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Formal Groups and Conformal Field Theory over Z

Toshiyuki Katsura*, Yuji Shimizu and Kenji Uenot

Abstract.

We introduce a formal group naturally associated with algebraic
curves. The formal group is isomorphic to the one obtained from
the universal Witt scheme. The charge zero sector of the boson Fock
space is regarded as the coordinate ring of the formal group. Us-
ing this structure, we can give tau functions. We also define new
operators fn, vn (n € Z,n > 0) on the fermion Fock space.

§0. Introduction

The conformal field theory of free fermions on compact Riemann
surfaces has been investigated by many mathematicians and physicists
(cf. [ABMNV], [AGR], [BMS], [BS],[EO], [IMO], and [KNTY]), and the
bosonization rule (cf. [DJKM] for instance) plays the central role in
the theory. In our previous paper [KSU], we define the new bosoniza-
tion over the ring Z of integers (similar treatment can be also found in
[CKK]), and constructed the conformal field theory over Z. (In [KSU]
we constructed the conformal field theory over Z[1] because of the com-
plicated nature of spin bundles in characteristic 2, but our theory can
be formulated over Z similarly.) In the theory, the coordinate ring of
the universal Witt scheme plays an important role. In this paper, we
introduce a formal group naturally associated with algebraic curves, in
particular, Riemann surfaces. We show that the formal group is iso-
morphic to the one obtained from the universal Witt ring, and that the
coordinate ring of the formal group is regarded as the charge zero sector
of the boson Fock space (cf. Section 3). Then, using a theorem of Cartier
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(cf. Theorem 1.2), we define the tau function. The tau function coin-
cides with the one in [KNTY], and gives its natural interpretation. On
the universal Witt ring, we have two kinds of operators, i.e., Frobenius
operators F,, and Verschiebungs V,, (n € Z,n > 0). Using them and
the new bosonization introduced in [KSU], we introduce operators f
and v} (n € Z,n > 0) on the fermion Fock space and the dual fermion
Fock space. We show that the operator f is adjoint to the operator v},
with respect to the natural pairing (cf. Theorem 4.1). The operators
T(n) = fyovy, (resp. S(n) =3 .., frn ovy ) (n € Z,n > 0) satisfy the
properties similar to the Hecke operators. Hence, we get systematically
divisor functions (resp. the Riemann zeta function), using operators
T(n) (resp. S(n)) (cf. Theorem 5.5 (resp. Theorem 5.8)).

The authors would like to thank Y. Namikawa for useful discussions.
The first and the third authors would like to thank Max-Planck-Institut
fiir Mathematik for the warm hospitality during their stay in Bonn.

§1. Formal groups

In the former part of this section, we give a brief survey of formal
groups (for details, see {Hz]). For the sake of simplicity, we will explain
finite dimensional cases. But we can easily generalize them to the infinite
dimensional case. In the latter part of this section, we summarize the
results on the universal Witt ring. Let A be a unitary commutative
ring. We denote by G;(X,Y) (i = 1,2,...,n) a power series in 2n
indeterminates X,...,X,;Y1,...,Y, with coefficients in A. An n-tuple
of power series

G(X,Y) =(G1(X,Y),...,G.(X,Y))

is said to be an n-dimensional formal group law over a ring A, if it
satisfies the following two conditions :

(i) Gi(X,Y)=X;+Y; mod (degree2), i=1,2,...,n,

(i) Gi(G(X,Y), Z2) = G;(X,G(Y, Z)), i=12,...,n.

An n-dimensional formal group law G(X,Y) is said to be commu-
tative if it satisfies the following condition:

(iii) Gi(X,Y)=G:(Y,X), i=12,...,n.

In this paper, we consider only commutative formal group laws,
and so we mean by a formal group law a commutative formal group
law. Formal group law gives a co-addition of the ring A[[X1,...,X,]] of

formal power series over A. Therefore, it gives an addition on the formal
scheme Spf(A[[Xj,...,X,]]) over A. Conversely, if a formal scheme
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Spf(A[[X1,...,X,]]) has a structure of abelian group, then this gives
a formal group law (for details of formal schemes, see [Hz]). .A formal
scheme with addition is called a formal group. By abuse of language,
we also call a formal group law a formal group.

Example 1.1. We denote by G,(A4) (resp. G,,(A4)) the additive
group scheme (resp. the multiplicative group scheme) over A. Set-
theoretically, we have G,(A) = A (resp. G,(A) = A* = the unit group
of A) with addition

AxXxA — A
w w
(a,) — a+b

resp. A* x A* — A*
w wol
(a,0) +— ab

Therefore, using this group law, we get a formal group law given by
Gu(X1,Y1) = X1+ Y1 (resp. Gm(X1, Y1) = X1 + Y1 + X1 Y1)

which is called the additive formal group law (resp. the multiplicative
formal group law).

An n-tuple of power series ¥(¢) = (71(¢),72(¢).--,7n(¢)) in an
indeterminate ¢ such that v;({) = 0 mod (degree 1) is said to be a
curve in the formal group G(X,Y). By C(G;A) we denote the set of
curves in the formal group G(X,Y) over the ring A. For two curves
B({), 7(¢) of C(G; A), we define the addition +¢ as follows:

B({) +e (€)= G(B($),¥($))-

Then, by this addition, C(G; A) becomes an abelian group.

Let F(X,Y) (resp. G(X,Y)) be an m-dimensional formal group
(resp. an n-dimensional formal group) over A, and we let a(X) =
(a1(X),...,an(X)) be an n-tuple of power series in m indeterminates
such that a;(X) =0 mod (degree1) ,i=1,...,n . Then a(X) is said
to be a homomorphism over A from F(X,Y) to G(X,Y), if

a(F(X,Y)) = G(a(X),a(Y))-

A homomorphism a(X) is said to be an isomorphism, if there exists a
homomorphism §(X) from G(X,Y) to F(X,Y ) such that a(8(X)) = X
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and B(a(X)) = X. We denote by Hom(F, G) the set of all homomor-
phisms from F(X,Y) to G(X,Y). It has naturally a structure of abelian
group. A homomorphism a(X) induces a homomorphism

C(F; A) 5 C(G; A)

(71((), "17‘m(C)) Land ((11(’)’1 (C)’ - 7m(<))a ey an('Yl(C)a * 7M(C))) *

Now, let W(A) be the set of A-valued points of the universal Witt
scheme W4 over a ring A (cf. [KSU] and [Hz]). In the following we
sometimes use the notation W (A) as the meaning of the Witt scheme
W4 over A. For an indeterminate T', we set

A(A) = {1+ a;T + a;T* +---| a; € A}.
An addition on A(A) is defined by multiplication of power series. We
have the following homomorphisms:
Gr(4) &  w@) D A(4),
(1.1)
(tl,tz,...) “— (1:1,.’112,...) — 1 +81T+32T2 +---,

where w and ) are defined by

n/d
(1.2) nt, = E dmd/ ,
din
[JO - 2T =1+ T+ 5T +---.
=1

respectively (cf. [KSU] and [Hz]). It is well known that X is an isomor-
phism. In case A contains the field Q of rational numbers, w is also
an isomorphism. These homomorphisms induce the following homomor-
phisms:

(1.3) Alt1,ta,...] S Alzy,z2,...] & Alsy, 50,...].

Using addition laws of abelian groups G3°(A4) , W(A) and A(4), we get
the following formal group and homomorphisms :

(1.4)
G(4) z W(4) A A(4)

Spf(A[[t1,12,-..]]) Spf(A[[z1, z2,...]]) Spf(A{[s1, 82,---]])
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where W (resp. A) is the homomorphism (resp. the isomorphism) in-
duced from w (resp. A). Here, A[[t1,ts,...]] (resp. A[[z1,z2,...]], resp.
A[[s1,z2,...]]) is the completion of the polynomial ring A[ty,ts,...]
(resp. A[z1,za,...], resp. A[sy,S2,...]) of indeterminates t;, t2, ...
(resp. z1, 32, ..., resp. 8y, Sz, ... ) with degt; = i (resp. degz; = i,
resp. deg s; =4 ). The homomorphisms in (1.4) induce homomorphisms
of coordinate rings defined by (1.2) and (1.3):

(1.5) Allts,ta,... ] " Allza,z2,...]] & Al[s1, 52, ..]].

We set t = (t1,%2,...) and x = (21, 22,...).

Let us define Frobenius operators F,‘,‘ and Verschiebung operators
VA (n=1,2,3,...) on A(4). For this purpose, we prepare additional
variables 3, €2,... such that

(1.6) 1+ 81T+ 5T +--- = [[(1 - &)
=1
Then, we define F,’,‘ by

(1.7) FAl+aT + 5T +...) =[]0 - &1),

i=1

where the coefficients of the right-hand side are expressed by sy, s2,...
by using (1.6). As for V;A’s, they are defined by

(1.8) VA14+ 6T+ 872 +...) =14 8;T™ + 8T 4 - -+

Using the isomorphism A, we define Frobenius operators F, and Ver-
schiebung operators V,, (n =1,2,3,...) on W(A) by

F,=A""0FroA (n=1,2,...)

and

Va=A"10VA0A (n=1,2,..).
These operators induce endomorphisms F;; and V,; on the coordinate
ring A[[z1,23,...]]. In case A contains Q, we have operators F, =
W-10F,oW and V, = W—10V, o W. They induce endomorphisms
F} and V;f on A[[ts,ts,...]] which are given by
t,'/n if n]z

1.9 F*t) =ntn, V)=
(19) n(t) () {0 otherwise
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(for details, see [Hz] and [M]). We denote by yw ({) the curve ({,0,0,...)

of the formal group W(A) Finally, we quote here a theorem of
P. Cartier.

Theorem 1.2 [Cartier [C]]. Let G be a formal group over A. Then,
there ezists the following isomorphism of abelian groups:

Hom(W(A),G) ~ C(G;A)

a = a(rw(()-

§2. Construction of a formal group

Let A[[¢]] be the ring of formal power series with coefficients in A.
We denote by ¢; (i =1,2,...) and & (i = 1,2,...) the copies of {. We
have the following natural isomorphism:

A[[Clv . )Caagl’ .- ',gﬂ]] - A[[Cla .. 7(0!]] ®a A[[gla . -a&ﬁ]] .

(21) G = Gi®1

& - 1®¢;

Let s; (¢ =1,...,a+0) (resp. s} (i =1,...,a),resp. s} (i=1,...,0)) be
the elementary symmetric functions of (1, ..., (a, &1,.- ., &g (resp. (1, ..,
Ca, TeSP. £1,...,&p) of degree i. The symmetric group G, g (resp. G,
resp. Sg) acts on Af[¢1,...,{a é1,...,86]] (resp. A[[(1,...,¢a]]; resp.
Allé1,...,€3]]) as the permutations of (i,...,Casé1,...,€s (resp.
€ty Cas TeSp. £1,...,€p). Taking the invariants of these rings of
formal power series, we have the following homomorphism induced by
the isomorphism (2.1):

(2.2)
my,
Alls1, 92,y 804p]] Allsh,...,sL]l @4 Allsl, ..., s3],
s; b S @1+l @8+ + s\ @8l + 1@s!

(i=1,2,...,a+0)

where s} = 0 (resp. s;## = 0) if i > a (resp. i > 3). Now, consider the
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projective system {A[[s1,s2,...,8n]], fa_; .} defined by

w10 A1, 58] — Al[s1,. .y 8n1]]-
(2.3) 83 — 8 for1<i<n-—1,
Sn — 0

Then, we have

A[[81,82,...” = h;I_IlA[[Sl,...,Sn]]

which is isomorphic to the completion of A[sy, sz,...] with degs; = i.
The homomorphism (2.2) induces the co-addition

(2.4)
m* : Al[s1, 82,...]] — ‘ Al[s1,82,...]] ®4 A[[s1, 82, -.]] -

8; = 8148 1085+ -+81®5i1+1Qs;

This co-addition gives a formal group U of infinite dimension which
coincides with A(A4). We have the isomorphism

(2.5)

n o A(4) - A(4)

1+ a;T+aT?++ = 14+a(-T)+ax(-T)* +---.

Using (1.4) and (2.5), we have the following isomorphism
(2.6) §=noA:W(4)AR4)2R4)=70.
By the construction of U and (1.3), 8 induces the homomorphism 6,
from C(W(A); A) to C(U; A) such that
(2.7) 0.((¢,0,0,...)) = (¢,0,0,...).

§3. Jacobian varieties and 7-functions

Let f : C — Spec(A) be a curve of genus g over A (cf. [KSUJ).
We assume that f : C — Spec(A) has a section o : Spec(4) — C. We
denote og(Spec(A4)) by Q, and denote by I the ideal sheaf of Q. There
is a canonical O 4-algebra isomorphism

Ug OC/IQ ad OA.
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Assume that the conormal bundle N, = Ig/I of Q in C is a free
O 4-module. Then, as in [KSU, Lemma 4.1], we have

Oc/I5 = 04[¢]/(¢™H).

Therefore, taking the completion of O¢ with respect to the ideal sheaf
Ig, we have ‘

(3.1) lim Oc/Ig*" = O4[[¢])-

We denote by 5Q the left-hand side of (3.1). The global sections on
Spec(A4) of O4[[¢]] are given by A[[{]]. We consider the triple {f :

C — Spec(A),Q,u: Og ~ 04[[¢]]}. We set

ct = ? XSpec(4) Cx.-- XSpec(4) C:

The symmetric group G, of degree n acts on C™ over Spec(A4) as per-
mutations. We have a natural morphism defined by

c> XSpec(a ch —. CcotB
(3.2) pec(4)
((Pl,...,Pa),(Pl',...,P'ﬁ)) [ (Pl,...,Pa,P'l,...,P'ﬁ).

This induces the following morphism:
(3.3) Ma,p : C%/Ga Xgpec(a) CF/Gp — C**P G oyp-
We have a morphism
Ca—l N c«
(P],. .. ,Pa—l) [ d (Pl, ce ,Pa_.l,Q) .
This induces the morphism
(3.4) faam1 :C* 1 Gqy — C*/6,.

We consider the completion along Q in (3.3) and (3.4). Then, corre-
sponding to (3.3), we have (2.2), and corresponding to (3.4), we have
(2.3). Therefore, as in Section 2, taking the projective limit, we have
the formal group U with co-addition (2.4). As we explained in Section

2, U coincides with A(A).
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Let J(C) be the Jacobian variety of C over Spec(A). We denote by

-~

my the addition of J(C), and by J(C) the formal group over Spec(A)
associated with J(C). We have a morphism over Spec(A) :

0a:C*/6, — J(C)
(Pl""vpa) . P1+"'+Pa_aQ,
and a commutative diagram

Ce/BuxCPIBs T8 ClatB) /G, p

(3.5) L @a X pg | Patp

J(C)xJ(C) =% J(C).

By the commutative diagram

(3.6)
C {1_1)2 02/62 f2_.)8 .. fy:_;m Cg/Gg
i 7 1 pg
J(C) = J(C) = cee = J(C)
fn£’+l Cg’+1/69+1 fv+b)n+2 . .fn_—_%,n C"/Gn fn£)+1
1 @g+1 1 on
= J(C) = cos = J(C) f—

and by (3.5), we have a homomorphism
0:T - J(C).

Taking the completion along Q, we see that ¢; (resp. -+ 0 fa3 0 f1,2)
induces a morphism 7 (resp. 7r) from Spf(A[[¢]]) to J(C) (resp. to T)
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such that the following diagram is commutative:

SpE(ACT) B T & W(A).

77\ P
J(c)

Here, we note that yy gives the curve ((,0,0,...) in U. Therefore, by
(2.7), 71 oy gives the curve ((,0,0,...) in W(A). Hence, by Theorem
1.2, we have the following characterization of ¢.

Theorem 3.1. The homomorphism ¢ constructed above is char-
acterized as the homomorphism which transforms the curve ({,0,0,...)

in U into the curve in j(C’) given by 7.

Now, we assume A = C. Then, ( is a local parameter of C at the
point Q. We fix a symplectic basis {o,az,...,0a4,81,...,84} of the
first homology group H;(C,Z). By definition, we have (aj,a;) = 0,
(Bi,B8;) = 0 and (a;,B;) = d;j, where §;; is Kronecker’s delta. We take
a basis {w1,...,wy} of the space H°(C, Q%) of holomorphic one-forms
on the curve C such that

/ W; = 5,']' and / Wi = Tij.
a; Bi

Then, the g x 2g matrix (4;;,7i;) gives a lattice L of C9, and J(C) is
given by C9/L. We have the universal covering = : C¢ — J(C) and a
commutative diagram

C N Q9
N V.
C9/L.
The morphism 1 is given by
¢
0O = ([ w).
Q

We consider the expansion of w; (cf. [KNTY]):

__as s
w; = d(;]nn).
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Then, taking the completions, we have

-~

Spf(CI[¢])) 2, Ge,
J(C)

where 12; corresponds to the curve of ég given by

O C"’
I7>-).
%)

(38) 1= 0t
n=1

n=1
By Theorem 1.2 and (1.4), we have the morphism
(3.9) ¢p:0— G

such that @«((¢,0,...)) =7, where v is the curve given by ¥ in (3.7).
On the other hand, by [KNTY], we have the homomorphism

(3.10)
I: G = Spf(C[[ts,t2,. .. ]]) = GE = Spf(C[z1,. .-, z]]) ,
I"(z:) =) Iit,.
n:l
Under the notations in (1.4), (2.6), (3.9) and (3.10) we have the following
theorem.

Theorem 3.2. The following diagram is commutative:

we) = §
W/

o
°8
—
h Y]

I\

where ¢ is the inversion of G4.

Proof. By Theorem 1.2, it suffices to prove

s 0 Px 0 8,((¢,0,0,...)) = L o W, ((¢,0,0,...)).
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We can check this by direct calculation. q.e.d.

Let {wgl)}nzz,a,";,___ be the set of abelian differentials of the second
kind on C such that

/ wg) =0, / wg') =21/ —1I%,
a; Bi

WS =d((" = Y gmal(™/m))

m>0

(cf. [KNTY]). It is a basis of the vector space of abelian differen-
tials of the second kind with pole only at the point @. We denote
by ©(z1,...,2,) the Riemann theta function on C9/L. We can regard
O(21,...,24) as an element of C[[z1,...,2,]]. We define the tau function
as follows.

Definition 3.3.

(x,C) = W*{exp(% Z Gmntmtn)} - (0 @0 0)*O(21,...,24).

n>0,m>0

Theorem 3.4. Let 7(t,C) be the tau function defined in [KNTY].
Then, we have
7(x,C) = W*r(t,C).

Proof. This theorem follows from Theorem 3.2. q.e.d.

84. Operators F,, and V,,

Let My be the set of Maya diagrams of charge zero, and let

Fo(A)= I 4lM) (resp. Fo(4)= P A(M])
MeM, MeM,p

be the fermion Fock space (resp. the dual fermion Fock space) of charge
zero over a commutative ring A. We have the canonical pairing

?o(A) X .7'-0(A) - A
(4.1)
(¥',]g)  —» (¥]E)

(cf. [KNTY] and [KSUJ). Let
HT’Q(A) = A[[t1, to,... ]] (resp. ﬁT,o(A) = A[tl, ta,... ])
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be the charge zero sector of boson Fock space (resp. the dual boson Fock
space). We have the pairing

(4.2) ﬁT,o(A) X 'HT,()(A) — A
defined by
(4.3) (g(t), h(t)) = g(8e)h(t)|t=0,
where
po_(@_ 10 10 12
£ 8t,720t,°306t3" " 'not,

We denote by J,, (m € Z) the current operators. If A = Q, we have a
bosonization

B : Fy(Q) — Hro(Q)

(4.4) L .
(resp. B :Fo(Q) — Hrpo(Q))
defined by
B|%) = (n| exp(i Jomtm)|®) for |¥) € F,(Q)
neZ m=1
(resp. B(¥'| = Z(\I”|exp(i Jmtm)n) for (¥'| € Fo(Q)).
neZ m=1

By [DJKM], B (resp. B) is an isomorphism as vector spaces. In
[KSU]J, we introduced a new boson Fock space of charge zero

Ho(A) = A[[zl,xz,. . ]]

and a new bosonization

(4.5) B : Fo(4) — Ho(A).
We introduce a new dual boson Fock space of charge zero Hy(A4) =
A[z1,22,...]. By the similar way to [KSU], we have a new bosonization
(4.6) B' : Fo(A) — Ho(A).

B (resp. B') is an isomorphism as A-modules. If A = Q, we have

(4.7) B=W*oB
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(4.8) (resp. B' =W*oB),

where W* is defined by (1.3). The Frobenius operators F; and the

Verschiebung operators V,* act on the coordinate ring of W(A) (resp.
on the coordinate ring of the Witt scheme W(A)) as in Section 1. Using
the isomorphism (4.5) (resp. (4.6)), we set

(4.9) ff=B'oF*oB and v:=BloV'oB
(resp. fi=B'"'oF'oB and vi=B"'oV*oB').

We denote by p;(t) (i = 0,1,2,...) the Schur polynomials. For a
Young diagram Y

fz:

the Schur function corresponding to Y is defined by

(4.11) Xy (t) = det (g, —itj (t))15e,jsm .

(4.10)

The Young diagram Y in (4.10) is called the Young diagram of signature
(fla fZa (RS ) fm)

_ Theorem 4.1. Let|¥) (resp. (¥'|) be any element of Fo(4) (resp.
Fo(A)). Then, with respect to the pairing (4.1), we have

(T£)1Z) = (¥'|(v}] D))
(®'|op)|®) = (¥'|(£71Z))

for (¥'| € Fo(A) and |T) € Fo(A).

(4.12)

Proof. First, we consider the case A = Q. Then, we have
(4.13) (B(¥'|, B|¥)) = (¥'|¥)

for (‘I"I € ?o(Q) and I‘I’) € fo(Q) (Cf [SN]) Let ¢1,... 8k, 715572
be positive integers such that ¢y < i < -+- < ix and j; < ja < -+- < jg.
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By (1.9), (4.13) and (4.3), we have

* V1 4 V; 1 % K1 I3
(Fatiit .. ok thieh? L th))

ny Vi Vi 0G5 Ve
= ((ntniy )" (ntiy)"2 .o (i )5 Eh2 202 L gHe)
=nu1+uz+"-+l'k(_1_6—)”1(i8 )"2
niy 6tn,’1 niy 8tniz
1o
(mm) htgllt;‘zz .--t;"lllt:()
1 v 1 v 1 v,
(E) 1(E) 2-‘-(5) Bnisyis " Onivyie * Ovn
= By il k=1
0 ifk#L
10 10
29 oy (2 ymegy e Yy ik =1
_ { Gra) () DValtss - 50l
0 ifk#1
= (e Vit ).

Therefore, for the Schur functions xy (), xy:(t), we have

(Faxy (), xv (1)) = (xv (8), Vaxy (2))-

Therefore, by [KSU, Definition 2.1 and Lemma 3.3], we have
(1 E) = (¥'|(v;]¥))

for (¥'| € Fo(Z) and |¥) € Fo(Z). Hence, over any ring A, we get

the equality in the former part of (4.12). Since (M|N) = (N|M) for

M, N € M,, the latter part of (4.12) follows from the former part.
q.e.d.

For a positive integer n and the Young diagram Y in (4.10), we
denote by a (resp. b) the integral part of m/n (resp. m — na), and we
set ‘

S,'={fj|fj—j+i50 modn} (ISZSN)

We denote by a; the number of elements of .S;. We consider the following
condition for a;’s:

Condition (&) :a1=02=---=ap=a+1,

Apt] = Qpp2 = =0p =a.
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Theorem 4.2. 1) If {a;}iz1,..,n does not satisfy Condition (),
then the following holds:

Valxy(t)) =0

2) Assume that {a;}i=1,..n satisfies Condition (a). For S; = {fj,,...,
fin, 31 < ja < -+ < jo;) let Y; be the Young diagram of signature

((fir — i1 +)/n{(fin =2 +i)/n} +1,... {(fia, — Jou +1)/n}+ i - 1).
Then, the following equality holds.

Vaxr (1)) = £xn () - x5 (8) - - - - X, (2)-

Proof. By (1.9) and the definition of the Schur polynomials, we

have . .
pj/n(t) ifn l )
0 otherwise.

Vioi() = {
Therefore, by (4.11), we can calculate the action of V,;. We omit the
details. q.e.d.
85. Zeta functions

In this section, we assume A = Q. By (1.9), we have
17: of: 1 t; — nt;.

Therefore, by (4.4), v} o f» is the endomorphism of Fo(Q) (resp. Fo(Q))
corresponding to the multiplication by n on G°. Now, we set

(5.1) T(n)= frov, (n=12,...).
Proposition 5.1. The operators T(n)’s (n =1,2,...) satisfy the
following properties:

(i) (¥'|T(n))|¥) = (¥'|(T(n)|E)) for (¥'| € Fo(Q),|¥) € Fo(Q),
(i) T(m)T(n) =T(n)T(m),
(i) If m is prime to n, then T(mn) = T(m)T(n),
(iv) If the greatest common divisor of m and n is equal to d, then

T(m)T(n) = dT(?) :

Proof. These properties follow from (1.9), (4.12) and isomorphisms
(4.4). q.ed.
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Definition 5.2. We formally set

(5.2) 2(s) = ZT(n)n"‘.
n>1
Using (4.4), we set
(5.3) e(iy,...,ie;v1,...,ve) = BTL(ENHE2 424,

where 41,...,%¢,¥1,...,Vp are positive integers. We denote by p the
greatest common divisor -of éy,...,1,, and we set ¥ = vy + -+ - + v,.

Definition 5.3. Z}(s) = Zn”_’.

njp

Remark 5.4. The functions Z}(s) are called divisor functions (cf.
[A]). Z}(s) satisfies the following properties.

(i) Let p = p*...pl be the factorization into prime numbers.
Then, we have an Euler product expansion

Z4(s) = (1 4o e TN (L P e pR o)y,
(i) We have a functional equation
Zy(—s) = p+°Zy(9).
(iii) If gy is prime to ug, we have the multiplicativity
Z3,(8)Z35,(8) = 2, 1, (9)-

Theorem 5.5. Under the above notations, we have

z(s)e(in, .. ie5v1,.. -, ve) = Z,(8)e(i1,. .. ies V1, - -, V2)

Proof. Since by (1.9) we have

(5.4)
Tnovne(ity... ig;V1y. .y ¥)
_ n¥e(i1, ... 065 V1, ..., Ve) ifn|p,
h { 0 otherwise.

Hence, the theorem follows from (4.4) and the definition of z(s).
q.e.d.
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Now, we set

(5.5) S(n):Zf;ov:n (n=1,2,...).

m|n

Proposition 5.6. S(n)’s (n = 1,2,...) satisfy the following prop-
erties:

(i) (¥'S(n))|¥) = (¥'|(S(n)|V)) for (¥'| € Fo(Q),|¥) € Fo(Q),
(ii) S(m)S(n) = S(n)S(m),
(i) S(m)S(n) = S(mn) if m is prime to n.

Proof. This proposition follows from Proposition 5.1. qg.e.d.

Definition 5.7. We formally set

Z(s) = i S(n)n=°.

We denote by ¢(s) the Riemann zeta function.

Theorem 5.8. Under the above notations, we have

Z(s)e(ila- NN 7H S PR ,Vl) = ((S)ZZ(s)e(ila" IR TH TR ’Vl)’

Proof. By (5.4), we have

S(n)e(in,...,te501,.. ., ¥0) = ( Z m”) TR 7 2 ) R

m|(n,p)

where (n, u) is the greatest common divisor of n and p. Therefore, we
have

Z(s)e(il, ey it;l/l, ceny Vg)
= {Z ( Z m”) n"} e(i1y e v yig; V1, ey V).
n=1 \m|(n,n)
By direct calculation, we have
{OLAOEDS ( ™ m") n—.
n=1 \m|(n,n)

q.e.d.
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Remark 5.9. By the property in Theorem 5.1 (iii) (resp. Theorem
5.6 (iii)), we see that the eigen-values of the operator z(s) (resp. Z(s))
have Euler product expansions as in the case of the zeta functions asso-
ciated with Hecke operators (cf. [S]).
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