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Introduction

A flat conformal structure on an n-dimensional manifold N is a
maximal system of local charts taking values on S™, with transition
functions Moebius transformations. In short it is a geometric structure
modelled on (M(S™), S™), where M(S™) denotes the group of Moebius
transformations on S™. Equivalently, it is a conformal equivalence
class of conformally flat Riemannian metrics on N if n > 3. See
§1 for Liouville’s theorem. By certain abuse we denote a flat conformal
structure by the same letter as the underlying manifold.

In dimension 2, flat conformal structures are usually called projec-
tive structures and have been extensively studied by various authors in
the field of function theory. Analytic methods such as the theory of
quasiconformal maps often play crucial roles there. In dimension > 3,
however, the situation is quite different. Topology, instead of analysis,
provides major tools of study.

The concept of flat conformal structures was first introduced by
Kuiper ([35],[36],[37]) around 1950. Thereafter it had been forgotten
for some time, until it was revived by Kulkarni ([40},[41],[42],[43]), re-
lated with his study of discrete group actions in general. Then came
an important turning point when Fried ([13]) established a remarkable
theorem concerning closed similarity manifolds. It solved a fundamental
and annoying problem which one encounters in the primary stage of the
theory, thereby making it possible to have a good grip on elementary
flat conformal structures, with Goldman ([15]) and Kamishima ([25])
contributing significantly to this direction.
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At the same time various interesting examples have been piled up by
many authors including Thurston [56], Bestvina-Cooper [4], Freedman-
Skora [10], Gromov-Lawson-Thurston [19], Kuiper [38] and, quite re-
cently,

Kapovich-Potyagailo [32], making the field even more active.

This article has two objectives. One is to provide the basic knowl-
edge of flat conformal structures and to serve as an introductory guide
of the field. The other is to show some new pieces of knowledge. §1 ~ §3
are devoted to the former purpose, where the reader can find exposition
of fundamental properties of Moebius transformations and flat confor-
mal structures. No original results are included in these early sections.
However for the full understanding of later sections, they are helpful, or
even indispensable.

§4 and §5 are also mainly expository, though they include some
slightly improved (new) results. Hereafter let N be a connected closed
flat conformal manifold of dimension > 3. In §4, we prove the following
version of Fried’s theorem.

Theorem (4.4). If the holonomy group of N has a fixed point
‘in S™, then N is either S™, an Euclidean space form or a Hopf
manifold. ‘

Unlike the original theorem ([13]), we no longer postulate that the
developing map misses the fixed point. This yields clearer understand-
ing of the limit set (§5) and a wider range of applications. Using Theo-
rem (4.4), various results (mostly known) can be proved by elementary
and straightforward arguments. Although the proof of Theorem (4.4)
is nothing but a small modification of the argument in [13], it might be
worth while to record it. The same result was obtained independently
by R. Miner [58], who mainly worked in the context of spherical CR
structures. ’

In §5, we define the limit set L(N) - of a flat conformal manifold N.
Five different ways are possible and in Theorem (5.18), they are shown
to coincide eventually. Especially we get that the limit set defined by
means of the holonomy group is identical to the one obtaind by looking
at the behaviour of the developing map. (Most of these facts are already
known to Kulkarni-Pinkall [43].) As immediate corollaries we have the
followings.

Corollary (5.23). If the developing map of N is not onto S™,
then it is a covering map onto its image.

Corollary (5.24). Suppose the following (1) and (2).
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(1) 8™\ L(N) is connected and the fundamental group mi(S™\
L(N)) is finitely generated.

(2) For any point x € L(N), there ezists an arbitrarily small
neighbourhood U of x such that U\ L(N) is connected.

Then the developing map is a covering map onto S™\ L(N).

In dimension 2, Corollary (5.23) is well known and easy to show
using hyperbolic metric. For higher dimension, it was first proved by
Kamishima. Again our method is short and straightforward. Corol-
lary (5.24) can be found in Kulkarni-Pinkall [45], where condition (2)
is mistakingly dropped. In §5, we also characterize those flat conformal
manifolds whose developing maps are covering maps (onto the images)
and whose holonomy groups are indiscrete. (Theorem (5.26).) In dimen-
sion 3, this was first obtained by Kamishima ([24]) and independently
by Gusevskii-Kapovich ([20]) in dimension 3.

N is called elementary if the limit set is finite.. N is called a
C-structure if it is a connected sum of elementary structures and is not
itself elementary. In dimension 3, we have the following result.

Theorem (6.12). Suppose dim(N) = 3. Then N is a C-structure
if and only if the limit set L(N) is a tame Cantor set.

Recall that a Cantor set T in S™ is called tame if there exists a
self homeomorphism of S™ which carries YT into S!. Otherwise it is
called wild.

The above theorem is proved along the argument of Kulkarni ([43]),
in which Stalling’s theorem ([54],[55]) concerning ends of groups plays
a central part. The theory of ends are summarized in the appendix for
the convenience of the reader.

After preparing Poincaré’s polyhedral theorem in §7 (in the frame-
work of flat conformal manifolds), we shall show the following theorem
in §8.

Theorem (8.1). There exists a flat conformal manifold N of
dimension 3 whose limit set L(N) is a wild Cantor set.

This theorem is an improvement of the work of Bestvina-Cooper
([4]) who constructed such examples for open 3-manifolds. Our example
in Theorem (8.1) is compact.

Literature concerning flat conformal structures is extensively col-
lected in the reference, though not complete, of course.
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§1. Conformal map and Liouville’s theorem

In this section, we give definitions of a conformal map and a Moebius
transformation of the n-sphere. After providing fundamental properties,
we show that a locally defined conformal map is the restriction of a
Moebius transformation if n > 3. (Liouville’s theorem.)

Definition (1.1). A real n X n matrix A is called a conformal
matriz if A= AP for A >0 and an orthogonal matrix P.

Thus A is conformal precisely when A preserves the angle of given
two vectors. Notice that the products and the inverses of conformal
matrices are again conformal.

Let R" =R U {00} be the one point compactification of R™.

Points in R~ is indicated by letters a,z and so forth. For z =
(Llll,...,.l‘n) € R™,

n

2l = (3_a8)"?

i=1
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denotes the Euclidean norm of . To endow R.  the structure of an
oriented manifold, the following local charts (U;,q;) are commonly used
(i=1,2).

U; =R", g1 =1id: Uy — R,
{ U2=ﬁn\{0}7 g2 : U — R7,
where ¢y is defined by
q2(T1, ..., Tp) = Ta%(m’ ey &1y — Ty

In the above definition and in all that follows, if the image of co by a
map is clear by the continuity, we do not explicitly state it. An important
property of ¢o is that the differential matrix D,gy at any point
a € R™\ {0} is a conformal matrix. Verification is left to the reader.

Let U be a domain (i.e. a connected open subet) of R".

Definition (1.2). A C'map f:U — R" is called a conformal
map if the following condition is satisfied. For any a € U, if a € U;
and f(a) € Uj, then the differential Dy, (q)(g; ofog; ') is a conformal
matrix.

Since for any b € R™\ {0}, Dy(g2 0 q;*) is a conformal matrix,
Definition (1.2) is invariant under possible changes of local charts around
a and f(a). A conformal map is a submersion and thus has a local
inverse, which is again a conformal map. Also the composite of two
conformal maps is conformal.

Lemma (1.3). Suppose f:U — R" isacC? submersion, where

U is a domain of R". If D,f is a conformal matriz for any a €
UNR*N f~YR"), then f is a conformal map.

Proof. This follows at once from the fact that the conformal ma-
trices form a closed subset in the general linear group. Q.E.D.

Let us give examples of conformal maps. Let 0 < p <n . By
a dimension p sphere in f{n, we mean either a dimension p metric
sphere in R™ or a dimension p plane in R™ plus {co}. A dimension
p sphere is sometimes called a codimension n — p sphere.

~ N

Definition (1.4). Let o be a codimension one sphere in R .

The inversion at o
~n ~n

Jy: R —
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is defined as follows.
(1) If o is the sphere of radius r centered at a, then for any
ze R\ {a},
2
JO-(JI) = m(ﬂ) — a) + a.

(2) If o contains a codimension one plane, J, is the reflexion at
that plane.

See Figure (1.1). The inversion is an orientation reversing involution
with the fixed point set o.

Figure (1.1)

Definition (1.5). Composite of inversions is called a Moebius
transformation. The group of all the Moebius transformations of R"
is denoted by M(ﬁn)

Proposition (1.6). Moebius transformation is a conformal map
and carries a sphere in R" toa sphere of the same dimension.

Proof. Computaion shows that an inversion is a conformal map.
Also it is well known, very easy to show by Euclidean geometry, that an
inversion maps a codimension one sphere to a codimension one sphere.
Therefore a sphere of arbitrary dimension, the intersection of several
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codimension one spheres, is mapped to a sphere of the same dimension.
The proposition follows from this. Q.E.D.

Proposition (1.7). The following maps are Moebius transforma-
tions.

(a) Translation by a, =~ z+a.
(b) Magnification by A >0, z— Az.
(c) Orthogonal transformation by P € O(n), =z Px.

Proof. Translation is the composite of two inversions at parallel
planes. This shows (a). Likewise positive magnification is the composite
of two inversions at concentric spheres and orthogonal transformation is
the composite of several inversions at planes through 0, showing (b) and

(). Q.ED.

Lemma (1.8). Let f: R" > R" be a Moebius transformation.
If f(0)=0, f(co)=o00, Dof =E, then f=id.

Proof. Moebius transformations carry circles to circles. Since f
keeps O and oo fixed, f preserves the (singular) dimension one
foliation £ formed by the straight lines through 0. Since f is a
conformal map, f also preserves the codimension one foliation £ of
spheres centered at 0. See Figure (1.2). Notice also that f keeps the
leaf of L invariant, since Dgf = E. Thus we obtain

R
f(a:) = ?(E.
on the sphere |z| =r. The conformality of f implies
dR _ R
dr 1’
Therefore we have R =ar. But a =1 since Dyf = E. This shows
f=id. Q.E.D.

Proposition (1.9).

(1) f is a Moebius transformation such that f(oo) = oo if and

only if
f(z) = Az +b.
(2) f is a Moebius transformtion such that f(oco) # oo if and only
if

flz) = AJ(z —b) +c
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[,J‘

Figure (1.2)

Here A is a conformal matriz, b and c¢ are points of R™ and J
is the inversion at the unit sphere {|z|=1}.

Proof. It is a direct consequence of Lemma (1.7) that the trans-
formations of the above expressions are Moebius transformations. Con-
versely suppose that f is a Moebius transformation with f(o0) = oo.
Let f(0)=b and Dof = A. Define g(z) = Az +b. Then g~lof
satisfies the hypothesis of Lemma (1.8). Thus g = f. This completes
the proof of (1). On the other hand, suppose that f is a Moebius
transformation with f(oo) # oco. Let f(b) = oco. Define h by
h(z) = J(x —b). Then foh™! is a Moebius transformation which
keeps oo fixed. By (1), we have

foh i (z)= Az +c
This completes the proof of (2). Q.E.D.

We shall finish this section with the following celebrated theorem of
Liouville.

Theorem (1.10). Let n > 3. Suppose f : U — R" isa

conformal map, where U s a domain of R".  Then [ is the
restriction of a Moebius transformation.
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As a matter of fact, this theorem does not hold for n = 2. In
fact the Riemann mapping theorem asserts the abundance of conformal
maps which are not restrictions of Moebius transformations.

Theorem (1.10) was first proved by J. Liouville in his 1850 paper
([46]), under the additional assumption that f be of class C3. Since
then, it had been an open problem, astonishingly difficult, to weaken
the differentiability assumption, until at last in 1969, P. Hartman gave
a complete proof for C! maps ([21]).

Independently, F.W. Gehring, among others, developed the the-
ory of quasiconformal maps in dimension > 3. Specifically he defined
1-quasiconformal maps, which is a genaralization of conformal maps,
where no differentiability assumption is made. In [14], Gehring showed
that a locally defined 1-quasiconformal map is the restriction of a Moe-
bius transformation.

However these results need involvement in deep general treatment
and cannot be collected here. Instead, we give a simple elementary
proof essentially due to R. Nevanlinna ([49]) assuming that the given
conformal map f is C3. (Nevanlinna postulated that f is C*.)

Proof of Theorem (1.10). We use the following convention. z;

denotes the i-th coordinate of R™ and for f:U — ﬁn, faiy foiz;
and so forth denote the first and the second partial derivatives and so
forth. They are vectors of R™. In the first place, since f is conformal,
we have

(fzi).fmj) = T26ija

where r(z) = ||D.f|| is the mapping norm of the Jacobi matrix. Dif-
ferentiating by zr, we get for i =j,

(facn:ka fl‘z) =TTz

and for 7 # j,
(f(liialkafwj) + (fszwjzk) = O

For mutually distinct indices 4,7 and k, by permuting the indices, we
have

(fziwkafzj) =0.

Since j can be any index except i and k and fg,,..., fz, are mutually
orthogonal, we have

frizy, = Wfz, +Vfay,

where

m= (fl‘il‘k?fzi)/rz = T‘”k/r
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v=rg,[T.

Letting p=1/r, we have
Pfzioy + Paifor + Pay foi =0.
Differentiating by x;, we obtain
Plwizsan + Pa; frian + Poifojan + Por faiz;

+pzimjfzk + p;l’jwkfzi =0.

By permutation of the indices, we obtain for j # k,
pmjmk = 0'
By rotating the coordinates by 45 degrees in the (x;,zx)-plane, we have

p:l:j:l:]' = pzkmk~

Now since pg,q;, =0 forany k # j pg,; is constant on the hyperplane
{z; = c¢}. Thus it follows that p, ., is constant on {z; = c}. That
i, Ppig; =0 = pg,z, isconstantin U.

By composing f with a suitable Moebius transformation if neces-
sary, we may assume that 0 € U and f(0) = co. Then the image by
f of an arbitrarily small ball |z| < ¢ contains |z| > K for some large
K > 0. By the volume formula, this implies that p(am,) — 0 for some
sequence ap, — 0. On the other hand, since pg,z; = 26;; for some
a >0, p is a quadratic function on U \ {0}, with the leading term
alz|%. Since p is positive valued on U\ {0} and p(a,,) — 0, we have

p(z) = alzf*.

Notice that the same value of p is also attained by the inversion g

which is defined by
(@)=
I

Thus by the chain rule, the composite h = gof~1: f({U) — R" satisfies
IDph|| =1 for any p € f(U)\ {oo}. That is, h is an isometry with
respect to the Euclidean metric on R™. This implies that h(z) = Pz+b
for some orthogonal matrix P and b € R™. In fact, all that needs
proof is that h is an affine transformation. But since

(hzi, h:l:k) = 6’ij7
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by differentiating we get
(hwizjahzk) =0,

showing that hg,,, = 0. Thisimplies that h is an affine transformation.
Thus h and hence f are the restrictions of Moebius transformations,
as is required. Q.E.D.

§2. More on Moebius transformation
Denote by M(f{n) the group of Moebius transformations of R .

Lemma (2.1). Let f€ M(ﬁn) and let o CR" be a codimen-
sion one sphere. Then,

fo']crof—lzjf(a)-

Proof. Clearly g = foJ,of tolJ #(o) is an orientation preserving
Moebius transformation which keeps points in f(o) fixed. Thus for an
arbitrary Moebius transformation h such that h(f(c)) = {z,, = 0}, we
have that k =hogoh™! keeps {x, =0} pointwise fixed. Especially
we obtain that k(0) = 0, k(oco) = oo and Dok = E since k is
orientation preserving. Therefore by (1.8), we obtain k = id. This
shows (2.1). Q.E.D.

~T ~n+1l
Let ¢::R — R * be the standard embedding, i.e.,
l’(mla"'am’n) = (fEl,...,ZEn,O).

As usual R" is considered to be a subset of ﬁnﬂ by ¢ Let o
be an (n — 1)-dimensional sphere in R”. Then the inversion J, :
R" - R" can be extended to the inversion Jro: ﬁnH — ﬁn+1 at
the n-dimensional sphere 7 orthogonal to R" suchthat R"nr=o0.
This yields an injection.

i: M(f{n) — M(f{n+1).

Again M(ﬁn) is considered to be a subgroup of M(f{nH) by 1.
On the other hand let

S™={xeR" | |z| =1}.
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Let 7 be an n-dimensional sphere in ﬁnH which is perpendicular to
S™. Since inversions are conformal maps which send spheres to spheres,
Jr is a transformation which keeps S™ invariant. Composites of such
inversions constitute a Lie group M(S™) of Moebius transformations
of S™. Denote the inclusion by

~n+1

jiM(S") — MR ).

~n+1
Define v € M(R * ) by v =TodJyoJ;. where J; is the reflexion
at the plane z,y3; = —1/2, Jp is the inversion at the sphere |z| = 2
and 7T is the translation by (0,...,0,1). See Figure (2.1).

T+l

o
~

L]
|
o=
~~——]
=~

\ |
\/\ no

&

Figure (2.1)

T

Notice that v(R ) = S™. Define

Cy M(ﬁn+1) — M(f{nH)

by
co(f)=vo fouvl.
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Proposition (2.2). ¢, maps the subgroup M(ﬁn) isomorphi-
cally onto the subgroup M(S™).

Proof. v maps an n-sphere 7 perpendicular to R" to the n-
sphere v(7) which is perpendicular to S™. On the other hand it
follows from (2.1) that c,(J;) = Jy(). This shows (2.2). Q.E.D.

Let
D™l ={z e R"| |2| < 1},

H™ = {z e R™ | 2,1 > O}
Proposition (2.3). We have
MER") = {f e ME™) | f(H™) = H™1),
M(S™) = {f e MR™) | f(D™+) = D™},

Proof. By virtue of (2.2), it suffices to show the statement only
for R". (Notice that v(H™1) = D"*1) The inclusion C is clear.

Conversely, suppose that f € M(ﬁnH) satisfies that f(H"*') =
H™1.  First of all, consider the case where f(co) = co . Then by
(1.9), f(z) =APz+b, where A>0, P O(n+1) and be R"*L.
Since f(R™) =R", we have that b € R™. Further since f preserves
H™ 1, we also obtain that

_(Q@ 0
=3 1),
where @Q € O(n). Thus it follows from (1.7) that f € M(ﬁn) The

remaining case can easily be reduced to this case. Details are left to the
reader. Q.E.D.

We need some standard terminologies in geometry.

Definition (2.4). Two Riemannian metrics ¢g; and g on a
manifold M are said to be conformally equivalent , if there exists a
positive valued function g on M such that gs = pg;.

Definition (2.5). A C'map f:(Mi,g1) — (Ma,g2) of Rieman-
nian manifolds is called a Riemannian conformal map if the induced
metric f*gs is conformally equivalent to g¢;.

Riemannian conformal maps are usually called conformal maps in
the literature. However in order to avoid confusion with Definition (1.2),
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we call them Riemannian conformal maps in this article. The following
three Riemannian metrics are important in what follows.

Definition (2.6). Denote by gr the Fuclidean metric on R",
ie. gg =31 ,dz?, by gs the spherical metric on S™, that is, the
restriction of the Euclidean metric on R™! to the submanifold S™
and by gg the hyperbolic metric on D7, i.e.,

4y da}
98 =G e
- JaP)

It is well known that gg has constant sectional curvature 1 and that
(D™, gg) is a complete Riemannian manifold with constant sectional
curvature -1.

Proposition (2.7). Let U be a domain in R". A C! map

f:U —>R" is a conformal map in the sense of Definition (1.2) if and
only if vo fowv™!:v(U)— S™ is a Riemannian conformal map w.r.t.
the spherical metric.

Proof. First notice that for a domain U C R”,
f : (UagE) — (RnagE)

is a Riemannian conformal map if and only if D, f is a conformal matrix
for any a € U. On the other hand, the following two maps

v:R" — S™
vogy : R — S
are Riemannian conformal maps from (R",gg) to (S™,gs), where

@ is the coordinate chart of R defined in §1. (2.7) follows from
this. Q.E.D.

Thus Liouville’s theorem can be rephrased as follows.

Let UC 8™ (n>3) beadomain. Then a Riemannian conformal
map f:U — 8™ w.r.t. the spherical metric is the restriction of a
transformation in M(S™).

Hereafter we focus our attention to the action of M(S™) on S™
and D"1. Thus Moebius transformations are considered primarily as
acting on S™. However there are some occasions where the coordinates
of R" is more convenient. In what follows, frequent use will be made
of the following lemma, which is a special case of (2.1). As before J €

~n+1 :
M(Rn ) denotes the inversion at S™.
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Lemma (2.8). For fe& M(S™), we have Jo f= fol.

To study the action of M(S™), the transformations are classified
according to whether they preserve oo or not. In the first place, we
have the following proposition.

Proposition (2.9). For f € M(S™), the following statements
are equivalent.

(1) f(00) = oo.

(2) f(0)=o0.

(3) f induces an isometry of (S™,gs).
(4) f(z)= Pz for some P € O(n+1).

Proof. By virtue of (2.8), We have (1) < (2). (1) = (4) follows
from the expression of (1.9), (4) = (1) and (4) = (3) is clear and (3)
= (4) follows from the next lemma. Q.E.D.

Lemma (2.10). Suppose that a Lie group G acts on a connected
n-dimensional Riemannian manifold N transitively and isometrically.
Suppose also that the first derivative gives an isomorphism G, = O(n),
where G, is the isotropy subgoup at some xz € N. Then G is
precisely the group of all the isometries of N.

Proof. For any isometry f, there exists a unique element g € G
such that g7'o f(z) =z and Dy(g 'of)=E. Then g 'of keeps
any point on any geodesic ray at xz fixed. That is, g 'o f =id.

Q.E.D.

Next for f with f(oco) # 0o, we define the isometric sphere and
use it to describe a geometric decomposition of f. For an n X n matrix
A, ||A|| denotes the mapping norm. In particular if A is a conformal
matrix, then we have |A| = (detA)'/™.

Definition (2.11). For a transformation f € M(ﬁn+1) with
f(o0) # oo, the isometric sphere I(f) of f is defined by

I(f) ={z e R""' | |D.f|l =1}.

The isometric sphere cannot be defined for transformations which
keep oo fixed. Recall that by (1.9), f can be expressed as

f(z) =APJ(z —b) +c,
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where A >0, P € O(n+1) and bc € R""l. Note that f(b) =
and f(co) =c. For z € R""', we have

A

| D fll = FEEl

Thus the isometric sphere I(f) is the codimension one sphere of radius
A/2 centered at f~1(co). We summarize fundamental properties of
isometric sphere in the following proposition. The proof is left to the
reader.

Proposition (2.12). For fe MR"") such that f(c0) # oo,
we have the following.

(1) The center of the isometric sphere I(f) is the point f~1(co).
(2) f carries I(f) to I(f7') and induces an isometry there. In
particular, I(f) and I(f~') have the same radius.

(3) f carries the interior of I(f) to the exterior of I(f~1).
(4) The interior of the isometric sphere I(f) consists precisely of
those points = for which ||D.f|| >1 holds.

Proposition (2.13). For f € M(S™) such that f(oo) # oo, the
isometric sphere I(f) is perpendicular to S™.

Proof. Since the action of f on S™ is not an isometry, there
are points in S™ where the norms of the derivatives of f are less
than or greater than 1. This implies that I(f) intersects S™ in an
(n — 1) sphere. f induces an isometry from I(f) to I(f~!) which
sends the sphere I(f) N S™ to the sphere I(f~')N S™ . Thus for
xz € I(f), the spherical distance in I(f) between x and I(f)NS™
coincides with the spherical distance in I(f~!) between f(z) and
I(f71yN 8™ That is, for = € I(f), we have |z| = |f(z)] and
consequently ||DzJ|| = ||Dj(y)J|l. See Figure (2.2). Differentiating
the equation Jo f = foJ, we obtain that |D,f|| = 1 implies
IDs@ fll =1. Thatis, J(I(f)) = I(f). This shows (2.13). Q.E.D.

Proposition (2.14). A transformation f € M(S™) such that
f(00) # 0o can be decomposed as

[ =Jx(p) o Ji1(s) o P(f),

where P(f) 1is a transformation in O(n+1) which preserves I(f) and
7(f) is the bisector of the centers of I(f) and I(f~1) if I(f) # I(f™1)
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Figure (2.2)

and an arbitrary hyperplane which passes through the center of I(f) and
0 if I(f)=1I(f"1). See Figure (2.3).

Proof. The transformation g = Jr(s)oJy(s) clearly carries I(f) to
I(f~1) and there the norm of the differential is 1. That is, I(g) = I(f)
and I(g~!) = I(f~1). It follows that g=! o f preserves the sphere
I(f) and is an isometry there. Notice also that g=! o f preserves the
interior of I(f). Applying (2.9) to a transformation of I(f), it follows
that g7'of = P(f) keeps oo fixed. Since P(f) preserves S™, P(f)
is a transformation in O(n + 1). Q.E.D.

It is a well known fact that AM(S™) is a Lie group of dimension
3(n+1)(n+2) with two connected components.

Definition (2.15). Let {fi}x=1,2.. be a sequence of elements of
M(S™). We say fr — oo if and only if for any compact subset C of
M(S™), there exists ko > O such that fi ¢ C for k > k.

Thus f, — oo ifand only if f; has no subsequence which converges
to an element of M(S™).
For f e M(S™), we define

IDflls» = sup{||D=f|| |z € S"}.
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~(f)

Jn(5) © Jin

I(£)

Figure (2.3)

Proposition (2.16). For a sequence {fi} in M(S™), the fol-
lowing conditions are equivalent.

(1) fx — oo.
(2) D frllsn — oo.
(3) Ezcept for finite k, fr(o0)# oo and radiusI(fi) — 0.

Proof. First we shall show the equivzﬂence of (2) and (3). Assume
for simplicity that fi(oo) # oo for any k. Let :

fu(x) = 2Py J(x — by,) + .
We have
|.’L' - bk|2’
where fk = radius I(fx). Since I(fx) is perpendicular to S™, we
obtain

r2 _ W+ +1)?

(VI+rZ—1)2 i
See Figure (2.4). From this follows the equivalence of (2) and (3).

Next, (2) = (1) is obvious. To show the converse, we assume that
(2) , hence (3), does not hold and will show that (1) fails, that is, fi has

”szk” =

D frllsm =
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Figure (2.4)

a subsequence which converges in M(S™). Thus in the course of the
proof, we are free to pass to a subsequence, if necessary. If fi(c0) = 00
for infinitely many k&, then such f; belongs to a compact subgroup
O(n+1) of M(S™), showing that (1) does not hold. Therefore we may
assume (passing to a subsequence) that fi(c0) # oo for any &k > 1
and r; — p for some 0<p<oo.

Assume for a while that 0 < p < co. Then in the decomposition
of (2.14), the sphere I(f;) may be assumed to converge. That is, the
inversion Jy(y,) converges in M(S™). Likewise we may assume that
Jr(s) and P(fi) also converge in M(S™). This shows that (1) does
not hold.

Next consider the case where p = oco. Notice that p = oo if and
only if f;'(c0) — oo, since the sphere I(f)) centered at f; '(c0)
is always perpendicular to the fixed sphere S™. Take an arbitrary
transformation g of M(S™) such that g(b) = co for some b # oo
and consider the sequence frog. Then g~ 'o fe 1(00) — b. That is,
radius I(fy 0o g) = r (0 <r < o0). Therefore this case can be reduced
to the former case. Q.E.D.

Next we shall show that a Moebius transformation in M(S™) in-
duces an isometry of (D"*1 gg). The key step is the following lemma.
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Lemma (2.17). Let f € M(S™) andlet = € R"*'\ S™. Then

—1F(2)2
D1 = 2

Proof. Both hand sides decompose as products when f decom-
poses as a composite. Thus it is sufficient to show (2.17) only for the
inversion J, at an n-dimensional sphere 7 = {|x —a| = r} which is
perpendicular to S™. We have

_p2le—a)
J-(z)=r o~ af? +a
and )
T
|DeJz|| = EErEl

Since the sphere 7 is perpendicular to S™, we have
la]? =1+ 72
Then it is easy to show by calculation that

2
,
m(wz - 1).

This shows (2.17). Q.E.D.

[T (2)|* 1=

Corollary (2.18). An element f € M(S™) induces an isometry
Of (Dn+1,gH)'

The converse can also be shown using (2.10), once we establish the
following lemma.

Lemma (2.19). For any point a € D™!, there exists a trans-
formation f € M(S™) such that f(0)=a.

Proof. Let [ be the radius through a. Forany z€l, let o,
be the codimension one sphere perpendicular to | at x and orthogonal
to S™. Then J,, € M(S™) sends O to some point in [. Clearly we
have

lim J,_(0) =0, lim J,_ (0)=2,
z—0 z—b

where b is the end point of I. By the continuity of J,_(0), we obtain
apoint z in ! such that J,_ (0)=a. Q.E.D.
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( E‘lhem)'em (2.20). M(S™) is precisely the group of isometries of
D" yG9H ).

Theorem (2.21). In (D"*!,gy), the geodesics are the circles
that are orthogonal to S™. Denoting the distance in (D" gy) by
dy, we also have for a € D™t!

1+ lal
1-la|

dy (07 a) = log

Proof. First let us find the shortest path combining 0 and a (a #
0). Let ~(t) be an arbitrary smooth arc such that ~(0) = 0 and
v(1) = a. Schwartz’s inequality yields

@I < @)l

Thus we have

P2y mlde [t 2lly@)de
length(7) —/0 1= ()P Z/O 1-y(@)?

lal 24 1+ |al
> — =1 .
_/0 1-—s2 Og’-1—|a|

This shows the last part of (2.21) and that the geodesic through 0 and
a are the radius.

Now consider the general case. Let a,b € D"*1. By (2.19), there
exists f € M(S™) suchthat f(0)=a. Since f~! isan isometry, f~!
maps the geodesics to the geodesics. Further since f~! is a Moebius
transformation, f~! maps the diameter through f(b) to the circle
through e and b which is orthogonal to S™. Q.E.D.

Finally we shall classify transformations in M(S™) according to
its dynamics on Cl{D"*!). By (2.3), they keep Cl(D™*!) invariant,
where Cl denotes the closure.

Proposition (2.22). Let f e M(S™). For the induced transfor-
mation
f: CI(D™1) — CYD™Y),

we have the followings.

(1) f has at least one fized point in Cl(D™+1).
(2) If f has three or more fized points in S™, then f has a fized
point in D"FL,
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Proof. (1) follows from Brouwer’s fixed point theorem. To show

(2), coordinates of R" and H™! are more convenient. By conjugating
_ ~n
g=c'(f)e MR")

by a suitable element of M(f{n), we may assume that g keeps fixed 0,
oo and another point a. By (1.9), we have for =z € R", g(z) = APz,

where A >0 and
_(Q 0
P—<0 1/’

where @ € O(n). Since g also keeps a fixed, it follows that A = 1.
Thus for example, (0,y) € H™*! (y > 0) is fixed by g. This completes
the proof of (2). Q.E.D.

Definition (2.23). f &€ M(S™) (resp. M(ﬁn)) is called elliptic
if f has fixed points in D"*! (resp. H"™'!), lozodromic if f is
not elliptic and has exactly two fixed points in S™ (resp. ﬁn) and
parabolic otherwise.

Notice that by (2.22), a parabolic transformation has precisely one
fixed point in S™ (resp. ﬁn)

Next we shall describe the standard forms of conjugacy classes of
these three types of transformations. For elliptic transformations, it is
convenient to work with the coordinates of S™ and to conjugate so that
0 is the fixed point. However for the other types, the coordinates of R"
is preferable. Notice that parabolic (resp. loxodromic) transformations
can be conjugated so that they keep oo (resp. oo and 0 ) fixed.

Proposition (2.24).

(1) Let fe M(S™) be an elliptic transformation such that f(0) =
0. Then we have f(x) = Pz for some P € O(n+1).

(2) Let f € M(ﬁn) be a lozodromic transformation such that
f(oo) =00 and f(0) =0. Then we have f(z) = APz for
some A#1,>0 and P € O(n).

3) Let fe M(ﬁn) be a parabolic transformation such that f(oo)
= o00. Then by conjugating with a translation of R™, we have
f(z) =Pz +b for some PecO(n) and b€ R™\ {0} such
that Pb =b.

Proof. To show (2), notice that A # 1 since otherwise f would
fix points of the straight line perpendicular to R™ which passes through
0, contrary to the hypothesis that f is loxodromic.
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To prove (3), let f(z) = APz+b. Since f cannot have a fixed point
in R", wehave A=1 and b ¢ Image(P—1I). But b = (P—1I)a+b,
for some a € R™ and b1 Image(P —I). It is a standard exercise in
linear algebra to show Pb=1b. Conjugating f by the translation by
a, we obtain the transformation z —— Pz +b, asisrequired. Q.E.D.

Definition (2.25). For a loxodromic transformation f € M(S™),
the geodesic which combines the two fixed points of f is called an axis

of f.

Definition (2.26). A codimension one sphere in Cl(D"*!) which
is tangent to S™ at a € S™ is called a horosphere at a.

Proposition (2.27). A lozodromic transformation of M(S™)
preserves its azis. A parabolic transformation preserves the horospheres
at the fixed point.

Proof. To prove the first part, notice that the standard form (2)

of (2.24) preserves the z,4i-axis in H™*!. The transformation v €

M(ﬁ.n+1) (deﬁned just before (2.2)) maps ,41-axis to a diameter in

D™*!. Any transformation of M (S™) maps a diameter to a geodesic of
D™, Therefore by conjugating the standard form, we get the desired
result. The latter part can be shown likewise. Notice that the standard
form (3) of (2.24) preserves the plane {z,4+1 = ¢} (¢ > 0), which is
mapped by v to a horosphere. Q.E.D.

§3. Flat conformal structure

In this section we define a flat conformal structure, its developing
map and holonomy homomorphism. We study their fundamental prop-
erties.

In the first place, we define a (G, X)-structure in general circum-
stances. Let X be a real analytic manifold and let G be a Lie group
acting real analytically, transitively and effectively on X. In this study,
all the group actions are to be on the left, unless otherwise specified. Let
N Dbe a connected topological manifold of the same dimension as X.

Definition (3.1). A collection U = {(Uqa,qa)}aca is called a
(G, X)-atlas if

(1) {Ua} is an open covering of N.

(2) ga :Uy — X is an embedding.

(3) For each component V' of U, NUg, there exists g € G such
that ¢g(z) = ggu(z), z€V.
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An element (Ua,qa) is called a U-chart.

Definition (3.2). A maximal - (G, X)-atlas is called a (G,X)-
structure on N or a geometric structure vaguely. A manifold equipped
with a (G, X)-structure is called a (G, X)-manifold.

Let p: M — N be a covering map.

Definition (3.3). Let {(Ua,qa)}aca be a (G,X)-atlas on N
for a (G, X)-structure U such that U, is homeomorphic to an n-ball.
Let V! be a connected component of p~1(U,). Then {(V, ',qaop)} isa
(G, X)-atlason M. The (G, X)-structure which contains {(V, go0p)}
is called the lift of U by p and is denoted by p*U. Especially when
p is a homeomorphism, p*U and U are called isomorphic.

Given a (G, X)-structure U on N, the associated developing map
and holonomy homomorphism are defined as follows.
Let p: N — N be the universal covering space with the base

point zo € N. Let m (N) be the fundamental group at the base point
p(zo). As usual, m (N )} is identified via =z, with the group of deck

transformations of N. Denote by U the lift of U by p. Fix once
and for all a U-chart (Uo,qo) around zo.

Definition (3.4). A sequence ((U;,¢:),9:), (1 <i<r) is called
a chart chain from (Up,qo) iffor 1 <i<r, we have

(a) (Una)el, g €q,
(b) U;—1NU; is nonempty and connected,
(¢) qi-1(%) = giqi(z), z€U;i1NU;.

Given a chart chain as above, it is possible to extend the base map
go to a continuous map D :UyUU; — X by

D(z) = qiqa(z), =z € Us.
Successively D can be extended to UyUU; UUs by
D(z) = g192¢2(x), z € Us.
See Figure (3.1). This motivates the following definition.
Definition (3.5).

(1) The developing map D : N — X w.r.t. the base chart (U, qo)
is defined by

D(z) =g192- - - gr - gr(T), .’I:Eﬁ,
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D(Uy

Ze3] (VS)

{p

Figure (3.1)

where ((Ui,q:),9:), (1 <i<r) is achart chain from (Up,qo)
such that z € U,.

(2) The holonomy homomorphism ¢ : m1(N) — G w.r.t. the base
chart (Uy,qo) is defined by

©(€) = hihy - - - hg, & €m(N)

where ((Vj,p;),hj), 1<j<s isa chart chain from (Up,qo)
such that

(Vs»Ps) - (£U07q0 o 5_1)'

D and ¢ are well defined since N is simply connected. The proof
is routine and is omitted. Also it is clear that D is a submersion (or
immersion).

Definition (3.6). A pair (D,¢) is called a DH pair if the
following is satisfied.

(1) D:N — X is a submersion.
(2) ¢:m(N)— G is a homomorphism.

(3) D(¢x) =p(¢)D(z), €e€m(N), z€N.
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Proposition (3.7). Let D and ¢ be the developing map and
the holonomy homomorphism for a base chart (Up,qo). -Then (D,¢)
is a DH pair.

Proof. To show

D(¢z) = p(§)D(z), &em(N), z€N,
let
o ={((Us, %), 9:) hr<i<r
be a chart chain from (Up,qp) such that = € U, and let

)
7= {((Vj,pi), hi)h<i<s

be a chart chain from (Up,qo) such that

(V:svps) = (fUO’QO o 5_1)‘
Let

1

&o = {((€Us,qi0€71),9)}-
&4o is a chart chain from (€Up,qoo€&71) = (Vi,ps). Thus 7 followed
by &yo is a chart chain from (U, qo) to the point {z. That is, we
have

D(éx) = hyhy - -~ hs - g1g2 -~ gr - gr 0 £ (€7) = (€) D().
Finally let us show that ¢ is a homomorphism. We have

©(£182)D(z) = D(&1627) = ¢(£1) D(&27) = ¢(£1)¢(&2) D ().

It follows that ¢(&1€2) = ¢(&1)¢(£2), since the action of G on X is
effective and real analytic. (Note that Image(D) is a domain since D
is a submersion.) Likewise we have (1) =1. Q.E.D.

Definition (3.8). Two DH pair (D,p) and (D',¢') are said to
be equivalentif there exists g € G suchthat D'(z) = gD(z) and ¢'(§)
=gp(&)g™! for z € N and & € mi(N).

Proposition (3.9). The correspondence of (3.7) gives a bijection

between the set of (G, X)-structures on N and the set of the equivalence
classes of DH pairs.

Proof. Let (D,yp) (resp. (D’,¢’)) be the DH pair associated to
the base chart (Up,qo) (resp. (U, q,) )of a given (G, X)-structure.
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Consider a chart chain
((Ui’qi)agi)a 1 S 1 S T

from (Ug,q)) such that (U,,gq.) = (Uo,qo). Let g =gi1gs---gr. Then
it is easy to show that

D'(z) =gD(x), ¢'(&)=gp(&)g™".

Conversely given an equivalence class of DH pairs, one can get a
(G, X)-structure on N by restricting the developmg map to small

domains of N and projecting down by p: N —N. Q.E.D.

By certain abuse, (G, X)-structures are sometimes denoted by their
DH pairs as [D, ¢].

Definition (3.10). For a (G, X)-structure [D,¢] on N,
H = Image(p) C G
is called the holonomy group of [D,].

By (3.9), the holonomy group of a (G, X)-structure is unique up to
conjugations in G.
Let T' be a discrete group which acts on N.

Definition (3.11). T' is said to act discontinuouslyon N, if for
any = € N, there exists a neighbourhood U of z such that

Card{y €T | /U NU # ¢} < co.

The proof of the following proposition is left to the reader.

Proposition (3.12). T acts freely and discontinuously on N if
and only if for any x € N, there exists a neighbourhood U such that
if v#1, then Yy UNU = ¢.

Suppose N — P be a regular covering with the group of deck
trasformations I". Then the action of I' on N is free and discontinuous.
Conversely, if I' acts freely and discontinuously on a manifold N, then
the canonical projection 7 : N — N/T' is a regular covering with the
group of deck transformations T'.
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Proposition (3.13). Suppose that T' acts on N freely and dis-
continuously. Then

f:{ﬁ:ﬁ—»ﬁﬁy’ is a lift of v, y€T}

acts on N freely and discontinuously. T s the group of deck trans-
formations of the following universal covering.

rop: N — N — N/T.
We have the following exact sequence;

l1-mN)>T—>T—1.

Proof. We only show that the action of T is free and discontinuous.
The rest is left to the reader. Let z € N. Take a small neighbourhood
U of z such that

(1) U=p(U) is evenly covered by p and

(2) W UNU=¢ if y#1, yeT.
Suppose ?(U’)ﬂﬁ + ¢ for ¥ € I'. Then we have Y(UYNU # ¢, where
5 is a lift of . This shows that v =1 by (2). Thus ¥4 is a deck
transformation of p. But by (1), we have 5= 1. Q.E.D.

Let U be a (G, X)-structure on N.

Definition (3.14). An action of I' on N is called a" U-action
if and only if for any v € I', we have v*U =U.

Suppose that an action of T' on N is a free and discontinuous
U-action. As before, m: N — N/T' is the canonical projection.

Definition (3.15). A (G, X)-strucure w.U , called the projection
of U, is defined as follows. Let (D, ) be the DH pair associated to
a base chart (Up,qp). Since the action of the lift [ isa ﬁ—action,
we have that (YUp,qo oy 7!) isa U-chart for any v € [. Thus as in

Definition (3.5) (2), we can define a homomorphism
(U -G

by using a chart chain to (3Up,qo 05 ~}). Then (D,%) is a DH pair
for N/T. m,U is defined to be the (G, X)-structure corresponding to
this DH pair.

Clearly 1 : I — G is an extension of the holonomy homomorphism
p:m(N)— G.
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As is shown later, there are many examples of pair (G,X) such
that the isotropy subgroup

G={9€G|gz =1z}

is compact for any x € X. Then the corresponding (G, X)-structures
have the following striking feature.

Proposition (3.16). Let N be a closed (G, X)-manifold. Sup-
pose the isotropy subgroup G, is compact for x € X. Then the
developing map D : N> X isa covering map onto X. In particular,
if X is simply connected, then D 1is a homeomorphism.

Proof. Since G, is compact, there exists a G -invariant, positive
definite, symmetric, bilinear form on the tangent space T,X. Dis-
tributing it by the action of G, we obtain a G-invariant Riemannian
metric g of X. Since §= D*g is m(IN)-invariant, it projects down
to a Riemannian metric on N. Therefore § is complete.

For small £ > 0, we have that D maps any 2e-ball in N
isometrically onto a 2e-ball in X. Then clearly any e-ball in X is
evenly covered by D. Q.E.D.

We shall raise some examples of (G, X)-structures.

Example (3.17). Denote by Isom(S™), Isom(R") or Isom(D")
the group of isometries of the Riemannian manifold (S™,gs), (R", gg)
or (D™ gu). The corresponding (G, X)- structure (resp. manifold) is
called spherical, Euclidean or hyperbolic structure (resp. manifold).
Specifically, closed spherical or Euclidean manifold is called spherical
or FEuclidean space form.

Notice that Isom(S™) = O(n+1) and Isom(D") = M(S™1).
Isom(R"™) consists of transformations, called Fuclidean motions,

z+ Pz +b, (PeOn),beR").

All the three satisfy the hypothesis of (3.16). Therefore if the mani-
folds are compact, their universal covering spaces can be identified with
S™ (if n>1), R® or D"*1. A spherical space form is isomorphic to
S™/Tif n>1, where I' is a finite group of SO(n +1). The following
theorem is due to Bieberbach {[5]). A neat proof, quite short, is found
in P. Buser ([6]).

Theorem (3.18). An Euclidean space form has n-torus as a finite
covering.

The main object of our study is the following (G, X)-structure.
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Definition (3.19). A (M(S™), S™)-structure (resp. manifold) is
called a flat comformal structure (resp. manifold). A group action
preserving a flat conformal structure is called a conformal action.

There is another way to get to the same concept.

Definition (3.20). A Riemannian manifold (N,g) of dimension
n is called conformally flat if for any point = € N, there exist a
neighbourhood U and an embedding f: U — R™ such that f*gg is
conformally equivalent to g|y.

Notice that the above definition does not change if we use as a model
space (S™,gs) instead of (R™,gg). In fact, they are conformally
equivalent as we saw in §2.

Now let U be a flat conformal structure on N. For each U-
chart (U,,4qa), there is the induced Riemannian metric qtgs on U,.
In a component V of U, NUpg, we have gg = go ¢, for some
g € M(S™). Since g is a conformal map w.rt. gs, g¢igs and gjgs
are conformally equivalent on V. Take a locally finite partition of unity
{to} associated with the covering {U,} of U-charts. The Riemannian

metric
9= taqigs
(o7

is a conformally flat metric.

Conversely suppose n > 3. Let g be a conformally flat metric
on an n-dimensional manifold N. Then we have a family {(U,, fo)}
such that {U,} is an open covering of N, that f, is an embedding
of U, into S™ and that fXgs is conformally equivalent to g. Thus
for any component V' of U, N Up,

foo fat lsawy : falV) = f5(V)

is a Riemannian conformal map in (S™, gs). Thus by Liouville’s theo-
rem, we have that

foo I ltavy € M(S™).
We obtain a flat conformal structure. In summary, we have;
Proposition (3.21). Flat conformal structure on a manifold N

yields a conformally equivalence class of conformally flat metrics. Fur-
ther if n >3, this correspondence is bijective.

For n = 2, the above two concepts are in fact different. In this
dimension, flat conformal structure is often called (complez) projective
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structure since
(M(Sz), 52) = (PGL(2: C), CPl),

while conformally flat Riemannian metric corresponds to complex struc-
tures.

If (G',X')C(G,X),thatis, G'CG, X' C X and the G’-action
on X' is the restriction of the G-action on X, then, as a matter of fact,
a (G, X")-structure is naturally considered as a (G, X)-structure. Thus
spherical manifolds, Euclidean manifolds and hyperbolic manifolds are
considered to be flat conformal manifolds. In fact we have the following
inclusions of (G, X)-pairs.

(Isom(S™), S™) C (M(S™), S™).

(Isom(R™), R") C (M(R"),R") = (M(S™), 5™).

n AT

(Isom(D"), D") C (M(8™), D") € (M(R"),R") 2 (M(8™), 5™).

A significant feature of these examples is that the developing maps are
homeomorphisms onto their images (except the case of (Isom(S?!),S!)
). However for a point a € S™, the isotropy group M(S™), is
not compact. (Compare that M(S™), is compact for a € D"*1))
Therefore flat conformal manifolds in general do not enjoy this kind of
good properties. In fact there are many such examples as we shall show
in what follows. We make the following definition.

Definition (3.22). Let U = [D,¢] be a flat conformal structure
and let H = Image(yp) be the holonomy group. U is said to be of
type 1 if D is a covering map onto its image and H is discrete, of
type 2 if D is a covering map but H is indiscrete, of type 3 if H is
discrete but D is not a covering map and type 4 otherwise.

Before starting the study of type 1 flat conformal structures, we
need some preparations. Let ' be a subgroup of M(S™).

Definition (3.23). A subset A C S™ is called TI-invariant if
v(A)=A forany yeT.

Definition (3.24). Let Qp be the set of points =z € S™ such
that there exists a neighbourhood U of z such that yUNU = ¢ but
for finitely many v € I'. Qr is called the domain of discontinuity of
T.

Qr is the maximal I'-invariant open subset of S$™ on which T
acts discontinuously.
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Definition (3.25). T is called a Kleinian group if Qr # ¢.
Clearly we have:

Proposition (3.26). A Kleinian group is discrete in M(S™).
It is known that the converse does not hold. However we have:

Proposition (3.27). If T is discrete, then T acts on D™*!
discontinuously.

Proof. Assume T is infinite and let T' = {v,}. Since T is
discrete, -y, — oo, thatis, v, € O(n+ 1) for but finitely many n
and radius I(v,) — 0. It follows that any compact subset of D"*1 is
outside I(7y,) except finite n. (Recall I(v,)NS™ # ¢.) (3.27) follows
from (2.12)(3). Q.E.D.

The following fact is helpful in our study of flat conformal structures
of type 1. The proof is more or less the same as (3.27). The reader will
find it in §5, after the definition of limit set is made.

Corollary (5.16). Suppose a discrete group I' admits an invari-
ant open set Q such that S™\ Q is neither empty nor a singleton.
Then T acts on Q discontinuously.

Flat conformal structure of type 1 is constructed as follows. Let T’
be a Kleinian group in M(S™) which acts freely and discontinuously
on a I'-invariant domain €. The action is of course a conformal action
on a flat conformal manifold Q. Hence the quotient manifold /T’
admits a flat conformal structure Y. The developing map D is the
universal covering followed by the inclusion;

D: Q- Qc s

and the holonomy group is I'. Concrete examples of this construction
will be given in later sections.

Definition (3.28). The flat conformal structure (manifold) con-
structed as above is called a Kleinian structure (manifold).

Definition (3.29). Two flat conformal manifolds are called com-
mensurable if they have isomorphic finite coverings.

Proposition (3.30). Any type 1 flat conformal compact manifold
N is commensurable to a Kleinian manifold.

The proof needs the following theorem due to Selberg. See e.g.

([33)



Flat Conformal Structure 199

Theorem (3.31). Any finitely generated subgroup of GL(n,R)
has a torsion free subgroup of finite indez.

As is well known, M(S™) is isomorphic to the projectivised Lorentz
group PO(n+1,1). Thus (3.31) is applicable to a subgroup of M(S™).

Proof of (3.30). If the developing map D is onto S™, then D
is a homeomorphism and N is isomorphic to a spherical space form.
Likewise if D misses only one point, then N is isomorphic to an
Euclidean space form. Otherwise, by (5.16), the holonomy group H
acts on Q = Image(D) discontinuously. Let I' be a torsion free finite
index subgroup of H. I' actson £ freely. We have the following two
covering maps.

p: N/™'(T) = N,
D: N/ () — QT.

p is a finite covering since ¢~ !(T) is a finite index subgroup of m;(N).

Therefore N /¢ }(T) is compact and D is also a finite covering.
Q.E.D.

One can show by examples that Proposition (3.30) cannot be sharp-
ened in general.

Next an example of type 2 flat conformal structure is in order.

Example (3.32). Let P(x) = ARgx be a conformal linear trans-
formation on R? (A >0, Rp; the rotation by 6). For t € R, let

Pt (m) = )\the (a:)

Let @ be another conformal transformation which keeps 0 fixed such
that @Q # P! for any t € R.

Let R2/Z2 = T?. Define ¢:22 — M(R’) by o(l,m)=P'Qm
and D:R2 >R’ by D(z,y) = P*QYa for some a € R\ {0}. Since
PQ = QP, wehave (D,p) isaDH pair. D is clearly a covering map

onto R?\ {0}. But often H = Image(y) is not discrete, for example
when A=1 and 6 ¢ Q.

See Figure (3.2). This example cannot be generalized to higher
dimensions, since R™ \ {0} is simply connected if n > 3. However,
in §5, we give examples of type 2 flat conformal compact manifolds of
dimension > 3 and give a characterization of such manifolds.

The following is an example of type 3 flat conformal structure.
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Figure (3.2)

Example (3.33). Let X be a closed Riemann surface of genus
> 2, that is, a hyperbolic manifold of dimension 2. The developing map
D is a homeomorphism onto a disk in S2. We shall alter D without
changing the holonomy homomorphism ¢. Let a be a simple closed
geodesic in % and let V be the e-neighbouhood of a for small £ > 0.
Then a lift V of V in the universal covering ¥ =~ D? is the mutually
disjoint e-neighbourhood of a lift of «. See Figure (3.3). D is altered
inside V to a new map D’ in such a way that it coincides with D
near the boundary of V and it goes extra once around S2. Clearly
D' can be constructed so that (D’,¢) is a DH pair. See Figure (3.4).
It is easy to show that D’ is onto S™. Thus it is not a covering map.
For more detail, see Goldman ([16]). The same construction is possible
for higher dimension if we start with a compact hyperbolic manifold
which admits a totally geodesic closed submanifold of codimension 1.
See Kourouniotis ([33]).

Finally an example of type 4.

Example (3.34). Prepare two copies of type 2 flat conformal man-
ifolds N; and N, constructed in Example (3.34). Inside an atlas
(Ui, q;) of N;, take a small disk V; which is mapped by ¢; to a
metric disk in S2. There exists an element g € M(S?) such that g
maps Vi to the exterior of V5 . Consider the connected sum

NlﬁNg = (N1 \IntVl) U (N2 \ Inth)/ ~ .,
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Figure (3.3)

M

Figure (3.4)

If we chose the above identification appropriately, we obtain a continuous
map
(goq)Ugz: (Up — IntVy) U (Us — IntVa)/ ~— S2.

Using this we get in an obvious way a flat-.conformal structure on N7if#Ns.
It is not difficult to show that the developing map of this structure is
onto S? and therefore is not a covering map. The holonomy group is
indiscrete since we started with type 2 examples.

The above operation, called connected sum of the structure, will
be described in more detail in §6.
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84. Closed similarity manifolds

In this section we assume n > 3 and mainly work with ﬁn, instead
of S™. As before M(ﬁn) denotes the group of Moebius transforma-

tions of R". As shown in §1, the isotropy subgroup ./\/l(ﬁn)oo at oo
consists of transformations

f(z) =APz+b, A>0, P€O(n), beR"

A (resp. P) is called the norm (resp. orthogonal part) of f andis
denoted by ||f]| (resp. P(f)). Clearly a transformation f € M(ﬁn)oo
induces a transformation of R™. When viewed as a transformation of
R"™, f is called an Fuclidean similarity. The group of Euclidean
similarities is denoted by ES(R™). We have an isomorphism

~n

ES(R™) ~ MR").

Definition (4.1). An (ES{R"™), R™)-structure (manifold) is called
a similarity structure (manifold).

Euclidean space forms are examples of similarity manifolds. Other
examples are Hopf manifolds to be defined below.

Definition (4.2). A closed similarity manifold N is called a Hopf
manifold if the developing map D is a homeomorphism onto R™\ {0}.

Then the holonomy group H is discrete and is contained in the
isotropy subgroup ES(R™)o. By taking norm and orthogonal part, we
obtain the isomorphism

ES(R™)o = R, x O(n).

lH|| = {|lfll | f € H} is nontrivial since N is closed, and is discrete
since O(n) is compact. Therefore it is infinite cyclic. Let ||h| (h € H)
be a generator. Since the kernel {||h|| = 1} is finite, (h2) is a finite
index subgroup of H. Clearly (R™\ {0})/(h?) is homeomorphic to
S7~1 x §1. Thus we have;

Proposition (4.3). Hopf manifold has a finite covering which is
homeomorphic to S™! x S!.

In [13], Fried has shown that these two examples of similarity mani-
folds are the only examples. That is, an arbitrary similarity manifold is
isomorphic to either an Euclidean space form or a Hopf manifold. See
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also Kuiper ([36]). The purpose of this section is to give an improved
version of Fried’s theorem. Instead of confining ourselves to similarity
manifolds, we consider flat conformal manifolds in general.

Theorem (4.4). Let N be a closed flat conformal manifold of
dimension > 3 such that the holonomy group H s contained in the
isotropy subgroup /\/1(ﬁn)oo Then N s isomorphic to either ﬁn,
a Hopf manifold or an FEuclidean space form.

One can state the original Fried’s theorem as a corollary.

Corollary (4.5). Closed similarity manifold of dimension > 3 is
isomorphic to a Hopf manifold or an Fuclidean space form.

What is new in Theorem (4.4) is that the developing map is allowed
to cover the point oo, while in the original Fried’s theorem (Corollary
(4.5)) it is postulated to miss oco. Although the difference is apparently
not significant and the proof is in fact almost the same, Theorem (4.4)
brings forth a far wider range of applications in practice (as far as flat
conformal structures are concerned). To the best knowledge of the au-
thor, (4.4) cannot be found in the literature. Therefore it is obviously
worth while to give a complete proof of (4.4).

The rest of this section is devoted to the proof of (4.4). In way of
contradiction, we assume that N is isomorphic to neither of the three
structures in (4.4). Denote by D the developing map , by ¢ the
holonomy homomorphism and by H the holonomy group. The proof
consists of three steps.

Step 1. Clearly D~!(co) is discrete and invariant by the deck
transformation. Thus N(oo) = w(D7!(c0)) is a finite set. Then
N* = N\ N(c0) is a similarity manifold.

Definition (4.6). A domain U* C N* = 7~ }(N*) is called a
copyof UCR™ if D|y~:U* - U is a homeomorphism.

Points in N* are denoted by a*, £* and so forth and their images
by D by a,z and so forth. Thus, B*(a*,r) denotes a copy containing
a* € N* of B(a,r), the open ball of radius r centered at a. We call
a* and r the center and radius of B*(a*,r).

Definition (4.7). A closed subset [* C N* is called a complete
half line if for any copy of ball B* C N*, B*NI[* is mapped by D
to BNk, where k is a complete half line in R™.
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2

Figure (4.1)

See Figure (4.1).
By certain abuse, the parametrization of a complete half line [* is
denoted by the same letter, as

I*:0,00) — I*.

Notice that given any point z* € N* and a tangent vector v at z*,
there exists a unique complete half line [* such that {*(0) = z* and
tangent to v. Clearly deck transformation carries a complete half line
to a complete half line.

Definition (4.8). A complete half line I* is called short if D(I*)
is not a complete half line in R"™. :

Claim (4.9). Given a short complete half line 1*, there exists a
neighbourhood U of N(oo) such that w(I*)NU = ¢.

Proof. For any point c¢; € N(oo) , choose a compact neighbour-
hood U; such that

(a) =(1*(0)) ¢ UL,

(b) U; is evenly covered by m,

(c) For any component E* of n~!(U;), there exist a € R™ and
R > 0 such that the following map is a homeomorphism.

D|g+« : E* - E = E(a,R) = {|Jx — a| 2 R} U {0}
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Notice that in (c), if one component of 7~1U; is mapped to E(a, R),
then all the other is also mapped to some E(a’, R’). Thus (c) is attained
if one chooses U; small and appropriate.

Let us show that [* N E* is empty. If not, the image INFE isa
half line starting at OE. (! = D(I*).) Since [* isshort, ! is not a
complete half line of R™. Then one can choose a ball B C E \ {c0}
centered at the point lim: oo [(t). Then B has a copy B* in E*.
But BNl is not the intersection of B with a complete half line in R"™.
See Figure (4.2). This contradicts the hypothesis that [* is complete.
Let U =U;U;. Wehave n(I*)NU = ¢. Q.E.D.

Figure (4.2)

For any z* € N*, let r(z*) be the maximal radius of a copy of
ball centered at z*. See Figure (4.3).

Claim (4.10). 7(z*) < oo.

Proof. If not, z* is contained in a copy of R", say P. If
P=N , then N would be an Euclidean space form, contradicting
the hypothesis. Suppose P # N. Take a point y* € Fr(P) and a
sequence {y}} C P suchthat y} — y*. Clearly we have D(y;) — oo.
It follows from the continuity of D that D(y*) = co. Therefore there is
a neighbourhood @Q of y* which is mapped by D homeomorphically

onto FE(0,R) for some large R > 0. Then D:PUQ — R" isa
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A

Figure (4.3)

Rﬂ

homeomorphism. We have

~N

N2N=PUQ=~R".
Again a contradiction. Q.E.D.

Definition (4.11). The Fried metric is a continuous Riemannian
metric on N* defined by

gr = D7ge

F r(z*)?

on T,-N*.

Let € be a deck transformation of N and z* € N*. We have

§(B*(z%,r)) = B* (€™, [0 (§)I7).

This shows 7(£z*) = ||p(&)||r(z*). That is, the deck transformation ¢ is
an isometry for the Fried metric gp. Thus gr induces a Riemannian
metric of N*, which is also called the Fried metric. The distance

functions of Fried metrics both on N* and on N* are denoted by
dr.

The following is the aim of Step 1.

Claim (4.12). Let B* = B*(a*,r(a*)) be the mazimal copy of

ball centered at a* € N*. Then there exists a copy of half space H*
such that B*(a*,r(a*)) C H*.

Proof.  For simplicity let us assume 7(a*) =1 and D(a*) =e, =
(0,---,0,1). By D, we identify B* with B = {|z —e,| < 1}. By this
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identifidation, we consider the function r or the Fried metric gr to
be defined on B. By the maximality of B*, there exists a radius [*
which is a complete half line. Assume

l= D(l*) = {131 =0, ,2,-1=0,0<2, < 1}
See Figure (4.4).

Figure (4.4)

Let us study for a while the Fried metric on B. First of all for any
zo € B, we have r(z¢) < |zo|- In fact if not, the origin 0 is contained
in

A =BU{|z —xo| < r(zo)}.
A has a copy containing a*. This contradicts the completeness of [*.
Thus we have gr > g¢ on B, where

g = @_
T

For any z € B, let 6 = 6(z) be the angle of the vector 0z and L.
We have
Subclaim (4.12.1). dp(z,l) > dg(z,l) = 6.

Proof. Let ~(t) be a smooth path in B combining z and a
point in [. Denote by lengthg(y) the length of v w.r.t. dg. Let

v(t) = [y (¢)lp(t).
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We have
' @®1 = @Il @)]-
In fact, since |p(t)| =1, we have (p(t),p'(t)) =0 and
Y () = [v(®)'p#) + @)l (1)

Therefore we obtain the following equality.
h(t / P (t)|dt > 6.

On the other hand it is easy to show that for a suitable choice of 7, one
has lengthgy = 6. Q.E.D.

lengthg(y) =

Now by Claim (4.9), There exist a compact submanifold Ng =
N — IntU which contains m(I*) and a sequence t; T oo such that for

some c¢ € N¢,
dp(r(I*(t:)),¢) L O.

Also assume that dp(mw(1*(¢1)),c) is sufficiently small. Then by (4.12.1),
there exists a point b* € B* such that ¢ = n(b*) and

dr(I*(t1),b") = dp(n(I* (t1)), ¢)-
Now there exists a sequence {¢;} of deck transformations such that
dr(l*(t:), &%) | 0.

See Figure (4.5).

Thus passing to the model B C R™, we may assume the following.
Let fi=¢(&) € ES(R™) and b= D(b*) € B.

(1) fi(b) € B.

(2) 6(fi(b)) — 0.

(3) fi(b) —o0.

(4) P(f:) = Po € O(n).

(5) Ifll —o0. v

Notice that (5) follows from (3) since

rAG) O
0 e

I£:ll =

See Figure (4.6).
Now for 7> 1, taking j > i, we may assume

(6) (fzf_l) is very near F ,
(™) Nfif; 1|| is very large.
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Wl*(t;)

Figure (4.5)

€n

Figure (4.6)

- .
Next by (2), 0f;(b) is almost parallel to e, and is almost perpen-
dicular to dB. Applying f;f;!, we still have that

—_——
8) fi fjfl(O) fi(b) ‘is almost parallel to e,,

—_—
9) fi fj_l(O) fi(b) is almost perpendicular to f; fj‘l(aB).
In fact (8) follows from (6) and (9) from tlie fact that f; fj"1 is an



210 S. Matsumoto

fi(b)

fi(b) B

fif'B

0 7£700)
Figure (4.7)

fi(b)

\\ B/ 178)
m —
—

0 [ £f70) oD

Figure (4.8)

Euclidean similarity. See Figure (4.7).
On the other hand, notice that §i§j‘lB* N B* is nonempty and

Eifj_lB* U B* is a copy of f; fj_lB U B. Therefore by the completeness
of [*, we have that

(10) f.f71(0) & B,
(11) o¢ fifi (B).
Let

fi.fj_l(o) = (ah T '7an)
and for M > 1 and 0<e <1, let

D={lzi—a;| <M (1<i<n—1), |z, —an| <e}.
Then by (5), (8) and (9), (taking j >4 >>1 even greater) we have
d(fif; ' B)n oD = d(fif; ' B)Nd,D,

where 8, denotes the vertical boundary. See Figure (4.8).
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We have by (11) that @, > —e and by (10) that a, < e. It also
follows that f; fj_l(O) is very near 0.

This shows that any « in the half space {z, >0} isin f; fj“lB
for some j > i > 1. Since f; fj_lB U B has a copy containing a*, the
proof of (4.12) is now complete. Q.E.D.

Step 2. In Step 1, for any point a* € N *, we have found a
copy of half space containing B*(a*,r(a*)). We have;

Claim (4.13). A copy of half space H* containing B*(a*,r(a*))
158 unique.

Proof. Clearly H is tangent to B(a,r(a*)) and the radius to the
point of tangency is the developing image of a short complete line. In

other words, there exists a unique short complete line in N* which is
contained in B*(a*,r(a*)). This shows the uniqueness of H*. Q.E.D.

Definition (4.14). H* of (4.13) is denoted by H*(a*) and its im-
age by D by H(a*). The point of tangency of H(a*) and B(a,r(a*))
is denoted by p(a*).

Notice that maximal copy of half space containing a* may not be
unique. Since D is a submersion,

D| cig+(a*) : ClH*(a") — R"
is injective and D(FrH*(a*)) is an open subset of 9H(a*).
Definition (4.15). For a* € N*, denote
L(a™) =0H(a*)\ D(FrH*(a*)) C R™.

In other words, z € L(a*) if and only if = = lim;_,o I(t) for some
short complete line [* such that [*(0) = a*. See Figure (4.9).
For b€ ClH(a*)\ L(a*) C R™, we denote by b* the unique point

in  ClH*(a*) C N* such that D(b*) =b.

Claim (4.16). For b€ CIH(a*)\L(a*), OH(b*) passes through
p(a®).

Proof. Suppose not. We have a ¢ H(b*) since H(a*)U H(b*)

has a copy in N*. Consider the transformation

fif7V=(fifi )7 € ESR™)
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OH(a*)

‘\ D(NV*)
L(a*); closed

Figure (4.9)

of Step 1. Recall that | f;f; || is very small, P(f;f;!) is very near
E and f;f;! has a fixed point near p(a*) . Thus f;f; '(OH(b*)) is
almost parallel to 8H(b*) and much near p(a*). Clearly

H(a") U H(b*) U fi ;7 (H (b))

has a copy in N*. This contradicts that p(b*) € L(b*). See Figure

(4.10). Q.ED.
H(a*) \\ b
& ya
p(a*)
H(b*
p(b%) o
FifT H(bY)

Figure (4.10)
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Claim (4.17). L(a*) is an affine subspace of R™.

Proof. Let z,y € L(a*). Clearly z = p(c*) for some c¢* € H(a*).
Likewise for y. If a point b on the line passing z and y does not
belong to L(a*), apply (4.16) to b. Then OH(b*) passes through =z
and y, that is, through b. A contradiction. Q.E.D.

Claim (4.18). The correspondence a* — L(a*) 1is locally con-
stant.

Proof. Take b* € H*(a*). Then OH(b*) passes through p(a*)
by (4.16) and p(a*) € L(b*). Since L(b*) N H(a*) = ¢, we have
L(b*) C 8H(a*) N OH(b*). Likewise, L(a*) C 8H(a*) N OH(b*). It
follows easily that L(a*) = L(b*). Q.E.D.

Since N* is connected, L(a*) is independent of the choice of
a* € N*. Denote L = L(a*).

Claim (4.19). The developing map D is a covering map onto a
component of R™\ L.

Proof. Clearly no points of N* are mapped by D into L. Also
we have that points in R™\ L are evenly covered by D. Let us consider
the point co. For dimL > 1, co € CIL cannot be in Image(D). For
dim(L) =0 (say L = {0}), if oo € Image(D), then one can show
that

D:N—-R"\ {0}

is a homeomorphism. But H C ES(R™) has oo as a fixed point. A
contradiction. Q.E.D.

Step 3.

Lemma (4.20). Let I'=(f,g) C ES(R"™), where

@) Ifll#1, fla)=a (a€R"),
(2) g(a)#a.

Then T 1is indiscrete.

Proof. Assume ||f|| <1. Let h=go fog~!. Then |h| =|f|
and h(g(a)) =g(a). Let h, = f"oho f~™ We have |h,|=|h| =
I f]l, the fixed point of h, is f™(g(a)) and f™(g(a)) = a (n — o0).
That is, h, — f. This shows (4.20). Q.E.D.
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Now we shall complete the proof of Theorem (4.4). First of all if
L = {0}, then by Step 2, D : N — R"\ {0} is a homeomorphism.
That is, N is a Hopf manifold. This contradicts our hypothesis.

Consider the case dimL # n — 2. Suppose for simplicity that
L =R By (4.19), D is a homeomorphism onto a component V of
R™\ R?. Thus the holonomy group H must be discrete. By Step 1,
there exists f € H such that ||f|| #1. Clearly f(L)= L. Assume
f(0) = 0. By (4.20), we have ¢(0) = 0 for any g € H. Therefore
g(R" %) = R™ %, where R™ ¢ is the orthogonal complement of RY.
When identified by D , Fried metric is given by

_ 9e_
gr |.’E2|2,

where x = (z1,22) (z1 € R%, 22 € R*79). Since N = N* is compact,
dr is totally bounded. That is, there exists K > 0 such that for any
z,y €V, dr(z,gy) < K for some g € H. But this is impossible if we
choose y € R"79NV and z; as large as desired.

Finally suppose L = R"™2 . This case needs extra care. Since
R™\ R"2 is not simply connected, D is not a homeomorphism and
H may not be discrete. Denote by Ry € ES(R™) the rotation by
angle 6 around R"2. Let

Stab(R™?) = {f € ES(R") | f(R""?) = R"?}.
Notice that Ry commutes with an element of Stab(R"™~?). Let
H" ' ={z,_4 > 0,2, = 0}.
Define a homeomorphism
h:H" ' xS' - R"\R" 2
by h(z,t) = Rartx. The universal covering of R™\R"2 is identified
with H™ ! x R. Then as is easily shown, the lift of Stab(R"~?)

is identified with ES(R""2) x R. That is, we have the following
equivariant mapping of (G, X)-pairs

(ES(R"?) x R, H" ' x R) — (Stab(R""%), R"\ R"7?).
The DH-pair

(D,¢) : (N, m1(N)) — (R™\ R""2, Stab(R""?))
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clearly lifts to a DH-pair
(D',¢") : (N,m(N)) — (H" ' xR, ES(R"?) x R).

Since D’ is a homeomorphism, the image H = ¢/ (m1(N)) is discrete.

As before, H contains
(f,t) c ESR"?) xR

such that | f|| # 1. Let f(0) = 0. Since ES(R"2) and R
commute, the argument of (4.20) is also valid and we have ¢(0) =0 for

any (g,s) € H. The rest of the proof is similar.

85. Limit set

The purpose of this section is to define limit set for flat conformal
manifolds of an arbitrary type. In this section flat conformal manifolds
are to be connected and compact, unless otherwise specified.

First of all consider an arbitrary subgroup I' of M(S™). (I' may
not be discrete. It may not be even finitely generated.) Let us begin by
defining the limit set for the group I' by looking at its action on S™.
There are four different ways and all of them are natural and useful.

Definition (5.1). Let Lr = Lrp(T') be the closure of the set of
the fixed points of loxodromic or parabolic elements of T'.

Definition (5.2). Let Lj; = L;(T') be the set of points = € S"
such that for any neighbourhood U of z, the family {f|u}ser is not
equicontinuous.

Definition (5.3). Let Lp = Lp(I') be the set of points = € 5"
such that for any neighbourhood U of z,theset {f € T | fUNU # ¢}
is not precompact in M (S™).

By definition Lp, Ly and Lp are closed I'-invariant subsets of
S™. Of course L; is an analogy of Julia set in one dimensional complex
dynamical system. Notice that if T' is discrete, then S™\ Lp coincides
with the domain of discontinuity Qr defined in (3.24).

Definition (5.4). Let L, = L,(I') be the set of accumulation
points in S™ of the orbit I'a of a certain point a € D™t1,

This definition is independent of the choice of a € D™*!. In fact, for
another point b€ D™ and for v, € I', we have dg(vk(a), k(b)) =
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dr(a,b), where dy denotes the hyperbolic distance. By the difference
between the hyperbolic distance and the Euclidean distance, we have

lim v,(a) =z <= lim () ==z.
k—o0 k—o0

Also note that L, isclosed and I'-invariant. In fact if limg_, o0 v (@)
= x, then we have limg o0 yyx(a) = v(z) for v € I' . Below we shall
prove the mainimality of L,,.

Definition (5.5). Let A be a I'-invariant closed subset of S™
such that Card(A) > 2. The convez hull of A, denoted by C(A),
is defined to be the convex hull in (D"*1,gg) of all the geodesics
combining two points of A.

Clearly C(A) is a closed T'-invariant subset of D"*!. See Figure
(5.1).

A
A
A9
A
Figure (5.1)
Lemma (5.6). Let A be an arbitrary T-invariant closed set

such that Card(A) > 2. Then we have L, (T) C A.

Proof. Take the point a € D" of (5.4) inside C(A). Then the
orbit of a cannot evade C(A). This shows (5.6). Q.E.D.
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Corollary (5.7). If T has no fized point in S™, then L, (T)
1s the unique minimal set, i.e., it is contained in any nonempty closed
I'-invariant subset of S™.

For ~ e M(S™), denote by CI(y) the convex hull in R™*! of
the isometric sphere I(7).

Lemma (5.8). For {y;} CT C M(S™) such that v — oo, we
have d(CI(v),L,(T)) — 0.

Proof. For the properties of isometric spheres, see (2.11)~(2.16).

We shall prove (5.8) by establishing d(CI(v;'),L.) — 0. Recall that

v, — oo if and only if radius I(v;') = radiusI(yx) — 0 and that

I(y) is always orthogonal to S™. Therefore given a point a € D"*1,

we have a & CI(v;) for large k. Thatis, yxa € CI(v;'). See Figure
(5.2). Since d(yxa,L,) — 0, it follows that d(CI(v;'),L.) — 0.

Q.E.D.

Figure (5.2)

Definition (5.9). Two points z,y € L,, are called dual in case
there exists v € T' such that vx(a) — = and ~v;'(a) =y (a € D).

This is also independent of the choice of a. For z € L, let D,
be the set of points in L, which are dual to z. Diagonal argument
shows that D, is a closed subset. Also if yxa — = and -~ la -y,
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then for v € I, vy~ !

I-invariant.

a — = and 'y'yk”la — ~y. Thatis, D, is

Lemma (5.10). If T' has no fized point in S™, then any two
points of L, are dual.

Proof. For L, # ¢, the condition assures that Card(D,) > 2.
Since D, is closed and T-invariant, we have by (5.6) that D, D L,,.
Q.E.D.

Proposition (5.11). If T' has no fized point in S™, then for
any pair of distinct points z,y € L,(I'), there exists a lozodromic
transformation whose two fized points are arbitrarily near x and y.

Proof. By (5.10), we have that = and y are dual. Let y(a) — «
and v;'(a) =y (v €T, a€ D™'). We have clearly vy, — co. By
applying the argument of (5.8), we obtain that CI(v, 1Y is sufficiently
near = and ClI(v) is sufficiently near y. Since z # y, we may
assume that CI(v;') N CI(v;) = ¢. It is easy to show that ~, is

a loxodromic transformation with one fixed point in CI(y;') and the
other in CI(~). This shows (5.11). Q.E.D.

Lemma (5.12). L, (') =¢ if and only if T is precompact.

Proof. This follows at once from the fact that for any @ € D**+1,
the isotropy subgroup of M(S™) at a is isomorphic to a compact
group O(n+1). Q.E.D.

Proposition (5.13). A subgroup T of M(S™) is precompact if
and only if it has a common fized point in D"1. In particular, mazimal
compact subgroups of M(S™) are conjugate to O(n+1).

Proof. The if part is trivial. Let us show that a compact subgroup
I' has a fixed point in D™*!. (Pass to CII' if T is noncompact.)
Choose an arbitrary point a € D"*!. Let d = diampg(T'a) and let
du(a,ga) =d (g €T). Let a1 be the middle point of a and ga .
For any h € I', consider the hyperbolic tetrahedron with vertices a,
ga, ha and hga. All the edges have length < d. Easy hyperbolic
trigonometry shows d(a;,ha;) < cd for some (computable) ¢ € (0,1).
That is, diamg(T'a;) < cd. Likewise construct a2, a3 etc. Let
Ooo = limg_,oc ap. We have diampy(Tas) = 0. That is, an, is a fixed
point of T Q.E.D.
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Corollary (5.14). Unless T' has a fized point in D*t1uS", T

contains a lozodromic transformation.

Proof. The condition implies that CardL, > 2. Therefore (5.14)
follows from (5.11). Q.E.D.

Theorem (5.15). For an arbitrary subgroup T C M(S™), we
have
Lp(T) € Ly(T) = Lp(T) = Lo (T).

Moreover unless Lp(T') = ¢ and L,(T) is a singleton, we have
Lp(T) = L,(I).

Proof. Ly C LyNLp: This follows at once from the local models
of loxodromic and parabolic transformations.

L;JLp C L,: Suppose z & L,. Then by (5.8), for small £ >0
and for a small neighbourhood U of z, we have that CI(y)NU = ¢ if
radiusI(y) < ¢ and v € I'. But the set of v such that radiusI(y) > ¢
is precompact by (2.16). It follows from (2.12) that = & L; U Lp.

We shall divide the proof of the remaining part into four cases.
Case 1. T has no fixed point in D"t} U 8™,

By (5.14) we have Lp # ¢. Therefore it follows from (5.7) that
L, C Lp. Together with the inclusion we have already established, we
obtain that LF = LJ - Lp = Lw.

Case 2. T has a fixed point in D™,

By (5.12) and (5.13), this is equivalent to L, = ¢. We have
Lr=L;y=Lp=Ly,=¢

Case 3. T has a fixed point y € S* and that L, \ {y} # ¢.

Let z € L,\{y}. Notice that parabolic and elliptic transformations
of the isotropy group I'y, keep horospheres at y invariant. Therefore
there must exist loxodromic transformations ~, € I' such that ~v,a —
z (@ € D"*1). Then ~;'a — y. That is, we have y € L, and
L, C Lp, showing that Lp =Lj;=Lp = 1L,.

Case 4. L, = {y}.

This is the only case where we cannot prove L, C Lr. In order to
complete the proof of (5.15), it suffices to show that y € LpNLp. Since
L, # ¢, there exists a sequence {7y} C T such that v — co. Since
vy =y and i are not loxodromic, we have y € CI(vx)UCI(vx")
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and CI(y)NCI (7,:1) # ¢. Hence for any neighbourhood U of vy,
CI(v) C U for sufficiently large k > 0. But by (2.12) and (2.16), we
have that {yx|u} is not equicontinuous. That is, y € L;. Clearly we
have v (U)NU # ¢. Therefore y € Lp. ’ Q.E.D.

The following corollary was already used in §3.

Corollary (5.16). Suppose a discrete group T' admits an invari-
ant open set 0 such that S™\ Q is neither empty nor a singleton.
Then T' acts on Q discontinuously.

Proof. Since T' is discrete, S™\ Lp coincides with the domain of
discontinuity. By (5.6), we have S™\ Q D L, = Lp. Therefore Q is
contained in the domain of discontinuity. Q.E.D.

We will give an example of I' for which Lp(I') = ¢ and L. (T)
is a singleton. The same example can be found in Kulkarni ([44]).

Example (5.17). Let us work with M(ﬁ4). We shall construct
a subgroup I' such that Lg(T') = ¢ and that L, (I') = {oo}. Equiva-
lently, the group I' consists purely of elliptic elements, keeps oo fixed
and does not have a fixed point in H°. By (1.9) and (2.24), any element
f €T has the form

(%) f(x)y=Pz+b (PecO(4), beR*).

Notice that f is elliptic if and only if f has a fixed point a € R*. In
fact, then, the point (a,z) € H® (z > 0) is kept fixed by the extended
action of f. Likewise the group I' has a fixed point in H® if and
only if it has a fixed point in R*. Therefore our purpose is to construct
agroup I' consisting of transformations f of (*) such that

f €T has a fixed point in R*.
I' does not have a fixed point in RA.

First of all let us show that there exist P,Q € SO(4) such that
for any nontrivial reduced word w(P,Q), we have |w(P,Q)— E|# 0.
Notice that for a (possibly real) algebraic group G, if G contains
a free group of two generators, then for any nontrivial reduced word
w(z,y), the equation w(z,y) =id defines a proper subvariety (that is,
a subvariety of positive codimension) of G x G. The converse also holds
since the complements of subvarieties of positive codimension are open
dense subsets and their countable intersection is nonempty. Therefore
a real algebraic group contains a free subgroup of two generators if and
only if its complexification does. Now it is well known that SO(2,1)
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has a free subgroup of two generators. Clearly SO(2,1)c = SO(3)c.
Therefore by the above consideration, SO(3), hence its universal cov-
ering SU(2), has a free group of two generators also. Considering the
inclusion of SU(2) into SO(4), we obtain the desired P and Q.

Let
f:x— Pz and g:z+— Qz+b (b#0).

Now T = (f,g) consists purely of elliptic transformations, since any
element of I' has the linear part without eigenvalue 1 and hence has a
fixed point in R*. However f and g have no common fixed points
in R4

As a matter of fact, (5.17) implies that Lg = L, does not hold in
higher dimension. However in low dimension, we have;

Theorem (5.18). For T c M(R") (n <3), we have
Lp(T) = Ly(T) = Lp(T) = Lo (T).

Proof. All that need proof is that if L, = {co}, then Lp = {oo}.
Equivalently, if T" keeps oo fixed and if T' does not have a fixed point
in R™, then I' contains nonelliptic transformations.

First of all for n = 1, there exist no elliptic transformations that
keep oo fixed and there is nothing to prove.

For n =2, assume that f,g € ./Vl(]’?\l.z)Oo have no common fixed
points in R3. Computation shows that [f,g] = fgf 'g~! is parabolic,
since the linear parts commute.

Finally let n = 3. It clearly suffices to verify for a group I" con-
sisting of orientation preserving transformations. Orientation preserving

elliptic transformations in M(ﬁ?’)oo are rotations around their axes.
Let us show first that if two rotations f,g have disjoint axes, then the
group (f,g) they generate contains a parabolic transformations. In
fact, if the axes are parallel, then [f,g] is parabolic. Suppose they are
not parallel and assume for contradiction that fg~! has a fixed point
z € R™. Then we have f(z) = g(z) = y. By Euclidean geometry, we
have that the bisector of = and y contains the axes of f and g. (See
Figure (5.3).) A contradiction.

Therefore if T' C ./\/l(]:'A{?’)oo is purely elliptic and have no common
fixed points, then all the axes of transformarions of T' must lie in a
plane and all their rotation angles must be 7. Therefore there exists
an index two subgroup of I' consisting of parabolic transformations.
This contradiction shows (5.18). Q.E.D.
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Figure (5.3)

Now let N be a connected closed flat conformal manifold modeled
on (M(S™),S™). As before denote by D the developing map, by ¢ the
holonomy homomorphism and by H the holonomy group. Hereafter by
certain abuse, we consider a flat conformal manifold N- to be equipped
with a particular choice of developing map, holonomy homomorphism
and holonomy groups. Our purpose is to define the limit set of N. So
far, we already had four kinds of limit set in terms of the holonomy group
H. For a flat conformal manifold, they are denoted by Lr(N) = Lr(H)
and so forth. We need one more definition, which is obtained by looking
at the developing map.

Definition (5.19). Let Lo = Lo(N) be the set of points =z
such that for any compact neighbourhood U of x, the inverse image
D~Y(U) has a nonempty and noncompact component.

As is shown easily, Lo is precisely the set of points which are not
evenly covered by D.

For general closed (G, X)-manifolds, Kulkarni-Pinkall([45]) defined
L; and Lp and showed Ly D Lp and Lj D Lo . They also showed
that L; = Lp for closed flat conformal manifolds. The following is an
elaboration of their rerult.
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Theorem (5.20). For a connected compact flat conformal mani-
fold N, we have

Lp(N) = Lu(N) = Ly(N) = Lp(N) = Lo(N).

Proof. Lp =L,: Ifnot,wehave Lp = ¢, L, ={a} and H has
a fixed point a € S™. But then by (4.4), N is isomorphic to either
S™, a Hopf manifold or a Euclidean space form. In any case we have
Ly = L,.

L, C Lo: If CardLo > 2, then this follows at once from (5.6). If
Lo ={a}, then a is a fixed point of H and again by (4.4), we have
L,=Lo. If Lo =¢,then D is a covering map onto S™ . That is,
N is a spherical space form and we have L, = ¢.

Lo C Ly: Denote by B(z,r) the closed disk centered at = € S™ of
radius r > 0 w.r.t. the spherical metric. The proof is by contradiction.
Suppose b € Lo\ Ly. That is, we assume

(1) For some 7 | 0, D~'B(b,7) has a noncompact component
Ej.
(2) {flB@,m)}fen is equicontinuous.

Choose ay € Ei. (Note that D(ax) — b.) Then since N is

compact, there exists & € m1(N) such that £gar is in some compact

region of N. Assume &xar — c¢. Choose a compact neighbourhood
V of c such that L
D3 : V — B(D(c), 2¢)

is a homeomorphism for some & > 0. Assume also D(&kax) €
B(D(c),e) for any k > 0. Choose 6 >0 so
e,y € B(b,r1), d(z,y) <26 = d(f(z),f(y)) <e for any feH.

For ri < 6, we have

E(b7 ’l"k) C F(D(ak)7 26)7

(&) (B(D(ax), 26)) C B(D(&kax), ),

B(D(kax),€) € B(D(c), 2e).
Therefore - .

©(&x)(B(b,7x)) C B(D(c), 2¢),

Now &,Ej is the component containing £xar of D~ 1(p(&)(B(b,7x))
and is contained in V. Therefore &,Ej, hence Ej, is compact. A
contradiction. Q.E.D.
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Definition (5.21). The set in (5.20) is called the limit set of N
and is denoted by L = L(N).

We summarize fundamental properties of L in the following propo-
sition.

Proposition (5.22). L(N) is a closed H-invariant subset of S™.
Further if N is not isomorphic to a Hopf manifold, then L(N) is
the unique minimal set. In particular, if L(N) # S™, then we have
IntL(N) = ¢.

Below we shall give applications of (5.20). The first one (5.23) is
originally due to Kamishima([25]). See also Gusevskii-Kapovich([20]).

Corollary (5.23). If the developing map D of a connected com-
pact flat conformal manifold is not onto S™, then D is a covering
map onto its tmage.

Proof. We need only consider the case where N is not a Hopf
manifold. Then by (5.22), we have L = Lo is contained in the com-
plement of Image(D). That is, Image(D) is evenly covered by D.

Q.E.D.

The next application is found in Kulkarni-Pinkall ([45]), in which
condition(2) below is mistakingly dropped.

Corollary (5.24). Let N be a connected compact flat conformal
manifold and let Q= S™\ L(N). Suppose

(1) 2 is connected and its fundamental group w1 () is finitely
generated.

(2) For any point = € S™, there exists an arbitrarily small neigh-
bourhood U such that U\ L is connected.

Then the developing map D is a covering map onto its image.

Proof. First of all let us prove that D~1(Q) is connected. In fact
given any two points a,b € D~(2), choose a path p in N joining
a and b. The path p is covered by a finite union of small open
set V;. We may assume by (2) that V;\ D7Y(L) ~ D(V;) \ L is
connected. Then we can make a small change of p within |J; V; fixing
the boundary points so that p is contained in D~*(Q2). Therefore
D=1(Q2) is connected.

Now by (4.4), we need only consider the case where H has no

fixed points in S™. We need only show that D(Jv YN L = ¢. Suppose
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the contrary. Choose a small compact ball V such that D is a
homeomorphism on V, that IntD(V)NL # ¢ and that ExtD(V)NL #
¢. Since m1(f2) is finitely generated, it is supported on some compact
subset K of €. By (5.11), there exists a loxodromic. transformation
f € H with an attracting fixed point in IntD(V) and with a repelling
fixed point outside D(V). We have f"(K) C D(V) for some n >
0. Therefore m;(f)) is supported on D(V)N Q. Now D gives
a homeomorphism from V N DY) onto D(V)N Q. This shows
D, : m(D7Y(Q)) — 71 (Q) is an epimorphism. Since points in Q are
evenly covered by D, D gives a homeomorphism from D~!(Q) onto
Q. However D~ !(D(V)) has a noncompact component, which is of

course disjoint from V. A contradiction. Q.E.D.

The condition (2) of (5.24) is in fact necessary. For, let X be a
closed flat conformal 2-manifold corresponding to a B-group I' ([3]).
That is, £ = S™\ L is connected and simply connected and X is
isomorphic to €/T". Apply the construction of (3.37) to X. We obtain
a flat conformal structure with the same holonomy group and surjective
developing map. All this is of course well known. For more general
treatment, see e.g. Goldman ([16]).

We shall finish this section by studying type 2 flat conformal struc-
tures, i.e., with the developing maps covering maps and with indis-
crete holonomy groups. First we give examples in dimension > 3. (2-
dimensional examples were already given in (3.32).) For our purpose the

coordinates of R, 2is convenient.
Consider R~ c R". As before, denote by Rg € M(Rn) the

~T—2

rotation by angle 6 around R . Let
H" ' ={z,_,>0,z, =0}.

Define
~n—2

h:H"'xR—R\R
by h(z,t) = Roqtz. h is a universal covering. By (2.3), we have

2 ~n
)

MR ={ge MR") | g(H"")=H"'}.

Let us define

~n—2 n—2

SR = {fe MR | FRH=R".
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An element f €S (ﬁn_2) carries H™ ! to a half plane bounded by

n

R _2. Clearly f is determined by f(H™ 1) and f |ﬁn~z. This shows
that f commutes with Ry. Therefore we have the epimorphism

~n—2

b MR )RR — SR

defined by ¥(g,t) = Rantg.

Consider the diagonal action of M(f{n_
Then

2) xR on H"!xR.

~An—2 ~n ., An—2

" xR, H"' x R) — (S®" ), R"\R")

(¥, h) s (M(R

is an equivariant mapping of (G, X )-pairs.

~n—2
Example (5.25). Let T' C M(Rn )} be a discrete subgroup
which acts freely on H"~!. Suppose M = H™ !/T is compact. For
any 8 € R\ {0} and any homomorphism g :I' — R, define

~n—2
?2:TxZ—-MR" xR

by @(y,m) = (v, u(y) + mb). Using a triangulation of H™ !/T', one
can construct a continuous map wu : H"! — R such that u(yz) =
u(y) +u(z) for y €T and z € H" 1. Define a homeomorphism

D:MxR—- H" 1 xR

by D(z,t) = (z,u(x) + 0t), where we identify the universal covering
M with H*!. Let o =1%o% and D =hoD. Then (D, ) is
clearly a DH pair for M x S'. Therefore it defines a flat conformal
structure on M x S'. Since D is a homeomorphism, D is a covering
map onto R" \ f{n_2 and the holonomy group H is indiscrete e.g.,
if we choose 6 € R\ Q. (Moreover for a suitable choice of u, the
"rotation part” of H is not even infinite cyclic.) Thus this is a type 2
flat conformal structure.

Conversely we have the following theorem which was first obtained
by Gusevskii-Kapovich ([20]) in dimension 3.

Theorem (5.26). Suppose N is a type 2 connected closed flat

conformal manifold modeled on (M(ﬁn),ﬁn), where n > 3. Then
by changing the DH pair within the equivalence class, we have L(N) =
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~n—2
R . Moreover N 1is a hyperbolic manifold bundle over the circle

whose holonomy map is an isometry.
Proof. Step1. L(N)=R"""
Let ClHp be the identity component of the closure CIH of H.
Since H is indiscrete, we have ClH, # {1}.

Case 1. ClHy is noncompact. In this case L = L,(ClHp) is
nonempty. Notice that ClHy is a normal subgroup of CIH. This
implies that L is invariant by the action of ClH and hence by H.
Therefore by (5.22), we have L(N) C L. On the other hand, it is easy
to show that

L = L,(ClH,) C L, (ClH) = L, (H) = L(N).

Therefore we have L = L(N).

Also by (4.4), we obtain that CardL > 3. In fact, if for example
CardL = 2, then (4.4) implies that N or its double covering is a Hopf
manifold, contrary to our hypothesis.

Let us show next that there is no fixed point of ClHy in L. Suppose
on the contrary that there exists one, say z. Then for any h € H,
hz is also a fixed point of ClH,, since ClH; is a normal subgroup of
ClH. On the other hand, the orbit Hz is dense in L and therefore
has cardinality > 3. That is, there exist at least three fixed points of
ClHy in L. This implies by the argument of (2.22) that ClH, has
a fixed point in D"*!, contradicting the assumption that ClHy is
noncompact.

By (5.6) this implies that any ClHp-orbit K in L is dense in
L. Notice that K is an injectively immersed submanifold in R".
By (5.11), there exists a loxodromic transformation f € H. We may
assume for simplicity that f(z) = APz, (A>1, P € O(n)) and that
0 € K. Clearly K is kept invariant by f. Now the smoothness of K

~k
at 0 implies that K =R forsome 1 <k <n. (K = R* implies that
oo is a fixed point of ClHjy, contradicting the above observation.) This
~k
shows L =R . Since the developing map D is a covering map onto
its image, we have D(N)N L(N) = ¢. In particular we obtain k # n.
Finally we have k = n — 2, since otherwise D is a homeomorphism
~n . ~k
onto a connected component of R" \R and H must be discrete.

Case 2. ClHy is compact. Here the coordinates of S™ is conve-
nient. First of all by (5.13), we may assume ClHy C O(n+1). If 0
is the unique fixed point of ClHy, then 0 is also a fixed point of H.
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That is, H C O(n+1). A contradiction. Therefore the fixed point set
of ClHy in S™ is Sk (0 <k <n). Since ClHp is nontrivial, we
have k # n. Likewise we obtain &k # n — 1. In fact since ClHp is
connected, we have ClHp C SO(n +1). Therefore if k= mn —1, then
ClH, is trivial.

Notice that S* is H-invariant and therefore L(N) C S*. Let us
show L(N) = S*. Since k <n—2, we obtain as in the proof of (5.24)
that N\ D~1(S*) is connected. In way of contradiction take a point
xz € S*\ L(N). Consider an e-neighbourhood V of z in S™ such
that VN L(N) = ¢.

Then we have as well that D~1(V \ S*) is connected. That is,
D~Y(V) is connected. This shows that D is a homeomorphism, con-
trary to our hypothesis. Therefore we have L(N) = S*. As before we
obtain k=n—2.

~n—2

Step 2. We shall show the last part of (5.26). Since L(N)=R
the DH pair (D, ) lifts to (D, %), where

D:N—>H"'x R,
%:m(N) = MR x R.

Denote by p; the canonical projection to the ¢-th factor. Consider
a small perturbation @ of @ such that pyo@ = pyop and
pro@ (m(N)) C Q. Let ¢’ =1 op’. Then there exists a submersion
D' : N —» R" such that (D',¢") is a DH pair. (See Thurston [56]
Chapt. 5 or Canary-Epstein-Green [9] Chapt. 1.) The limit set of the

~n—2

new DH pair (D’,¢’) isalso R, since we have altered @ only
in the R-direction. Therefore by (5.24), D’ is a covering map onto

~T ~n—2
R \Rn . That is, D’ lifts to a homeomorphism
D :N—H"!'xR.

Since py o @ (m1(N)) C Q, we have that py o @ (7w (N)) is infinite
cyclic with a generator 6. Let I' = Ker(ps 0 %’). We have an exact
sequence

1-T—>m(N)—0Z —1.

Correspondingly we have a bundle structure of N  with fiber
H" 1 /p;@'(T') over R/0Z = S'. Clearly the monodromy map is
an isometry of a hyperbolic manifold. Q.E.D.
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§6. Elementary structure and C-structure

Also in this section flat conformal manifolds are to be connected and
compact unless otherwise specified. The dimension is always > 3.

Definition (6.1). A flat conformal manifold N is called elemen-
tary if and only if CardL(N) < 2.

As applications of (5.20), we have the following characterizations of
elementary flat conformal manifolds.

Proposition (6.2). The following conditions are equivalent.

(1) L(N)=¢.
(2) The holonomy group H consists purely of elliptic transforma-
tions.

(3) N is a spherical space form.

Proposition (6.3). The following conditions are equivalent.

(1) L(N) is a singleton.

(2) H contains parabolic transformations and no lozodromic trans-
formations.

(3) N is an Euclidean space form.

Proof.  All that need proof is (2) = (1). (2) implies L(N) # ¢.
By (5.14), we have H C M(S™),, a € S®. This shows (1). Q.E.D.

Proposition (6.4). CardL(N) =2 if and only if N or its double
covering is a Hopf manifold.

Proposition (6.5). If CardL(N) > 3, then L(N) is a perfect
set.

Proof. The assumption implies by (5.14) the existence of a loxo-
dromic elememt f € H. Then at least one point of L = L(N) is not
fixed by f. Since L isinvariant by f, we obtain that L is an infinite
set.. Therefore the derived set L’ is nonempty. By the minimality of
L ((5.22)), we have L' = L. Thatis, L is perfect. Q.E.D.

Theorem (6.6). If the holonomy group H of a connected com-
pact flat conformal manifold N does not contain a free group of two
generators, then N 1is elementary.

Proof. Suppose on the contrary that N is nonelementary.
Then CardL(N) = oo and therefore by (5.11), there exist two loxo-
dromic transformations f,g € H with disjoint fixed points. Now it
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is a well known fact that f™ and g™ generate a free group for large
n. Q.E.D.

(6.6) was first proved under the hypothesis that H is virtually
nilpotent by Goldman([15]) and then by Kamishima ([25]) when H
is virtually solvable. It is well known that for matrix group virtual
solvability is equivalent to the condition of (6.6). See Tits ([57]).

Corollary (6.7). If w1 (M) does not contain a free group of two
generators and if a compact connected manifold M does not have as a
finite covering S™, S" 1 x S' or T™, then M does not admit a flat
conformal structure.

(6.7) forbids many manifolds to admit flat conformal structures, e.g.,
3-manifolds with Nil or Solv geometry.

Given two flat conformal manifolds N; and N,, a new flat con-
formal manifold, called connected sum, is obtained in the following way.
This operation was first introduced by Kulkarni ([42]).

Inside a conformal atlas (U;,q;) of N;, choose a closed ball B;.
Assume that there exists f € M(S™) such that f(Intg:(B1)) = S\
q2(B2). See Figure (6.1). (This is always possible e.g., if we choose B;
so that ¢;(B;) is a metric ball.) Define a homeomorphism h :9B; —
OBy so that ggoh = fogq;. Then '

(foq)Uga: (U \IntBy) U (Uz \ IntBy)/h — S™

is a well defined embedding. Using (fogq;)Ugqa and other small charts
in N;, we can define a flat conformal structure on the connected sum

(Nl \IntBl) U (N2 \ Inth)/h.

Definition (6.8). The flat conformal structure constructed in this
way is called a connected sum of N7 and Ny and is denoted by N;§Ns.

Notice that N;§Ny is not uniquely determined. For example if we
fix By C N2 and make B; C N; much smaller, then the resultant
connected sum would be different as a flat conformal structure.

One can also define the operation of connected sum of more than
two structures.

Definition (6.9). A flat conformal structure (manifold) is called
a C-structure (C-manifold) if it is a connected sum of finitely many
elementary structures and is not itself elementary.
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N

U1 U2
—
a \ q2

/\s" /’_\

Figure (6.1)

It is easy to show that as a flat conformal manifold, N§S™ is
isomorphic to N. This is called a trivial connected sum. There is only
one case where a nontrivial connected sum of elementary flat conformal
manifolds becomes again elementary, that is, when N; = N, = RP",
the real projective space. In this case m1(N1fN2) is isomorphic to the
infinite dihedral group Z; *x Z3. One can show directly that N;fN,
has a Hopf manifold S™"~! x S! as a double covering. In all the other
cases the fundamental group of a connected sum contains a free group
of two generators and therefore it cannot be elementary.

Definition (6.10). A Cantor set YT C S™ is called tame if
and only if there exists a homeomorphism h : ™ — S™ such that
h(Y) C St. Otherwise Y is called wild.

Proposition (6.11). A C-structure N 1is of type 1. The limit set
L(N) is a tame Cantor set.

Proof. For the first part of (6.11), it suffices to show the following;
If the developing maps of the flat conformal structure N; and N
are injective, then the developing map of their connected sum is also
injective. Let S C N1fNs be the (n-1)-sphere on which the connected
sum is made. S splits N1§Ny into two parts M; such that M; C N;.
Take a base point in IntM;. We have

71 (N1§N2) = 71 (Ny) * 71 (Nz).

The element of 71 (N1§N2) is represented uniquely as a reduced word
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of elements of m1(N1) and m1(Nz). Consider the universal covering
([ MQ - NlﬁNz.v

Choose one component of 7~!(M;) and denote it by M. 1. Choose one
boundary component of ]Tfl and denote it by S. The component of
7~1(M,) which has S as a boundary component is denoted by M,.
The boundary of ]Tfl consists precisely of those components of 7~1(S)
which are of the form £S (£ € m(My)). €M, is adjacent to M if
and only if £ € m; (Ml) Now by the assumption the developing map
D is injective on M1 and on §M2 D(Ml) and D(ﬁﬁg) are in the
opposit sides of the sphere D(S). This shows that D is injective on

Ml U (U€€W1(M1)€M2)'

Boundary component of §M2 except §§ are of the form fng (ne
m1(M2) \ {1}). Again D(fﬁz) and D({nﬁl) are in the opposite
sides of the sphere D(&)S) Therefore D is injective on the union of
M, €M, and &nM* (€€ m(My), ne€m(Ms)\ {1}). An induction
on the length of the word of m;(N14{N2) yields that the developing
map D of a C-structure N is injective. We also have that Image(D)
is contained in the complement of the limit set L = L(N) and the
holonomy homomorphism is an isomorphism onto a discrete group H.
Next we shall show that L is totally disconnected. Once this is
established, we have by (6.5) that L is a Cantor set. For simplicity, we
prove this only for the connected sum N of two elementary structures
N; and N,;. We use the same notations as before. Choose a base point
o € D(Intﬁl) and consider the family of disjoint topological spheres

8 ={p(Q)D(5) | ¢ € m(N)}.

A point = € S™\ Image(D) is called accessible if there exists a path
p in S™ combining zy and z such that p intersects finitely many
spheres in S. Accessible points consists precisely of the H-orbits of the
points in L(N7) U L(N3). See Figure (6.2). (We made the convension
that D| i, coincides with the restriction of the developing map of N;.
This is always possible if we change the DH pairs of N, within the
equivalence classes.)

Therefore accessible points are at most countable in number. Let
x € 8™ \ Image(D) be a nonaccessible point. Then there are infinitely

many nested spheres <p(Q)D(§ ) (¢ > 1) which separates z from xo.
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¢D(M,)

Figure (6.2)

Since (; is distinct and H is discrete, we have ¢((;) — oco. Therefore
by (5.8), we have
diamp(¢))D(5) — 0

since D(S)NL = ¢. This shows that the component of S™\ Image(D)
at a nonaccessible point z is a singleton. Since accessible points are at
most countable, this shows that S™ \ Image(D), hence L, is totally
disconnected.

At this point we have obtained that L = S™ \ Image(D), since
S™\ Image(D), having no interior, is not evenly covered by D.

Finally to show the tameness of L, we have to define a homeomor-
phism h:S™ — S™ such that h(L) C S'. First of all, define h on
ClD (]T/f 1) so that h carries all the boundary components to spheres in-

tersecting S' and that h carries all the accessible points in ClD(Ml)
into S!. Next extend h to the adjacent components. Proceeding like
this we can define the homomorphism A on the whole of S™. Details
are left to the reader. Q.E.D.

In dimension 3, we have the converse of (6.11).

Theorem (6.12). Let N be a connected compact flat conformal
manifold of dimension 3 such that the limit set L(N) is a tame Cantor
set. Then N is a C-manifold.

Proof. We employ a method of Kulkarni ([43]) based upon the
study of ends of a group. The necessary parts of the theory of ends are
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summarized in Appendix.

First of all notice that a tame Cantor set L(N) satisfies the con-
ditions of (5.24). Especially Q = S™\ L(N) is simply connected.
Therefore the developing map D : N->Q isa homeomorphism and
the holonomy group H acts on 2 freely and discontinuously. That
is, we have an isomorphism N = Q/H of flat conformal structures. By
Selberg’s theorem (3.31), H has a torsion free subgroup H’ of finite
index. N’ =Q/H' is a finitely sheeted covering of N and therefore
a compact manifold. Clearly we have L(N') = L(N). By (A.4) of
Appendix, we have

Card€(H') = Card€(Q) = oo.

Therefore by Stalling’s theorem (A.9), we obtain that H’ is a non-
trivial free product. Consequently N’ decomposes as a nontrivial con-
nected sum (as a manifold). See e.g. Hempel ([22]). Thus we have that
ma(N) = mo(N’) 2 1. By sphere theorem, this implies that N is re-
ducible. It follows from (6.6) that N is not homeomorphic to S2 x St,
since N is not an elementary structure. Therefore N is nonprime,
that is, decomposes as a nontrivial connected sum N = NN, as a
manifold.

Let S C N be the two sphere on which the connected sum is made.
Let N= M;Ug M, and N; = M;Ug B;, where B; is homeomorphic
to the closed 3-ball. Let 7: N — N be the universal covering and let
S be alift of S to N. Denote by ]\’/.7z the connected component of
7~1(M;) which has S asa boundary component. All the boundary

components of M; is of the form ¢S (§ € m1(V;)). Since D[y isa
homeomorphism, it extends in an equivariant way to ﬁl = ]TJ: u 5 fél.
From this we obtain a flat conformal structure on N;, showing that
the given structure on N is a connected sum of these two structures.
Clearly we have L(N;) C L(N). Therefore either CardL(N;) <2 or
L(N;) is again a tame Cantor set. In the latter case, apply the whole

argument once again to N;. It is well known in 3-manifold theory that
this process terminates. We obtain that N is a C-structure. Q.E.D.

It is unknown whether (6.12) holds in dimensin > 4. In §8, we shall
give an example of flat conformal 3-manifold whose limit set is a wild
Cantor set. By (6.11), this is not a C-manifold.

§7. Poincaré polyhedron theorem

This section is devoted to the exposition of a fundamental theorem
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of Poincaré. It will be given in its simplest form, which is sufficient for
our purpose of the next section. More general treatment is found e.g. in
Maskit [47] in the framework of hyperbolic geometry.

Let T;, T} (1 <i<m) be metric (n —1)-spheres in S™. Assume
that any pair of them either intersect in an (n — 2)-sphere or are disjoint
and that any triple do not intersect at all. Let £ = {e;} be the family
of (n — 2)-spheres of the intersections. Let P be a component of the
complement of the union of all T; and 7T;. Assume that any element

of £ is contained in OP. See Figure (7.1).

s, S

Sy

S, S,

Figure (7.1)

Let S; =T;NOP and S;=T;NOP. They are puctured (n — 1)-
spheres. Let S = {S;,S/}. Anelement of S or £ is called respectively
a side or an edge of P. Our first hypothesis is this.

(H.1). For each i, there exists f; € M(S™) such that fi(S;) =
S! and fi(P)NP =¢.

Fix f; once and for all and let F = {f;, f;'}. An element of F
is called a side pairing transformation. A side pairing transformation,
say f;, sends an edge e in 8S; to an edge € in 8S]. Wecall e
and €’ are related. This relation generates an equivalence relation in
£. & is partitioned into equivalence classes, called cycles. Each cycle
C can be cyclically ordered as

C={61 ,...,ep_l,e,,:eo}
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in such a way that for each 1 <v < p, there exists f, € F such that
folev—1) =e,. Let

Clearly fc(eg) =eo. For each cycle C, fc is well defined up to inverse
and conjugation. See Figure (7.2).

€1

f2 €
fe

fsfo f1P

€3 = €p

Figure (7.2)

For each edge e € £, the angle of P at e is denoted by 8(e).
For a cycle C as above, define

Hc= Z 9(6,,).

1<u<p
Our second hypothesis is;

(H.2). For each cycle C, we have 6c =2r/q and f&=id for
some q 2> 1.

The relation fg =id is called a cycle relation. Denote by I' the
subgroup of M(S™) generated by F and let I'* be the abstract group
with generators the side pairing transformations and with relations the
cycle relations. Clearly we have an epimorphism 1 :I™* — T.
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Definition (7.1). For a subgroup G C M(S™), an open subset
R C S™ is called a fundamental domain of G if and only if the
following two conditions are satisfied. ( Q¢ denotes the domain of
discontinuity of G. )

(FD.1) Qe = |J g(CIR).
geG
(FD.1) g(R)NR=¢ forany g€ G\ {1}.

Theorem (7.2). Assume (H.1) and (H.2). Then ¢ :T* =T s
an isomorphism, I' is a discrete subgroup of M(S™) and P is a
fundamental domain of T.

Proof. Think of the family {yP},er of domains. By a side pairing
transformation f, fP is attached to P along a side of P. Next
fgP (g€ F,g# f~1) is attached to fP. If this process is continued,
then around an edge ey € & which belongs to a cycle

C= {61 ,...,ep_l,ep = eo}
such that f,(e,—1) =e,, there is a sequence of domains

P-) pra fpfp—1P7 ~~~~~~ ) fp"'flPa
e (o f) P e s (fpr )T foP

They surround the edge eg. By virture of (H.2), the sum of their angles
at egp is just 27 and the last domain

(fp  f) 7 fpe o foP

is attached to P by f;. The essential part of the proof is to show that
in this way the family {yP} forms a “tesselation” of S™. However
in order to be precise, we must argue in a formal way as follows. Start
with abstract copies of P and attach them one by one by side pairing
transformations, thus constructing a replica of the domain of disconti-
nuity of T'. Next we show the existence of an embedding of the replica
into S™. The abstract group I'* is convenient for this development.
Let us embark upon the proof.

Define an equivalence relation ~ in I'* x ClP generated by the
following,.

(v,z) ~ (+,2") if ¥ =~f, z=f(z') for some fe€ F.
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Let
Q*=T*xCIP/ ~.

The action of T on Q* is defined by
Y (v, 2) = (v, 2).
Claim 1. Q* s a flat conformal manifold on which T'* acts
conformally.

Choose (v,z) € I'* x CIP. Suppose first of all that = € P. Then
by (H.1), there is no point z’ € CIP such that z = f(z') (f € F).
That is, (vy,z) is equivalent to no other point and therefore it certainly
has a neighbourhood homeomorphic to an n-ball. Suppose next that
z € IntS, where S is aside of P, with a side pairingmap f: 5 — §'.
Then as is shown easily, the only point in I'* x C1P which is equivalent
to (A\,z) is (A\f7!, f(z)). Clearly one can construct a neighbourhood
of the identified point [(A,z)], homeomorphic to an n-ball, in

{A} x CIPU{Af™'} x CIP/ ~ .
Finally consider the case where z € ey (ep € £). Let
C={e1,...,ep_1,6p = €0}
be a cycle such that f, (6,/’_1) =e,. Then we have
\a) ~ (At fpz) ~ oo
MO L DT e )T - o).

By the definition of the cycle, these are shown to be all the points that
are equivalent to (X,z). By (H.2), we can construct a desired neigh-
bourhood of [(A,z)]. This shows that Q* is a manifold. Since the side
pairing transformations are Moebius transformations, it is easy to endow
Q* aflat conformal structure. Also one can show without difficulty that
the action of I'* is conformal.

Next consider the conformal mapping
E:Q*— 8"

defined by E(X,z) = ¥(A\)z where 9 : I'* — I' is the canonical
projection. FE is well defined and t-equivariant, that is,

EN (A 2)) = ¢(N)E, ).
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Claim 2. FE is an embedding onto a connected open subet Q C
S™.

For the proof we need hyperbolic geometry of D"*!. Let us extend
first of all (n — 1)-spheres T; and 7, used to define P to half n-
spheres Ti,T; C D™*! orthogonal to S™. These are totally geodesic

hyperplanes in (D"*! gy). Using T; and T; we can extend the
domain P to a domain P C D™*!. Define as before

QO =T*xP/~,
E:Q — D,

The argument of Claim 1 shows that Q" isa hyperbolic manifold and

that E is an isometric immersion. Furthermore one can show that
—*

there exists € > 0 such that any point in Q has a neighbourhood

isometric to hyperbolic e-ball. Therefore Qs complete and thus E
is a covering map. That is, E is a bijective isometry. Since

EUE:Q*uQ — s*u D"t

is continuous, we obtain Claim 2.

Claim 2 implies that ¢ : ' — I' is an isomorphism and that
' is a discrete subgroup of M(S™) which acts discontinuously on
Q = E(Q*). What is left is to show that P is a fundamental domain.
This is equivalent to the following.

Claim 3. Q is precisely the domain of discontinuity Qr of T.

We already had Q C Qr. To show the converse, it suffices by (5.15)
to show that S™\ Q C L, (I"). Take a point = € S*\ Q. Then for any
small neighbourhood U of z in S™U D™, we have wPNU # ¢
for infinitely many ~x € I. By (5.8), we have CI(yx) NP = ¢ for large
k, since ClIPN L, (T') = ¢. This implies

diamy, P < diamCI(v; ') — 0.
That is, U contains infinitely many P, showing that = € L (T).
Q.E.D.
§8. Wild Cantor set as limit set

In this section we shall construct an example of type 1 compact
flat conformal 3-manifold whose limit set is a wild Cantor set. Such
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an example was first obtained by Bestvina-Cooper [4] for an open 3-
manifold. Our example is a variant of what they constructed. We shall

follow [4] rather closely.

For a while we adopt the coordinates of fig instead of S®. First
of all let K be a graph embedded in R32, depicted in Figure (8.1).

xz—plane xy—plane

Figure (8.1)

The segment ab, cd, ef, gh and 4j are straight lines and the
other parts are circular arcs of the same radius. Choose a family of
2-spheres

Ay,...,An, As, ... A Bi,... B,
B,,...,B.C,C'D, D, E, E,

as in Figure (8.2).
We assume the followings.

(P.1) All the spheres have the same radius and have centers in K.

(P.2) The union of balls they bound covers K.

(P.3) The centers of C, E', D', C', E, D are in the z-axis.
An, C, Al and A;, E, A] have centeres in straight lines
parallel to z-axis. By, E’, B} and' B,, D, B! have centers
in straight lines parallel to y-axis.
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Figure (8.2)

(P.4) Adjacent two spheres intersect at angle 2m/28.

Let P be the complement in ﬁB of the union of all the balls.
Next we shall define side pairing transformations for P.

(8.1) «j = Ipyoly,, where I, is the reflexion at the zy-plane and
I A, is the inversion at the sphere Aj;.

(8.2) Bj = Iz, 01p,.

(8.3) v= Rg’ oIc,cryolo, where Rg/ is the rotation by +90 de-
grees around the oriented line through the center of C’ parallel
to the positive direction of y-axis and 7(C,C’) is the bisector
of the centers of C and C'.

(84) 6= RZD (o] Iﬂ'(D,D/) o ID.

(SS) € = Rfl o W(E,E’) o IE

Denote the side of P by A} = A; NCIP, B; = B;NCIP and so
forth. They satisfy the condition (H.1) of §7. That is,

(H1) o;(A3) = A7, Bi(B;) = Bf, y(C*) =C"*, §(D*) =D,
e(E*)=E* and f(P)NP=¢ (f=o0y,...,6).

Next we shall verify the condition (H.2) of §7 by listing up the cycles.
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First of all for any 1 < j < n — 1, we have the following cycle.

(C.1) AjNAj —5 AN AL, 25 ’“A NAji

aj"jlozj keeps points in A; N Aj41 fixed. By (P.4), it is a rotation
by 2m/14 around A; N Ajy1. Therefore (H.2) is satisfied for ¢ = 14.
Likewise the following cycle satisfies (H.2). :

) Bt
(C.2) B; N By 25 BN B, 25 BN By

There are two more cycles. The first one is;

-1
(C3) ANES A NE-SBNE2 BnE S ANE

Computation shows that €3] lea; keeps Ay NE pointwise fixed. It
is a rotation by 27/7 around A; NE and thus (H.2) is satisfied for
q = 7. Now the last cycle.

€4 EnC -SEnD B D B.ADSCND

—1 a—l
2,4 NC=A,NC L ENC

By studying Figure (8.2), we obtain that a1y~ 168,16 e yields the
translation by 7/2 on the circle EN C’. We also obtain (H.2) for
qg=4.

Thus by (7.2), the group I' generated by the side pairing transfor-
mations is discrete, with the domain of discontinuity € and P is the
fundamental domain for I'. That is, we have the followings.

(FD.1) Q= J~(p).
~yer
(FD.2) Y(P)NP=¢ forany veT\{1}.

Let Ty be a torsion free subgroup of I' of finite index. Then the
quotient space N = /Ty is a compact flat conformal manifold and we’
have

L=L(N) = Lp(To) = Lp(T) =R"\ 2.

The rest of this section is devoted to the proof of the following theorem.
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Theorem (8.1). The limit set L is a wild Cantor set.

The proof consists of a series of lemmas. The main part is to show
that L is a Cantor set. First of all notice the following feature of our
construction. See Figure (8.3). For any side T* of P, let T be the
2-sphere which contains T™ and let e C 9T be an edge. Since all the
translates of P which gather at e have angle 27/28 there, the part
of T which is opposite to T* w.r.t. e and near e is also a side of a
translate of P. That is, the side “prolongs” in the tesselation.

So far in the construction of I', we have used the coordinates of

f{3. However in the rest, we change the coordinates from ﬁs to S8,
Thus, distance, radius, etc. are measured in the Euclidean metric of R*
which contains S® as a unit sphere {|z|=1}.

Let {vx} CT be an infinite sequence. Since T' is discrete, we have
Yr — O0.

Figure (8.3)

Lemma (8.2). For any edge e of P, we have radiusvg(e) — 0.

Proof. This follows at once from (5.8), since we have e N L = ¢.
QE.D.

Let

L={T)|yel, T=4,....E'}
A=1{y(e) |y €T, e; an edge of P}.
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Notice that A consists of disjoint circles, while spheres in ¥ may in-
tersect. Furthermore at this point we do not know, for example, whether
or not it so happens that two spheres in ¥ are tangent. We have a
control of A since any of its circle is contained in 2. However this is
not the case with ¥. We only have a rather weak grip on 3.

For Se€X, let

As={leA|lc S}

Take a base point zg € S such that zo lies in a translate of the interior
of a side of P.

Lemma (8.3). For z €8, z liesin Q if and only if there exists
only finitely many circles in Ag which separate = from .

Proof. Notice first of all that circles in Ag are mutually disjoint.
To show the if part, let p be a pathin S from zg to z which meets
circles in Ag at finitely many points. An induction on the number of
points shows that p is contained in the union of translates of sides of
P. In particular, we have z € (.

For the converse, suppose that for a fixed edge e of P, ~x(e)
(1 <k <oo) separates z from zo. By (8.2), we have that

radius y(e) — 0.

Notice that (FD.1) and (FD.2) implies that ~z(e) is disjoint from
a small neighbourhood of z. Since 4x(e) are mutually disjoint,
we obtain that ~i(e) — z. Therefore the family {y;'} cannot be

equicontinuous on any neighbourhood of z. That is, = € L;(T") = L.
(See (5.15).) Q.E.D.

Corollary (8.4). A connected component of LNS is a singleton.
In particular Q20 S is open and dense in S.

Proof. This follows from the fact that ~x(e) C Q. Q.E.D.

A word of caution. In the above corollary, we do not assert that the
component of L at a point of S is a singleton.

In spirit we are going to show the total disconnectedness of L in
a way similar to (8.4) using spheres in ¥ instead of circles in Ag.
However as we remarked earlier, we do not have yet a good grip on how
3 looks like. The main difficulty comes from the fact that SN L # ¢
for S € . In what follows we shall carry out study of ¥ step by step.
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Corollary (8.5). We have SN~Y{P)=¢ forany vy €T and
S € X. (Recall that P is an open set.)

Proof. For contradiction, take a point z € SN ~(P). By (FD.1),
we have z € Q. Therefore by (8.3), there exist finitely many circles in
Ag separating x from x9. Now the argument of the first part of
(8.3) can be applied to show that z is contained in the union of sides
of translates of P. That is, = & v(P). A contradiction. Q.E.D.

Lemma (8.6). Let S, S'eX. If l=5N8" isa circle, then
l € A. In particular, we have [ C Q.

Proof. By (8.4), there exists a point = € [\ L. By (8.5), we have
that = & v(P) for any v € I'. Likewise we obtain that = does not
lie in a translate of the interior of a side of P, since otherwise either
S or S’ would intersect some ~y(P). Therefore we have z € !’ for
some ' € A. Should !’ not coincide with I, there would be another
sphere S” € ¥ such that S, S’ and S$” meet in general position at
z € y(P). Again one of the three spheres would intersect some ~(P).
A contradiction. Q.E.D.

Lemma (8.7). Let S€X. Suppose that for some v, € I', ~v,(S)
are distinct spheres. Then we have radius~(S) — 0.

Proof. Suppose the contrary. We may assume further that ~;(S)
converges to a 2-sphere Sp. Let us show first that SoNL # ¢. Take a
point a € S and assume that yi(a) — b € Sy. For any neighbourhood
U of b, wehave vjv; '(U)NU # ¢ for arbitrary j > i>> 1. That
is, b€ Lp(T')= L. (See (5.15).) On the other hand, we have Sy ¢ L.
In fact, So C L would imply that € is not connected. However this is
impossible since the fundamental domain P is connected. (Notice that
by the minimality (5.6) of L, we have IntL = ¢. Compare (5.22).)

Consider a path in Sy which combines a point of Q2N Sy to a
point of LN S,. As in the proof of (8.3), one finds a sphere S’ € &
which separates these two points. Clearly S’ N Sy = [ 1is a circle.
Since ~,(9) — Sp, we have that ~(S)N S — . By (8.6), we
have v£(S)NS € A. Since ~x(S) are all distinct, we may assume
(passing to a subsequence if necessary) that -+, NS’ are all distinct.
This contradicts (8.2). Q.E.D.

Lemma (8.8). Fiz once and for all zo € P. A point z € S3
belongs to Q if and only if there exist only finitely many spheres in %
which separate = from x¢.
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Proof. Suppose there exist infinitely many Sy € X. Then by (8.7),
diamSy, — 0. As in the proof of (8.3), we have z € L. (In fact this
part will not be used in the sequel.)

Let us embark upon the proof of the converse. Define a closed subset
Y; C S® inductively as follows.

Y, = CIP.
Y; = UfyClP, where vCIPNY;_; #¢, for j>O0.
¥

Define an open subset X; by

X, =5%\Y;.
The set theoretic frontier 6X; is an angular surface (possibly with
singularities) composed of the translates of sides of P, which we call
sides of X;. We have a filtration
(*) ClXg DXy DCIX; DX; DClXy D Xo---.

See Figure (8.4).

Figure (8.4)
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Since P is the fundamental domain for I", we have

L=()X;.

=20

For S €%, the connected component of S\ S opposite to the base
point g is called the inside of S and is denoted by Inside(S). It
is an open subset by definition. Let

Y; ={S € X | S contains a side of X;}.

Once we establish the following sublemma, a point « € L can be
shown to be inside infinitely many spheres in ¥, completing the proof
of (8.8). Q.E.D.

Sublemma (8.8.1).

(1) Forany S€X;, wehave S C CIXj.
(2) We have
X; = U Inside(S).

sex;

Proof. The following properties of P, very easy to check, play a
crucial part in th proof. Denote by T aside of P, by T, the sphere
containing T} and by e, an edge of P. ’

(a) If T;NT; = ¢, then we have T, NTp = ¢.

(b) Suppose Tine, =¢ andlet S € X bean arbitrary sphere
which passes through e,. If SNT, # ¢, then S contains a
side S* of P suchthat S*NT; # ¢ and e, C 8S5™.

(¢c) If T,nTg#d, TsNT, # ¢ and T,NT, # ¢, then two of
the three spheres T,,, Ty and T, must coincide.

The proof of (8.8.1) is by induction on j. For j =0, this is clear
by the construction of P. Let j > 0. Assume (8.8.1) for j — 1.

Proof of (1). For a given S € X;, let S* C S be aside of Xj.
Choose a point z in the interior of S*. By the filtration (x), we have
z € X;_1. The induction hypothesis implies that z € Inside(T) for
some T € ¥;_;. Since S* C 80X}, there exists a translate yClP having
S* as a side such that yClP N X; = ¢. That is, yClP C Y;. By the
definition of Y;, we have yCIPNOX;_; # ¢. Since z € Inside(T),
~CIP must lie in T U Inside(T"). Therefore we have

YCIP AT NOX, 1 # ¢.
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Clearly vCIPNT NOX,;_; is either a side or an edge of yClP. Since
S* C Xj—l, we have S§* N (’YClP NnTAN 8Xj_1) = ¢.

If vCIPNTNOX;_1 is aside, then it follows from (a) that SNT # ¢.
That is,

S C Inside(T) € X;-1.

Clearly this implies that S C CLX.

Suppose on the contrary that vClPNT N8X;_y is an edge, that
is a circle ! € A. By (b), we obtain the same conclusion except in the
case where T contains a side T* of yClP such that T* N S* # ¢
and T* D l. See Figure (8.5). In this case choose a point y € S* NT™.
As before we obtain that y € Inside(7”) for some T” € ¥;_; and that
lcT. If SNT' #¢, then T’ contains a side T'* of ~ClP such
that T*NS* # ¢ and T™* D 1. This contradicts (c). Therefore we
have SNT' = ¢. As before we obtain S C CLXj.

Figure (8.5)

Proof of (2). By the construction Y; is connected. Therefore for
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S €3j, §CClX; implies that Inside(S) C X;. This shows

|J Inside(S) c X;.

SeX;

For the converse, consider a path p combining the base point zg
to a given point x € X;. Any such p must intersect 9X; and hence
ﬂsezj S. Choose p so that

(i) p does not pass through the intersection of two distinct spheres
of Ej,
(ii) the sum

> Card(pn )

SEZJ'

is the minimal.

Then for each S € ¥;, we have Card(pn S) < 1. In fact, if not,
one can find a subarc g of p such that ¢ C S and ¢\8q C Inside(S).
One can push ¢ out of Inside(S) in such a way that the numbers of
intersections of p with the other spheres do not change. This contradicts
the minimality (ii).

We obtain that Card(pNS) = 1 for some S € ¥;. That is,
z € Inside(S), as is required.

Q.E.D.

At this point we need a concrete picture how CLX; and ClX; look
like. The picture of ClX; near A;NA;;, AiNE and A, NC are
shown in Figures (8.6)~(8.8).

The point is that Figure (8.8) shows that there occurs a separation of
components of ClX; near A,NC. Asa matter of fact, the same thing
happens near any edge in the cycle of A, N C. Furthermore we find
a lot of separation of components of ClXj. In particular in e~ 1(CLlP)
which is inside FE, we observe that a component of ClX2 Ne *(CIP)
which intersets e~'B; do not intersect ¢ 1Bj. See Figure (8.9).

The same thing happens inside E’. In summary we have the fol-
lowing.

Let T, T' be any adjacent pair of 2-spheres chosen from Ai,...,E'.
Then a component of CIXs \ (Inside(T") U Inside(T”)) which inter-
sects T does not intersect T'.

As a matter of fact, much more can be said concerning the smallness
of components of ClX5. However this is all that we need.
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Figure (8.6)

Figure (8.7)

Lemma (8.9). For arbitrary spheres S, S’ € ¥ such that | =
SNS' s acircle, let D (resp. D’) be one of the disks in S (resp.
S’) which is bounded by 1. Suppose that the angle of D and D' at
| is 2r/28. Let Q be the closure of the component of S3\ (SUS’)
bounded by D and D’. Then a component of LNQ which intersects
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An

Figure (8.8)

Figure (8.9)
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D does not intersect D’'.

Proof. Since we have [ € A by (8.6), the proof reduces to the case
where | is an edge of P and D and D’ contains adjacent sides
of P. Since L C ClX5, (8.9) follows from the above observation. See
Figure (8.10). Q.ED.

Figure (8.10)

Another way to put (8.9) is the following.

Corollary (8.10). For arbitrary spheres S, S’ € ¥ such that
I=5nNnS8" is a circle, the component of L at a point x € S'\'S does
not intersect S.

Proof. Let A be the component of S\ S at z and let = be
the closure of either of the components of S3\ (SUS’) which contains
A in its boundary. Then by (8.9), we obtain that for any y € ANL,
the component of ZNL at y does not intersect S. See Figure (8.11).
It is easy to show that (8.10) follows from this. Q.E.D.

Lemma (8.11). Let S be an arbitrary sphere in Y. For any
z € SNL, the component of L atz is {x} itself. '
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Figure (8.11)

Proof. By (8.8), there exists an infinite sequence {Sx} C ¥ such
that Sy separates x from the base point xg € 2. Note that Sy — .
For large k, Sy - intersects S at a circle. Therefore by (8.10), the
component of L at z does not intersect Si. This completes the
proof. Q.E.D.

Corollary (8.12). For any S € X, the component of L at a
point £ € L\ S does not intersect S.

Corollary (8.13). L is totally disconnected.

Proof. Let z € L. If £ € S for some S € ¥, then we have
already shown (See (8.11).) that the conponent of L at z is a singleton.
So consider the other case. By (8.8), there exist infinitely many spheres
Sk € ¥ which separate z from a base point zy € P. By (8.7), we
have Sy — z. Therefore (8.12) implies (8.13). Q.E.D.

By (6.5), this implies that L is a Cantor set. Thus we have finished
the proof of the first part of Theorem (8.1). Let us show in the remainder
that L is wild. First of all we have the following well known fact, which
is easy to show.

Proposition (8.14). If T C S™ is a tame Cantor set, then S3\T
is simply connected.
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Thus once we establish that the inclusion i : P — € induces an
injection on the fundamental groups, then the proof of Theorem (8.1)
will be complete.

Some readers may have a feeling that this can be solved by looking
at the homomorphism

T (P) 5 1 (Q) 25 1y (Q/T).

The computation of m1(2/T), the fundamental group of an orbifold, is
in fact easy. However in order to show the nontriviality of the homomor-
phism p, o1,, one is léad to the word problem of 71(€2/I'), in which an
approach geometric in nature is obviously indispensable. Instead of go-
ing to this direction, we employ the following argument which is totally
geometric and is applicable also to the word problem of 1 (Q/T").

The key fact is the following lemma.

Lemma (8.15). Let T* be a side of CLP, then the inclusion
T* — CIP induces an injection on .

Proof. By sliding handles of S3\ P, one obtains that CIP is
a handlebody of genus 2. Therefore m;(ClP) is a free group freely
generated by a and 8. If T* # E* or E,*, then the lemma follows
easily. For T* = E*, the image of m;(E*) is generated by a and
afBa~1B71. It is well known, easy to show using the once puctured
torus model, that they generate free subgroups. Q.E.D.

Now let us embark upon the proof. Let «:S! — P be a loop such
that a1 in P. Suppose on the contrary that a~1 in Q. Let
B:D? - Q be the extension of . By a small perturbation, one may
assume that B is smooth and transverse to any circle in A and to any
sphere in Y. Their inverse images form a graph G in D?. (G may
contain smooth circles as connected components.) As a matter of fact,
we have G # ¢ and GNS! = ¢. See Figure (8.12).

Let us choose (8 so

(M.1) the number of vertices of G is the minimal,
(M.2) the number of edges of G is the minimal among those which
satisfy (M.1).

Let A be a connected component of D?\G which is homeomorphic
to an open disk. Then JB(A) C yvP for some ~y € I Since S8 is
transverse to Y0P, we have that OA is a simple closed curve.

Claim (8.16). The number of vertices of A is > 3.
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(O

D‘Z

Figure (8.12)

Proof. Ifnot, B(OA) is contained in the union 7 of adjacent two
sides of vOP for some vy € I'. Clearly 7 is homotopic in yCIP to a
single side. See Figure (8.2). Since B(0A) is null homotopic in yC1P,
we obtain by (8.15) that B(9A) is null homotopic in° 7. But then we
can alter the map 8 sothat B(A) C 7T and eventually push S out of
~CLlP. This contradicts the minimality assumption (M.1) if A has a
vertex and (M.2) otherwise. Q.E.D.

Now consider the family of smooth circle components of G. Let
be the innermost one and let V' be the open ball bounded by [. In
case there is no smooth circles, let V = IntD?. By (8.16), there must
exist components of G in V. Consider G' = GNV. G’ has no
longer a smooth circle component. Let GY,...,G. be the connected
component of G’. Let E] be the component of V'\ G which contains
AV and let

H(G))=V\E.
Notice that H(G}) is a simple closed curve since it is the inverse image

by 8 of asurface yOP for some v € I'. Therefore H(G}) is a closed
disk. Define a partial order < in the set {GY,...,GL} by

Gy < G} <= H(G}) C H(G}).



256 S. Matsumoto

Let G} be the minimal element. Then any component of H(G})\G} is
an open disk. That is, G; gives a polyhedral decomposition of H(GY}).
Let f, e and v be the number of faces, edges and vertices of the
decomposition. By virtue of (8.16), we have

3f < 2e.

Notice that by (P.4), exactly 28 edges gather at each vertex of G;-.

Therefore we have
14v = e.

The computation of Euler number yields;

2 e
1=f-— <Ze-e+—<0.
f—et+v< 36 e+ i
This contradiction shows that 4. : 7 (P) — 71 (f2) is an injection, as is
requied.

Appendix End

The concept of end of a topological space and of a discrete group was
first introduced in 1931 by Freudenthal ([11]) and was studied, among
others, by Hopf ([23]). See also Freudenthal [12] and Epstein [8]. After
almost 40 years, Stalling ([54],[55]) established a celebrated theorem
concerning finitely generated groups with infinite ends. See Dunwoody
[7] for related topics and a geometric proof of Stalling’s theorem for
finitely presented groups. All this has a wide range of applications. For
the convenience of the reader, we collect here some parts of the theory,
mostly without proof.

First of all we define the ends of a connected locally finite simplicial
complex U.

Definition (A.1). A sequence {Mj} of subsets of U is called
discrete if for any compact subset C of U, we have M;NC = ¢ for
but finitely many k.

Definition (A.2). A point sequence {zi} C U is called admis-
sible if for any k > 0, there exists a path P, C U combining z; and
Zg+1 such that the family {P,} is discrete.

Definition (A.3). Two admissible sequence {z;} and {z}} are
said to be equivalent, (denoted by {zx} ~ {z}} ) if and only if there
exists a path P (k > 0) combining z, and =z} such that the family



Flat Conformal Structure 257

{P:} is discrete. An equivalence class of admissible sequences are called
an end of U. The set of the ends of U is denoted by E(U).

It is easy to show that the relation in (A.3) is in fact an equivalence
relation. Notice that a subsequence of an admissible sequence is again
admissible and in the same equivalence class.

For applications to flat conformal structures, we need the following.

Proposition (A.4). For an open domain U of S™ (n > 2),
the set of ends E(U) is in one to one correspondence with the set of
connected components of Y = S™\ U.

Proof. First of all let us define a correspondence of an end to a
connected component. Let {zyp} be an admissible sequence of U.
Then we have d(zy,Y) — 0. Let us show furthermore that there exists
a unique connected component Y, of Y such that d(z,Y,) —
0. Suppose the contrary. Then there exist subsequences {yx} and
{zx} of {xx} such that d(y,Y,) — 0 and d(zx,Y,) — 0 for
disjoint components Y, and Y, of Y. Then there exists a compact
neighbourhood B of Y, in 5™ suchthat BNY,=¢ and 0B CU.
Then any path Py in U combining vy, and 2z must intersect the
compact set OB. This contradicts the fact that {yx} ~ {zx}. The
same argument shows that the component thus chosen is independent of
the particular choice of an admissible sequence in the equivalence class.
Thus an end corresponds to a connected component.

The converse correspondence is defined as follows. For any con-
nected component Y, of Y, we can find a sequence {Bj} of compact
connected neighbourhoods of Y, in S™ such that OB, C U and that
N Bx = Y,. Furthermore one may assume that 0Bj, is a finite union of
codimension one connected submanifold. Notice that any codimension
one connected submanifold splits S™ (n > 2) into two parts. Since U
is connected, this shows that IntBy \ Y is arcwise connected. Choose
an arbitrary point xp € IntBy. Combine zp and zx41 by a path Py
in Int B, \ Y. This shows that {z;} is an admissible sequence. Q.E.D.

The ends of a group is defined by virtue of the following theorem.

Theorem (A.5). Let T' be a finitely generated group which acts
on a connected locally finite simplicial complex U freely and discontin-
uously such that the quotient U/T' is compact. Then the set of ends
E(U) s determined (up to a bijection) only by the group T'. It does
not depends upon the particular choice of the space U.

Definition (A.6). The set of ends in (A.5) is called the end set
of the group T' and is denoted by E(T).
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Theorem (A.7). The end set E(I') of a finitely generated group
I’ is infinite (in fact uncountably infinite) if CardE(I') > 3.

We have the following characterization of the group according to its
end set.

Theorem (A.8). Let T be a finitely generated group.

(1) E(T)=¢ ifand only if ' is a finite group.
(2) EI") consists of two points if and only if T' has the infinite
cyclic group Z as a finite index subgroup.

For a group with infinitely many ends, Stalling obtained a complete
characterization. However for the sake of simplicity we only state the
following partial result.

Theorem (A.9). A finitely generated torsion free group I' has
infinite ends if and only if T' has a nontrivial decomposition as a free
product T =T x's.

As an application, if a torsion free group I' in (A.9) acts on a
domain U C S™ freely and discontinuously and if the complement
S™\ U has more than two components, then I' is a nontrivial free
product.
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