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Zeta Function, Class Number and Cyclotomic
Units of Cyclotomic Function Fields

Keqin Feng

Abstract.

Cyclotomic function fields was introduced and used by D. Hayes
[15] in 1974 to construct the maximal abelian extension of rational
function fields Fy(T"). Since then many basic properties on cyclotomic
fields have been researched by S. Galovich and M. Rosen [9, 10],
D. Goss [13, 14], etc. In this paper we survey several results on class
number and cyclotomic units of cyclotomic function fields.

§1. Cyclotomic function fields and its Zeta function

Our notations follow [9, 10, 13, 14]. Let & = F,(T') be the rational
function field over finite field F,, Ry = F,[T], k* the algebraic closure
of k. There are two endomorphisms on the Fy-module £

¢ k* — k*  (Frobenius) u— ud,
e k* — k* (multiplication by T) wu— Tu.
For M = M(T) € Ry, u € k*°, the action of M on u is defined by
uM = M(6+ u)u).
Then k3¢ becomes a Rpr-module. Let
Ay = {A e k> \M =0}

be the submodule of the M-tosion elements. K = k(Ap) = k() is
called the cyclotomic field with conductor M where A is any primitive
M-tosion element. K/k is an algebraic extension and the galois group

G = Gal(K/k) is isomorphic to (Rr /(M ))* canonically:

G~ (Rr/(M))*, 04— A (modM)

Received October 27, 1990.



142 K. Feng

where ¢4 is determined by o4()) = A4,

For a finite prime P of Rp, where P = P(T') is a monic irreducible
polynomial in Ry = F,[T}], the decomposition law of P in K = k(Aps) is
very like the case as the decomposition law of a prime number p in the
cyclotomic number field Q(¢,,). On the other hand, the decomposition
of the infinite prime oo = (%) of kin K is

00 = (p1,...,pg)% e=q—-1, g=8(M)/(q—1)

where ®(M) = §(Ry/(M ))* = [K : k]. Therefore the maximal unrami-
fied subfield of oo in K is K+ = k(A?71) and K7 is called the maximal
“real” subfield of K, Gal(K/K*) = {o.|a € F;}.

K=k(Am)=k() {1}
| l
Kt =k(\h Fy
| |
k= F,(T) G = (Rr/(M))"
From the decomposition law of all primes of k in K = k(Ap) we
obtain the Zeta function of K as follows (U = ¢™*°)

Z4(U) = Zieo(U) - ZigaieeU) = (1 = U)~ 55 [ LW, x)

where the product is taken over the Dirichlet characters x of the finite
abelian group (Rr/(M)) *. x* is the primitive character associated with
X, and the L-function L(U, x*) is

LUX") =Y Sulx)U™,  Salx) =D x(4)
n=0 A

where A is taken over the monic polynomials of degree n in Ry.
Similarly, the Zeta function of K1 is

2

(M)
= [ Lw.x).

X
xX(Fg)=1

Zx+(U)=(1-U)~

For x = xo (trivial character), L(U, x0) = (1 — qU)~!. Therefore

L.(U)

I = ooy -a0)
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where (d = deg M)

LU, x*

L= T 2%
XFX0
x(Fg)=1

and the class number hj}[ of divisors of degree zero of Kt is

X#Xo0 n=1
X(F;):l

Similarly, the class number hjs of divisors of K is

d—1
ha =hl - [T (=32 8.(¢)
XFX0 n=0

hy; = ha/hl; € Z is called the relative class number of K.

§2. Class number of cyclotomic function field

For the number field case, let h; and hf be the class number of cy-
clotomic field Q(¢{;) and its maximal real subfield Q(¢; + (;) respectively
(¢ = €7, 1 is an odd prime number), h; = hi/h}". The well-known
Kummer’s results say that

(1) LA =1|hf 1|k
(2) l|h] ©1|B, forsomen,n=24,..,1-3

where B,, is the Bernoulli number. And the Vandiver Conjecture says
that

(3) Ithf for any odd prime number [.

The prime number [ satisfying [ | k; is called irregular.

For the cyclotomic function field cases, the things are quite different.
Let ¢ = p™, P be a monic irreducible polynomial in Ry with degree d.
Then Rr/(P) = Fja. The character group G of G = Gal(k(A,)/k) =
(Rr/ (P))* is a cyclic group of order ®(P) = ¢ = 1 generated by the
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: 2mi_
Teichmuller character w. And w'(Fy) =1+ (g—1)[d. Let £ =es™-1,
p is a prime ideal of Z[{] over p. We have the canonical isomorphism

Z[¢]/p (= Fya) ~ Rr/(P)
w'(A) (modp) — A*(mod P) (A € Rr,0<i<®(P)—1).

By this isomorphism,

d—1 d—1
ZnSn(x) (for x = w', g —1]1) andz Sp(x) (for x =w', ¢ —141)
n=1 n=0
become
d—1 d-1
> nSi(T) and > Si(T)
n=1 n=0

respectively where

Si(T)= Y  A'€Rr

A€RT
deg A=n
Let
d—1
> Su(T), (1<i<®(P)—-1,g-14%)
Bi(T) = Zj)
S nSi(T), (1<i<®P)-1,¢—1]4)
n=1

we obtain the following results as an analogy of Kummer’s result (2):

plht e p|L(1,x)  (for some x # xo, x(Fy) = 1)
< P(T) | B:(T) (forsomei, 1 <i<®(P)—1,g-—1]1%)

plhp e p|L(l,x) (forsomex, x(Fy)+#1)
< P|Bi(T) (forsomei, 1<i<®(P)-1,qg—-11%3)
The B;(T) is called the Bernoulli-Goss polynomial in Rz since it is an
analogy of classical Bernoulli number and introduced first by D. Goss.
Contrasting with Kummer’s result (1) and Vandiver Conjecture (3),
the following data calculated by Ireland and Small [17] show that each
possibility on divisibility of hp and h; by p can occur.

(g =p =3, P(T) is an irreducible polynomial in F3[T7])
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cases P(T) ht h™

3t hihp 24 T2+ T3 53-313 912 . 5. 79
3|k}, 3| hp 142T+T° 3° 212, 36
31hf,3|hp 1+2T%+T% 53.313 212 . 3.13]
3|hE, 3thp 2+T*4+T* 27.3.11%.17 239. 241 - 3329

292 .421-191969% - 65521 - 1322641

Thus we introduce the following

Detinition. An irreducible polynomial P = P(T) in Ry = F,[T]
is called regular (irregular) if p { hp (p | hp = hEhp). P is called
irregular of first (second) type if p | h5 (p | B}) where ¢ = p™.

Goss [13] and Feng [3] proved that there exist infintely many irregu-
lar P of second type in Fy[T] for each ¢, and there exist infinitely many
irregular P of first type in F,[T] for each ¢ > 3 (for ¢ = 2, hp = 1, there
is no irregular P of first type in F3[T7).

The above result was improved in Feng and Gao [7] by following

Theorem 2.1. For each g > 3, ¢ = p™, there exist infinitely many
irreducible P in F,[T) such thatp | hj; and p?=2 | hp. Particularly, there
exist infinitely many wrreducible polynomials in Fy[T| which are irregular
both in first and second type.

On the other hand, concerning to regular irreducible polynomials,
the result of Ireland and Small [16] shows that regular irreducible poly-
nomials are rare at least for the case ¢ = p and degP = 2. In [7]
we generalized their result, determined all regular irreducible quadratic
P(T) in F,[T] for all ¢ = p™, 2 < p < 269.

We call that P(T) and Q(T') in F,[T] is equivalent if there exist
a € F, such that P(T) = Q(T + a). It is easy to see that equivalent
polynomials have same regularity.

Theorem 2.2 ([7]). For q = p™, 2 < p < 269, an irreducible
polynomial P(T) in F,[T] is regular if P(T) is equivalent to one of the
following polynomial Py(T).

(a) g=2m, Py(T) =T?% + cT + c?d, c is a primitive element of Fy,

d is a fized element in the set Fy — {a? + a|a € F,}.
(b) g¢=3m, Py(T)=T?—d, d is a primitive element of F,(T).

(¢) q=5, Po(T)=T?+3. ¢q=25, Po(T) =T? + (1 +2V2).

(d) ¢=17, P(T)=T2?+1.
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() ¢=13, P(T)=T?+5.
(f) q=31, Py(T) =T? +5,T?% + 25.

Recently Gekeler [11] discussed the regularity of irreducible polyno-
mials with degree > 3.

§3. Cyclotomic units in cyclotomic function fields

We start with cyclotomic number field K., = Q{¢m) ((m = €=,
m > 5, m# 2 (mod4)). For each a, (a,m) =1, let

a1,

€a:Cm2 1_(

which is an unit (of the ring of integers) in the real cyclotomic field
K1 = Q({m + ;). It is well-known since Kummer that for m = p® (p
is an odd prime number) the system of cyclotomic units

C’m - {6a|2 S a< %7 (a'?m) = 1}

is independent, and
(1) (B (£C)] = hi,

where E;} and h;, are the whole unit group and the class number of K},
respectively. For general m, C,,, may not be independent. The first such
example has been presented explicitly by Ramachandra in 1966. On the
other hand, let m = [[;_; p{*, and for each subset I of S = {1,2,...,s},

let
my = pr'
iel

For2<a< %, (a,m)=1,let

1 - gamr 1-a
eizzC;%Hl—_C%—” do = D) me
m

I

where I run through all proper subsets of S. In the same paper
Ramachandra proved that (also see Washington [21, Theorem 8.3}) for
any m > 5, m # 2 (mod4), the system of cyclotomic units

Cl ={e2<a< % (a,m) =1}
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is always independent, and

@ [EBhow] =kt IT I 605 +1-x") £ 0)

X#Xo pitfx
x(=1)=1

where f, is the conductor of x, ¢(n) is the Euler function. Feng and Pei
[2, 8] determined all m such that C,, is independent. levesque [18] con-
structed a series of new systems of cyclotomic units which are indepen-
dent in many cases and have smaller index to E, than Ramachandra’s
one. Let D be a fixed subset of the set {d|]1 < d < m, d | m} (proper
divisors of m). For 2 < a < %, (a,m) = 1, we defined the following real
cyclotomic unit

_ rad —
2@ =¢i [T =8 =5 04

deD deD

Let
CH(D) = {Mu(D)2< a< % (a,m) = 1}.

levesque [18] prove that

(3) (B}, : (£Cn(D))] = hiti(D)

where

() o= T ¥ S Ia-xe)
x#xo deD Thd pim

The condition i(D) # 0 exactly means that C}, is a (maximal) indepen-
dent system of cyclotomic units in K}.. Furthermore, let

S
m:pri, S=1{1,2,...,s}.
i=1

To = {i € S|Feveny # xomodm, x*(p;) =1}
ToCTCS, D)= {myl<T}

Then
) io@) = [ []eH+1-x@) [] @-x"@) #0)

x#xo €T JES\T
x(—1)=1p:itfx
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Particularly, it derives the Ramachandra’s result (formula(2)) by taking
T = S. For smaller set T we have smaller value of :(D(T)).

Based several computation data, Levesque [18] raised the following:

(A) IED*=DU{d*}, m#d*|m,d* ¢ D,isi(D) <i(D*)?
(B) Ifd; € Dl, dy € DQ, D, — {d]} =D, — {dz}, is Z(Dz) < Z(Dl)?
Feng [4] proved that the question (A) has a affirmative answer for m = p®

and p®q®, the question (B) has affirmative answer for m = p*, but has
negative answer in general (the simplest example is m = 3253, D; =
{1,3,15}, Dy = {1, 3,25}, i(D3) > i(Dy)).

Sinnott [20] consider the subgroup P, of K}, generated by (£(m)
and the elements

a;=1-¢ (1<z<m-1)

Then E’\,?,L: = P,,NE} is the subgroup of E, generated by the cyclotomic
units of all level d (d | m). Sinnott proved that

[Ef - Ch] = bt - 2P

where .
b { 0, ifw(im)=1
L 2¢m=2 11— w(m), ifw(m)>2

and w(m) is the number of distinct prime factors of m.
Milnor conjectured that every multiplicative relation between the
numbers a, (mod=+(,,) is a consequence of the following relations:

(conjugate relation) Gz = tm—z(—(r) (1<z<(m—1))
d-1

(distribution relation) ag, = H agqvm  (d|m, 1<z < % —-1)
v=0

But Ennola [22] first showed that this is not true if w(m) > 3. Let
V = Z™ !, R is the subgroup of V generated by all possible relations
between cyclotomic units, namely,

m—1

R={c=(c1,...,em-1) €EV| Y calnlas| = 0}

z=1
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Let Ry be the subgroup of V' generated by

€r — Cm—gz 1<z<(m-1))
d—1 m
edx—Zem_,_V% (dlm,leSE—l)
v=0

where e; = (1,0,...,0), e = (0,1,...,0),...,epm_1 = (0,...,0,1). It is
obvious that R; is a subgroup of R. C.-G. Schmidt [19] proved that

R/Ry = (Z/22)%" " ~w(m),

Sinnott and Schmidt’s results based on the Mazur’s distribution the-
ory and some cohomological calculation. Recently, Gold and Kim [12]
obtained a bases for the Sinnott’s full cyclotomic unit group.

Now we are back to cyclotomic function field K = k(Ap), & =
F,(T), M is a monic polynomial in Ry = Fy[T]. Let Og be the integral
closure of Ry in K, Ups the unit group of O, then

UMZF;XVM, Vi =277, T‘Z‘—}M—l
g—1
Choosing a primitive M-torsion element A € Ay, then K = k(A), KT =
k(A?~1). Let Ag = 1, A1,..., A, € Rr be a representive system of
Gal(K*/k) = (Rr/(M ))* /Fy. Galovich and Rosen [9] proved that for
M = P™ (P is a monic irreducible polynomial in Rr), the “cyclotomic”
unit system
Ch={e= " /\1<i<r}

is independent and
U3 = F5 (Cip] = M(Ok+)

where h(Og+) is the ideal class number of K. For general case of M,
Cheng and Feng [1] determined all M such that Cz\+/1 is independent.
Feng and Yin [23] proved the following theorems which are analogies of
levesque’s cyclotomic units system (formula (3), (4) and (5)).

Theorem 3.1. Let D be a subset of the proper monic factor of
M,
ADAi .
CH@) =) [ Sph<i<n
DeD

Then
[Uxr : Fy(C3(D))] = h(Ok+) - i(D)
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where

o= 11 % Far [lo-x®)

F,, = conductor of x and the condition (D) # 0 exactly means that
C4;(D) is independent.

Theorem 3.2. Let
M=]]Ps, S={12,...,s}
=1

To={i € S|3x # xomod M, x*(F;)=x"(F)=1}.

T,CTCS, DT)={M =][[P1IcT}
Then
@)= [ I @FH+1-x(R) [I @ —x"(P5) (+0)
X#xo €T JES\T

X(F;)=1PAFy

Therefore C}i;(D(T)) is (maximal) independent cyclotomic system
in K = k(Ay).

By chosing T' = S, we get the following independent cyclotomic unit
system of K = k(Aps) which is an analogy of Ramachandra’s system
(formula (2)).

Theorem 3.3. Let D = {M; = [[;c; P{*
is a mazimal independent unit system and

(U : F3(Cf(D))] = h(Og~) - i(D)
i) = [I T @E)+1-x(R) +0)

x7x0 PifFy
x(F7)=1

I C S}. Then Ci,(D)

We also can raise the following two questions for K = k(Aj) as
levesque did for number field cases:
(A) ID*=DU{D*}, M #D*| M, D* ¢ D, is i(D) < i(D*)?
(B) If D, € 'Dl, D, € DQ, deg D; < degDz, Dl—{Dl} = DQ—{Dz},
is i(D2) < i(D1)?

We have the following partial answer for these questions:
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Theorem 3.4 ([23]). Let P and Q be distinct monic irreducible
polynomials in Ry = Fy[T). For M = P*, both questions (A) and
(B) have affirmative answer. For M = P*QP, the queation (A) has
affirmative answer.

Galovich and Rosen [10] researched an analogy of Sinnott’s full cy-
clotomic unit group in cyclotomic function field. Let Py; be the subgroup
of K* = k(Ap)* generated by F; and

Ny = Ay — {0} = {\P|D € Ry, 0<degD < degM}

Then C]T,[ =U ]\4;[ N Py is the full cyclotomic unit group in K. By using
Sinnott’s method Galovich and Rosen proved that

[0 : Caa) = h(Oxe+) g = 1)"
where
0, fwM)=1
B { (g—1)*M=2 11— w(M), ifw(M)>2
and w(M) is the number of distinct irreducible monic polynomial factors

of M.
Feng [5] proved an analogy of Ennola and C.-G. Schmidt’s results,

obtained that
w(M)—1
R/R; = (2/(q —1)Z)> "7~ (D)

where R and R; are the suitable version of the Schmidt’s definition.
From these Feng [6] constructed a bases for the full cyclotomic unit

group CR}.
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