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§1. Introduction

In this paper, we discuss algebras associated with the solvable lattice
models and conformal field theory (CFT). In [7], solutions of Yang-
Baxter equations (YBE) associated with the vector representations of
simple Lie algebras are introduced. For each solution, we denote by
Y, an algebra of Yang-Baxter operators. On the other hand, solutions
of star-triangle relations (or IRF models) associated with the vector
representations of classical simple Lie algebras are introduced in [9]. For
each solution, an algebra of face operators F,, are introduced in Section
3. Let Y,, and F, be the above algebras associated with a simple Lie
algebra of type A. Then they are both quotients of Iwahori’s Hecke
algebra H,(g) of type A. Let g be a simple Lie algebra of type B, C or
D. For the algebras Y,, and F,, associated with g, we show in Section 5
that Y, and F,, are both quotients of a g-analogue of Brauer’s centralizer
algebra Cp(a,q). The algebras H,(g) and Cy(a,q) have the following
properties.

(1) The algebra of face operators of an IRF model associated with
a classical simple Lie algebra is a quotient of H,(g) or Cy.(a, ¢).

(2) The algebra of Yang-Baxter operators associated with a classical
simple Lie algebra is a quotient of H,(g) or Cy.(a,q). ([7], [13])

(3) Let Uy(g) denote the g-analogue of the universal enveloping al-
gebra of a simple Lie algebra g. Then the centralizer algebra
associated with the vector representation of U,(g) is equal to a
quotient of H,(q) if gis of type A and a quotient of Cy,(a, ¢q) if g
is of type B or C. The centralizer algebra associated with that of
type D contains a quotient of C(a,¢). (Immediate consequence
of (2).)
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(4) The algebra generated by monodromies of the n-point function
of CFT associated with a classical simple Lie algebra is a quo-
tient of H,(q) or Cn(a,q). ([16])

(5) Some knot invariants (the one and two-variable Jones polyno-
mial and the Kauffman polynomial) are linear combinations of
irreducible characters of the algebras H,(q) and C,(a,q) ([10],
(23], [17)).

In Section 2, we reconstruct the IRF models introduced in [9] in terms
of the algebra H,(q) or Cy(a, q). The set of local states is equal to the
set of equivalence classes of irreducible representations of the algebra. In
Section 3, the algebra F,, of face operators is introduced. In Section 4, we
review the solutions of the quantum Yang-Baxter equations associated
with the rector representation of Lie algebras of classical types. The
algebra Y, of the Yang-Baxter operators are introduced. In Section 5,
we investigate the algebra C,(a,q). By using the IRF model of type A,
we may reconstruct the irreducible representations of Iwahori’s Hecke
algebras given in [5] and [18]. Similarly, by using the IRF models of
types B, C and D, we construct all irreducible representations of the
algebra C,(a,q) (Theorem 5.15). At the last section, we propose some
problems. ’

§2. Solvable lattice models

Solvable lattice models with face interaction are introduced. Each
model is a generalization of that in [9] and related to the inductive

limit lim X{") of the affine Lie algebra X\ = A%, B, ¢, DIV, A

sequence A = (A1, Ap,...) is called a partition of a positive integer n if
At 2 X2 2 ...and Y ;A\ = n. For a positive integer n, let A(n) be
a set of partitions of n and A = U,A(n). For A € A, let [A] = 3. Ai.
Let x; = (0,...,0,1,0,...) and O = (0,0,...). We list a set A below.

Every element of A is corresponding to a fundamental weight of the Lie
algebra X, for sufficiently large n.

A={K{,K,y,...}  for type A,

2.1
1) A= {£K,,LK,y,...} for types B, C and D.

Consider now a two dimensional square lattice £. We shall introduce
face models on £ that have the following basic features:

(1) The fluctuation variable placed on each lattice site assumes its
values in A. We call these values local states.
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(2) Adjacent local states differ by an element in .4. More precisely,

a b R
d c) describing
the interaction of four fluctuation variables round a face [1] sat-

isfy the condition

this means that the Boltzmann weights W(

(2.2) W(Z 2):0 unless b—a, c—b, d—a, c—dec A

Under the setting above we have found a system of Boltzmann weights

Wab
c

d u> that depend on the spectral parameter u € C and solve
the star-triangle relation (STR)

(2.3) %:W(IZ cgl u) W(Z’ ]gc u+v) W(; ; v)
zgw(g g ) W(g ¢ u+v) W(; !

a f a f

g ‘ e

c d C

Fig. 1. Star-triangle relation (STR).

The solutions are parametrized in terms of the elliptic theta function

U
[u] = 62("=,p)
(2.4) o
0, (u,p) = 2p'/¥sinu H(l — 2pF cos 2u + p**)(1 — p*),
k=1
where L # 0 is an arbitrary complex parameter. We need the following
notations. Let a be an arbitrary complex parameter. For A € A and
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p € A, A(p) denotes the following:

Mp)=Xi+o —i+1 for u==x,,

2.5
(2:5) Ap)==A—-oy+i-1 for p= -k,
where

a for types A and C,
(2.6) ay =< a—-1/2 for type B,

a—1 for type D.
We also use the following:

a for types A and C,
(2.7) a; =< a—1 for type B,
a —2 for type D.

The parameter w is fixed as follows:

—(a+1)/2 for type A,
(2.8) o= —(2a—~1)/2 for type B,
—(a+1) for type C,
—(a—1) for type D.

FOI'A:()\1,)\2,...,)\[,0,0,...) €A, let

(2.9) ha(i,g) = Xi—i—j+max{k[\x 27} (1SiSL 1S5S N),

and

Aiti

I k) + A()] (N +i20),
(210) @@= 7"

H§:i+1 [M(k;) + ’\(K'j)]
1o 20, +2—2i — ]

=1

(}\,' +1 < Z).

The factor G5, is given by the following:

(211) G,\,‘, = GA—]—'u,/G/\) GAO = 11



(2.
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As
] —i4+ a
H H for type A,
Fobe eaiey ha(d, ) +1]
¢
N (k.
1 B M) for type B,
iy lag +1 =] Hj:l [Aa(4,7) + 1]
R g5 () [2A(k,)] [ — i + 1]
i1 2oy +2- 21] =i+ a+ 115 [Aa(i,5) +1]
for type C,
¢
H (1) i —i+qf for type D.
(i o — HJ PaE5) + 1]

The solutions are given precisely by the following formulas. For &, g, v,
o € Awith g+ v = & + o, we write

K A Atk
(2.13) 'UI;]U:W<)\+;L At pto u)
lim A():
£ (144
(2.14a) u%‘p =T
B IMp) = My) — 4] ,

(2.14b) plly = NOERD) ( #v),
(2.14c)

G L ([/\(ﬂ) — () + 1] [A) = AR) - 11)”2

SRR A(r) = A@))*

lim BY, lim ¢, 1im DXM):
— — —

n

(2

2.

7]
14d) pOp
u

n n

g ul ot E v) =4

(B #v).
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w — ] [ (D(u) () + 1) M) — A() - 11)” ’

B M) — AP
(b # +v),
(2.14g)
Y AW A ey o )
e A WV 17 | A Rl
(2.14h)
H _w =] [2A(p) + 1 — u] U[u][2/\(u)+1+w—u]
A W IEY R WP 1 O

where o = 1 for types B and D, and ¢ = —1 for type C.

Theorem 2.15. The Boltzmann weight given above satisfies the
STR.

Proof. Let r be a positive integer. By specializing the parameter
a to r in the above models, we get Boltzmann weights of the models in
[9]. A local state (A1,..., A, 0,...) € A of our model corresponds to the
following local state of [9].

A +r. N Fr—i+1,0 00 +1) for types A and C,
(2.16) (M +r—1/2,..., 0 +r—i+1/2,...,X.+1/2) for type B,
M+r=1.. X +r—i...,A) for type D.
We assume that the parameter L is generic. For a, b, ¢, d, e, f € A, let
(2.17) S(a,b,c,d,e, fu,v;a) =

sz &) (s e w(] i)
g d
—ZWanggeu—H}W ul.
b ¢ c d g
9
For W’s of types C and D, from the proof of (2.2) in [9] we have S(a,b c,
d,e, f; u,v; r) = 0 for a positive integer r such that a, = b, = ¢, = d,
e, = f, = 0. There are infinitely many integers which satisfy the above
condition. Hence we have S(a,b,¢, d,e, f; u,v; @) = 0 for arbitrary a
since the parameter L is generic. Hence W’s given in (2.14) satisfy STR.
From the proof of (2.2) and Figure 2 in [9], Boltzmann weight W of type
B also satisfies STR.

The Boltzmann weights enjoy the following properties.
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0) = 6bd-
_ a d
u) = W( b o

Rotational symmetry (valid except for A,)

(GG (d a
u>_(GaGc> w c b w-u].
Inversion relations

ZW(a g u)W(a b
5 d ¢ g c

—(a b —(c d
£5(3 o-)o(; 3]ore) -
g
Here we have set

—f(a b
W(dc

Initial condition

(2.18) W(Z IC’

Reflection symmetry

(2.19) W( Z ﬁ

(2.20) W< g ’Z

- U) = 5bd01(u)>
(2.21)

w—u),

1/2
u) = GaGc : W d a
GyGg4 c b

4]l - u |w+u][w -1 or
Ql(u) - [1]2 ) 92( ) - [1]2 f; An’
0u(w) = op(w) = Ml Bl o] g g o p,

[w]* [1]?

To prove the above relations, we can apply the argument used in the
proof of STR. Corresponding relations are given in [9].

§3. An algebra of face operators

In this section, we define an algebra of face operators of the models in
the last section. We denote by V ®" the n-fold tensor product of a vector
space V. Let V = lim C[U; A(7)] and vy the base of V' corresponding

n
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to A € A. A face operator T3(u) (i = 1,2,...,n—1, u € C) is an element
of End(V®(*+1)) defined by the following:

(3.1) Ti(u)(UAO ®"'®UA‘_1 ®vki ®'U)".+1 ®"'®U,\n)

. Aic1 A
- Z W( A A
MEA

u) (U2, ® - ®Uy, , ®UNBY,,,, ® QU ).

In the rest of this paper, we restrict our models to their trigonometric
limit. In this case, [u] stands for 2sin(wu/L). Let z = exp(miu/L).
Then the trigonometric limits of the Boltzmann weights of our models
are Laurent polynomials on z, and so T;(u)’s are Laurent polynomials
on z.

Let T; (i = 1, ..., n — 1) be the coefficient of the highest degree of
T(u) with respect to z.

Proposition 3.2.  The operator T;(u) is expressed by T; fori =1,
.,n—1.

Proof. For type A,
(3.3a) Ti(u) = T; — 271277
For types B, C and D,
(3.3b) Ti(u) = 2T, — T; + 1 — [w]2[1] 2T + 272w 2 1) 2T
For any case, the algebra F, is generated by 1%, ..., Th—1.

Definition 3.4. Let F, be a subalgebra generated by the operators
T4, Ty ..., T,_1. We call F,, the algebra of face operators.

For type A, it is known that the algebra of face operators F, is
isomorphic to the Iwahori’s Hecke algebra of type A,_;. For types
B, C and D, the algebra F,, is isomorphic to a g-analogue of Brauer’s
centralizer algebra (see Theorem 5.9). We give finite dimensional F,-
submodules of V®(™+1), Fix an element X in A. Let V) be a subspace
of V®(»+1) spanned by a part of basis of V®(n+1);

(3.5) VA——_- Z CUA0®’UA1 e ®UA,.'
Ay s An €A,
Aip1—AEA,
20=(0,0,...),
A=A

The following proposition is a direct consequence of the definition of the
face operators.
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Proposition 3.6. The subspace V) is invariant under the action
of the algebra F, of face operators.

§4. An algebra of Yang-Baxter operators

Let V be a finite dimensional vector space over C and n be a positive
integer. For R € End(V®V), R; (i =1,2,...,n—1) denote the element
in End(V®")

(4.1) R =id®---®id® R ®id®---®id,
il

which acts by R on the ¢ and 7 + 1 components and acts by identity on
the other components. Quantum Yang-Baxter equation (YBE) is the
following equation for a one-parameter family R(z) € End(V @ V);

(4.2) Ri(z)Ry(z + y)R1(y) = Ra(y)Ri(z + y) Re(z).

Let g be a Lie algebra of type A,, B,, C, or D, and U,(g) the g-analogue
of the universal enveloping algebra of g. Let V' be the vector represen-
tation of U,(g) and A be the comultiplication of U, (g). In [7], solutions
R(z) of YBE with [R(z),A(g)] = 0 for g € U,(g) are constructed ex-
plicitly. In the following, we rewrite these solutions. By convention the
indices o, frun over 1,2, ..., N, where N =dimV. N=r+1,2r+1,
2n, 2n for types A,, B,, C,, D,. Weput o/ = N+1—a. Let E,g be the
matrix (8;8;5). Let furthere, =1 (1 SaSr),=-1(r+1Sa<2r)
for type C, and ¢, = 1 in the remaining cases. Let & be a non-zero
complex parameter associated with the quantization (k = e~2%),

(4.3) ¢ =k>! for type B,, k*"*? for type C,, k>~ for type D,,

~ a-1/2 (1SaZSr)
(4.4a) a= = =
a+1/2 (r+1Za<2r)
for type C,, and
a+1/2 (1£a< ¥t
(4.4b) a={ a (=)
a-1/2 (B <asn)
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for types B, and D,. Under these notations the solutions are given as
follows: Type A,: :

(4.5a)
R(z) =(z = k)Y | Eaa®Faq + k(z — 1) Y Ega®Fag
a#B
—(k*=1) (Z + E) Epp®E aq-
a<p oa>f
Types B,.,C, and D,:
(4.5b)
R(z) =(z — k*)(z — €)Y  Fac®Faa + k(z —1)(z =€) > Epa®Fap
aFa' a#B,B'
- (k2 _1)(1" - 6) ( Z +z Z ) Eﬁﬁ®Eaa
a<B,a#p’' a>B,a#p’
+ Z aaﬁ(‘”)Ea’ﬁ@Eaﬂ' ’
where '
(4.6)
Kz — &) (z - 1) (a=B,a#da")

| Mo 0D+ -0 -1z (a=pa=a)
208(®) =\ (1~ 1)(eaepth®B(z — 1) — bop(z — £) (a <P)

(K — 1)2(eacpth®P(z 1) = 6,5(z = £))(a > B).
Let R denote the highest degree of R(z) with respect to z.

Proposition 4.7. The operator Ri(u) 18 expressed by R,- fori=1,
e n—1.

Proof. For type A,
(4.8a) Ri(z) = zR; — K*R*.
For types B, C and D,

(4.8b) Ri(z) = 2®R; — z(R; — (1 — k*)(1 — €) + K2¢R) + k*¢R.
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For any case, the algebra Y, is generated by Ri,...,R._1.

Definition 4.9. Let Y, be a subalgebra of End(V ®™) generated by
the operators R, R,, ..., R,_,. We call Y, the algebra of Yang-Bazter
operators.

For type A,, it is known that the algebra of Yang-Baxter operators
Y, is isomorphic to a quotient of the Iwahori’s Hecke algebra of type
A, 1. For types B, C and D, the algebra Y, is a quotient of a ¢-analogue
of Brauer’s centralizer algebra (see Theorem 5.20). Details are given in
the next section. This fact follows from [17].

5. Brauer’s centralizer algebra and its g-analogue
g g

At first we define a knit semigroup. A knit semigroup is a general-
ization of a braid group.

P P o3l

i-11 i+1i+2 n i-11 i+1i+2 n i-11 i+1i42 n

-1
T, T, g

Fig. 2. Generators of a knit semigroup.

Definition 5.1. Let n be a positive integef. The semigroup K,
defined by the following generators and relations are called a knit semi-
group.

(5.2)
Ky =<Tiyee oy Tne1s Ty oyen ey Tty €1y oy Eni |
Ti"i_l = Ti_lTi =1, TTiTi = Tig1TiTitl, Ei€ix1€;i = &,
T =TT, Ti€j = €&;Ti, €5 =€ (i —j] £2),
eigin1 T = ey, eiei T = ;7Y
160 = TE;_IE,', T e e = T e > .

The generators 7;, Ti_l and ¢; are presented graphically as in Figure 2.
Some relations of K, are graphically presented in Figure 3.
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\ I\ \/ U Ul U
/ \ \\ \'N ﬂ ﬂ \

The knit semigroup K,, contains the braid group B, on n-strings.
B, is the subsemigroup of K, generated by 7;,7;' (i=1,2,...,n—1).
We denote by CK,, the semigroup algebra of K,,. We call CK,, a knit
algebra. Let a be a non-zero complex number. Let

(5.3) Kp(a)=K,/<mei=¢emri=ag; (i=1,...,n—-1)>.

We call K,(a) a knit algebra with twist factor a.
Let 8 be an arbitrary complex parameter and D, (8) the algebra
defined by the following:

(54) D.(B)=K,(1)/<7?i=1,¢e=8 (i=1,....,n—1)>.

D,(B) is introduced in [3] and is called Brauer’s centralizer algebra.
Centralizer algebras associated with the vector representations of Lie
algebras of types B, and C, are quotients of D,(3) for suitable 8.

Let a and ¢ be arbitrary complex parameters and Cy(a, ¢) the alge-
bra defined by the following:

(5.5)
Ca(a,) =Kp(a)/< - —(g—q¢H(1-e) (i=1,...,n—1)>.

%

We call C,.(a,q) a g-analogue of Brauer’s centralizer algebra, since it is
a one-parameter deformation of the algebra D, (3). We have

(56)  lLmCu(g%q)=D(l~a) lmCa(-¢%¢)=D({1+a)

since the relations of (5.3) and (5.5) imply that

(5.7) f:(l—“_a_l)ei (i=1,...,n—-1).

g—gq!

By putting ¢ = 0 in C,(a,q), we obtain Iwahori’s Hecke algebra
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H,(q) of type A, which is defined by the following:

(5.8)
H.(q) =<7y, yTpn_1 |

TiTip1 T = T Tl N7 = ;T (I - 7l 2 2)

—(g-qgY-1=001Z%i<n-1)>.

The algebra H,(gq) is a one-parameter deformation of the group ring
of the symmetric group S, of degree n. In other words, H,(g) is a
g-analogue of the centralizer algebra associated with the vector repre-
sentation of the Lie algebra of type A,.

Theorem 5.9. For any algebra F,, of face operators of types B,
C and D, there is a pair (a, q) such that F, is isomorphic to the algebra

Cr(a,q).

Proof. An isomorphism ¢ : F, — Cy,(a,q) is given by the follow-
ing:

(610 @) = g "

(i=1,...,n-1),

where w is given by (2.8). The relation between parameters (a, L) and
(a,q) is given by

g 3 for type B,
(5.11) q = exp(2nL), a=1<{ —q %1 for type C,
g~2*t1  for type D.

For the type C, the well-definedness of the map phi is given in [14].
Proofs for the other types are similar.

Remark 5.12. The classical limit of the algebra F, are given as
follows:

D,(2a+1) for type B,

(5.13) lim F, = D,(—2a) for type C,
q—

D,(2a) for type D.

Fix a positive integer n. We construct all the irreducible represen-
tations of Cp{a, ¢) for generic parameters a and g. We may consider the



412 J. Murakami

F,-modules V®™ and Vj (A € A) introduced in Section 2 as Cy(a,q)-
modules. Let

(514)  An=A(R)UAR-2)U...U { A0) if n is even,

A(1) if nis odd.

Theorem 5.15. For any of solvable models of types B, C and
D given in Section 1 with generic parameters o and L, we have the
following.

(i) For A € A,, Vx is a simple Fp-module.
(it) For two distinct elements A, X' € A,, F,-modules V5 and Vy
are not equivalent.
(iii) For a finite dimensional simple F,-module M, there is A € A,
such that M is equivalent to V.

Proof. The idea of proof is given in [14]. This theorem can be
proved similarly as that for Theorem 2.3 in [18]. The proofs of the parts
(i) and (ii) are done by induction on n. The essential facts used in the
proofs are the followings. The first fact is that the Boltzmann weight

W( Z u) is not identically equal to 0 if a —b,b—c,a—d,d—c € A.

We identify the algebra F,,_; with the subalgebra of F, generated by
Ty, T5, ..., Th_3. Then the second fact is the following:

Lemma 5.16. The multiplicity of any simple F,,_1-module in V)
is at most 1.

Proof. From the definition of the F,-module V) (X € A), we have

(5.17) Vy = @ v,
BEA,
A—p€A
as an F,_j;-module. Hence the multiplicity of any simple F,,_;-module
in Vy is at most 1 because of the induction hypothesis.

By using the above two facts, we can apply the argument of the
proof of Theorem 2.3 in [18] for the algebra Cy(a, g)-

It remains to show the part (iii). By Theorem 3.7 of [2], we know
that the irreducible representations of C,(a, g) are parametrized by A,,.
Hence, by using the parts (i) and (ii), we get the part (iii).

Now we get a method to construct all the irreducible representations
of Cp(a,q) for generic parameters. The following gives such method for
Brauer’s centralizer algebra D,(03).
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Corollary 5.18. For A € A, and the F,-module Vy, define t,,
e; € End(Vy) fori=1,...,n—1 by

(5.19) t; = lirq T;, e; = lim (¢¥ — ¢ ) ¢“T; — ¢ “Ti1) + 1.
q—?

qg—1

If the parameter a is generic, there is a representation of Brauer’s cen-
tralizer algebra D, to End(Vy) sending 7;, €; to t;, e, respectively.

Proof. Check finiteness of all the matrix elements of lim,_,; T; with
respect to the basis {v, ® vy ®---®v, } of Vy.

Theorem 5.20. For the algebra Y, of Yang-Bazter operators of
types A, introduced in Section 4, there is q such that Y, is a quotient
of Iwahori’s Hecke algebra H,(q). For any algebra Y, of types B,, C,
and D,, there is a pair (a,q) such that Y, is a quotient of the algebra

Cr(a,q).
Proof. For the case of type A, it is shown in [6]. A homomorphism
¢: Ho(k™) — Y, is given by the following:
(5.21) o(r)=k"'R, (i=1,...,n-1).
A homomorphism ¢ : C,(a,q) — Y, is given by the following:
(5.22) o(ry=k7'R, (i=1,...,n-1),

where w is given by (2.8). The relation between parameters (a,q) and
(r, k) is given by

g~ for type B,
(5.23) g=k"1 a=< —g~ 1 for type C,
g~ %+l for type D.

To show the well-definedness of the map ¢, we need the following two
facts. Theorem 4.3.4 of [17] shows the relation between the Yang-Baxter
operator R; and the Kauffman polynomial, which is an invariant of knots
and links. Articles [2] and [13] give the relation between the Kauffman
polynomial and the algebra C,(a,¢). By combining the above results,
we get the well-definedness of the map ¢. We omit the detail.

§6. Problems

In this section, we propose three problems.



414 J. Murakami

The first problem is to give the correspondence among the algebras
of face operators, those of Yang-Baxter operators and those of mon-
odromies of CFT associated with any representation of a Lie algebra.
Such models are constructed for all the irreducible representations of the
Lie algebras of type A. IRF-models are given in (8] and vertex models
are given in [4]. The algebras of Yang-Baxter operators of these models
are discussed in [15]. CFT of this case is studied in [16].

The second problem is to describe the generic properties of the al-
gebras obtained as above. For example, they are finite dimensional quo-
tients of the group ring of the braid group B, or the semigroup ring
of the knit semigroup K,. In [12], some properties of algebras of mon-
odromies of CFT are given. At first construct an algebra with those
properties. Then it might be possible to construct models from the al-
gebra. In this manner, we might get models not associated with the
representations of Lie algebras.

The last question is about the irreducible representations of the
algebra Cp(a,q). The elements of representation matrices of our con-
struction are not Laurent polynomials in a and ¢. But it seems to exist
a construction of each representation of C,(a,g) whose matrix elements
are Laurent polynomials. For Iwahori’s Hecke algebra, such construction
is known. For example, see [11].
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