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Introduction

In [30], Vershik, Gelfand and Graev studied the construction of
irreducible unitary representations of the group C=(X, G) of smooth maps
of a compact manifold X with values in a Lie group G. Following the
physical terminology such a group is called a current group. In case G=
SL(2, R), they afforded factorizable irreducible unitary representations of
the current group which depend upon measures on X. Their method
reveals that the structure of a measure space is important rather than the
structure of a manifold. In fact they started with the construction of those
representations of the weak current group G‘*?. A weak current group
is the group of maps of a measurable space X with only finitely many
values in a topological group G. Furthermore their method relies deeply
on the structure of the neighborhood of the trivial representation of G=
SL(2, R). In other words, it is essential that there exists a canonical state
on SL(2, R) (see [32] for its definition).

Apart from the representation theory of current groups, there has
been a remarkable progress in harmonic analysis on free groups. In [10],
Figa-Talamanca and Picardello found a close resemblance between har-
monic analysis on free groups and that of SL(2, R). Their results are
known to be extended to certain free product groups (cf. [15]).

Based on the above stated resemblance, we consider in this paper the
construction of factorizable irreducible unitary representations of the weak
current group G©. Here X is a measurable space and G is the free
product of a countable family (G,),.; of countable groups. Note that if
all G, are infinite cyclic then G is a free group. In Section 1 we show that
a length function £ on G is negative definite, which yields a canonical
state +r,(x)=1*" where x € G and 0<{t<{1. The cyclic unitary represen-
tation L, defined by +, is called the canonical representation. We remark
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that when G is a free group our length function is different from the
ordinary one. The ordinary length function on a free group is known to
be negative definite (cf. [14]) and the corresponding canonical representa-
tion was recently considered in [25] for distinct purposes. In Section 2
we show that the canonical representation L, is irreducible if the cardi-
nality of I is infinite (see Theorem 1). In Section 3 we consider the case
when G is the free product of an r family of finite groups of the same
order s with g=(@F—1)(s—1)=2. In this case we show in Theorem 2 that
L, is not irreducible; if ¢=*<¢t<1, L, contains a unique irreducible sub-
representation L? which is not weakly contained in the regular representa-
tion of G (so called a complementary series representation), and its ortho-
gonal complement is a subrepresentation of the regular representation.
The existence of the unique irreducible summand L? plays an important
role for the construction of irreducible representations of G‘¥).  While if
0<t<q 2 L, is weakly contained in the regular representation of G.
The pure state ¢, corresponding to L? is given explicitly in (3.7). The
similar results are obtained if we start with a canonical state ¥, given in
(3.16) (see Theorem 2’). Section 4 is devoted to reviewing the general
facts about unitary representations of direct limit groups. The reason is
that G can be viewed as a certain direct limit group. Applying the
results in Sections 2, 3 and 4, we construct in Section 5 the factorizable
irreducible unitary representations of G‘*¥? parametrized by finite positive
measures on X (see Theorem 3, Theorem 4 and Theorem 4/). When the
cardinality of 7 is infinite no restriction is needed for a measure space
(X, p). The pure state for our representation is given by @, (see (5.2)).
While if G is the free product of a finite family of finite groups prescribed
above, we need a certain condition on (X, x) to get irreducible representa-
tions of G*). Such a condition is fulfilled if (X, ) is a nonatomic
Lebesgue space, in which case the pure state of our representation is given
by ¥, (see (5.10)). The knowledge of the pure state enables us to see
the possibility of the extension of the representations to those groups which
contain G as a dense subgroup (cf. [30)).

Acknowledgement. Most part of this work was done during the
author’s stay in Universite de Nancy I. The author expresses his hearty
thanks to all the members of Department of Mathematics of Universite
de Nancy for their hospitality. He also thanks to Professor Picardello
who informed him the work [25].

§ 1. The canonical representations of a free product group

Throughout the paper, let (G,),.; be a countable family of countable
discrete nontrivial groups. We denote the free product group of (G)),;
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by G, that is, G=x,.,G,. Put G'=G—(e) (resp. G;=G,—(e) for i e I)
where e is the unit element of G. Every x € G’ can be written uniquely
as a reduced word

(L.1) X=8iy Ly

where g, e G;, such that i;e I(1<j<n) and i;#i;,, for 1<j<n—1.
We put 4(x)=n and call it the length of x. We further define 4(e)=0.
Note that 4(x~")=#(x). For x ¢ G’ in (1.1), we put

(1.2) MK) =g, -2, (1<k<n) and x(0)=e.

In particular we write z(x)=x(n—1) for x ¢ G’. Let ne N, where N is
the set of nonnegative integers. We put G(n)={x e G; é(x)=n}. Then
G(0)={e}, G(1)=1,¢; G} and in general

(1.3 Gm= G- - -Gy,

where i, - - -, i, run through 7 with the property i;==i,,,.. For m,ne N,
we write mAn=min {m, n}. Let x=g;,---g,, and y=g, ---g, be the
reduced word expression of x and y respectively where m, n==1. Then
there exists a unique # with 0<h<m/An such that g, =g,, -+, 8,,=g,.
while g,,,,%8ssre M in,15Ja s then £(y~'x)=m+n—2h. On the other
hand if i,,,=J,,,, then £(y~'x)=m-+n—2h—1. Hence we conclude that
for x, y € G there exists a unique k with 0k <2 (4(x) A\ 4(y)) such that

(1.4 Ly 0= L)+ L) —k.

Let €,(G) be the space of all complex valued functions on G with finite
support. We denote by d[x] where x € G the element of #,(G) given by
o[x}(»)=1 or 0 according as y=x or not. Clearly §[x] where x ¢ G yield
a basis of ¥,(G). Let L be the representation of G on %,(G) defined by
(L)) =f(x"1y). Note that L(x)do[y]=4d[xy]. Let %,,(G) be the G-
invariant subspace of %,(G) consisting of all functions having total mass
0. If we put

(1.5) alx]=d[x] —d[(x)] where x € G/,

then afx] e %,,(G). Since d[x]= {9 a[x(k)]+dle], it follows that {a[x];
x € G’} provides a basis of ¥,,(G). We introduce a G-invariant hermitian
form on %,(G) by

(1.6) o f>= =2 wes LT NAX D)

From now on, we parametrize the elements of each G, as follows;
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1.7 G,={a,=e, a;, a;, - - -}.
Then we may rewrite x € G’ in (1.1) as
(1.8) X=Qyp i

where i, e I(1<j<n) with 7,4, (1<j<n—1) and p,=1 (1<j<n).
Put b(p)=(p(1+4p))~'*for p=1. For x e G’ given by (1.8), we put

1.9 elXI=b(p ) paalx]— > 257" ale(x)a;,. -
Lemma 1.1. (i) For x e G’ in (1.8), we have
(1.10) alx]=(1+p)b(p,)elx]+ 211" b(R)elr(x)as,.]-

(ii) For x,ye G', {elx], e[¥])=1 or O according as x=y or not.
Hence {¢[x]; x e G’} provides an orthonormal basis of €,,(G) with respect to

(1.6).
Proof. (i) By (1.9) we can get (1.10) immediately.
(ii) We note that
alx], alyly = —&(y='x) + &y~ 2(x)) + £(z(3)""x) — £(=(y) " "o(x)).

From this and (1.4), it follows that if z(x)==z(») then {a[x], a[y]>=0.
Hence by (1.9) we have {e[x], [¥]>=1 or 0 according as x=y or not.
From (1.10) and the fact that {«[x]; x € G’} is a basis of &,,(G), we con-
clude that {e[x]; x € G’} forms an orthonomal basis of %,,(G).

Corollary 1.2. (i) The length function ¢ on G is negative definite.

(ii) Let K be the completion of €,,(G) with respect to (1.6) Let U
be the unitary representation of G on K which comes from the restriction of
L to 4,,(G). Define a map 8 of G into K by

(1.11) B(x)=0[x]—dle]= 2 ;&) a[x(k)].

Then B is a total cocycle on G for the representation U, namely,

(1.12) BGy)=UX)(E)+px) and 27" || f(x)|'= 4(x).
Let 0<7<1. We define a function -, on G by

(1.13) () =19 for 0<r=1 and r, = le].

Since ¢ is negative definite, it follows that +, is a positive definite function
on G. We consider the cyclic unitary representation L, of G on a Hilbert
space H, defined by +, (GNS construction). Clearly L, is the left regular
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representation of G on H,=1[%G), and L, is the trivial representation on
H,=C. For 0<¢t<1 we recall the construction of (L,, H,). Define a G-
invariant hermitian form on %,(G) by

(1.14) B )= Diawwea vy 0 LIF(D)-

Dividing ¢,(G) by the G-invariant subspace of functions having norm 0,
we get a prehilbert space and take its completion H,. Let L, be the
unitary representation of G' canonically obtained by L on %,(G). Each
d[x] provides a nontrivial element of H,, which is denoted by the same
letter. For x ¢ G, we define 7[x] ¢ H, as follows. Put 7[e]=d[¢]. For
x € G’ in (1.8), we put

(115 7x]=A(p,, {1 +(p,—DO)3x]—1 2 525" 6le(X)a;,n]}-
Here and in the sequel we write
(1L16)  A(p, )=((1—-)A+(p—D)(A+pe)~"*  for p=1.
Lemma 1.3. (i) For x e G’ in (1.8), we have
olx]=1"1le]+(1—1) 3 %-s "~ {1 +pt) A(py, )T[x(K)]
4t >zt ACh, O [x(k— Day,,J}
(ii) {7[x]; x e G} yields an orthonormal basis of H,.

(1.17)

Proof. (1) We shall show (1.17) by induction argument. Suppose
(1.17) holds for all x e G(k) with 1<k<n—1. Let x e G(n) written as
(1.8). We have only to see that

olx]=13[z(x)]+ (1 — ) {1 +p. ) A(p,, OT[x]+1 2523t A(h, D) e(x)a;,a]}-

This can be derived from (1.15) by induction on p,.

(ii) Since 7[x]=L(z(x))[a;,,,] (see (1.15)) and (1.14) is G-invariant,
it is enough to consider (Y[x]|7[¥]), for x, y e G(1). Using (1.15), we can
see (7[x]|7IyD.=1 or O either x=y or not by direct computations.

The above constructed unitary representation (L,, H,) of G is cyclic
with cyclic vector ¥[e] such that (L, (x)7[e]|7[e]),=(x) for x e G. We
call (L,, H,) where 0<t<(1 as the canonical representation of G in analogy
with the canonical representation of SL(2, R) in [30].

§2. The canonical representations of an infinitely generated free product

In this section, we assume that the cardinality of I is infinite. We
may set I={1,2,---}. Let 0<¢<1, and (L,, H,) be the canonical
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representation of G introduced in Section 1. Our aim is to proving the
irreducibility of it. For N>1, we define bounded operators P{™ on H,

by

@1 P =(N)" 271 Li(ay).

We denote the orthogonal projection of H, onto C7{e] by P,.
Lemma 2.1. For any u ¢ H,, we have lim,,__, || P{"u— P,ul,=0.

Proof. First we show the lemma for 7[x] (x ¢ G). From Lemma 1.3,
it follows that

Ly(a;)rlel=1t7le]+ (1 —1*)"1]ay]
and hence
PEOTle]l=Tle]+(N) (1 =1 30, Tayl,
which implies
| PEVTLe)—1le] =171 — 1N,

Thus the lemma holds for 7Te]. If 4(x)=2, then by (1.15) L,(a,;)7[x]=
7la;x]. For such x, we have

PIx]=(N)" Tatlapy] and  PTx]=0.

Again the lemma holds for 7[x] with 4(x)>2. Finally assume that x=
a,, e G(1). Ifi==j, then L(a,)"a,)="7la,a;,] by (1.15). Hence

P01 a; )= (N)"" 2050 Tlana, )+ (EN) " La,)Ta,).

From (1.15) and (1.17); L,(a,)rla,,] is written as a finite linear combina-
tion of 7[x] with x € G,. Consequently

1P 1la,) [i=1"N""

This means that the lemma holds for 7[x] with £(x)=1. Hence the lemma
also holds for all » which are finite linear combinations of 7[x] (x e G).
Since these u form a dense subset of H, and the operator norms of P
where N >>1 are uniformly bounded by ¢~!, we conclude that the lemma
holds for all u € H,.

Theorem 1. Let G be the free product of a countable family (G,),¢;
of countable groups. Assume that the cardinality of I is infinite. Let 0<
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t<1. Then the canonical representations (L,, H,) of G are irreducible and
pairwise inequivalent.

Proof. Let H be a closed nonzero invariant subspace of H,. First
we show that there exists u e H such that Pu==0. Let u=3 ¢, 7[y]
be a nonzero element of H. Put S(w)={y e G; c,0}. If e e S(u), then
Pu=c,e]#0. Suppose e ¢ S(u). Put n=min{4(y); y € S@)}. Then
n=1 and we can choose x=a,,,- - -a,,,, € S(u) such that a,,,---q,,, ¢
S(u) for p<p,. We shall see P,(L,(x "u)=£0. Using (1.15) and (1.17),
we have P,(L,(x )7 [xD=1+(p,— Dt)A(p,, t)7]e], which is nonzero. For
y e S(u) such that z(y)#z(x), we have L,(x~")r[y]=7[x"'y] and hence
P(L(x"[y)=0. If ye S(u) such that y=a,,,- - -a,,, with p>p,, then
L,(xYyl=La;})a;,,). It can be written as

A(p, {1+ (p—D)0)dlaz a0l — 1 2520 8la5,0:,41}

by (1.15). Applying P,, we obtain that P,(L,(x ")7[y])=0. Consequently
H contains an element u such that P,u=+0. Take such u and consider the
sequence {P™u; N=1}. Since H is invariant, each PMue H. By
Lemma 2.1, this sequence converges to P,u. Since H is closed, it follows
that P,u e H. Hence 7[e] € H. On the other hand 7[e] is a cyclic vector
for (L,, H). This implies H=H, Let 0<{t,=1,<{1. Since ¥, #,,
L,, and L,, are inequivalent.

§ 3. The canonical representations of a finitely generated free product

Let G==x,.; G, be the free product of a countable family of coun-
table groups. In this section, we assume that /={1, 2, - - -, r} and all G,
are finite groups of the same order s. Put

3. g=@F—D(—1)
and assume g=2. It follows from (1.3) that
(3.2) |GM)|=r(s—1)g"* for n>1.

Let x e G(m) and n=1. We set G(n, k; x)={y e G(n); é(xy)=m+
n—k} for 0<k <2(m An) (see (1.4)). The following lemma is an immediate
consequence of the argument below (1.3). So we leave the proof to the
reader.

Lemma 3.1. Let x e G(m). The set G(n) can be decomposed into
the disjoint union of G(n, k; x) where 0<k<2(m/\n). Moreover if m/\n
>1, the cardinalities of G(n, k; x) are given as follows.
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|G(n, 05 x)|=q",  |G(n, 2(mAn); x)|=q""""",
|G(n, 2k; x)|=(r—2)(s— g™ ** for l<k<m/An—1 and
|G(n, 2k+1; x)|=(s—2)g"~*! for 0Zk<m/A\n—1.

Lemma 3.2. Let 0<t<1. For fixed y, z € G, the function \r,(z7'xy)
of x € G belongs to IX(Q) if and only if 0<t<q~ /2

Proof. Putl=/4(y) and m=14(z). To see the lemma, it is enough
to show that > .o;.n Yiseawm ¥(z7'xy) is finite. Put G, k;y, z)=
{x e G(n); 4(z"'xy)=I+m-+n—k}. Applying Lemma 3.1, we have for
n=l+m

Diveam Vilz T xy) =2 3L 2= Gn, K p, 7).
Since | G(n, k; v, z)|<|G(n)), the right hand side is dominated by
F(s— g et Mgy S 1,
Hence we conclude that ,(z~'xy) € I%(G) if and only if g#*<1.

Let ¢ be a positive definite function on G. ¢ is said to be associated
with the regular representation if it is of the form ¢= f« f where f e I*(G)
and f(x)=f(x"7). This means that the cyclic unitary representation of G
defined by ¢ is a subrepresentation of the regular representation (cf. [7]).
A positive definite function ¢ on G is said to be weakly associated with
the regular representation if ¢ is in the closure of {fxf; fe I%(G)} with
respect to simple convergence on G. This means that the cyclic unitary
representation of G defined by ¢ is weakly contained in the regular
representation (cf. [8]). One can show the following lemma without any
essential change of the argument in [14], where the case of free groups is
considered.

Lemma 3.3. A positive definite function ¢ on G is weakly associated
with the regular representation of G if and only if for any 0<t<1 the func-
tion ¢, belongs to IX(G). In particular +, is weakly associated with the
regular representation if and only if 0=t <q~*".

Let 0<t<1. For t#q~'" we put
3.3) c()=14r'(r— DA —-t)1+(s—Dt)(gr2—1)"1.

We find that ¢((g¢)"")=1—c(¢) and ¢(¢) is a monotone decreasing func-
tion for ¢='#<(¢<1 such that ¢(1)=1 and ¢’(1)= —s(r—1)/r(g—1). For
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0<<t<1 such that t=~¢~'% we put

3.4 Cm)=c@®)+A—c@®))(gt) ™™ forne N.

If t=¢q~', we put

3.5 Cm=14rYs—1)"'"Cq+(s—2)q"*—r(s—D)n forne N.
We note that if g~'2<t<1

(3.6) lim,_.,, C,(n)=c(?).

We define a function ¢, on G by

(3.7 $.(x) = () C,(4(x)).
One can verify ¢,,,-.=¢, and for t=£q~'"
(3.8) pe=c(O+L—cEgy-1-

Lemma 3.4 (cf. [15]). ¢, is a pure positive definite function on G for
g '*<t<1. The irreducible unitary representation of G defined by $, for
q " <t<1 is not weakly contained in the regular representation.

Proof. The first assertion is proved in [15] for the case when all G,
are finite cyclic groups of the same order. It is quite easy to extending
their results to our case (cf. [5]). The second assertion is a direct con-

sequence of Lemma 3.3.
Let X, be the characteristic function of G(n).
Lemma 3.5. Let 0<t<1. Forxe G and n=1, we have
(39 @Ix] [ X,).=r(r—1)""(qt)"t* ' C(£(x) An)
and for m/\n=1, we have
(3.10) A | L) =r*(r—1)"%(qt)"*"C,(m\n).

Proof. Note that (3[x]]%,); =2 ycam t*“7¥. Using Lemma 3.1, we
get, by putting m=£4(x), (3[x]| X,).=> 32" t™**"*|G(n, k; x)|. Again by
Lemma 3.1, it can be written as

(g) t™14q 7 (r—2)(s—1) 2% (q2*) "
+(s—2)(q) 7" 2288 (gt F - (gr?) A

This agrees with r(r—1)~'(qt)"t™C,(m /\n) by simple computations. Since
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1 X0) =2z caim (O[x]]X,),» (3.10)-follows from (3.9) and (3.2).

Lemma 3.6. Suppose q='*<t<1. Then

(i) the sequence {|X,||;*X,; n=1} in H, converges strongly to an
element 7¢.

(ii) We have |7?|,=1 and for x e G

@G.11) OLx][79)e=c()" ¢ ().

(iiiy If we put
(3.12) Ti=1=c()") (el —c()7T)
then we get

G13) [7ll=1, (2|1, =0 and T7le]=c()""1;+1—c(@)")" ;.

Proof. (1) It follows from (3.10) that (X, [l;* % |l %alli* Z0)s=
C.(mNA\n)(Cy(m)Cy(n))~"*. Since g~'*<t<1, it follows from (3.6) that
limy, o ([ X [l X | 11217 X,), = 1. This yields that {||Z,[j7*X,; n=1} isa
Cauchy sequence in H,. Hence it has a limit, which we denote by 79.

(ii) Since the norms of ||X,|;*%, are 1, we get ||7%],=1. By (i)
we have (5[x]|79),=1lim,_.. || X, |l;’* 0[x] | x.).» which equals

lim, ... @ C,(4(x) An)C,(n)~*"

by (3.9) and (3.10). Using (3.6) and (3.7), we obtain (3.11). The asser-
tion (iii) is evident from (i) and (ii).

Lemma 3.7. Suppose g=**<t<1. Then for x € G we have
LT3 1D =dx), (LUX)T3]72),=0 and
(LT TD)e= g0 -+(%).
Proof. Let m={(x) and nz=m. From (3.11) we find that
L, [1De=c () 2oy eam 17V Clb(xY)).
Using Lemma 3.1, we get
2veaim OV C(U(xy) =232 1" " Cin+m—k) |G(n, k; %)),

which can be written as

1™(@){Cn+m)+q~"(r—2(s—1) 275 (g2")*Cln+m—2k)
+(g0) 7 (s—2) 2750 (q1") *Cln+m—2k—1)+(qt*) " Ci(n—m)}.

(3.14)
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Since || X, |l,=r({r—1)"*(g¢)"Cy(n)'”* and
LT 1D e =i, oo |2, 7 (L)L | 79)es
it follows from (3.6) that the right hand side is equal to

rir—Dt™{14-q7(r—2)(s—1) > rt (qt?)*
+(qt) (s —2) 2% (gt?) F (gt

The last expression coincides with ¢,(x). Note that by (3.11)
L)1 | 1leD,= (7] 0lx~ "Dy =c (1) 7P ().

Since 7} is given by (3.12) and (L(x)1?]79).=4.(x), we can deduce
(L,(x)13|7Y),=0. Finally

L1 | 17)e= A= c(@) ) (LTl [T — () HLAX)T2| T2,

Using (3.12), we find that the right hand side agrees with (1 —c(¢)~")~(Yr.(x)
—c(t)™'¢(x)), which equals V., -:(x) by (3.8).

By virtue of Lemma 3.7, we can define for ¢='2<{¢t<{1 two closed
invariant subspaces of H, as follows. Let H? be the closure of the linear
span of {L,(x)r?; x e G} in H,, and let H} be the orthogonal complement
of H!in H,. We often denote the restriction of L, to H? (resp. HY) by
L? (resp. L}).

Theorem 2. Let (G,),<;<, be the family of finite groups of the same
order s, and assume q=(r—1)(s—1)=2. Let 0<t<1, and denote the
canonical representation of the free product G of (G )<<, by (L;, H).

(i) If qg72<<t<1, it can be decomposed into the direct sum of two
subrepresentations (L%, HS) and (L, H). Furthermore L is the irreducible
unitary representation defined by ¢, and hence it is not weakly contained in
the regular representation. On the contrary, L is the cyclic unitary repres-
entation with cyclic vector 1j, which is defined by r-:. Hence it is a
subrepresentation of the regular representation.

(il) If0<t=<gq-*", the canonical representation L, is weakly contained
in the regular representation.

Proof. (i) By definition, L?is the cyclic unitary representation with
cyclic vector 79 and (LA(x)7?|79),=¢.(x). Since ¢, is pure, L?is irreducible
and since ¢, is not weakly associated with the regular representation, L
is not weakly contained in it. We shall show that 7} is a cyclic vector
for L. Suppose that there exists u € H; orthogonal to any finite linear
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combination of {L{(x)7}; x € G}. Since H; is the orthogonal complement
of H¢, it follows from (3.13) that u is orthogonal to any finite linear com-
bination of {L,(x)7[e]; x € G}. Since 7[e] is a cyclic vector for L,, ¥ must
be zero. Therefore 17} is a cyclic vector for L}. Using (3.14) and Lemma
3.3, we conclude that L}is a subrepresentation of the regular representation.

(i) If 0<¢r< g ", is weakly associated with the regular repre-
sentation by Lemma 3.3. Hence L, is weakly contained in the regular
representation.

In the following, we consider the cyclic unitary representations of G,
which possess the properties quite similar to those of the canonical repre-
sentations. Let £'(x)=[d¢(x)/dt];.,, that is,

(3.15) 0(x)=4(x)+ c’(1)(1—g~ =) where x e G.

Since ¢, is positive definite, we find that £’ is negative definite. For 0<
t<1, we define a positive definite function 7", on G by

(3.16) T, (x) =14,

Let (I1,, 5#,) be the cyclic unitary representation of G defined by ¥,. We
denote the inner product of 7, by (, ),. Note that j[e] induces a cyclic
vector for s#,. Put

GBI amy=—c'(Dg "=s(r—Dr(g—1)"'g"" forne N
and

B(m, n)=1t*""" 4 (r—2)(s—1)g =" > w1 (qe*)-Fpeimrn-to
(3.18) (5= 2)gn) " T (gr) e

1 (gt?) e ntman)

As in Lemma 3.5, we can get
(3.19) ©lx], ), =1 Pt™(gt)"B(m, n) where x e G(m)
and hence
(3.20) ULy L)y =F(r— 1)t D (gt)™*"B,(m, n).

Since %™ is a monotone increasing function of n ¢ IV and lim,,_, t*™ =1,
we conclude from (3.18) that if ¢~ <t <1 lim,, ,_., B,(m, n) exists. While
we find that for fixed m e NV lim,_., B,(m, n)=r(r—1)"'C(m) (cf. Lemma
3.5). Hence by (3.6) we get lim, .. B,(m,n)=r(r—1)""'c(¢). This
implies (cf. Lemma 3.6) that {||1,|;* %,; n==1} is a Cauchy sequence in 5,
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and has a limit v} e o, for ¢7'*<t<1. As in the proof of (3.11), we
have

(3.21) (O[x], ug).=d(1)¢.(x)

where

(3.22) d(t)=1"Mrc(t)-12,

Put ui=(1—d@)*) "*(ole]—d()u?). Then as in Lemma 3.7, we get
(3.23) (T (), u))y=¢o(x),  (IL()u3, ), =0

and

(3.24) (1 (X)u, up), = O((gt)~*) as 4(x)—oo.

Let £ be the closure of the linear span of {/I,(x)u}; x € G} and let J#} be
the orthogonal complement of 5#¢ in s#,. We denote the restriction of
the representation I, to s#2 (resp. 53 by II? (resp. II}). In conclusion,
we obtain the following theorem, whose proof is quite similar to that of
Theorem 2.

Theorem 2. Let G be the free product of a family (G,),<;<, of finite
groups of the same order s such that q=(r—1)(s—1)=2. Let (II,, #,) be
the cyclic unitary representation of G defined by ¥, (see (3.16)).

(i) Ifq~'2<et<1, it can be decomposed into the direct sum of sub-
representations I1$ and II,. Moreover I1° is the irreducible unitary repre-
sentation defined by ¢,. While II} is the cyclic unitary representation with
cyclic vector u}, which is a subrepresentation of the regular representation.

(i) If 0<t<q~'" II, is weakly contained in the regular representa-
tion.

In what follows, we use the notational convention that H¢=H, and
H¢={0} for 0<t< g, whose orthogonal complement is denoted by Hj.
Let 0<t#,:--,t,<1 and put t=t,---t,. Let T=®,;<,L;, be the tensor
representation of G on the tensor product Hilbert space H=Q),,, H,,.
We define a G-equivariant isometry j of H, into H as follows. We put
JL 1) = T(x)(@1<:<n Tle]) for x e G, and extend it linearly on the
dense subspace of H, spanned by finite linear combinations of L,(x)7[e]
(x e G). Note that for x,ye G (j(L(0)rlel|j(L(p)rle])) is equal to
[Ti<i<n Ve, (¥7'x), which agrees with ,(y~'x)=(L,(x)[e] | L.(»)7]e]), since
t=t,---t,. Hencejcan be extended to a G-equivariant isometry of H,
into H. The next lemma will be used in Section 5.

Lemma 3.8. Suppose that q-*?<t,<1 for 1<i<n and q~'*<t=
t,---1,<1. Then jmaps H; into @,<;<n Hi,
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Proof. If t=1, then all t,=1 so that the lemma is clearly true.
Assume t<1. It follows from Theorem 2 that T can be decomposed into
the direct sum of G-invariant closed subspaces H(ey, - - -, 6,) =®1cicn H
where (g, - - -, ¢,) € {0, 1}*. Since H? is irreducible and occurs with
multiplicity one, j(H?) must be contained in exaclty one component of the
above decomposition. Since HY is never contained weakly in the regular
representation, we have only to see that each H(e, ---,¢,) except
(e1s -+ +» €,)=(0, - - -, 0) is weakly contained in the regular representation.
By rearranging, we may assume that ¢;=.-.-=¢,=1 and ¢,, ;=" =¢,
=0 where k=>1. For (y, ---,y,) € G", we put

u(yh St yn) = (15@10[‘!1,(3)1)7%1)@(]@ Lh,(yz)rg;)

Then the set of finite linear combinations of u(y,, - - -, y,,) where (y,, - - -,
¥,) € G* is dense in H(I,---,1,0,-.-,0). Every matrix coefficient for
the representation T restricted to H(1,---,1,0,..-,0) is in the closure

of the linear spans of the matrix coefficients of the form

S =Ty, - - -5 ya) |ulzy, - -+, 2,))

with respect to simple convergence on G. Hence it is enough to show
that the above f belongs to /%(G). By Lemma 3.7, we have

f(X)=1<]i1k Vg -(251x;) kD ¢ (27 xY).
Since [¢,(z; xy) | (€)=1, | f()I=Tlagisr Vo125 'xu;).  Note that
g~ <¢<¢t, <1 and therefore (gz,)"*2<(gt)* <1 for 1<i<n. Hence we
have | f(%)|< [Tisigr Yo -1(27'xp;). Applying Lemma 3.2, we obtain
fel}(G).

§4. Unitary representations of direct limit groups

Let (&, <) be a directed ordered set. Let (H,,J,.) be a Z-direct
system of Hilbert spaces. This means that each H, is a Hilbert space
with inner product (|),, and each j,. for £<(y is an isometry of H, into
H, such that j,.=id. and j,,=j,¢j,. for §<yp<{. The direct limit
Hilbert space (H.,j.) is defined as follows. Let (lim H,,j,) be the set-
theoretical direct limit of (H,,j,.). Note that lim H,={)..sj.(H;) and
J¢ is the canonical map of H, into lim H,. - We remark that j,=j, o j,, for
&<y and if j(u)=7,(v) then there exists £ ¢ & with £§<{ and 5<{ such
that j..(u)=j,,(v). We define an inner product on lim H, as follows. Let
h,elim H, (i=1,2). Then we can select & ¢ & and v, ¢ H, such that
h,=Jjv,) (i=1,2). Put
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4.1) (1| )= (01 v5)es

which is easily seen to be well-defined. Let H, be the completion of
lim H, with respect to (|). It follows from the definition of the inner
product that j, can be extended to an isometry of H, into H. and j.(H,)
yields a closed subspace of H,. Let (G,,i,.) be a H-direct system of
topological groups. We denote the corresponding direct limit group by
(G.=lim G, i;). Assume that for each & e 5 there is given a unitary
representation (z,, H,) of G, and for & <[y there is given a G.-equivariant
isometry j,. of H, into H, such that (H,,j,,) provides a 5-direct system
of Hilbert spaces. In this setting, we say that (z., Hy,j,.) is a S-direct
system of unitary representations of a A-direct system of topological
groups (G, i,.). Let (G., 1) (resp. (H.,Jj;) be the direct limit group
(resp. the direct limit Hilbert space). Then we are able to define a
unitary representation z, of G, on H, in the following manner. Let
geG.and helim H,. Select&e 5, xe G and u e H, such that g=1i,(x)
and A=j.(u). Put

(4.2) To(§)h=j(m (xX)u).

It is obvious that the right hand side does not depend on the choice of
&,x and u. Since j, is an isometry, we can obtain quickly (z..(g)h, | 7..(g)h,)
=(h,|hy) for hy, h, e lim H, and ge G,. Since lim H, is dense in H.,,
7..(g) can be extended to a unitary operator on H,. Furthermore we can
see that 7, yields a unitary representation of G, on H,. The following
lemma (which is probably known) was pointed out to the author by Dr.
Obata and Dr. Yamashita.

Lemma 4.1. Keep the notations and assumptions. Suppose further
that each (z;, H,) is irreducible. Then (z... H..) is irreducible.

Proof. Let A be a G_-equivariant continuous linear operator on H...
We have only to see that A is a scalar operator. Since j, is a G,-
equivariant isometry of H, into H,, and (z,, H,) is irreducible, it follows
that (x., o i, j.(H,)) is an irreducible unitary representation of G, equivalent
to (=, H,). For each & e 5, let P, be the orthogonal projection of H,,
onto j.(H,). Then P.AP. (viewed as an operator on j.(H;)) is G-
equivariant. Since (z, o 7., j:(H,)) is irreducible, there exists 1, € C such
that P, AP.=12.P, for each £ ¢ 5. Since j(H,) is contained in j,(H,) for
&<, it follows that P,P,=P,P.,=P,. Hence for £§<{{ we have 1,P,=
P AP,=P.P, AP P.,=1P.. This implies 2,=2, for £§<¢. Let & yne 4.
By taking { e & such that £<<{ and »<{, we conclude that i,=2,=2,.
Consequently 2, is independent of § e 5. From now on, we write 1=2,.
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Let A, e lim H, (i=1,2). Then there exists & € & such that A&, e j.(H,),
that is, P.h,=h, (i=1, 2). We have (4h,|h)=(APh,|P:h,)=(P.APh,|h,)
=2A(h,|hy). Since lim H, is dense in H., and A is continuous, we conclude
that 4=21id.

Remark. We explicate an example that even if (z., H,) (¢ ¢ &) are
not necessarily irreducible, the resulting representation z., happens to be
irreducible. Let I={1,2,3, ---}. Let(G)),c; be a family of finite groups
G,, each of which has the same order s. Let G be the free product of
(G)),c;- By Theorem 1 the canonical representation (L,, H,) of G where
0<t<1 is irreducible. For a>1 we put G =G,+G,x- - - *G,, which can
be viewed as a subgroup of G. Furthermore G is regarded as a sub-
group of G for a<b. Consequently {G'*; a>>1} forms a direct system of
discrete groups, whose direct limit agrees with G. For a>>1 and 0<¢<1,
let (L{®, H®) be the canonical representation of G‘®. Then H® is
isomorphic to the closed G‘-invariant subspace of H, spanned by {r{x];
x e G}. Moreover L® is equivalent to the representation of G
obtained by the restriction of L, to it. Evidently {(L{®, H{®); a>>1}
yields a direct system of unitary representations of the direct system {G‘@;
a>1}. The corresponding representation of G=lim G‘* defined in (4.2)
is identified with L,. (L, H{®) for a>>1 are not necessarily irreducible
(see Theorem 2), but the resulting representation L, is irreducible (see
Theorem 1).

Now we review a construction of a B-direct system of unitary repre-
sentations of a Z-direct system of topological groups (G, i,) (cf. [13] and
[30]). Suppose that we are given a positive definite function @, on G, for
each £ e & satisfying

4.3 @00, =0, for £ <{y.

This assures the existence of a positive definite function @ on the direct
limit group (G.,, i;) such that @oi,=®, for £e 5. Let (n,, H,) be the
cyclic unitary representaticn of G, with cyclic vector 7, defined by @,, so
that

4.4 D ()= (m:(X)7|7e) for x e G..

For &<y, we can define a G.-equivariant isometry j,. of H, into H, as
follows. For x e G, we put

4.5) jye(ﬂe(x)re) = qu(ivs(x))rw
Then by (4.3) and (4.4) we have
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(4.6) (e ) | Jne(me(DIT )= (m () e | me(¥)T )¢

for x,ye G.. Since {z.(x)7,;x e G} is total in H,, we conclude from
(4.5) and (4.6) that j,. can be extended to a G.-equivariant isometry of
H, into H,. Furthermore we can check easily that (=, H,,j,;) provides
a H-direct system of unitary representations of a Z-direct system of
topological groups (G, 7,.). Let (r.,H.,Jj) be the resulting unitary
representation of (G, 7,). Put

@.n To=J:(Te) for some & e 5.

It follows immediately that 7., is an element of H.,, which does not depend
on the choice of &. Moreover 7, is a cyclic vector for (x.., H,, j.) and

4.8) (7 (). |T.)=D(g) forgeG.,.

§5. Construction of irreducible unitary representations of G @

Let (X, #) be a measurable space. Let G® be the group of maps
of X having finitely many values in a topological group G. Such a group
G is sometimes called a weak current group (cf. [13]). Let Z be the set
of all finite partitions of (X, #). For &,npe &, we write £y if 5 is a
refinement of &, Then (&, <) provides a directed ordered set. For £=
{X, -+, X,} e &, let G, be the subgroup of G consisting of maps
which take constant values on each X;. Every element of G, is of the
form

3.1 Jossozn O (Xy, -+, x,) € G"

where f3, ... .. (X)={x} for 1<i<n. This implies that G, is canonically
isomorphic to the n copies G* of G. Let y e 5 such that £<y. Then
there exists a natural monomorphism 7,, of G, into G,, and (G,, i,,) yields
a A-direct system of topological groups. The direct limit group agrees
with (G, i,) where 7, is the natural inclusion of G, into G,

Now we take G as the free product of a countable family (G,),.; of
countable groups. Let p be a finite measure on (X, #). Define a func-
tion @, on G by

(52) 0N =exp {—| _t(f@pido)}.

The restriction of @, to G, is denoted by @, Then (4.3) holds for
{@,;6e 5} Foré={X,---,X,}e&, weput

(5.3) t,=exp {—p(X)} for 1<i<n.
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Note that exp {—u(X)} <1, <1 for 1 <i<n. Let (L,,, H,,) be the canonical
representations of G introduced in Section 1. Put

5.9 H.=H,Q --QH,,.

The canonical inner product of H, is denoted by (|),. Define the repre-
sentation L, of G, on H, by

(5.5) L(fosyo o) =Li(x)® - - - QL (x,).
Define 7, ¢ H, by
(5.6) 7:=7e]l®- - - Q7el.

Lemma 5.1. For & e 5, (L., H,) is a cyclic unitary representation of
G, with cyclic vector T, such that

5.7 LN [T)e=D L) Jor fe G,

Proof. Since each L,, is a cyclic unitary representation of G with
cyclic vector 7le], the first assertion is obvious. Let f=f,, ..., € G.. Then
(L) |7)e= [1gi2n ¥, (x;) which is, by (5.3), equal to

€Xp {_‘ Z?=1 g(xj)ﬂ(Xz)}-

We can rewrite it as
exp {— [ _s0@pdw).

Combining the lemma with the result in Section 4, we get a F-direct
system (L;, H,,j,.) of cyclic unitary representations of (G,, i,;). Here j,,
is given by (4.5). We denote the resulting representation of (G, i,) by
(L, H,). Note that7,=/.(7,)is a cyclic vector for L, and (L(f)7.|7.)
=@ (f)for fe GP.

Theorem 3. Let (G,),c; be a countable family of countable groups and
G be its free product. Assume that the cardinality of I is infinite. Then
the unitary representation (L,, H,) of G® is irreducible. Moreover if y, and
s are different finite measures on (X, %), then L, and L,, are inequivalent.

Proof. It follows from Theorem 1 that each L,, is an irreducible
representation of G and hence L, is an irreducible representation of G,
for every £ e 5. Therefore L, is irreducible by Lemma 4.1. If p,5=,
then there exists E ¢ # such that p,(E)#pu(E). Let fin G® such that
f(E)={x} where x+e and f(X—E)={e}. Then @, (f)+?,(f). This
implies that L, and L,, are inequivalent.
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From now on, we consider the case of G2 where G is the free
product of (G,),<;<, such that all G, are finite groups of the same order s
with g=(r—1)(s—1)=2. Let (L,, H,) be the canonical representation of
G studied in Section 3. Let §={X,,---, X,} in 5. By Theorem 2 H,
(see (5.4)) can be written as a direct sum of two closed invariant subspaces
H? and H. Here

(5.8) H{= @ Hj and H;=® ® H

1gisn igisn
where (¢, - - -, ¢,) runs through {0, 1}*—(0, - - -, 0). We denote by L? the
restriction of L, to H2. Put

(59) (&) =max {u(X)); 1 <i<n).

If (&) <<27'In(g), then ¢~ /*<z,<1 for 1<i<n and hence H? is a non-
trivial irreducible subspace of H, (see Theorem 2).

Lemma 5.2, Let &,7 e 5 such that §<yp. Then j,, maps H? into H®
and consequently (L2, H¢, j,.) yields a subdirect system of (L., Hy, J,).

Proof. It is enough to consider the case when p(§)<{2-'In(g).
Write £={X,, - --, X,;}. Then 5 is of the form »={X,;; 1<i<n, 1 <j<
n} where X,={Ji<jcn, X;; (a disjoint union) for 1<i<n. Put f,=
exp {— (X, )} H,,i=®ngjzn Heipp Ty i =®1gjzn, 7lel € H,,; and L, (x)=
®igjgns Loy (x) for xe G, Then t, =t -1, Hy=Qicizn Hy s T,=
Rirgizn e a0d Lo(1,e(frr o 2.) =@12i2q Ly, o(x,). Define the G-equivariant
isometry. j, , of H,, into H,, by putting j, (L, (x)7[e)=L, ()7, (cf.
Lemma 3.8). Then we find that j,,=®&,4;<./,.,. Since plp) <p(&) 2!
In(g), it follows that ¢~**<t,;<1 and ¢'*<r,<1. Applying Lemma
3.8, we conclude that j, ,(H?) lies in HY, for each i. Here H],=
®1zyzn; HY;-  This yields that j, . (H?) is contained in H7.

Theorem 4. Let (X, &, 1) be a measure space with a finite measure p.
Assume that there exists & € 5 such that (&§)<27*In(q). Then the unitary
representation (L, H3) of G defined by the direct system (L2, HZ, j,¢) of
unitary representations of the direct system (G.,1,.) is irreducible. In
particular if (X, &, p) is a nonatomic Lebesgue space, then LS is irreducible.

Proof. By assumption, (L¢, HZ, j,.) is a nontrivial subdirect system
of (L, H,,j,;). For each &e 5 satisfying w(§)<<2-'In(g), L? is an
irreducible unitary representation by Theorem 2. Hence by Lemma 4.1
Ly is irreducible. ‘

In what follows, we shall give an another construction of the
irreducible representation equivalent ot LS. Let é={X,, ---, X,} and t,=
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exp {—pu(X))} for 1 <i<n. ~Let (II,,, #,,) be the cyclic unitary represen-
tations of G defined by ¥,, (see (3.16)). Put #, =Q®,<;<,#;, and
O (froo ) =®ngicn I,,(x;). Then (I, 5#,) is a cyclic unitary represen-
tation of G, with cyclic vector u,=@&,,,dle] such that (II.(f)u,, u,).=
¥ (f) for fe G, where ¥, is a function on G defined by

(5.10) v (N=exp {~|_e(@pds

Using the results in Section 4, we get a Z-direct system (II,, 5, k,.) of
cyclic unitary representations of (G, i,,). Here k. is an G,-equivariant
isometry of s, into s, defined by k,.(II.(Nu)=I11,(f)u, The
resulting representation of G is denoted by (//,, 5#,). Suppose that £ ¢ &
such that (&) <{2-'In(g). Put #¢{=®),.,., #7, and denote the restriction
of 11, to 52 by II3. Then by Theorem 2’ II¢ is irreducible. We notice
that /7¢ is equivalent to L? where g~'2<(¢t<1 and hence I/? is equivalent
to L¢ for each £ € £. As in Lemma 5.2, we obtain that k,.(5£?) is con-
tained in 2 for £<(3». Therefore we get a subdirect system (/12, 5%, k,.)
of (I, #. k,). We denote by (I3, %) the representation of G
defined by (12, 5#¢, k,;). From the argument above, we have

Theroem 4’.  Under the same assumption as in Theorem 4, I is an
irreducible unitary representation of G'® equivalent to LS.

The construction of the representations I/, and 19 leads to the fol-
lowing remarkable fact.

Theorem 5. Let (X, %, p) be a nonatomic Lebesgue space. Then 3,
=29 and Il ,=1I, is equivalent to L.

Proof. Since II, is a cyclic unitary representation of G'* with cyclic
vector u.,=k(u,) for any & e 5, we have only to show u,, € 5. Leté=
{X,, ---, X,} and put 7,=exp {— (X))} for 1 <i<n. Define u? e 57 by
W=Qygszntf, and d(&)= [[1c:2,d(t,) where wi=lim, [|X ||7'%, in 2,
with ¢-*<¢t<1 and d(¢) is given by (3.22). By the assumption of the
theorem, we can select a sequence {&,;m=1} in 5 satisfying &,<<&,.;
for m>=1 and u(¢,)—>0 as m—co. Put u, =k, (d(&,)u? ). Then
{tn; m=1} is a sequence in 5 such that ||u.,—u, |f=1—d(&,)". Since
d(t) is monotone increasing, we have d(&)=d (exp {—u(£)})™ and con-
sequently 1 —d(§f<1 —d(exp {—p(&)})". Since d(t)=14 O((z—1)) as
t—1, we conclude that d(¢,)—1 and hence ||u,,—u,, ||—>0 as m—oco. This
means that u_ € 57°.

Corollary 6. Let (X, Z, p;) (i=1,2) be nonatomic Lebesgue spaces
such that p,5=p,.  Then 1, and II,, are inequivalent.
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Proof. If p+p,, then we find that ¥, =¥, as in Theorem 3.
Since 11, (i=1, 2) are cyclic unitary representations defined by 7,,, it
follows that I, and II,, are inequivalent,

Let ¢ be an invertible bi-measurable transformation of a finite
measure space (X, #, p). Then ¢ induces an automorphism of G by
flwy=flo"(0)) where fe G and we X. We get new representations
of G*) by setting °L(f)=L,(°f) and “II (/)=11,(f). Let gog be the
measure on (X, %) such that po¢(E)=u(o(E)) for Ee #. Since @,(°f)=
D,..(f) (resp. ¥ ()= .,(f)), it follows that °L, and L,., (resp. °Il,, and
11,.,) are equivalent. This yields the following theorem.

Theorem 7. Let o be a measure-preserving, invertible bi-measurable
transformation on a finite measure space (X, %, p1).

(1) If G is the free product of (G,),s; such that the cardinality of I is
infinite, then °L, and L, are equivalent.

(ii) If G is an r family of finite groups of the same order s with q=
(r—D(—1=2, and if (X, B, 1) is a nonatomic Lebesgue space, then °II,
and 11, are equivalent.

References

[1] S. Albeverio, R. Hgegh-Krohn and D. Testard, Irreducibility and reducibility
for the energy representation of the group of mappings of a Riemannian
manifold into a compact semisimple group, J. Funct. Anal., 41 (1981),
378-396.

[2]1 K. Aomoto, Spectral theory on a fres group aad algebraic curves, J. Fac.
Sci. Univ. Tokyo. 31 (1984), 297-318.

[3] H. Araki, Factorizable representations of current algebra, Publ. Res. Inst.
Math. Sci., 5 (1969/70), 361-422,

[4] P. Cartier, Fonctions harmoniques sur un arbre, Symp. Math., ¢ (1972),
203-270.

[5] J. M. Cohen and A. R. Trenholme, Orthogonal polynomials with a constant
recursion formula and an application to harmonic analysis, J. Funct. Anal.,
59 (1984), 175-184.

[61 P. Delorme, Irréducibilité de certaines représentations de GX, J. Funct.
Anal., 30 (1978), 36-47.

[71 J. Dixmier, Les C*-algébres et leurs représentations, Gauthier-Villars, Paris,
1969.

[8] P.Eymard, L’algébre de Fourier d’'un groupe localment compact, Bull. Soc.
Math. France, 92 (1964), 181-236.

[91 7. Faraut et K. Harzallah, Distances hilbertiennes invariantes sur un espace
homogéne, Ann. Inst. Fourier Grenoble, 24 (1974), 171-217.

[10] A. Figa-Talamanca and M. A. Picardello, Spherical functions and harmonic
analysis on free groups, J. Funct. Anal., 47 (1982), 281-304.

, Harmonic Analysis on free groups, Lecture Notes in Pure and Applied
Math., Vol. 87, Marcel Dekker, New York, 1983.

[12] R. Godement, Les fonctions de type positif et la theorie des groupes, Trans.
Amer. Math. Soc., 63 (1948), 1-84.

[11]




416 M. Hashizume

[13] A. Guichardet, Symmetric Hilbert spaces and related topics, Lecture Notes
in Math., Vol. 261, Springer-Verlag, Berlin, 1972.

[14] U.Haagerup, An example of a non nuclear C*-algebra, which has the metric
approximation property, Invent. Math., 50 (1979), 279-293.

[151 A. Iozzi and M. A. Picardello, Spherical functions on symmetric graphs, in
Conference in Harmonic Analysis, Lecture Notes in Math., Vol. 992,
Springer-Verlag, Berlin, 1983.

[16] P. Julg and A. Valette, K-theoretic amenability for SL:(Qp) and the action
on the associated tree, J. Funct. Anal., 58 (1984), 194-215.

[171 T. Kajiwara, On irreducible decompositions of the regular representation of
free groups, Boll. Un. Mat. It., 6 (1985), 425-431.

[18] A. M. Mantero and A. Zappa, Special series of unitary representations of
groups acting on homogeneous trees, J. Austral. Math. Soc., 40 (1986),
83-88.

[191 H. Matsumoto, Analyse harmonique dans les systemes de Tits bornologiques
de type affine, Lecture Notes in Math., Vol. 590, Springer-Verlag, Berlin,
1970.

[20] H. Matsushima, K. Okamoto and T. Sakurai, On a certain class of irreducible
unitary representations of the infinite dimensional rotation group I, Hiro-
shima Math. J., 11 (1981), 181-193.

[21] N. Obata, Certain unitary representations of infinite symmetric groups, pre-
print.

[22] G. I. Ol'shanskii, Classification of irreducible representations of groups of
automorphisms of Bruhat-Tits trees, Funct. Anal. Appl., 11 (1977), 26-34.

, Unitary representations of the infinite dimensional classical groups
U(p, ), SOup, =), Sp{p, o) and the corresponding motion groups, Funct.
Anal. Appl., 12 (1978), 185-195.

[24] K. R. Parthasarathy and K. Schmidt, Positive definite kernels, continuous
tensor products and central limit theorems of probability theory, Lecture
Notes in Math., Vol. 272, Springer-Verlag, Berlin, 1972.

[25] T. Pytlik and R. Szwarc, An analytic family of uniformly bounded repre-
sentations of free groups, Acta Math., 157 (1986), 287-309.

[26] M. Saito, Représentations unitaires monomiales d’'un groupe discret, en
particulier du groupe modulaire, J. Math. Soc. Japan, 26 (1974), 464-482.

[27] L J. Schoenberg, Metric spaces and completely monotone functions, Ann.
Math., 39 (1938), 811-841.

[28] J. P. Serre, Arbres, amalgames, SL., Astérisque, Vol. 46, 1977.

[29] R. F. Streater, Infinitely divisible representations of Lie algebras, Z. Wahr-
sheinlichkeitstheorie Verw. Geb., 19 (1971), 67-80.

[30] A. M. Vershik, I. M. Gelfand and M. I. Graev, Representations of the group
SL(2, R), where R is a ring of functions, Russ. Math. Surveys, 28 (1973),
87-132.

, Irreducible representations of the group G¥ and cohomology, Funct.
Anal. Appl., 8 (1974), 67-68.

[32] A. M. Vershik and S. I. Karpushev, Cohomology of groups in unitary repre-
sentations, the neighborhood of the identity and conditionally positive
definite functions, Math. USSR Sbornik, 47 (1984), 513-526.

[33] H. Yoshizawa, Some remarks on unitary representations of the free group,
Osaka Math. J.. 3 (1951), 55-63.

[23]

{31]

Department of Applied Mathematics
Okayama University of Science

1-1 Ridai-cho, Okayama 700
Japan





