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Abstract

A supersymmetric extension of the Kadomtsev-Petviashvili hierarchy
(SKP hierarchy) is proposed. It is shown that the solution space is
identical with the universal super Grassmann manifold. An explicit
formula of a solution to the SKP hierarchy is presented as a quotient
of superdeterminants. Our arguments are based upon algebraic in-
vestigations of the structure of a linear supersymmetric differential

equation.
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Supersymmetry is a formalism for describing Bose fields and Fermi
fields simultaneously, which is originated from the unification theory in
particle physics. Recently study of supersymmetry has been exploited in
mathematical contexts such as Lie theory [4, 7, 10, 11, 12, 21, 28, 31],
differential geometry [1, 6, 13, 17], algebraic geometry [18, 19], and non-
linear integrable systems [2, 3, 8, 14, 15, 16, 20, 22, 29, 30, 32].

On the other hand, at the beginning of eighties, a hierarchy of
nonlinear differential equations was discovered by M. Sato, which in-
cludes, as the reduced systems, the celebrated Korteweg-de Vries (KdV)
equation, nonlinear Schrodinger (NLS) equation, Toda lattice and so on.
It is called the Kadomtsev-Petviashvili (KP) hierarchy. Sato’s funda-
mental theorem [24, 25, 27] says that the KP hierarchy is naturally
interpreted as a dynamical system on the universal Grassmann manifold
UGM. In his framework, the so-called Sato equation is the most im-
portant. The Sato equation for the KP hierarchy is a system of equations
for a wave operator, and linearizes the original nonlinear problem.
Namely, the nonlinear problem of the KP hierarchy reduces to a problem
of linear algebra. At this stage, UGM naturally arises. We can obtain a
general solution to the KP hierarchy by solving the Grassmann equation
attached to a point of UGM, which is a linear algebraic equation of
infinite dimensions. We call such scheme the Grassmann formalism.
We mention that, in [26], Sato proposed another point of view that the
Sato equation is regarded as describing the time evolution of nonlinear
ordinary differential equations coming from the decomposition of a linear
ordinary differential operator. This point of view is crucial in our
framework.

So far, various schemes for SUSY extensions of classical soliton
equations have been proposed by several authors mentioned above and
their complete integrability has been verified. Yu. I. Manin and A.O.
Radul [20] already formulated a SUSY extension of the KP hierarchy,
and proved the complete integrability by means of the variational methods
according to the Gel’fand-Dikii theory. However they did not clarify the
structure of the solution space and the representation of the solutions.
Therefore it is quite natural to make an attempt to establish the SUSY
Grassmann formalism which should play the same role as the original
one does in the classical soliton theory.

Now we give the definition of the super KP (SKP) hierarchy. Let 4
be an abstract Grassmann number and put ©=4,+60,. This is an odd
derivation with the property that ©*=3,. Let L be a SUSY micro-
differential operator, L= 2 ,u,0"" with u,=1, O@)+2u, =0 (the
parity of u, is equal to i mod 2). The SKP hierarchy of type m (m=0, 1)
is, by definition, a system of infinitely many Lax equations:
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@zz(L) = (—)Z[sz L], @Zt -1(L) = (")l +m{[Bu ~-1 L]+ - ZLZZ},
(l=19 2’ . ')a

where 0,,, @,,_, are the operators of the time evolution and B,;, B,;_, are
the SUSY differential operator parts of L*, L*~! respectively (see Section
3.1). We should notice the sign factors in the above equations. They
did not appear in the definition of Manin and Radul’s [20]. To make a
formal integration of the SKP hierarchy, we find a SUSY microdifferential
operator W=>3_...;,w,0' (a SUSY wave operator) satisfying the SUSY
Sato equations. Then the nonlinear problem of the SKP hierarchy
reduces to a problem of the linear algebra as follows: An operator
W=3_..ci<ow;0is a SUSY wave operator of the SKP hierarchy if and
only if the coefficients w,’s solve the SUSY Grassmann equation

©.1) ‘WOE =0,

where ‘W=(W,);cz (w;=0 for j >0), @ is a certain SUSY Wronski matrix
and & is a superframe. This equation is solved explicitly by means of
the superdeterminant. The SUSY Grassmann equation (0.1) is invariant
under the right action of the general linear supergroup (see Section 3.2).
Thus the super Grassmann manifolds arise naturally in the theory. Our
conclusion is that the SKP hierarchy is a dynamical system on the
universal super Grassmann manifold (USGM).

The organization of this paper is as follows: Chapter I reviews the
theory of the KP hierarchy. In Chapter 2 we discuss the Grassmann
hierarchy associated with the decomposition of a linear ordinary differ-
ential operator, and its SUSY extension. Especially Section 2.2 is devoted
to the foundation of the theory of linear SUSY differential equations,
based upon the SUSY Wronski matrix. In Chapter 3 we introduce the
SKP hierarchy as the limiting case of the Grassmann hierarchy, and
investigate the integrating procedure. In Section 3.2, a super z (tau)
field for the SKP hierarchy is defined as a superdeterminant of an infinite
size matrix. We present a formula representing solutions to the SKP
hierarchy by means of a super ¢ field, which is the main theorem in this
paper. This main theorem is proved in Section 3.3 together with some
relations enjoyed by a super ¢ field. The reduced SKP hierarchies are
proposed in Section 3.4, which include a SUSY extension of the KdV
equation as a special case. Chapter 4 concerns with the representation
theory of infinite dimensional Lie superalgebras which emerge as the
hidden symmetry algebras of the SKP hierarchy and its reduced versions.
We give a representation of the Lie superalgebra gl(oo|oo) and of its
one-dimensional central extension gl(co|o0)~ via free field operators.
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The super Virasoro algebras and the super Kac-Moody algebras are
realized as subalgebras of gl(co|co)™.
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Chapter 1. Review of the Theory of the KP Hierarchy

To introduce the KP hierarchy, we prepare a one-dimensional space
variable x and infinite dimensional time variables ¢ =(¢,, ,, ¢, - - ). Let
Z be the algebra of formal power series over C; Z=C|[x, t]], which has
a structure of a differential algebra with a derivation 8,=0/0x: Z—4.
The variables (x, t) are regarded as coordinates on an affine space C¥,
and Z is the formal completion of the function algebra on the space. Let
2 be the quotient field of Z.

By &, (resp. &,) is meant the algebra of microdifferential operator
with coefficients in ¢~ (resp. in &);

& »=A((05")
={ Z pu('x’ t)a;]p,,(x, t) € '9{}

ooy oo

The algebra structure of &, is prescribed by the generalized Leibniz rule:

=5 (S ke,

where f e 2 and the dot stands for a product of two microdifferential
operators. Through a direct sum decomposition

éax':@x@éax(— 1),

where 9,=273,] and &, (m)=HT[0;"]-0% (me Z), X ¢ &, is uniquely
represented as X=X, +X_ (X, € 2,, X_e & (—1)).

Let L be a monic microdifferential operator of the first order,
L=3"7u,(x, )05 e & ()™ with uy=1, u,=0. The KP hierarchy
is, by definition, a system of the Lax equations
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(1.1 aLjot,=[B,, L] with B,=(L"), (n=12,...),
or equivalently a system of the Zakharov-Shabat equations
(L.2) 9B,/ot,,—0B,/dt,+[B,, B,]=0 (n,m=1,2,...).

From (1.1) with n=2, 3 (or (1.2) with n=2, m=13), one gets the celebrated
Kadomtsev-Petviashvili equation

é'uzt =(ut —3uux_’iua¢xz> ’
4 th 3 4 .1:

where u,=0du/ox etc.

Sato’s fundamental theorem [24, 25, 27] states that the KP hierarchy
is interpreted as a dynamical system on the universal Grassmann manifold
UGM. Here we will describe the outline of the proof from a viewpoint
of the Grassmann equation.

The first step is a passage from the Lax equations to the Sato equa-
tions. For a solution L e &,(1)™°"¢¢ to the KP hierarchy, there exists a
monic microdifferential operator of the 0-th order W==>__., ;< w,(x, 1)3}

e &,(0)™ " (w,==1) satisfying the system of operator equations

(1.3) oW/ot,=B,W—Wa (n=1,2,---).

We call W a wave operator. The Sato equations (1.3) can be viewed as
a linearization for the KP hierarchy, and conversely the consistency
condition of the Sato equations gives rise to the KP hierarchy. Notice
that, in (1.3), B,=(WarW~"),. Introducing a differential operator ¥ of
infinite order,

v, 00=exp (3 1.32),
n=1
one easily sees that (1.3) leads to

(1.4) oWjot,=BW (n=1,2,---),

where W=W7¥.
To transform the Sato equations to the Grassmann equation, we
consider the following Cauchy problem of a system of operator equations:

(1.5) 8Y/ot,=B,Y (n=1,2,-..),

where Y =3 T.,y,x, 1)3] (¥,(x,1) e %) is a differential operator of in-
finite order with the initial condition
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(1.6) Yoo=1.
Set U=W-'Y. From (1.4) and (1.5), it follows that
oUfat,=0 (n=1,2,...).

This tells us that U does not depend on the variables 7, and furthermore
the initial condition (1.6) shows that U=(W"'Y)|,.,=(W|,-,)"'. Hence
the operator U takes the form

()] U= —m;;go u,(x)] (n=1,ux) e C[xID.

Since the operator W and Y are related through

Y=W¥U,
one obtains, projecting the both sides onto &,(—1),
(1.8) (W¥U)_=0.

This equation substantially characterizes the operator W and turns out to
be equivalent to the Grassmann equation as follows: Set Z=¥U=
> ez 2,03 Introducing the quantity z{ e & by

WzZ=3 {2, vz

v€EZ jEZ
one sees that (1.8) reads
(1.9) "WZ =0,

where ‘W=(w,);cz is a row vector (w,=0 for j >0) and Z'=(z}"),cz, e n-
is a rectangular matrix of size Z X N¢. After some calculation one knows
that & satisfies the linear differential equations below:

0Zjot, =A%, 0 [ox=N% —Z Ay,

where A=(8,.1,)pvez> Ane=08.:1,.)sene are the shift matrices. Integrat-
ing these equations, we see that & is represented as

(1.10) ¥ —=exp (x/l—i—}oi tn/l")E' exp (—xAye)

with a constant matrix 5=(£,),ez,en.. Furthermore the form of the
operator U (1.7) guarantees that

1.1 §,=1, §,=0 foranyye N°®and p<u.
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Hence & is of maximal rank, or a frame of size N° of the vector space
CZ, Substituting (1.10) into (1.9), we obtain the following proposition.

Proposition 1.1. Let W e £,(0)™°"° be a wave operator correspond-
ing to a solution L e &,(1)™™° to the KP hierarchy. Then the coefficients
of W solve the Grassmann equation

(1.12) ‘WOE =0,
where @=exp (xA+ 5., t,4"), and 5 is an N°-frame satisfying the condi-
tion (1.11).

By FR(NN¢; C) we mean [25]

FR(N®; C)={&=(¢,)pczrene € Mat(Z X N°; C)|3m e N such that
&,=0, for uy<—m, u<y, =0 for —m<v<0,
p< —m, and & is of maximal rank}.

It is known [25] that, for an N°¢-frame & ¢ FR(N*; C), the Grassmann
equation (1.12) has a unique solution ‘*W=(W,),.z (W,=1, w,=0 for
j>0) in the quotient field »#°. We can show that operator W=
> —w<jcoWy(x, 1)) which comes from the solution ‘W solve the Sato
equations (1.3). Thus a general frame 5 yields a solution L e &,(1)™°"¢
to the KP hierarchy via the Grassmann equation. All equivalence classes
of frames modulo the right action of GL(N°®; C) constitute the universal

Grassmann manifold UGM [24, 25, 27];
UGM=FR(N°¢; C)/GL(N*; C),
where the group GL(IN¢; C) is, by definition,

GL(N®; C)={g=(8uw)urcne € Mat(N°; C)|3m e N such that
8w=0, for y<—m, p<Ly, =0 for —m<» <0,
p<—m, and (g,,) _n<,..<o is invertible}.

Since a solution of the Grassmann equation is invariant under a right

multiplication 5—£&g by an element g of GL(N®;C), we are led to
Sato’s fundamental theorem on the KP hierarchy.

N

Theorem 1.2 ([24, 25, 27]). The solution space of the KP hierarchy is
identified with UGM, and the time evolution of a solution

L(x, t;8,) —>L(x+x', t+1';9,)

is translated to the dynamical motion
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& mod GL(N°; C)—>@(x’, )5 mod GL(N°; C)
on UGM.

Remark. For detailed discussions about UGM, readers may consult
with [24, 25, 27].

Solving the Grassmann equation by means of Cramér’s formula, one

obtains an explicit representation of a wave operator in terms of a frame
o~

=

w_;=(—) det ("5 ,08)/det (£,05) (j=1,2,---),

where 5,=(00,, (e Z;v<—j)|0,,,: (ne Z; —j<v<0)). A r function
for the KP hierarchy is nothing but the quantity that appears in this
denominator:

o(t, B)=det ((5,05)|,_,.

The ¢ function plays a crucial role in the soliton theory and is relevant to
the representation theory of the general linear group. In the sequel we
will list up the main properties of ¢ functions.

To this end we need the Schur polynomials. First p,(¢) is introduced
by

exp (i tnl”) =3 PO
n=1 j=0
For example,
pt)=1, p(t)=t, D(t)=1t4137[2.

The Schur polynomial p,(z) corresponds to the Young diagram

J

The Schur polynomial for a general Young diaigram

J lnt—lf(m_ 1)

4
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is given by
Xigtyeetm_ () =det (P, _ {()o<s, j<m-

Next we define the Hirota bilinear differential operator. Let f(¢),
g(t) e C[[t]] and 3,*=4,,9,,"*- - -. Then the Hirota operator D* acts on
f()-g(t) as follows:

Def()-g(1)=0,"f(t +5)8(t —5)|s=o-

Proposition 1.3 ([24, 25, 27]). (1) Let W=} _. ;< wy(x, )3} be a
wave operator for the KP hierarchy and t(t) be the ¢ function for W. Then
the coefficient w(x, t) is represented by «(t) as

(1.13) w_ (6 )= p (= Ne(t)e(D)|:-a0s

where §=(8,,, 270, 3710, - -) and x+t =(x 41, ty, ty, - - -).
(2) A t function for the KP hierarchy satisfies an infinite number of
the Hirota bilinear differential equations

(1.14) ;:; (_)ixln---lm-zki(ﬁ/z)xko"-ki_lki +1---km(_ ﬁ'/2)1' -z=0.

(Xiger.,,_,(2) are antisymmetric in indices.) Conversely, if (t) e C[[t]] solves
(1.14), it is a = function for the KP hierarchy.

We mention that there exists another formula that connects a ¢
function with a wave operator. For a wave operator W=3_._;., w04
we introduce a formal power series by

log( > wjxf)=i v, A"
—<j<0 n=1

Then the r function ¢(z) for the operator W satisfies

a n—1
1.15 — log r=nv, —U,_ =1,2,--).
(1.15) o logT=n n+jZ}=1 o1, U (n )

n

It is known [5] that this is equivalent to (1.13).

To conclude this section we discuss on the reduction of the KP
hierarchy [9]. The /-reduced KP hierarchy is a system obtained by
imposing a constraint

(1.16) L'es,

on the KP hierarchy. This condition means that a solution L does not
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depend on the time variables ¢, (n=1, 2, --.); 9L/dt,,=0. In terms of
geometry, the isotropy subgroup of the point 5 mod GL(N°; C) in UGM,
where the frame & corresponds to the solution L, contains an abelian
group {exp O i, ¢, 4" |c;, € C}. That is, the frame 5 must satisfy
A'E =Fg for some g e GL(N°; C). The KdV equation is included in the
2-reduced KP hierarchy. In fact, if we impose the condition u,,=0 on
the KP equation, it reduces to

Ugy— Buux_ 'l‘ Upyzs= 0,
4
which is just the KdV equation.

Chapter 2.

§ 2-1. Linear differential equations and the Grassmann hierarchy

In this section we first construct nonlinear ordinary differential
equations whose solution spaces are canonically identified with finite
dimensional Grassmann manifolds. Such differential equations are ob-
tained through algebraic study on linear ordinary differential equations
[26].

Let o be a differential field of characteristic zero with a derivation
0=0,: 4 —2 . The particular element x ¢ %" is defined as 3, (x)=1,
and ¥={fe A|9,(f)=0} is the constant field of »#". Let 2, be the
ring of differential operators with coefficients in ", namely, 2,=273,].
The following fact is well-known.

Proposition 2.1. Elements f, (0<j<N) in A" are € linearly inde-
pendent if and only if the Wronski matrix

WR(fy, - -+ fu-0 =0 Dosi,s<n
is invertible.
We consider a linear differential equation
2.1 Pu=0,

where P is a monic operator of order N, P ¢ Q(N)™°™¢, or more gener-
ally, a system of differential equations of the first order

0,()=4-1,
where 4 € Mat (V; ).
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Proposition 2.2. The solution spaces Sol,(P)={ue X |Pu=0} and
Sol (8, — A)={ii e " |3,(#1)=A-u} are € linear spaces of finite dimension,
and ‘

dim, Sol (P), dim, Sol (3,—A4) < N.

Motivated by this fact, one defines the " -soivability of a differential
equation (2.1) by

Definition. A linear differential equation (or an operator Pe
92 ,,(N)™°") is said to be o -solvable if and only if

dim, Sol (P)=N.

An operator W e @ (m)™"* is called a right factor of P if P belongs
to the left ideal 2,,.- W, i.e., if one finds an operator. Z ¢ @ (N—m)monic
satisfying :

2.2) P=Z.W.

Obviously Sol (W) Sol (P). Moreover the next statement on the
solvability of W is deduced by making use of the preceding propositions.

Proposition 2.3. Suppose that the operator P in (2.2) is o -solvable.
Then the operators Z and W are both A -solvable.

Write the operator W as
23) W= war—! (w=1).
j=0

The condition (2.2) yields a system of nonlinear ordinary differential
equations of the coefficients w,’s, which is referred to as E(m; P).

Example. Let P=3,?, Z=0,+2z, W=4d,+w. From the condition
(2.2) one obtains an equation w,—w?=0. This equation can be easily
integrated. An arbitrary solution of the equation is represented as

_ =&
Ex 4§,

where (&,, &,) € ¥* should be a non-zero vector. Since the same solution
as above comes from (a&,, a&,) (a+0), the solution space is identified with
the 1-dimensional projective space P(%).

In general, for a 2/ -solvable operator P, the solution space of
E(m; P) is shown to be isomorphic to the Grassmann manifold
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GM (N, m)=FR(N, m; ¥)/GL(m; %),

where FR(N, m; €)={5 € Mat(N Xm; ¥)| 5 is of maximal rank} is the
set of m-frames in ¥¥. Let P be a monic, 5 -solvable operator of order
N. Then Proposition 2.3 tells us that the solution space Sol (W) of a
right factor W (2.2) of P is an m dimensional subspace in the N dimen-
sional € linear space ¥ ==Sol,(P). Hence one has a map

Sol () : {We 2, (m)™ ™| W is a right factor of P}
—>GM(m; V)={UCV|dim, U=m}.

This map is shown to be bijective as follows: Let Ue GM(m: ¥) and
{¥;}o<,<m be a basis of U. First an operator W e 2,(m)™*™*¢ is uniquely
determined by the condition

2.4 Wi, =0 (0<Lj<m).
Notice that, writing the operator W as (2.3), the equations above read

(25) (wm’ tr wl)'WR('\!’m A} 1["'m—l)z —(32"(%), AR a;n('\km—l))’

which is a system of linear algebraic equations with respect to w,’s.
Futhermore the division theorem of differential operators deduces that
the operator W is a right factor of P. Thus one concludes

Proposition 2.5 ([26]). One has an isomorphism
Sol, () : {W e @ (m)™°™¢| W is a right factor of P}-=>GM (m; V).

Therefore the solution space of E(m; P) is canonically identified with the
Grassmann manifold GM (m; V)~GM(N, m).

Let {¢,}o<;<v be a basis of V. Then +,’s are expressed as

N~1
Y= ; ©.&:; 0<j<m).
Setting & =(&,,)0<i<n.0cj<m € FR(N, m; €), the equation (2.5) reads
(2.6) tW@EZO,

where ‘W=(w,, ---, w, 1,0, ---,0)e X", D=WR(p,, - - -, px_,). This
is a finite dimensional analogue of the equation (1.12) in Chapter 1. In
the case that P is an operator with constant coefficients, a solution of
E(m; P) has N—1 independent time evolutions according to the KP
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hierarchy’s flow. Such a hierarchy is referred to as the Grassmann
hierarchy of the type E(m; P). For definiteness of the argument, let ¢
be the quotient field of the ring of formal power series C[[x, t,, - - - t5_,]]
and P e @,(N)m"c, Let V be the solution space of an enlarged system

@7 Pp=0, 0,(p)=0.'(¢p) (=1,---,N—-1D),

and consider the inverse correspondence in Proposition 2.5. Applying d,,
to the equation, we see that the time evolution of the operator W cor-
responding to the subspace U ¢ GM (m; V) satisfies

(aW

+ W0, )y, =0 (0] <m).
0t

The division theorem again entails that

aw

+W.9,l=B,-W
at,

for some operator B, ¢ 2,(/)"°"c. Putting
W/___ W_az—m c éﬂx(o monic’
the Sato equatons

aw’

=BW' =W’} (I=1,--.,N—1)
at,

with B,=(Wa W'Y,

are derived. For an operator P with generic constant coefficients the
Grassmann hierarchy of the type E(m; P) gives a soliton solution of the
KP hierarchy, and, in the most degenerate case, i.e., P=3,", it yields a
rational solution.

Fianlly we remark that taking the limit of N —oco0, m—>oco recovers
the whole of the KP hierarchy, and that the equation (2.6) leads to the
Grassmann equation for the KP hierarchy.

§ 2-2. Supersymmetric linear differential equations

Let o be a Grassmann algebra A(€%*), and e, (0<i<<M) be the
generators of ./ satisfying the Grassmann relation ee,+e,e;,=0. The
set 1T is a set of multi-indices a=(ay, - - -, @;;) such that a,<<a, <---
<o, (0<I<M). For a={(ay, -+, a, ) ell, we define |a|=/ and
€,=E, € The index « with |&|=0 stands for the void sequence ¢,

ap-1*
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and e,=1. For an integer m, m denotes the residue class of m in Z,.
The algebra « is supercommutative with the Z,-gradrtion, & = o/ @,

A,=@ > ¥e,.

l=y |a|=1

The canonical projection z: & —% = [(of,) is referred to as the body
map, where (&) is the ideal generated by 7.

Definition. Let 7 be a right o/ module. Then V is said to be a
graded o/ module if and only if

(i) Visa Z,-graded module; V=V,@V,,

(i) V,-,CV,,, 1 v=0,1)

Definition. (a) Let V be a free right .« module of rank N. Then
it is said to be pure if and only if

(i) Vis a graded .« module,

(i) there exists an &/ basis {v;}yc;<y Of V such that v, e ¥, for
0<j<N.

Such basis is called a pure basis, and V=3 v; &, ,.

(b) Let ¥ be a pure &« module of rank N. An .« submodule U of
V is said to be a pure of submodule of V if and only if

(i) Uis a pure & module,

(i) Uis a graded & submodule of ¥, ie., U,CV, (n=0, 1).

Lemma 2.5. Let V be a pure of module of rank N, and {v;}ig;cns
{tt;}o<s<n be two pure bases of V. Then these are related by

(o, -+ sty )= -+, Uy-1)-8
Jfor some g e SGL(N; &). The supergroup SGL(N; &) is defined by

SGL(N; o) =1{8=(8uhcurcr € Mat(N; ) |8, € A .,
and e(g)=(e(g,,)) is invertible}.

For a pure & module ¥ of rank N we introduce a super Grassmann
manifold by

SGM(m; V)Y={UCV|Uis a pure « submodule of rank m of V},
and the set of superframes by

SFR (N, m; ‘Q{):{E:(EF”)‘;?‘E” e Mat(NXm; )&, € A .,

and &(%) is of maximal rank}.
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The supergroup SGL(m; &) acts on this set from the right, and the
quotient set is a super Grassmann manifold SGM (N, m; of);

SGM (N, m; o/)=SFR (N, m; «/)/SGL (m; o).

Lemma 2.6. The super Grassmann manifold SGM (m; V) is identified
with SGM (N, m; ).

Proof. We fix a pure basis {v,}y<,cy of V. Let Ue SGM(m; V)
and {u,},<,<n be its pure basis. They are expressed as an &/ linear com-
bination of v,’s

u;=2 0, §ij€ Ay

Set &=(&,;;) e Mat(N Xm; /). We show that &(&) is of maximal rank.
Suppose that (F) is not of maximal rank. Then one can find a non-zero
vector ¢ € ™ satisfying ¢(&)¢=0. Since

(uo, Tt um—l)é———(voa ) UN—l)Eaa

multiplying the element ¢,- - - e, _, € &/ to the both sides, and noting that
e(B&)=0, one has (u,, - -, u,_XCe, - -e;_)=0. This contradicts the
fact that u,’s are o free. Thus it is proved that &(5) is of maximal rank.
From Lemma 2.5 it follows that change of a pure basis in the module U
induces the right action of SGL(m; /) on the frame Z. Thus one has
a canonical one to one correspondence

SGM (m; V) 5 U—& mod SGL(m; 7) ¢ SGM(N, m; ). [

Now let us construct the ring of supersymmetric (abbreviated as
SUSY henceforth) differential operators. Regard the differential field o7
as a Z,-graded algebra by A =" @A, (KX y=H", A& ={0}), and ¥[4] be
the Grassmann algebra generated by § over ¥ (6°=0). We define the
algebra 2 by

2.8) 2=(Fl01®A)RA.

Under the Z,-graded algebraic structure introduced in [13], [17] (we will
refer to this structure as Z,-graded tensor, hereafter), the algebra 2 is a
supercommutative algebra with the Z,-gradation 2=2®2,,

.@2:: {f: Z f(a)ea__{_e Z lf(n)ea lf(a) e f}.

o,ja|=v e€ll,|a|=v+

Elements in 2 are called superfields. The body map ¢ extends to the
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algebra 2 in a canonical way;
e 9>, (f)=[f9.
We introduce a SUSY differential operator & by
0=0,+060,.

Writing an element ¢ ¢ 2 as o= f+0g (f, g € £ @), the action of O is
prescribed by

O(p)=g+00.(f).
Note that *=9,. The set of SUSY differential operators is defined by

2'=2[0l= > p0O'|p;e 2},
0<j 40

which is endowed with a noncommutative ring structure via the super
Leibniz rule:

no=3 (7)o)-6m,
6 -p=3- (1)5. 66"+ (—y 3, (7)ote)- 00 -

i=0
(pe2).

The dot stands for a product of a SUSY operator @™ and a multiplication
operator by an element ¢. The Z,-gradation is given by

@N={ > p®|p,e2;..}
0<jC+
and a filtration compatible with this gradation by
=) ZIW),
N=0

where QY(N)={2o<;j<y P0’| p; € 2}. The order of a SUSY operator is
defined by

ordg(P)=N,
if P=3% <;<n ;6 and p, 0.

Proposition 2.7 (Division theorem). Let W be a monic SUSY differ-
ential operator of order m,i.e., W=7 " w, O™ (w,=1). For any Pe D"
there exist uniquely two operators Z and R e '} satisfying
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P=ZW+R
and ordg (R) <m.
We consider a linear SUSY differential equation
2.9 Pu=0,

where P=> " p,0%-7 e @) (N)™™ (i.e., p,=1). The solution space of
(2.9) Sol,(P)={ue 2|Pu=0} is canonically endowed with the structure
of a right graded &/ module.

Theorem 2.8. Let Z=C|[x]] and X be the quotient field of X,
A =C((x)). The algebra & of formally regular superfields is defined by
FL=(ClOIRQA)Q and DL denotes the algebra of SUSY differential
operators with coefficients in &.

(1) Let P=3 1 ,pix, 0)0% 7 e D} (N)""c. Then the solution space
Sol,(P) is included in & and is a free right of module of rank N.

(i) Assume that P e (2(N))y. Then Sol,(P) is a pure o/ module
of rank N with the Z,-gradation

Sol,(P)=Sol,(P)@Sol,(P),,
where Sol,(P),={u e 2,| Pu=0}.

To prove this theorem, we should first show the following proposi-
tion.

Proposition 2.9. Consider a system of SUSY differential equations of
the first order

(2.10) (i) = A,

where ii e S~ and A=A(x, ) e Mat(N; ¢). This system has a fundamental
solution matrix @O(x, §) e Mat(N, &) with an initial condition ®(0,0)=1
(hence O(x, 6) e GL(N; &)).

Proof. Writing A(x, 6) = F(x)+6G(x), i(x, 6) = $(x)+6y(x), the
system (2.10) reads

where F* is defined by F*=(f;,,— f;;,1) when F=(f;,) with f;;=f;;..+
fiin (fiz. € &). The equation for ¢ reduces to

04(@)=(G+F*F)g,
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which has a fundamental solution matrix U(x) with an initial condition
U@©)=I Then O(x,)=e’T"U(x) is a fundamental solution matrix
satisfying the condition. d

Proof of Theorem 2.8.
(i) It is easy to show that Sol,(P)C%. The equation (2.9) is
equivalent to a system of the first order

(2.11) O(i) = A,
where i =(0*(4))o<s<x> and

(0 1

) 0
A= .
o .
0 1
=Py —P: —Di

Proposition 2.9 says that there exists a fundamental solution matrix
D=(0"p))o<i,j<v of (2.11) satisfying @(0,0)=1. It is obvious that
{o,}o<s<n provides o7 generators of Sol,(P). We show that these genera-
tors are &/ free. Suppose that 37 ¢,-a,=0 for some @ e /. Then
@d=0. The invertibility of @ implies @=0. Thus ¢,’s are & free.

(ii) The following lemma is easily proved by the Taylor expansion.

Lemma 2.10. A formally regular superfield ¢ belongs to &, if and
only if all the initially values ©’¢p|,_,_, belong to o/ ,,,.

The initial condition @(0, 0)=1 means that ©%(¢,)|,-¢-0 € &4, for
0<i<N. Using the equation Pu=0 and Lemma 2.10 one can verify
that ©%(¢;)|s-9-0 € o;,,; for any i. Hence ¢, ¢ ;. Obviously Sol,(P),
=2 ¢;%;,, Thus the theorem is proved. 0

Examples of linear SUSY differential equations

(i) O%w)=0.
A pure basis of the solution space is given by ¢,;=x/j!, ¢,;,,=0x7/j!
(0<j<NJ2) for even N, or ¢,;=x'[j! (0<j<(N+1)/2), ¢5;,1=0x"[]!
(0<j<(N—1)/2) for odd N.

(ii) Let 4 e Mat(N; «/,) and consider a system with the coefficient
A:

6(7) = Au.

As a fundamental solution matrix one has @(x, §)=exp (4 +xA4?).
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(iii) (©°+aOu=0 (ae ).
A pure basis of the solution space is given by p,=1, ¢, =0e"**, p,=e=27,
The following example tells us that the solution space Sol,(P) is not
always a free module.
(iv) Let us consider

| (az—fﬁ)mo.
X

An arbitrary solution of this equation is represented by an .o/ linear com-
bination of u,=1--¢,¢, log x and u,=0u,. Hence Sol,(P) is generated by
eity, ey, ey, et The solution space is not o7 free.

Theorem 2.8 and the above example (iv) suggest the following defini-
tion of linear SUSY differential equations.

Definition. A linear SUSY differential equation Pu=0 (Pe
G (N)Ymom), or simply the operator P, is said to be Z2-solvable if and
only if the solution space Sol,(P) is a free right .« module of rank N.

In what follows we will study the structure of the solution space
Sol,(P) when it is a free ./ module. For this end we must investigate,
in more detail, the structure of a linear SUSY differential equation itself.
Differential operators P, ,., s € D, (i,j=0, 1, a, B € II) are associated with
a SUSY differential operators P e 24! by the following prescription:
When expanding a superfield p=¢,+ ¢, (¢, € 2,) in the Grassmann basis
efaell) ) )

o= 2 9Pt T gife. (o € X)),

lal=j

P, ;.5 is introduced through
(P¢)§"):Z Pz,lza,,s(?;'ﬁ))-

A total order “<" is defined in the set II as the lexicographical order,
and the set I7 is thought of as a totally ordered set (17, <) hereafter. The
operators P ., s form a matrix of differential operators

P=(P, ) ;01 € Mat(2"*'; @)

where P, ;=(P, j.ap)epen € Mat(2¥; 2,) is a lower triangular matrix with
respect to the order “<”. The map P— P is an algebra homomorphism
from 21 to Mat(2*+; @,). A system of differential equations

(2.12) Pi=0

is associated with a SUSY differential equation Pu=0, and the solution
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space Sol,(P) is isomorphic to the solution space of (2.12)
Sol(B)={i e #***"| Pu=0}
as a ¥ linear space via the correspondence
Sol,(P) 5 u—sii=(i,);_,, € Sol(P),

where il;= U),c 1.

The order of the matrix entries in B, , is seen as follows:

N, FQ,Q;M, F;,;;M € 2,,(N/2)m°"¢ and

ord(ﬁz,i;aﬁ)&/% (8=<a, i=0, 1),
(2.13) N
ord (P <5 (BZat i),

~ - la] \ monic
For odd W, Pl,g;aue%(]—vﬂz—l)——) , and

____..._-—_l)_lfl_ (ﬂ-<a),

ord (B y,.) <N ;

ord (P <X HEDT (52,

~ —(__ 1)lal \ monic
and SRPYLCCIEN
= 2
~ —(—T1)8!
ord (Py,y;.s) <w- (8<a),
~ _N—(—1)#
ord (P, ;,.s) \E—(—)— (BZa).

2

For even

Such condition on the order of the differential operators gives the

next theorem, which justifies the definition of the 2-solvability.

Theorem 2.11. Let P e 2V (N)™™ and Sol,(P) be a free right of

module. Then one has

rank, Sol,(P)<N.

Proof. For simplicity of the argument, we assume N to be an even
integer. Notice that, when the solution space Sol,(P) is a free .o«# module,

dim, Sol,(P)=dim, Sol,(?)=2* X rank_, Sol(P).
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The condition (2.13) enables one to rewrite equivalently the equation
(2.12) to a system of equations of the first order

3. ([a)=[P]-[a],

where [u]""([uj])j _oq With [ ] @, (uy ))o<rc<N/2 acn € A" and the
matrix [P] e Mat(2¥.N; &) is determined by P. By virtue of Proposi-
tion 2.2, we see that dim, Sol,(P)<2¥. N, and the theorem is proved. []

Let us call an operator P e @3* a pure operator of order N when
P e (@YY(N)™emic),. Now we will discuss on the structure of the solution
space Sol,(P) when P is a pure operator. In such a case, as was mentioned
before, Sol,(P) is a graded ./ module with the Z,-gradation

2.14) Sol(P)==Sol (P),@Sol,(P),,

where Sol,(P),={ue 2,|Pu=0}. The system of equations (2.12) splits
to the two systems

(2.15) Py gily=0, Py v1,1,=0.
One has a direct sum decomposition

Sol (P)=Sol (P , ®Sol(Py ),

corresponding to the Z,-gradation (2.14), and each direct summand
Sol,(P), is isomorphic to Sol(P., ) as a € linear space. The condition
(2.13) gives a supremum of the dimension of these solution spaces: For
even N,

(2.16) dim, Sol (B,,y), dim, Sol (P, )<2¥-1. N,
and for odd N,
dim, Sol (2, ,), dim, Sol (P, )< 2*-*. N.

The next two lemmas will play an essential role in the proof of Theorem
2.14.

Lemma 2.12. Let P be a pure operator of order N. Then for a
solution ¢, € Sol(P), (n=0, 1), the body part of ¢, is a solution of the
equation Py o.,,(f)=0, and the body part of O(p,) is a solution of the
equation Py ;. ,,(/)=0.

This lemma is easily proved from (2.15). O



394 : K. Ueno and H. Yamada

Lemma 2.13. (i) Superfields ¢;; ¢ 2, (0<j<l) are o free if and
only if the body parts e(¢,;) are € linearly independent. ~

(ii) Superfields ¢y;,, € 2, (0<j<k) are < free if and only if the
body parts of 6(¢y,;.,) are € linearly independent.

(iii) Both sets of superfields {¢,;}o< ;< and {@g;,1}o< < are A free if
and only if the combined superfields {¢,, (0< j <I), ¢r;,, (0L j<Kk)} are o

free.
iv)  Superfields ¢, e 2, (0<<j <N) are of free if and only if -
2] g W

SWR (%, try ¢N—1)=(@i(¢j))05i,j<.’v
is an invertible matrix.

The matrix SWR(p,, - - -, ¢y_,) is referred to as a SUSY Wronski
matrix of ¢, - -+, ¢y_;. The proofs of (i) and (ii) are so easy that we
omit them.

Proof of (iii). We assume that {¢;,}o<;<; and {gy;.1}o<;<x are & free
respectively.  Set @,=(¢,)o<;<:i € 2% and @;=(¢z;.1)0<s<x € 2%, and sup-
pose that, for vectors @, € &, @, € A%,

2.17) Z}l By d,=0.

Expanding &, in the Grassmann basis as Gy,=2 ,en@Pe, (@ e €' or ¢%),
and multiplying the both sides of (2.17) by the element e,- - -ey_; € &,
one has

() 4P +0:6(3)- 2P =0

The statements (i), (i) say that e(¢:;) (0<j <I) and 0e(@(¢,;.,)) (0L j <k)
are ¢ linearly independent. Hence one sees that 4i’=0, a®=0. In
such a way one can verify @ =0 for any « € II by induction. Thus the
superfields {g,; (0<j <I), ¢,;,, (0<j<k)} are o free. The converse
statement is obvious.

Proof of (iv). If the superfields {p}oc;<m (¢; € 2;) are o/ free, the
Wronski matrices WRy=WR (e(¢,), £(¢y), - - ) and WR;=WR (e(O(¢,)),
e(@(py)), - - -) are invertible, because of the statements (i), (ii) in this
lemma and Proposition 2.1. It is easy to show that e(SWR (g, - - -, ¢,,_1))
is similar to WR,+WR,. Hence SWR (¢, - - -, ¢,,-,) is invertible. O

Theorem 2.14. Let P be a pure operator of order N, and suppose that
the solution space Sol (P) is a free s/ module. Then one has
(i) There exists an o/ basis {¢,} of Sol,(P) such that
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P25 € Qg 0L, Prjs1 € ,@1 0<j<k),

where |4 k=rank_, Sol,(P).
@) In (i), I, k< NJ2 for even N or, I<(N+1)/2, k<(N—1)/2 for
odd N.

Proof. (i) Let u;=u;4u;, (0<j<I+k, u,, e Sol,(P),) be an
&/ basis of Sol,(P). One can assume without loss of generality that
{u;,0}0<;<; 1s @ maximal subset of .o/ free fields in the set of even fields
{u;,0lo<j<1+x- From Lemma 2.13 (i) it follows that {e(u, o)} are ¥ linearly
independent, but that {e(u,¢)},<,<; and e(u,,) (i>I) are not ¥ linearly
independent. Hence one has

e(u, )= Z e(u;0c;; (<, ¢c;;€%).
0<j<t
Set v, € Sol,(P) (I<i<I+k) by

V= — L UG
0<7<i

Then {v;}i<;i.x are & free and e(v,)=0. Writing v,=v, ,+v,, (v, €
Sol,(P),, one sees that {v; 1},<;<;.1 are o free. In fact, if they are not o/
free, it follows from Lemma 2.13 (i) that {(@(v; )}icici are not @
linearly independent. Hence one finds a non-zero vector ¢=(c,;) ¢ ¥*
satisfying

> . e(O(v;,))c; =0.

1<+

Noting that ¢(v,)=0, one has
2. U(ciegr - ey )=0{3 e(O(v;,))cJe,- - ey =0,

which contradicts the fact that {v,},.,.,,, are &/ free. Thus one obtains
o free systems {u; o}o<;<; € SOl (P)y, {V;,1}icicrsr € SOL(P);. Lemma 2.13
(iii) ensures that the mixed fields {u, (0<j<<0), v,; (I <i<<I+k) are o/
free.

(ii) The & free generators {¢;;}oc;<; (X€SP. {@2;,1}oci<r) Of Sol,(P)
give ¥ linearly independent elements {e(¢s;)}o<;c; (xesp. {e(@(z;. 1)) }ocscr)
of Sol(Py g.44) (resp. Sol,(Py,q,1,45) because of Lemma 2.12. Hence the
statement follows from the condition (2.16) and Proposition 2.2. O

When the operator P in Theorem 2.14 is 2-solvable, / and k should
be /=k=N]/2 for even N, or I=(N+1)/2 and k=(N—1)/2 for odd N.
Thus one gets
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Corollary 2.15. Let P be a pure, 9-solvable operator of order N.
Then the solution space Sol,(P) is a pure of free module of rank N.
Namely there exists an of basis {¢;},<;<y 0f Sol(P) such that ¢, e
Sol (P),. Furthermore the SUSY Wronski matrix SWR (¢, - - -, oy_1) is
invertible.

§ 2-3. Supersymmetric Grassmann hierarchy

In this section we will discuss a supersymmetric extension of the
Grassmann hierarchy based upon the argument in the previous section.
As is the case of the Grassmann hierarchy, our framework in the limiting
case naturally leads to a supersymmetric extension of the KP hierarchy.

For a given pure operator P of order N (P e (ZYY(N))p™), we
consider a right factor W of P. Namely, W satisfies

(2.18) P=Z.W

for some operator Z. We restrict ourselves to the case that W is a pure
operator of order m

(2.19) W=31w0m (w=1,w,e3,).
7=0 ‘ :

Then the left factor Z is automatically a pure operator of order N —m.

Proposition 2.16. If P is 2-solvable, then Z and W in (2.18) are also
9-solvable.

Proof. For simplicity of the argument, we assume that N is even.
From (2.18) it follows that the matrix differential operators P, Z, I¥,
corresponding to P, Z, W, respectively, satisfy P=7.W, namely,

(2.20) P=Z s Wi, @=0,1).
When P is 2-solvable, (2.16) in Section 2.2 shows that
.21 dim, Sol (P, )=N-2"-* (y=0, 1).
On the other hand, an inequality

(2.22)  dim, Sol (P, ) <dim, Sol(Z, ,.,)+dim, Sol ,(W,,.,.)

holds because of (2.20). Hence, taking into account (2.16), one deduces
that the equality in (2.22) must hold and dim, Sol, (W,,, )=m 2%
(v=0, 1). Futhermore, since the matrix W,,,,, is lower triangular, one
can find ¥ linearly independent solutions with the next properties;
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\Fz,f = (s )uern € SOIx(Wm,Q)

(0<j <m/2 for even m, or 0< j <(m+1)/2 for odd m) and {# are ¥
linearly independent,

‘!72j+1=(\#§‘;)+1)a511 € SOIx(Wer;,l)

(0<j <mjf2 for even m, or 0< j<(m—1)/2 for odd m) and ., are &
linearly independent.  Let {yr;},< ;< (4; € Sol,(W);) be corresponding to
these solution vectors. Then they are .« free, because

(o) =57 eO(rz; 1)) =i,

are ¢ linearly independent, respectively. Thus the module Sol,(W) has
m o -free elements and dim, Sol (W)=m-2¥. Therefore it is a free &/
module of rank m. A similar discussion is applicable to the 2-solvability
of the operator Z. 0

The condition (2.18) for a pure operator W to be a right factor of P
provides a system of SUSY nonlinear differential equations for the coeffi-
cients of W, which is denoted by SE (m; P).

Example. In (2.18), set P=0? Z=0"+2,0+2,(z, ¢ 2,) and W=
O+w (we 2,). The equation SE(1; ©°) reads

w,—w-w=0
(W=0(w)). Putting w=f(x)+0g(x) (f(x) € 2,, g(x) € 2,), one has
8.=g% fi—[fg=0
Integrating these equations, one obtains a general solution

W )=S0,
Eox+&,

where &, € o ; and (&(&)), &(§,))#(0, 0). Thus solutions of SE(1; 6% are
parametrized by the set

{(Eo, & 52)151 € .52{1, (5(50), 5(52)):/:(0» 0)}/GL(1§ M(_))a
which is just the (1] 1)-dimensional super projeciive space P'''(«/).
We can show that the solution space of the system SE(m; P) is

identical with a super Grassmann manifold in the following manner.

Theorem 2.17. Let P be a 9-solvable, pure operator of order N, and
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V' =Sol,(P). Then the map
Sol,(+): {W e (2 (m))me™e| W is a right factor of P}—>SGM(m; V)
is a bijection.

Proof. Let We (2 (m)r" be a right factor of P. Then Pro-
position 2.16 and Corollary 2.15 say that Sol,(W) e SGM(m; V). Now
let Ue SGM(m; V) and {y,;},<;<, @ pure basis of U. We will show that
there exists a unique, pure, right factor W of P with Sol,(W)=U. Con-
sider a system of linear equations

(2.23) Wi =+ =5 w1, DO )ogicm=0.
0<j<m

Since the SUSY Wronski matrix SWR ({ry, « - -, Y, -,) is invertible (Lemma
2.13 (iv)), this system has a unique solution (w,, ---, w;) with w; e 2,.
Defining a pure operator by (2.19), one gets

(2.24) W, =0 (0<j<m).

Here we remark that the operator W is determined only by the pure
submodule U, and is not dependent on the choice of a pure basis. Let
us show that W is a right factor of P. By Proposition 2.7, one sees that
the operator is uniquely represented as

P=Z.-W4+R,

where Z, Re 2)" and ordgR)<m. Since Pr;=W+,=0, one gets
Ryp;=0. Writing R=37,r,0™ 7, the coefficients must satisfy

(rm’ Y ri)'SWR(\lf'o’ MY "I’m—l)zO‘

The invertibility of SWR (vr,, -+, ¥, _,) shows that R=0. Consequently
the map Sol,(-) is surjective. From the unique solvability of (2.23), it is
easy to prove that the map Sol,(-) is injective. O

Super time evolution is defined on the solutions of SE(m; P) for an
operator P with constant coefficients. We call the resulting system the
SUSY Grassmann hierarchy of the type SE(m; P) [29]. Let (¢,);<,v be
SUSY time variables, with #,, even, £,,,, odd. Let CJ[t,t ---] be a
Grassmann algebra generated by the odd time variables, and " be the
quotient field of C[[x, #,, #,, - - -]. The supercommutative algebra 2 is
now introduced as

QZ(C[0]®%)®(CU1’ t39 M ']®M)’
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where all the tensor products are taken to be Z,-graded. Note that,
replacing &/ by Cl[t, t,, - - -]®.«/, our arguments which have been ex-
ploited so far remain valid.

Remark. Let S=(C[0]QCI[x, t, t;, - - - IDR(C[t,, 15, - - - ]®) and
define Z,-gradation in a natural way. Then we have

2={f-g'|fe S, gLy (g)#0}.
Introduce SUSY vector fields ©, (1</<N) [20] by

0
On= )
oty
0 0
@2l 1= + t2k -1 .
Oty 1s2=1<N 0ty pon 2

It is easily checked that they satisfy the following commutation/anti-
commutation relations:

[@zu @zzc]=[@zza @zrc—x]:O,
(2‘25) [@21—15 @2k‘1]+(=@21“182k‘1+@2k—1@21—1)=2@21+2k_2,
[@219 @]:[@21—1, @]+ =O.

Let P=3 Y ,p,0" " (p,=1, p; € &/,) and consider an enlarged system
(2.26) PSD———O: @21(90)2(_)L@2l(90) (2£2] <N),
Bu-i(9)=(—)0""(p) (1<2U—-1<N).

The bracket relations (2.25) ensure this system to be consistent, and the
solution space V to be a pure o/ module of rank N. Let U e SGM(m; V),
and W e (2} (m))mo"e correspond to U via the inverse map of Sol,(-).
Applying 6,,_, to the both sides of (2.24) and taking the parity of W into
account, one gets

{Ou W)+ ()" WO~} =0.

The division theorem, as is used in the preceding argument, implies that
there exists an operator B,,_, ¢ 24" satisfying

(2.27) O (W) =(—)"*YB,,_, W — WO~}
Similarly one gets

(2.28) Ou(W)=(—){By, W — WE"}.
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Here the operators B,’s are given by
B, =(WO'W-1,.

(W e & (—mymome, &1 is the ring of SUSY microdifferential operators.
For details, see the next chapter.) A set of the equations (2.27), (2.28) is
a SUSY extension of the Sato equations (1.3).

Finally we discuss a SUSY analogue of the Grassmann equation
(1.12). In the system (2.26), we take P=6". As a fundamental solution
matrix @ we can choose

@:SWR(%, T SDN—1)=eXP (eAN+xAN2+1<ZiNtnFN7L)7

where Ay=(0 41, 0gupcrs L' y=((—)0ui1,)ozpcy. Write the basis 4, as
V¥,=2, @,;&;; and set F=(&,;;) e SFR(N, m; o). Then the equation (2.23)
reads

(2.29) WS =0,
where ‘W=(w,, ---,w, 1,0, ---,0) e 2V,

Fixing the parity of m, take the limit of N—co, m—oo in (2.27),
(2.28) or (2.29). Then we reach a picture of SUSY extensions of the KP
hierarchy of two different types according to the parity.

Chapter 3.

§3.1. The supersymmetric KP hierarchy
Let «of be an infinite dimensional Grassmann algebra, lim A(C¥).
N

The space BY'¥ is a superaffine space of dimension (/V|N) over .2/ whose
coordinate system is denoted by (x, 4, ¢t), where t=(t,, #,, #,, - - -). Here
X, t,; are even variables and 6, #,,_, are odd ones. This superaffine space
plays the role of the affine space C'¥ in the theory of the KP hierarchy. In
fact, (x,6) is regarded as the coordinate system on the superaffine space
B* of dimension (1]1) over &7, and ¢ as supertime variables.

Let & be a supercommutative algebra of formal series generated by
(x,6,t). Namely,

Fe={ > CrpaX't?t,+8 > Cprprar X141, |
0+ al+lal<eo 0+ g | +]a’ <o

a formal series with ¢;,,, €y € C},

where [, I’e N, and the indices p= (uy, - - -, ton), /= - - -, thy) €
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Us_oN¥, and the indices a=(ay, + - -, ypr_1), &’ ={(at], - -+, atayr_,) TUN
over the set of increasing sequences of finite length with «,,_, ¢ 2N+ 1.
For an index pu= (g, -+, pan), 6t t¢=1,"2- - - 1,#2% | u|=3"1"", p1;, and for
an index a=(a;, - -, Qyy_1), S€t l,=1, -t . la|=2M —1 (for the
void sequence, ¢, f,=1, |$|=0). The Z,-gradation of # is defined in an
obvious way. The supercommutative algebra . of (formally regular)
superfields is, by definition,

=R

where the tensor product is taken to be Z,-graded. This algebra may be
regarded as a formal completion of the function algebra on B¥'Y. The
quotient algebra 2 of & is defined by

2={f-g7|fe ¥, ge Ly e(g)#0},

where ¢ is the canonical projection; ¢: S—CI[x, t,, ,, - - -]] (namely, the
body map). This is isomorphic to 2,Q.s/, where 9, is the quotient
algebra of F¢;

2e={f-87"fe PLe g (Fe)p (g)#0}

The SUSY differential operator @ (see Section 2.2 for the definition)
acts on 4. The formal inverse operator of @ is introduced by

- 2 { d\!
O-'=¢ A(——> .
+ 00 \ ox

The set &1 (resp. 64Y) of SUSY microdifferential operators with coef-
ficients in 2 (resp. in &) is defined by

EN=2(ON®F  (resp. EV'=F (O N@),

which is endowed with a structure of a non-supercommutative algebra via
the generalized SUSY Leibniz rule

orf= 3 (5 Jasin-ems,

7o
g%t f= 3 (k.)W(@(f))@”'”%—(—)”i (i; )axf(f).@n—zm,
=0\ J j=o \
where fe 2, and k is an arbitrary integer. The Z,-gradation of &,'; &3
=(EY),D(EYY),, is given by

(M, ={ > p)x 0,00 & pLx,06,1)e3,,, for any jl.
; 5 :

— e
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Furthermore a filtration compatible with the Z,-gradation is introduced
through

éﬂll: U glll(m)
* mezZ ‘ ’
where &3(m)= 2.6 1]0™®.«/. Through a direct sum decomposition
EV=DPBEV(~1),

where &4 is the algebra of SUSY differential operators with coefficients
in 2, any element P e &% is uniquely represented as

P=P,+P.

with P, e 9%, P_e &Y (—1). An operator P=3 . ,..P,x,0,1)67
e & (pn+0) is invertible if and only if the body part ¢(p,,) does not
vanish in @, and then P! ¢ §3'(—m).
Now introduce the following even and odd vector fields:
)

Oy = ,
21 atn

]
0ty

+Z tzrc—x——a*-‘
k=1

at21+2k—2

@21—1 =

Though @,,_, is an infinite series of odd derivations, its action on 2 is
well-defined. They satisfy the following commutation/anti-commutation
relations:

[@, @zz] = [@, @21—1]+ =0, [@‘ll’ @m] = [@zz’ @Zk—-l] =0.
[@21—1’ 921:—1]+ =2@2l+2k—2'

Taking into account the consideration for the SUSY Grassmann
hierarchy, a supersymmetric extension of the KP hierarchy (the SKP
hierarchy) should be formulated as follows: Let L be a SUSY micro-
differential operator

(3.1 L= u6"" ¢ (EV(1), with =1, O(u)+2u,=0.

i=0
The SKP hierarchy of type m (m=0, 1) is, by definition, a system of the
Lax equations:

@21(1’) :(— )Z[BZL’ L]a

(3.2)
@zz~1(L)=(_)Hm{[Bzz—1a L]+—2L2l} (/Z 1: 2» o ‘)’
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where B,=(L") e (27" ()™ and O, (L)=>7.,0,(u,)0""*. Note that,
from the condition in (3.1), B,=0*=03,. Hence the (x, ¢)-dependence of
a solution L emerges as (¢, —x-+1, t;, £, - - ). The system (3.2) turns
out to be equivalent to a system of the Zakharov-Shabat equations:

(_ )k@zk(Bzz) - ('— )l@il(BZk) + [BZL’ sz] = Oa

(" )k@zk(Bzz—1) —(—)l +m@2l—1(B2k) + [Bzz -1 BZlc] =0,
(3.3

(=70 1(Byy )+ (=) ""Os;_1(Byi 1)

""[BZL—D BZk—l]++2B2l+2k—2:O (l, k= 1’ 23 . )
The type 1 hierarchy is obtained by reversing the sign of all odd time
variables (¢,,.,—> — ty,_;) in the type 0 hierarchy. Henceforth we will deal
only with the type 0 hierarchy.
The first equation in (3.3) with k=2, /=3 gives rise to the SKP equa-

tion, which is recognized as a supersymmetric extension of the single KP
equation in Chapter 1: Set

B,=6*12u,0 4 2u,,
B,=0°+3u,0°+ 3u,0+v.0 + v,

Then the SKP equation reads
2“3,&4": - 3u8,w1+ 2v5,z,
3u,, . = —3u,, pp+ Uttty ,— 41405420 4,

Us, oy 20y, 0= Vs, 00— 2Uy 40— Ottty ,— 6(usu,), — 2(us5)",

[ 2”4,t5 =Us,px+ 20505 — 21y, 00— 6”3124,1 — 6”4”4,:: ~+ 21,05,

(3.4)

where the dot stands for the @ derivative. The body parts of the second
and the fourth equations yield the KP equation.

§3.2. The universal super Grassmann manifold

We will discuss about the procedure of integrating a solution L=
= ot (x, 0, )0 (uy=1, O(u)+2u,=0) to the SKP hierarchy in the
case that they belong to 63, namely, u, ¢ &,.
As is the case of the KP hierarchy, one first finds a SUSY micro-
differential operator of order 0,

W= 3, wyx,0,t)0" with w,=1,w;e,

—eljg0

satisfying
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3.5) L=WOwW-,

@Zl( W) = ( ‘)L{Bzz W— W@m},

(3.6)
@21—1( W): (_‘)Z{Bzz—1 w— W@u"l}.

Such an operator is referred to as a SUSY wave operator, and the equa-
tions (3.6) as the SUSY Sato equations. Introduce a SUSY differential
operator ¥ of the infinite order by

0,F)=(—)yo".¥, Oy (D) =(—)o"-1.7

with an initial condition ¥'|,_,=1 (the identity operator). It is explicitly
written down as

¥ =exp {li ()1, 0% + li (—)‘tn_,@‘“‘l}.

One readily sees that the operator W= W.¥ solves

B7)  Ou()=(=)BW. Oy (W)=(—)By W, I=12, ...

Apart from this, consider the following equations.
(3-8) @zL(Y):('—)LBzzYﬁ @u—l(Y)z(—)LBzz—lY, I= 1,2,..-,

where Y is a SUSY differential operator of the infinite order

Y= 3y, 0,00" (3 €Ty,
m=393
with an initial condition Y|,_,=1. Setting a formal pbwer series
v(x, 6, t; 2)in 2 by
vlx, 4, t; )=Y(e***¥)

= i vm(x, 0, t))*m,

m=0

one can easily verify that the Cauchy problem (3.8) is equivalent to

00 (V) = (—)' By (v,), Os11(V) = (=) By _1(V,),
@n(vm) |z=0=t:0"—“ 5n,m5
which has a unique solution because of the Zakharov-Shabat equations

(3.3). Since both }# nad Y satisfy the same equations (3.7), (3.8), intro-
ducing an operator U through
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(3.9) U=W-'1.7,

one finds that 6,(U)=0 for any n. Consequently the coeflicients of U
does not depend on ¢, that is,

U=U(x, 6; O)=W"1.Y|.,

= W—l 117:0;

so that it is expanded to

(3.10) U= > ux, 00"  (4=1).
—<j<0

The relation (3.9) is rewritten into
3.1 Y=W.Z,
where the operator Z is, by definition,
Z=YV. U= j%zj(x, 6, )07,

a SUSY microdifferential operator of the infinite ordér. Taking the (—)
parts of the both sides of (3.11), one gets

(3.12) (w-Z)_.=0.
Introduce the fields z” e &, through
W-Z=3 (3 w;zi"er,
z

veZ je

and the rectangular matrix & through
Z=(2)jeczvene € Mat(ZXN®; &).

The equation (3.12) reads
3.13) W2 =0,
where ‘W=(W;),¢z, (w;=0 for j >0).

Proposition 3.1. The rectangular matrix Z solves
(3.149) O()=I"Z n=1,2,---,
(3.15) ()= A% — Z* Ay,

where A:(5y+1,v)y,uel; F:((—)v5,u+l,v),u,u€Z’ and AN°=(5/A+1,V)[I,VENUS EZ*:
(z¢*).  (For the = operator, see Section 2.2.)
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Proof. One obtains, by virtue of the super Leibniz rule,

oo

Zéj-) = Z (li )amk(zy—zjwk):

k=0

(3.16) .
Zé;)u: ZE] < ]JC ){azk(zv—2j+2k)_(_)vazk(zv—Zj—1+2k)}9

and from the fact that 0,, ,,(Z)=(—)"*"'0*"*(%), one has

O i2) = (=) 33 ( )0 C )= ()0 Cmae- )

Hence one gets

& j n ,
O 1(28) = (—)""? zéo (;{ )( ] )axl+k{zu—(2j+2n)+(2l+2k)
—(=)Z_iremane ez}

ne1sn (J+D : v
=(—) 1%(": )az”{zy-mnn)wp—(—) zw—(2j+2'n+1)+2p}

_( )n+ sz+2n+1

To calculate 0,,,,(257,,), first one observes that, by means of the anti-
commutation relation [@,,,,, @], =0,

Ounii( 35 (1 )01 ss100) = — 615
= (=)0 ana)-

Hence one gets

O, (28 )=(—)" i <J+n)a "2y ggromy sz

+( )n Z <j+n> zﬂ(zv—(2j+2n+2)+2/x)

—( )nZ <]+Z+1> zF(Zu—(2j+2n+2)+Z,u)'

=—(— )n Hzé;')+2n+2-

Thus one obtains @,,, (Z)=I"""'%. The equation 0,,(Z)=I"% can
be verified likewise. Next we compute @(z§”). The well-known formula
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(lg—-l: i) = (ki 1)-[-( i) applies to the calculation of O(z§?,1), and one

obtains
OGS =28 — (=Y zish.
The definition (3.16) leads to
0=z (=)z™,
Noting the parity of z{’, one sees that these identities are encapsulated to
0() =2 — (2§ )%,
which implies the equation (3.15). O

From the equation (3.14), (3.15), the matrix & is represented as

(3.17) F=0. 5 -exp(—0Ay.—x(Ayo)®,

where

(3.18)  P=exp (0/1+x/12+ S, rn),
n=1

and & is a constant matrix
E=(E/x,y)/1€Z,vEN°€ Mat(ZXNc; M) Wlth ‘gpv € 'Mgﬂ.d'

(By Mat(Z x N°¢; «/), Mat(N°; «/) we mean Mat(ZX N°¢; C)Q «,
Mat (N°¢; C)® <, respectively.) The matrix 5 is the initial value of &,
namely

-
o =g‘z=0=t=0’

and is of maximal rank (the C matrix ¢(Z) of maximal rank). More
precisely we have

Lemma 3.2. The matrix entries &,, of 5 satisfy
&,=1for anyv e N, and £,,=0 for u<v.
Proof. Expand ¥ to

=3 0,06,

where ¢,(t) e ¥, and ¢,(0)=4d,,. Then the coefficients z; are expressed
by
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2= 3 (1 )00, a(x,0)
3 ()i 0.1 0)
3 (= )i 00t 00,

where the summation 3 ; ,, , means that the indices /, m, n range over the
set {(/, m, n)|1>0, n>0, m<0, m+2n-—2/=j}. Hence, for an even index
vy, one obtains

— )
§v+2j,v"‘zu+2j !w=0=t=0

=]Z;) (v/2+j> Z - 0. (WX, ) |sepmo Oum,oi-27

k —wZm<

i

30
The other cases are similarly verified. ]
Substituting (3.17) to (3.13), one obtains the following proposition.

Proposition 3.3. The coefficients w,(x, 8, t) (j<<0) of a SUSY wave
operator W e (§10))y°" satisfy a system of an infinite number of linear
equations

(3.19) "WOE =0,
where '"W=(W,);ez (Wy=1, w;=0 for j>0), for a matrix
E=(E)uez ez € Mat(ZXN; &) with §,e A ,,,, &,=0, (uv).

The equation (3.19) is referred to as the SUSY Grassmann equation
for the SKP hierarchy, which is an analogue of (1.12). Though we do not
discuss here in detail, the SUSY Grassmann equation has a unique solu-
tion for a matrix 5 in the set of superframes:

SFR(N“, "Q%):{E:(Eyu)pez,yezvc 3 Mat(Zch’ M)I
g.,€,,, Ime N such that £,,=4,
for /‘L<——m7 /JSV: Syvzo for ——m£p<0, /l_é._.m’

and (&) is of maximal rank}.

The resulting solutions w, belong to the quotient algebra 2.
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Proposition 3.4. Let us consider the SUSY Grassmann equation for
5 e SFR(N®; ), and set W=73,_ .., Ww/x,0, )0 e (EL(0))rc for
the solution 'w. The operator W solves the SUSY Sato equations (3.6) with
B,=(Wo"W-", (n=1,2, .--).

Proof. First one observes that the matrix @ (3.18) satisfies the linear
equations

OB)=AD, 6. (O)=I"D, (n=1,2, ---).

Notice that =(—)'4* and [4, '], =0. Differentiating (3.19) with
respect to the odd derivations @,,_,, one has, taking into account these
observations and the parity of w,,

(3:20) (O (WNPE (=) ‘w2 — 1105 =0,
where ‘W[/]=(W,,;);ez. On the other hand, one finds that there uniquely
exist fields b~V (0 j<2I—1, b V=1, b{" ™V € 2,) satisfying
v .
L.H.S. of 3.20)— (=)' 5 b@I-2@u-1~i(5d5)
ji=0
— t?(Zl—l)@E’

where the vector ‘7® -1 takes the form ‘F®-D=(r#P), ., (r#-"=0 for
J=0,r{"e 2). This relation reads

@21-1(W)+(_)l WQZl_l“(_)LB2z-1W= th-1>
where
B K= b(21—1)@2z—1-]
2-1 = ];:} j P

21 -1 j
Ry,= Y r@=vgi.

—o0j<0
From (3.19), (3.20) one has

PGS =0,

Furthermore the uniqueness of a solution to the SUSY Grassmann equa-
tion for 5 e SFR (N°; &) entails that #*-Y=0. Thus the operator W
satisfies the SUSY Sato equation for ©,,_,. The equation for @,, is simi-
larly obtained. ‘ O

We introduce the supergroup SGL (N°¢; /) by
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SGL (NC’ e5%)={g=(g/-u«),a,u€1\/° € Mat (NC, "Q{) Igpm € <5ye+y'
Im e N such that g,,=4d,, for u<vy, p<—m,
8,=0for —m<y<0, y< —m, and
(e(8 ) - m<p, veo 18 invertible}.
This supergroup acts on the space SFR (IV¢; &) from the right, and the

universal super Grassmann manifold USGM is, by definition, the quotient
space of SFR (N°; &7):

USGM=SFR (N°; «)/SGL (N°; 7).

Proposition 3.4 says that USGM parametrizes general solutions in 2 of
the SKP hierarchy via the SUSY Grassmann equation, and especially that
the subset

USGM?#={5=(£,,) ¢ SFR (N*; #)|&,,=4,, for p<v}/SGL (N°; /)

provides formally regular solutions.
To study the time evolution of solutions to the SKP hierarchy, intro-
duce an infinite number of supersymmetric derivations:

@:i_g 9 ,
o0 ox
= 0 = a ad 0
0, = , Oy = —> topy———
“ atZl w at21—1 kZ:l * 1at21+2k—2

Consider an even derivation
X=a2 1B+ i .0,
0x n=1

where ae &y, { e ;. c, e &, Then one easily sees that X commutes
with the derivations ® and ©,. Therefore it acts infinitesimally on the
solution space of the SKP hierarchy. For a superfield fe 2, one has

3.21) @*)(x, 8, t)y=f(x", 6, 1),

where X' =x+4a+00, ¢'=0+4+C ty 1=ty +cCuy ty=tutcy+
D i1ty _1Cask .- This formula implies that the derivation X induces an
infinitesimal supersymmetric time evolution of the superfield f. Further-
more, since the fundamental solution matrix @ (3.18) has the multiplicative
property with respect to the SUSY time evolution (3.21), i.e.,

(eXQ)(xa 0, t)=@(x> ﬁa f)@((l, Ca C)s
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the SKP hierarchy is translated to a dynamical system on USGM with the
super time evolution,

Hmod SGL (IN°; of)——>D(x, 0, t)5 mod SGL (N°¢; ).

In order to solve explicitly the SUSY Grassmann equation, we need
some algebraic concepts. With a matrix X=(x;,); ¢z

X=X, Dap-0.

is associated where the blocks are set as X, ;=(x;,);c22+4,j¢22+5- APPlying
this rearrangement to the SUSY Grassmann equation, it is rewritten into

the form
(3'22) (' s Wy Weg, 1, O> ety e, W, Wy, Oa )éé:

Let A=(4,,p).p-0,, be an invertible matrix with A4, , e Mat (m, X m;;
o ,.5). The invertibility of such matrices is equivalent to that of the
matrices e(4,,) and e(4,,). A superdeterminant (or the Berezinian) [6, 17]
of the matrix A4 is, by definition,

sdet A=det (45— Ay,14;,,7 4;,0)/det 4, ;.
The inverse of the superdeterminant is given by
s~'det A=det (4;,;— A;,44y,,7"4y,,)/det 4y ,.

We should remark that a superdeterminant is multiplicative with respect to
the product of matrices. By virtue of Cramer’s formula in linear algebra,
one sees that the even unknowns w_,; in (3.22) are expressed in the form
of a quotient of superdeterminants. To get the formula representing the
odd unknowns w_,;_,, we first look for the formula for the first one w_,,
and consider the first SUSY Sato equation 0,(W)= — (B,W —W@).
Finally we obtain the main theorem in this paper.

Theorem 3.5. The coefficients of a SUSY wave operator attached to a
superframe 5 e SFR(N°®; o) are given by

(3.23) w_,=6{log (sdet ("5, 05))}

(3.24) =6,{log (sdet (5, B5))},

and

(3.25) _oy=(—) sdet ("5, B5)/sdet (5,55,
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(3.26) W_gy1=(—Y(O+0))(sdet (‘5,0 5))/2sdet (:5,B5),
for j=1,2, --.. The frame &V'z, is defined by

‘ET’Zj:(Ej 0 )’
0 &,

where the definition of 5, is found in Chapter 1.

The superdeterminant appeared in the denominator of (3.23)-(3.26)
is regarded as a superanalogue of a ¢ function of the KP hierarchy, and is
referred to as a super t field of the SKP hierarchy. We will give a proof
of Theorem 3.5 and details of a super 7 field in the next section.

§ 3-3. Proof of the main theorem and a super ¢ field as a superdeterminant
Define a,,=a,(x,0,1) € £,,, by

(a,uv)/lGZ,ueN”‘:Q . E’

where @ is the fundamental solution matrix (3.18) and & € SFR (IN°¢; &).
The equation satisfied by @ gives rise to the following identities:

(327) @(ayv):a#+l,w ax(apv)Zay+2,ua
@21—1(a,uv)= (—)/‘+la,u+21—1,v! QZZ(a;m) = (—)la/u-ﬂ,v'

Set the rectangular matrices 4, B, C, D and B, C by

A=(a,3) - wci,j<-2 Bz(aiﬂ)—-oo<i_<_—2 s
—oo{f<~1
C= (alx])—oo<a< -1 D= (aaﬂ)—oo<ot < -1
oS-
and
Bz(aiﬁ)—co<i<+oo » C=(aaj)—-oe<a<+w .
—e0<pt—1 Celjsoy

Hereafter 7, j, k stand for even integers and «, g, 7 for odd integers. The
SUSY Grassmann equation (3.22) is rewritten into

(v Wy Wy - W_gy W 1)[ ]

=—((@y;) -0 j< 23 (aoﬁ)—w<ﬁs—1)'

(3.28)

Now let us define for every integer u
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d/‘f.:allf—‘ 2 | GueCes (—oo<jL-2),

ol L~

where (¢,;)-w<oc-1=D7'C, and
—ol jE-2

df‘ﬂ:al’ﬁ— Z;s_zaﬂjb;'ﬁ (—oo B,

where (0),)_ccjca=A47'B. Set

—wp<~1

d=det(d,))_..cs 1< d=det(d,g)_.coper

Let 4 ( CRARE Z"‘ > denote the determinant which is obtained by replacing
b st

i;-th row by (d,,;). w<;<-2 @nd so on in the determinant 4. The determinant

Zl(a‘” e a"“‘) is defined as well.
Pos ="t s Moy

A super ¢ field attached to a superframe 5 ¢ SFR (N°; &) is given by
=S det (A B):A/(l,
C D

where d=det D. Its inverse is

r-l=s"'det (A B):Zl/a,
C D

where a=det 4. (We should notice that, in the notation of Theorem 3.5,
the super 7 field is given by r=sdet (5,@E).) By means of the Cramér
formula we can solve the equation (3.27) and get

(3.29) War=/ful7,
(3.30) Wy =fual/t™? (e N°),

where f;, :(—)ld(%l)/d, fzmz(—)‘ﬂ(ﬂgl)/a. The expression
(3.29) just coincides with (3.25) in Theorem 3.5. We establish some
lemmas to prove Theorem 3.5 and to study relations satisfied by a super
7 field.

Lemma 3.6. Let the indices j, B run over the range — oo <j< —2,
—oo<B<L —1, and define by, cay by (biﬂ)—-oo<i<+oo:B'D_la (Cri)-wcacto
—ef<-1 <

~ ol L2
=C-A
Then one has the following identities:
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(1) OW)=0udyt 3 bidps,y (—o0<I<O).
(i) 6,d)=—dud;+ z Dy (=00 <i<0).
(i) 0.(d,)=d,.s,—b,. d (—oo<ig—2).

(V) Oudi)=0,, sy~ ; bisdyes,; (— o0 <i<—2).

(V) @(daﬂ)zaa,—ldoﬁ+ <Z c dj+1ﬂ (_°°<05£-1)
—wdj<

Proof. (i) Since
(daj)—w<a§—-1:C_D(D—IC):()’

—wlj<—2

one has

0=06(d.,)

:da+1,]’-— aaﬁ.@(cﬁf)
—o<fL—1
for — oo <a<<—1. Hence
(3.3 (@(caj))—oo<a< 1—-D t(d [T B j<-20
Zegizt
In the same manner one gets
(3'32) @( ) +1 ]+ aiﬁ'@(cﬁj)a
w<pL~1

and the second term is computed as follows:

(_ooZ ":8 @(Cﬁj))—wézi+m

2

- B (@(ca]))—w<ns 1

—eoj<~2
:(B‘D )'(dk+2 j)—co<k j<~2
'_‘( Z bzﬁd +1, ])—oo<1,<+oo ’

—w <L~ <

where (3.31) was applied. Inserting this result to (3.32) and noting that
d;..,;=0 for — oo <i<—2, one gets (i).

(ii) One can similarly prove as in the case of (i).

(iii) One gets in the same way as in (i) that

a.(d )= +2,j'— Z‘. laiﬂ'a.z'(cﬂj)3

—0<f<—

and the second term is computed as follows:
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( Z aiﬁ'az(cﬁj))—oo<i,js—2
= <hg-1

=B-(0,(D"'C))
=BD~43,(C)—a.(D)-D-'C}.

From the definition of the matrix D it follows that

az(D) D '= [INédd 1] ’
(@4) - cocpc-1+ D™
where Ngg={---, —5, —3, —1} and Iy, denotes the identity matrix

of the size N¢,. Hence one gets

O
9.(0)=0.(D)-DC=( , Ovias ),
(@) wcss

which shows (iii). We omit the proofs of (iv) and (v) because they can be
verified in a completely similar way as (i). O

Lemma 3.7. Set D™'=(G,5)-wcapc-1 nd Ty5= 7 ccrgc-y Qylys
Then one gets the following identities:

(i) B(ogd)= >, b,,..
—o01L0

(it) 9.(logd)=m,, ;.

(iii) @(dxj)zdzj__w§<_1”1ﬁdﬁ+1,j-

(iv) 00 25 by )=by — Z by, ityise
~Zi<0 — 5 i<0

(v) @(bi,—1)=5¢+1,—1+ Z;. lbinT—!»l,—l (—oo<i<—2).
—o<r<

Proof. (i) By the definition of b,; one sees that

(3.33) 6D)- D“1=(biﬁ):$§%g<0_ .

1

Hence

O(ogd)=tr (O(D)-D )= 2. bii-s
—w<i<
(ii) By the definition of r,, one sees that

(3.34) 0.D)-D™'= ((m;]_vffﬁg ] 1)'

Hence

o, (logd)=tr (@, (D)-D V=mr, _;.
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(iii) This can be verified by a simple calculation.
(iv) From the definition of b, it follows that

(az(biﬁ))-m<i<+oo:av(E'D—l)
—elf<—1
=9,(B)-D-*—BD-'.3,(D)-D-\.
Inserting (3.34) into the equation above, one sees that
az(bi,i—i)zbuz,i—l”‘bi,i—s—bi,—ﬂﬁ,i-x-

Summing up this ideatity over — co <{i<{0, (iv) is proved.
(v) Since

6(BD~)=6(B)-D'—B.-6(D™")
=Iye,+BD-0(D)-D,
applying (3.33) to the above line, one has
@(biﬁ)zaﬂ-l,ﬁ"l— Z b'LTb7+1,ﬁ1
—or<-1
where — oo <i<{—2, —oo << —1. O

Lemma 3.8. One has the following identities:

(i) @@):%{ 5 bi,_ld(é)—bﬂ,_ld}.

—e<iL2

(i) az(r>+f.z=~ax<logd)-r~—ji- )3 bi,_ld(").

—e<ig~2 1

(i) SO D+OL = 3 bod( ] )=bued).

—eliL—-2

o o0=4{-_5_ (o} e0d( 1)
N S
(V) 2(f2+0(z))-O(log ©)—B%(z)

1 -2 1 i
= - 31 d . —_— - i —IA )
(/) +6(log d) -t + dA( 1) L3 b (2

Proof. By A((}.)) is meant the determinant obtained by replacing
7

the i-th row in 4 by a row vector (f)_.c;<-s
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. 1 i\_ ,
(i) @(z‘)_g_m;ils_zd<@(d“)) 6(logd)-

=il Bt ) )

+( 22 Sobi,i—l) -t—06(logd)- .

—o0 <%

Applying Lemma 3.7 (i) to the above line shows (i).
(i) This is verified in a similar way by making use of Lemma 3.7

(iii).
(iii) From Lemma 3.6 (i) and Lemma 3.7 (i), it follows that
of9=—2{ 3 baa( ) )-bd—ba(7 7))

—e0 i< —4 -2 0
()
d 1

Noting Lemma 3.6 (ii) and that O(log d)=0,(log d), one has (iii).
(iv) This follows from Lemma 3.6 (iv) and

@3(103 d)= - Z bi,'l—:}'

~oli<~2

(v) Differentiating the both sides of Lemma 3.6 (iii), one has, by
virtue of Lemma 3.7 (v),

O¥r)=—0O(f.,)—B*(logd)-r—20,(logd) -
—( Z bi,—1ﬂ1,1~1)'7+ 6(d) Z bi,-1A< i>

-5 <0 d? -wSig-2 1

1 ,/—-2 ;
a7 5 bebea(h)
—oorL~1

1 k
_7—oo<;,ks-z bi’_lbk’-ld(—J)
%k
1 i 1 ki
+_c_l_—w§s—2 b, _IA( 2 )+7i— —w<§cs—z bi’_lbk'—14<0 1)'

Furthermore, noting that

O(log ¢)=.} ST b, _14( i )—bo,_l,

—0 i< -2 0

and applying the Pliicker relation
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A3)a(5)= (7)o )44 1)=0

to Lemma 3.8 (ii), one finally obtains (v). |

Proof of Theorem 3.5. First we prove (3.23). We only have to show
that f_,= —6(z"*). By virtue of Lemma 3.6 (v), one has

6(z-1)= —‘172(“01>+( S el )e-'—6(oga)- .

—ola<~1
Since O(4)=C,
O(loga)=tr (B(4)- A

= cc’t,a-l‘
—wolag-1
Thus one proves f_,= —@(z~"). The identity (3.24) follows from Lemma
3.6 (i), (ii). What we remain to prove is the identity (3.26). Consider the
Sato equation

0,(W)=—B,W+Wo,
where B,=6-2w_,. Itis easy to show that

O:(w_1)=—6(w.y),
(3.35) 0,(We )= —O(Wy ;) —2w_,wy;+ 2wy, _y,
0,(Wy;- )= —O(Wy;_)—2w_wy;_, (jeN°).

The first equation above is already satisfied because of (3.24). Setting
w,=g,/t (j < —2), the second equation yields

(3.36) 8oy = %(@ +6.)(g:),

which consequently leads to the third one. The relation (3.36) entails
(3.26). Thus the theorem is proved. ‘ O

It seems likely that a super z field of the SKP hierarchy satisfies many
relations. However on this point, our analysis has not been completed
yet. We only propose here a set of infinitely many relations that connects
a super ¢ field with the coefficients of the corresponding SUSY wave
operator. Consider the residue term of the Sato equations (the residue
term of a SUSY microdifferential operator is, by definition, the coefficient
of &' in the operator [16]). By a bruteforce we can verify that the residue
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terms in the first few equations of (3.6) take the exact form with respect
to © derivation. Integrating them we obtain the following relations:

(3.37) O(log 7)=0,(logr)=w_,.
(3.33) O,(log )= —Ww_,.

(39  O,(ogs)= —{%(3@ +0)w_)+ w_m——w_,w_l}.
(3.40)  O,log )= 20,y e (0 — 20 _w_0)"

6:(10g ) = - (O +0,)(W-) 201+ s s W
(341) VW) — W W gt (i) — 200
L G {0 w0
2w W Wy wo (Wo ) —w_w_,.

These relations may be regarded as an analogy of (1.15) that connects a ¢
function of the KP hierarchy with the corresponding wave operator. The
relation (3.37) has already been proved in Theorem 3.5. Here we show
(3.39).

Proposition 3.9. A super t field satisfies the relation (3.39). That is,
w; being the coefficients of the SUSY wave operator for the superfield <, it
enjoys the following relation which is equivalent to (3.39).

(3.42)  By(r)=— —;—{3@(f ) +0:(f- D 2{f-2:+0.(0)}-Olog 1) —6(z),

where the superfield f_, is defined in (3.29).

Proof. Notice Lemma 3.8 (iii), (iv), (v). Remaining task is to
show that

b,,_,=06(logd)— Z by, imy4-1e

—oo<i<0

This follows from Lemma 3.7 (iv). 0

§3.4. The reduced hierarchy

Let / be a positive integer. In the SKP hierarchy, consider the fol-
lowing condition:
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(3:43) L¥=B,,
or the equivalent condition for a SUSY wave operator
(3'44) @2111(W)=0 (n= 17 29 ot ')-

Geometrically the conditicn above is interpreted as follows: Let 5 be a
superframe associated with the SUSY wave operator W. Then the
condition (3.44) says that the point in USGM represented by 5 is stable
under the action of the group generated by the Lie algebra > >, CI'™".
That is, for arbitrary ¢,,, € &7,, there exists an element g e SGL (N°; &)
such that

exp (Zl Cun ™) E=EH-g.
=

The system which comes from the condition (3.43) is a SUSY extension
of the l-reduced KP hierarchy, and is referred to as the J-reduced SKP
hierarchy. The symmetry of this hierarchy is the Kac-Moody super-
algebra without a center s/(/|/; C[4, 2~']) (Cf. Chapter 4). The 2-reduced
SKP hierarchy gives rise to the SUSY KdV equation [14, 15, 16]:

—1 3 . 3
Uy o= Uy, z0— Euaus L7
x

4

Uy, :<:—1‘“4 zz -3—242'“3‘”35‘4> .
e 4 ' 2 2 z

k Chapter 4. Lie Superalgebras of Infinite Dimensions

In this chapter we construct realizations of the Lie superalgebra
gl(co | e0)~ and of its subalgebras by making use of free field operators.

We first define Lie superalgebras [4,10]. A Z,-graded vector space
g=a,Pg, is called a Lie superalgebra if there is a bilinear bracket product
[,] on g which satisfies the following conditions: If xeg, and y e g,
then 1) [x, y] € 4.4 2) [x, y1= —(—)**[y, x] and 3) [x, [y, z]l=I[x, J], 2]
+(—=)**[y, [x, z]] for z e g. The third relation is referred to as the super
Jacobi identity.

An example of Lie superalgebras is constructed in the following
manner. Let N=m-n be a positive integer, and let

g._,:{(’g JOD)IA e Mat (m; C), D e Mat (n; C)},

glz{(g (?)'B e Mat(mXxn; C), C e Mat(nX m; C)},
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so that g=g,Pg, is the space of all N X N complex matrices. For X e g,,
Yegs we define [X, Y]=XY—(—)**YX. Then the space g is a Lie

superalgebra which is denoted by gl{m|n). For <C g) e gl(m|n), we

define the supertrace by str X==tr A—tr D. All supertraceless elements
of gl(m|n) constitute the Lie subsuperalgebra 3[(m |n).
Introduce the infinite dimensional Lie superalgebra gl(co|oo)=

gl(o0 | 00)y @ gl(co | c0), by
gl(co | e0)y={ ;: als E&® | al® =0 for |i—j| > 1),

and
gl{co|oo)y={ >,  aiPE5?P|afi?=0for [i—j[>1},
1,J€Z
@, f=0,1; ap

where (E{5®),,=08:0;, for a, 8==0, 1. The bracket product is defined by
[P, EgO)=0¥3 (59 — (=)« D0+ 9525, EGP.

Now we construct the Lie superalgebra gl(oo | o0)~ which is the one-
dimensional central extension of gl(co|o0), by making use of free field
operators. Let 4 be the Clifford algebra over C with generators (), %
(=0, 1;je Z) satisfying the defining relations:

[p®, p 01, =[¢O%, $®O*], =0, [, $O*], =3,,,
W, PP I=*, ¥ P*1=0,  [¥f7, ${7*]=—3,;,
@, fPl= [, O] = [0, D] =[O, P*] =0,

An element of
WO = (3 CHB(T Cys
Jjez jez
(resp. W=(3, CyP)@( T CP*))
JezZ Je€Z
is referred to as a free fermion (resp. free boson). It is easy to check the
following proposition.

Proposition 5.1.  The product {*P'* satisfies the same bracket rela-
tions as the matrix element E{3.

Next we consider the one-dimensional central extension gf(co | c0)™ =
gl(co | 00)@DCz. The even part is gl(co | c0)y =gl(o0 | 00),@®Cz and the
odd part is gl(co | 00); =gl(o0 | o0),. The bracket product is defined by
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(57, EZP) =[E5P, EgP14(—)0"0%0,,0 (Y. () — Y. (),
[gl(c0 | 00)™, zI"={0}, where Y,(i)=1 (i>0), =0 (i<0).

In other words,
[Z aé;{ﬂ)Eé;ﬁ)’ Z bé‘}ﬁ)Eé;ﬂ) =Z Cé';ﬂ)E,E";ﬁ)—l—CZ,
where

P =3 albiP — 3 (—) DB HggPpED,
¢=22(—)*aiPbf (Y, () — Y. ().
To construct a representation of gl(oo | 00)” via the free field opera-

tors, we introduce the vacuum expectation values for the quadratic
elements in 4. Set the linear form { ) by

PP =P pP*) =0 for a, f=0, 1,
PPy =Ry Py =0 for a, f=0,1, ap,
<«p§°)«jf§°’*>=5“Y_(i), (P PHPP)=0,;Y.(i),
P P*y = =8, Y0, (pP*pP>=0,Y.0),
where Y _(i)=1—7Y,(i). We normalize the linear form by {1>=1. The
normal product is defined by
SO PR L O BV (g (9%,

From Proposition 5.1 we obtain the following proposition.

Proposition 5.2. The mapping E{P— iy P*:, z—1 defines a
realization of the Lie superalgebra gl(co | 00)™.

We write Z{5P = 14{4{"*:. - Define the elements

LO=—%jZ%,, for melZ

i€z

Then we have the commutation relation
(L9, LO=(n—n)L ot = (' =)

Hence 3, ,CLY @ C-1is a Lie subalgebra of gl(co|o0)”, which is iso-
morphic to the celebrated Virasoro algebra. As is known, there are two
manners for the supersymmetric extension of the Virasoro algebra, namely,
the Ramond algebra and the Neveu-Schwarz algebra. The Ramond (resp.
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the Neveu-Schwarz) algebra is the complex Lie superalgebra & =.2,0.%,,
where the even part %, has the basis {/,,, z|m € Z}, and the odd part %,

has the basis {g,|k ¢ Z} (resp. {g,|k ¢ Z+1/2}) satisfying the following
bracket relations:

[lma l ] (m n) m+n + '_‘(m m)6m+n OZ

1
[, gl = (5’" -k)gm,

1/.
[gj,gk]:211+k+‘§'(.]2 _"11_-‘)6j+k,02> and

z]={0}.
We can realize these Lie superalgebras as subalgebras of gl(co [ 00)™.
Proposition 5.3. Let (¢, v) € C*. Define the elements
L = — 35 20+ 2§00 ) (b 10) 3 2y + 2,
—‘2—’” 2,25, §(1+4(#+v))5m,0, and
G = =/ =T 3 (Z40 /Z80,)+ 3 = T 20) T 29, 5

for m, ke Z. Then the mapping I, —L, g,—G, z—24+8y gives a
realization of the Ramond algebra.

Proposition 5.4. Let (1, v) € C*.  Define the elements
Lo = =2 J @ oy + 25 )+ (k) 2 (Z 0+ Z i, )
—~(m— D Z Z¢,., —-(1+,a—|—u)5m,0, and

Gilp=—+— Z (Z570% s HZ e, )4 — Wp+ QCk+ 1) ;Zﬂ)}m,f’
J

form,k e Z. Then the mapping 1,—L%, g, ,,—>G#) 5, z—2+8y gives
a realization of the Neveu-Schwarz algebra.

Now let us consider the Lie superalgebra
g=3l(m[n)@CIA, 217D Cz,

where C[2, 27'] is the ring of Laurent polynomials of the indeterminate 2.
The bracket relations are
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[X®2*, YR X=X, YIQA*** + kb0 str (XY)z,
[g’ Z]={0}’

for X, Ye 3l(m|n). Put

e=E,,,.®, e=E, Q1 (I<i<m+n),
f;=E1,m+n®z’l’ .f;.=Ei+l,i®1 (l_<_l£m+7l),
h0= E11+Em+'n,m+'n)®1'_z’ hm=(Emm+Em+1,m+l)®1:
hy=(E;;—E;,1,;.0®1 (<i<m+n, is=m),
where (E,,)y,=0,,0;,. Then we see that {e,, f;| 1< j<m+n, j#m} is the

system of even Chevalley generators, and {e,, e, f;, f,,} is the system of
odd Chevalley generators. If we put

o 1 0 .. ... 0 —1)
-1 2 —1
0 —1 2 —1 0
-1 2 -1
A=(aij)= _1 0 1 1)
O —1 2 -1
0 -1 2 -1
| —1 -1 2]

then we see that the following bracket relations hold.

[hrn hj]=0$ [etafj]zaijhi’
(7, e;]=aye; s fil=—a, 1,
(ad e,)'*1o/le, = (ad f;)'*1o441 £, =0,

Hence the Lie superalgebra g is an example of the contragredient Lie super-
algebra (cf. [10]). The matrix A is called the Cartan matrix. The corre-
sponding Dynkin diagram is
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Here O denotes the even simple root and @ denotes the odd simple root
of length zero.

The Lie superalgebra g is realized in gl(co | 00)™ as follows: Elements
of gl(co | 0o)are written as 3 asPZ {5 +c. Consider the following con-
ditions for the coefficients a{5”;

D a . —a,
-1 (0 -1 011
2) 7o A em— 22000 a8k =0 for any k e Z.

Proposition 5.5. The linear combinations with coefficients satisfying
1) and 2) construct a realization of the Lie superalgebra 3[(m|m)QCI[2; 171
DCz.
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