1u) (g E S£(4, R)). 

Since P8 o Yg = Y9 oP8 , one can restrict Y to 1t8 (R;) to define a unitary 
representation us in 1-is(R;) by 

-1 

(4.14) (U;J)(u) = J(g- 1u) = lg-1ulis- 2 J( i:-l:I) (g E S£(4, R)). 

We thus have the following. 
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Proposition 4.3. SL(4, R) is a symmetry group of the system 
(Dt, L2 (Rt)), which group is unitarily represented in 'lis(Rt) as (4.14). 

The SL(4, R) turns into a symmetry group of RO on the unitary 

equivalence between RO and (L>., L2 (Rt)) (see Lemma 4.1). The rep­
resentation space of SL( 4, R) for RO is, however, not easy to identify, 
since we cannot apply the unitary operator l-1 ( cf. ( 4.3)) directly to 
'li8 (Rt) because of 'lis(Rt) g: L 2 (Rt). An alternative way to get that 
space is to view f E 'lis(Rt) as a tempered distribution. Then, it can 
be shown by calculation that, for f E 'lis(Rt), there exists a unique 
function h(q) on R! which satisfies 

( 4.15) 

(see [I-U3]), where Tt and Th stand for the tempered distributions as­
sociated with f and h, respectively. Moreover, h(q) proves to satisfy 

R>. h = AS h. Therefore, on denoting by rJs the map, determined by 
(4.15), off to h(q), the space rJs('lis(R;)) of functions on R! is what 
we have looked for as a representation space of SL(4,R), which space 
will be denoted by Ks(R!) henceforth. The Hilbert space structure for 

Ks(R!) is defined from that for 'lis(R;) through rJs• Then it follows 
that 

( 4.16) 

A unitary representation vs of SL(4, R) in Ks(R!) is now induced 

from the representation us in 'lis (Rt); 

(4.17) 

Proposition 4.4. The repulsive oscillator admits SL( 4, R) as a 
symmetry group, which has a unitary representation in the Hilbert space 

Ks(R!) associated the spectrum AS of ll>,. 

Proposition 4.4, in turn, provides the symmetry group of CK. If 
we set AS = 4k in accordance with (4.2), the K 4k;>.(R!) turns into 
the carrier space of the unitary representation of the symmetry group 
SL(4, R) of CK. 

Theorem 4.5. The conformal Kepler problem with positive en­
ergy A2 /8 admits SL(4, R) as a symmetry group, which is unitarily rep­
resented in the Hilbert space K4 k; >. (R!). 
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Like in the negative and the zero-energy cases, we study first a 
Hilbert space of cross sections in Lm associated with MICK with positive 
energy. Let 1is,m(R;) and Ks,m(R~) be the spaces of Pm-equivariant 

functions in 1is(R;) and in Ks(R:), respectively. In the positive energy 
case, we obtain the following proposition similar to Propositions 2.4 and 
3.4. 

Proposition 4.6. The space K 4 k/ >., m (R:) is mapped, through qm, 
injectively to a space of cross sections in Lm in association with the 
positive spectrum .>-2 /8 of the MIC-Kepler problem. 

In view of Proposition 4.6, we will denote by qm(Ks,m) the space 
of cross sections in Lm mapped from Ks,m(R:). The Hilbert space 

structure of qm(Ks,m), of course, comes from that of Ks,m(R~)- We 

study the structure of Ks,m(R:) and qm(Ks,m) further. From (4.15) it 

follows that fin 1is(R;) is Pm-equivariant if and only if h in K8 (R~) 
is Pm-equivariant, hence 1is,m(R;) ~ Ks,m(R~)- Combined with (4.12), 
this fact yields 

( 4.18) 

We proceed to a symmetry group of MICK with positive energy. A 
subgroup of the symmetry group SL(4, R) of CK that leaves K4k/>.,m 

(R:) invariant turns into a symmetry group of MICK with energy A2 /8. 
Like in the cases of negative and zero-energies, the subgroup to be looked 
for is a subgroup commutative with the U(l) ~ {T(t), t E [O, 41r]} 
C SL(4,R). As a result, we have a real representation of SL(2,C) in 
SL(4, R), which is given by /J(g) for g E SL(2, C) and (3 in (3.14). 

Proposition 4. 7. A real representation of SL(2, C) in SL( 4, R) 
acts unitarily on Ks,m(R~)-

By y(s,m) we denote the restriction of vs to Ks,m(R~)- We can 

then define the unitary representation of SL(2, C), denoted by w(s,m), 
in the Hilbert space qm(Ks,m) by 

( 4.19) w(s,m) = q O y(s,m) 0 q-l 
g m g m, 

where g E SL(2, C) is represented in a 4 x 4 real matrix form. Thus we 
have the following. 
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Theorem 4.8. The MIC-Kepler problem with positive energy ad­
mits SL(2, C) as a symmetry group, which is unitarily represented in 

the Hilbert space qm(lC4k/>., m) associated with Hm = >..2 /8. 
In conclusion, we give another unitary representation of SL(2, C) in 

L2 (S3 )m, which representation is unitarily equivalent to the representa­
tion w(s,m) in qm(lCs,m), The isomorphism (4.18) enables us to define 

n(s,m) through (4.14) together with the restriction map f 1-----+ F := f lss; 

(4.20) 

where F E L2 (S3 )m, and g E SL(2, C) is represented in the 4 x 4 real 
matrix form. 

4.3. Relation to principal series representations of 
SL(2, C) 

We show that the w(s,m) is unitarily equivalent to the so-called prin­
cipal series representation of SL(2, C). On account of the equivalence 
between D(s,m) and w(s,m), we choose to deal with n(s,m). If we intro­
duce the complex vector space structure C2 into R! by u 1 + iu2 = z1 , 

and u3 +iu4 = z2, the defining condition for f E Hs,m(R!) is put in the 
form 

(4.21a) 

with 

(4.21b) 
1 . 

n1 = 2 ( is - 2 + m), 
1 . 

n2 = - ( is - 2 - m). 
2 

This is identical with the condition required for the principal series rep­
resentation due to Gel'fand et. al., which is denoted by T(ni +1,n2+1) 

([G-G-V]). Indeed, one easily gets the equivalence 

n(s,m) _ T, (( -l)T) 
g - (n1 +l,n2+l) 9 for g E SL(2,C). 

Since this principal series representation is irreducible, we have the fol­
lowing. 

Theorem 4.9. The unitary representation w(4k/>.,m) of SL(2, C) 
in qm (JC4kj >.,m) is irreducible and exhausts all the principal series of uni­
tary irreducible representations of SL(2, C), up to isomorphisms, as >.. 
and m range over all the positive real numbers and the integers, respec­
tively. 
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