Advanced Studies in Pure Mathematics 14, 1988
Representations of Lie Groups, Kyoto, Hiroshima, 1986
pp. 223-256

A Classification Theory of Prehomogeneous Vector Spaces

Tatsuo Kimura

This is a survey of a classification theory of prehomogeneous vector
spaces including some unpublished results of Professor Mikio Sato around
1962 with proofs under his permission (Sections 8, 10 and 15) and some
results by the author (Section 9) not published elsewhere. This paper
consists of the following 15 sections.

§ 1.  Basic definitions,

§2. Trivial P.V.s and P. V.-equivalences.

§3. A classification of irreducible P.V.’s.

8§4. A classification of simple P.V.’s.

§5. A classification of 2-simple P.V.’s.

§6. A classification of reductive P.V.’s with finitely many orbits.

§7. Some generalization of castling transformations and a classification
of certain P.V.’s (Y. Teranishi’s result).

§8. A classification of certain reductive P.V.’s (M. Sato’s unpublished
result I).

§9. Prehomogeneity of some reductive triplets.

§ 10. P.V.’s of associative algebras (M. Sato’s unpublished result II).

§ 11. A classification of regular irreducible P.V.’s with universally transi-
tive open orbits (J. Igusa’s result).

§12. Universal transitivity of simple P.V.’s and 2-simple P.V.’s.

§ 13. Irreducible P.V.’s of characteristic p=>3 (Z. Chen’s result).

§ 14. A classification of irreducible P.V.’s of parabolic type and their
real forms (H. Rubenthaler’s result).

§ 15. Indecomposable commutative Frobenius algebras and §-functions;
Examples of quasi-regular, non-regular P.V.’s (M. Sato’s unpub-
lished result III).

S. Kasai, Xiao-wei Zhu, M. Inuzuka, M. Taguchi and others are trying
to classify some P.V.’s respectively, but since they are not completed yet,
we do not contain their result here. About other aspects of the theory of
P.V.’s originated by M. Sato and developed by many other mathemati-
cians, one can see the papers in the references. The author would like to
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express his hearty thanks to Professor M. Sato who explained his results
to the author and gave a permission to introduce his result with proofs.

§1. Basic definitions

Let 2 be an algebraically closed field of characteristic zero, and we
shall consider everything over @ in this section. Let G be a connected
linear algebraic group, p a rational representation of G on a finite-dimen-
sional vector space V. When V has a Zariski-dense G-orbit Y, we say
that a triplet (G, p, V) (or simply (G, p)) is a prehomogeneous vector space
(abbrev. P.V.). A point of Y is called a generic point. For x e V, we
denote by G, the isotropy subgroup {g e G; p(g)x=x}. Put g=Lie(G)
and g,=Lie (G,)={4 € g; dp(4)x=0} where dp is the infinitesimal repre-
sentation of p.

Theorem 1.1. If there exists x e V satisfying dimg,=dim G—dim ¥,
then a triplet (G, p, V) is a P.V.

Proof. Since dim p(G)-x=dim G—dim G, =dimG—dim g,=dim ¥,
we have p(G)-x=V. Q.E.D.

A rational function f(x) on V is called a relative invariant of a triplet
(G, p, V) if there exists a rational character X: G—0* satisfying f(o(g)x)
=X(g)f(x) for all g e G. If X=1, f(x) is called an absolute invariant.

Theorem 1.2. If a triplet (G, p, V) has a non-constant absolute in-
variant, it cannot be a P.V.

Proof. Assume that it is a P.V. Then f(x) is constant on the
Zariski-dense orbit Y, and hence it is constant on Y=7V. Q.E.D.

Theorems 1.1 and 1.2 are fundamental tools to check the prehomo-
geneity of a given triplet (G, p, V).

The complement S=V—Y of Y is called the singular set of a P.V.
(G, p, V), which is Zariski-closed. Let S=S'U..-USYUS” be the
irreducible decomposition of S where each Si={x e V; f,(x)=0} is an
irreducible hypersurface (1<i<N) and S’ is the union of irreducible
components of codimension =>2. All f,(x) (1<i<r) are relatively invari-
ant irreducible polynomials, which are called basic relative invariants of a
P.V. (G, p, V). Any relative invariant f(x) is uniquely expressed as f(x)=
cf ()™« fu(x)™¥ where ¢ ¢ 2% and (m,, - - -, my) € Z”. A relative invar-
iant f(x) is called non-degenerate if its Hessian Hess, (x)=det (6°f/ox,0x;)
is not identically zero. A P.V. (G, p, V) is called regular if it has a non-
degenerate relative invariant. A P.V. (G, p, V) with a reductive algebraic
group G is called a reductive P.V.
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Theorem 1.3 (§ 4 in [S-K], [Servedio 3]). Let (G, p, V) be a reductive
P.V. Then the following conditions are equivalent.

(1) (G, p, V) is a regular P.V.

(2) The generic isotropy subgroup G, (x e Y) is reductive.

(3) The singular set S is a (not necessarily irreducible) hypersurface.

By Theorem 1.3, a reductive P.V. (G, p, V) is regular if and only if
the generic isotropy subalgebra g, (x € Y) is reductive.

Now two triplets (G, p, V) and (G, o/, V') are called isomorphic if
there exists a rational isomorphism ¢: p(G)—p’(G’) and an isomorphism
7:V— V" satisfying (cp)(g)-t(v)=1-p(g)vfor all g e G and v e V. In this
case, we shall write (G, p, V)=(G, p’, V’). For example, we have
(SL,, 24)~=(SO,, A,) although SL, and SO, are not isomorphic. If G is
reductive, then we have (G, p, ¥)=(G, p*, V*) where p* is the contra-
gredient representation on the dual vector space V* of V. In our classifi-
cation, we identify isomorphic triplets.

§2. Trivial P.V.’s and P.V.-equivalences

In this section, we shall show some general methods to construct in-
finitely many P.V.’s.

Theorem 2.1. Let p be any representation of any group H on an m-
dimensional vector space V. Then the triplet (HX GL,, o®4,, VQQ") is
a P.V. for all nz=m=dim V.

Proof. Tt is enough to prove the prehomogeneity when H={1}. In
this case, this triplet is isomorphic to (GL,, 4,®- - -®4,, M, ). Putx=
(]’"). Then the isotropy subgroup G, is given by G,= {(ik %),
de GLn_m}. Since dim G, = m(n—m)(n—m)=dim GL, —dim M, ..

0 0
it is a P.V. by Theorem 1.1. Q.E.D.

Definition 2.2. Any P.V. of the type in Theorem 2.1 is called a trivial
P.V.

Now various P.V.-equivalences can be proved by using the following
lemma.

Key Lemma 2.3. Let G be a connected linear algebraic group and let
W, W’ be irreducible algebraic varieties on which G acts. Let y: W—W’
be a dominant (i.e., (W)= W") G-equivariant (i.e., compatible with the
action of G) morphism. Then the following conditions are equivalent:
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(i) W is G-prehomogeneous, i.e., it has a Zariski-dense G-orbit.
(i) W’ is G-prehomogeneous, and for a point y of a Zariski-dense
orbit, the fiber \»='(y) is G,-prehomogeneous.

Proof. (i)=(ii): Let x be a point of the Zariski-dense G-orbit in W
and put y=1(x). Since G-y=(G-x) DY(G-x)=(W) and W’ =y(W),
we have W/ =Gy, i.e., W’ is G-prehomogeneous, and hence dim G,=
dim G—dim W’. Since dim(G,),=dim G,=dim G—dim W=dim G,+
dim W’ — dim W=dim G, — dim »"'(»), the fibre ~'(») of y is G, -
prehomogeneous.

(i)=(): Since dim G, = dim (G,), = dim G, —dim " '()) = (dim G
—dim W’)—dim «~'(y)=dim G—dim W, W is G-prehomogeneous.

Q.E.D.

Theorem 2.4. A triplet (G, p,Pp,, ViDV3) is a P.V. if and only if (i)
(G, pp, V) is a P.V. and (i) (H, p,|H, V) is a P.V. where H is a generic
isotropy subgroup of (G, p;, V).

Proof. By Key Lemma 2.3 for W=V,®V,, W=V, and =the
projection to ¥, we have our result. Q.E.D.

Theorem 2.5. The following conditions are equivalent.

(i) Al (G, p;, Vi) are P.Vs (1Zi<r).

(i) A triplet (G,X -+ XG,XGL,, (14 - -+l +0@4,, (V;®
- DV)DVRN™) is a P.V. where ¢ is any represensation of the group
G, X -+ - X G, onV and nis any natural number satisfying n>=dim V.

Proof. By Theorems 2.1 and 2.4, we have our result. Q.E.D.

Definition 2.6. A triplet in (ii) in Theorem 2.5 is called a generalized
direct sum of (G, p,, V) (1<i<r). When V={0}, it is called the direct
sum and denoted by @&(G,, p,, V,).

Theorem 2.7. Let p be a representation of an algebraic group H on
an m-dimensional vector space V. For any n satisfying m>nz1, the fol-
lowing conditions are equivalent.

(i) (HXGL,, pQ4,, VQQ™) is a P.V.

(i) (HXGL,_,, p*®4,, V*QQ™ ") is a P.V. where p* is the con-
tragredient representation of p on the dual space V* of V. Note that if H
is reductive, then this triplet is isomorphic to (HXGL,, _,, p®4;, V&
om=m.

Proof. Put W={x=(x,, ---,x,) e M, ,=VQ®O"; rank x=n} and
W’=Grass, (V), i.e., the Grassmann variety consisting of n-dimensional
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subspaces of V. For x e W, let 4(x) be the n-dimensional subspace of V.
spanned by x,, - -+, x,. Then we obtain a dominant H X G L, -equivariant
map : W—W’, and GL, acts on each fibre transitively while it acts on
W’ trivially. Hence, by Key Lemma 2.3, (i) is equivalent to the con-
dition: (i)Y W’'=Grass, (V) is H-prehomogeneous. Since Grass, (V)=
Grass,,_, (V*), we have our result. Q.E.D.

We say the triplets (i) and (ii) in Theorem 2.7 are castling transforms
of each other. Two triplets are called castling-equivalent if one is obtained
from the other by a finite number of castling transformations. Let
(G, p, V) be any given P.V. with m=dim V. Clearly (GXGL,, p®4,,
V®Q) is also a P.V., and hence so is its castling transform (GX GL,,_,,
0*R4,, V*@L™"). By repeating this procedure, one sees that there
exist infinitely many non-isomorphic P.V.’s which are castling-equivalent
to a given P.V. when m=dim V' >3. There are many other P.V.-equiva-
lences (See [S-K], [K-K-T-I]). We shall finish this section by giving one
more example of P.V.-equivalence.

Theorem 2.8. Let p, (resp. p,) be a representation of an algebraic
group H on an m, (resp. my)-dimensional vector space V, (resp. V;). Then
the following conditions are equivalent.

(i) (A p,Qps ViQVy) is a P.V.

(ii) (HXGL,, 0,4+ p.R45F, ViQQ"+ V,Q02") is a P.V. for all n
satisfying nz=max {m,, m,}.

(iil) There exists n satisfying nZzmax {m,, m,} such that (HX GL,, p,
QA+ p.R4F, VIQQ*+ V,Q02™) is a P.V.

By using Key Lemma 2.3, we can prove Theorem 2.8 (See §1 in
[K-K-T-I], §4 in [K-K-H]). Thus, for any given P.V. (G, p, V), we can
construct a new P.V. (GXGL,, p®@4, + 1Q4F, VRQ*+02") for any
nzdim V.

§3. A classification of irreducible P.V.’s
The starting point of a classification is the following lemma.
Lemma 3.1. I/ (G, p, V) is a P.V., then we have dim G =dim V.

Proof. If x is a generic point, we have dim G,=dim G—dim V' =0.
Q.E.D.

By a well-known theorem of E. Cartan, p(G) is a reductive algebraic
group with at most one-dimensional center when p is irreducible. Hence
we may assume that G=(GL,X)G, X - - - X G;, where each G, (1<i k) is
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a simple algebraic group of dim >3. It is also well-known that if ¢ is an
irreducible representation of a group H=H, X H, over 2, then we have
6 =0,Q0, where each ¢, is an irreducible representation of H, (i=1, 2).
Hence we may assume that p=(4,®)p,Q- - - Qpy, V=V (d)Q- - - Q¥ (d,)
(d,=d,>= - - - =d,=2) where each p, is a d;-dimensional irreducible repre-
sentation of G, on V(d,) (1<i<k) and A, denotes the scalar multiplica-
tion of GL, on V. Thus, by Lemma 3.1, we have 1+g,+ - - - + g, =d.d,
-+ -d, where g,=dim G, (1 <i<k). The following lemma due to M. Sato
is important for our purpose.

Lemma 3.2 (M. Sato) (p. 43 in [S-K]). If k=3, then 14- g,=4d,—6.

Now what we have to do is first to classify all triplets (G, p, V) satis-
fying dim G=dim ¥V by using castling transformations, case by case when
G,=4,,B,,C,, D,, (G), F,, E,, E, E,, For example, Lemma 3.2 says
that k=1 or 2 when G, is an exceptional algebraic group (G,), F,, E,, E,,
E,. Next, by using Theorems 1.1 and 1.2, we check the prehomogeneity
of triplets (G, p, V) satisfying dim G=dim V. Note that the property of
dim G=dim V and the regularity are invariant property under castling
transformations. The results are given as follows.

Theorem 3.3 ([S-K). Any irreducible P.V. (G, p, V) is castling-equiva-
lent to one of the following P.V.’s.

(I) Regular P.V.’.

(1) A trivial P.V,, ie., (HXGL,, p®4,, M,) where p is an n-
dimensional irreducible representation of a connected semisimple algebraic
group H.

(2) (GL,, p) where p=24,; 34,(n=2); A,(n=even); 4,(n=6,7, 8).

(3) (SLyXGL,, 24,4, V(6)QV(2)).

(4) (SLyXGL,, 4,34, V(15HQV(2)).

(5) (SL,XGL,, 4,4, V(10)QV (n)) (n=3, 4).

(6) (SLyXSL;XGL,, 4,Q4,&4,;, V3RV (3)RV(2)).

(7) (SpaXGLyy,, 4,4, VRV (2m)) (n>m=1)

(8) (GLXSpy, 4,45, V(14)).

(9) (SO,XGL,, 4,84;, V(n)QV(m)) (n>m=1).

(10) (Spin, X GL,, the spin rep.®4,) (1<n<L3).

(1) (GL,xSpin,, the spin rep.) (n=9, 11).

(12) (Spin,, X GL,, a half-spin rep.&4,) (n=2, 3).

(13) (GL,XSpin,, a half-spin rep.) (n=12, 14).

(14) (G XGL,, 4,84, V(NQV (M) (n=1, 2).

(15) (E;XGL,, 4,&4,, VDRV () (n=1, 2).

(16) (GL, X E,, 4,Q4,, V(56)).
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(II) Non-regular P.V.’s;

(1) (Sp. X GLy, 4,Q24,, V(2n)QV(3)).

2@ ((GL;X)H X SL,, (4,)pQ4,, V(m)QV(n)) where p is an m-
dimensional irreducible representations of a semisimple algebraic group
H with 1<m<n.

(3) ((GLyX)SLypsss (A4, R) Ay, V(m(2m—+1))) (m=2).

(4) ((GLyX)SLyy 1 X SLyy(4,R) 4,4, V(m(2m+1)QV(2)) (m=2).

(5) ((GLX)Sp, X SLyy 115 (A4, Q)4,R4;, V(2W)QV (2m+1)).

(6) ((GL,x)Spiny, (4,®) a half-spin rep., V(16)).

Remark. A classification of irreducible P.V.’s (GL, X G, 4,Qp) with
a simple algebraic group G was completed by M. Sato and T. Shintani
(See P. 144 in [S-S)).

§4. A classification of simple P.V.’s

E.B. Vinberg has classified a P.V. (G, p, V) when G is a simple alge-
braic group ([V]). T. Shintani completed a classification of irreducible
simple P.V.’s with the scalar multiplication ([S-S]). This result is included
injSection 3. T. Kimura has classified simple P.V.’s with scalar multipli-
cations ([Kimura 5]).

Theorem 4.1 (E.B. Vinberg [V]). 4 P.V. (G, p, V) with a simple alge-
braic group is given as follows.

(1) G=SL,; p=4,D----®A, 1<k <n), A, (n=0dd), L, BN} (n=
odd), A, B A, (n=o0dd).

2) (Sp,, A, (Spin,,, a half-spin rep.).

Let G’ be a simple algebraic group, p’=p,®- - - Pp, a rational repre-
sentation of G’ where each p, is an irreducible representation. Put G=
GL*X G’ and let p be the composition of p’ and the scalar multiplications
GL,* on each irreducible component p, (1<i<k). APV.(G,p, V)of
such type is called a simple P.V. For simplicity, we write (GL,* X G’, o)
or (G, p'Y instead of (GL*X G, p).

Theorem 4.2 ([Kimura 5] with a correction [K-K-I-Y]). Al non-
irreducible simple P.V.'s (with scalar multiplications) are given as follows.

(1) G=8SL,, p=4,®---DAPA® 2=k<n4-1,n=22), 4,DAD
e PAP R<LkL4,n=4) except A,DAPAPAF (n=odd), 24,DA*,
A,P 4, (n=o0dd), A,DAPAF (n=75), AP A (n=6,T7), 4,PA,DA, (n=6).

@ @=58p., p=4D4,, 4, @4LD4;, 4:D4, (n=2), 4,D4, (n=3).

(3) G’=Spin,, p=the spin rep. @ the vector rep. (n=7), a half-spin
rep. @ the vector rep. (n=38, 10, 12), ADA where A=the even half-spin
representation.
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Theorem 4.3. All non-irreducible simple regular P.V.’s are given as
Jfollows.

(1) 6'=SL,, p=4,84F, 4,D--- D4, (k=n) (@A), 24,BA®,
A,PAF DA (n=even), A,PA(DUBA)F) (n=0dd), A,PA® (n=T).

2 G'=S8p,, p=4,84,, 4,24, (n=3).

(3) All P.V.’s given in (3) in Theorem 4.2.

§5. A classification of 2-simple P.V.’s

In this section, we shall consider a triplet (GL,****'X G, X G,, (5,+
40 )R+ (0 ®pi+ - - + 0 @0+ 1®(e,+ - - - +7,) where G,, G, are
simple algebraic groups; o;, p, (resp. p}, t;) are non-trivial irreducible re-
presentation of G, (resp. G,), and GL,**5** acts on each irreducible com-
ponent as scalar multiplications. A P.V. of such type is called a 2-simple
P.V. If one of (GL, X G, X G, p,Qpy) (1<Xi<k) is a non-trivial P.V., it
is called a 2-simple P.V. of typel. On the other hand, if all (GL, X G, X
Gy, p,Qp7) (1=i<k) are trivial P.V.’s (See Definition 2.2), it is called
2-simple P.V. of type II. Note that if k=0, it is just the direct sum of
simple P.V.’s, and hence we shall assume k>1. By using the results in
Sections 3 and 4, one can complete the classification of 2-simple P.V. of
type 1.

Theorem 5.1 ([K-K-I-Y]). Any 2-simple P.V. of type 1 is castling-
equivalent to a simple P.V. or one of the following P.V.s (GL*X G,
p(:P1® v @Pk))

() Regular P.V.’s

(1) G=SL,XSL,, (@) m=4; p=4,Q4,+ T (n=2) with T=4,Q1,,
4+ 4)R1; A4+ ARU+1RAF) (n=3), 44+ AQ1+14F
(n=49, (b) m=5; p=ARAN+UF+AP)R1 (n=2), £,Q4,+1Q4F
(n=3), L,Q4+1Q4F (n=8), 4,4+ 14 (n=9).

(2) G=Sp,XSL,, (a) p=A,Q4,+1QU*F + A*) (n=even); 4,Q
111+]®T(n:2) with T=2A1’ 3/119 (2A1+A1): A1®A1+A1®1(+1®(/}1+
A)*F) (n=o0dd). (b) m=2; p=ARQ4,+ASU+1®41) (n=2), 4,®4,+
A,R1+1Q4F (n=3), £,R4,+ 4,1 +1Q4F (n=4).

(3) G=S0,XSL,, p=4QA,+1QA.

(4) G=Spin,XSL,, (a) p=ARA+1Q4, (n=2, 3), ARQA,+1Q 4}
(n=3, 6, 7) where A=the spin representation of Spin,. (b) p=1®4,+ AR
I(+1®4,) (n=2), 2QA4,+ AR 14+ 1@ A¥ (n==6) where L =the vector repre-
sentation of Spin,, i.e. X(Spin,)=SO0,.

(5) G=Spin, XSL,, (@) m=38, p=ARQ4,+ AQ1(+1®4) (n=2,3),
QA+ AR +1®04F (n=3,6,7) where A'=a half-spin representation.
(b) m=10, p=A'RA,+1QT (n=2) with T=24,, 34,, A,+4,, 24,+ 4,,
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A+ A+ 4,5 A'QN, 414, (n=3), /RN +1Q4F (n=3, 14, 15), 1Q® A, +
A®1 (n=2,3, 4).

(6) G=(G)XSL,, p=4,R4,+1®4, (n=2), £;Q04,+1Q4F (n=6)
where deg A,=17.

(1) Non-regular P.V.s

(7Y G=SL,XSLy;p=4:R4,+1QT (n=o0dd) withT=1t4,(t=1,2,3),
A1+ tAl (t =1, 2)9 A1+A1+A1; A2®A1+A1®1(+ 1®A1) (}1=4), A2®A1+
AFQUA1®4) (n=75), £;Q4,+ AFR1+1QT (n=5) with T=24,, A+ A,;
AR+ AFRL (n=6, T), 4,4+ AFR1+1Q4, (n=T), 4,Q4,+ AFR1
(n=9).

(8) G=SL,XSL;, p=4,04,+ 4,1 +1Q4F.

(9) G=SL,XSL,, p=A@4+4@1+1Q4F.

(10) G=Sp, X SL,,(a) m=even, p=A,Q@A,(+ T(+1Q(A* 4 A{®)))
with T= /4,1, 1QA* ; 4,Q4,+ 4,@1+1QA. (bym=odd, p= A, 4,+
1QT with T=A{®, 4,, o= A QA+ S+ T with S, T=A,Q1, 1QA®. p=
A @A+ T with T=1Q4,+ 1Q(4,+ 4) ™, 1Q(UF + AF 4+ 4F).  (c) m=2,
=44+ 4,01+1K24,, 4,Q24,4+1Q4,, (d) m=3, p=44,+1®
24,, (e) m=5, P=/11®/11+ 1A+ 4F).

(11) G=Spin,XSL,, p=A'"QR4,+1R4,.

Now let us consider 2-simple P.V.’s of type II.

Theorem 5.2. For any simple P.V. (GL;"X G, p,®- - - Dp,), one can
obtain the following 2-simple P.V.’s of type 11.

(1) (GL/**XGXSL,, (01t ++0)@4i+(p+ - +p,)R1) for
any representation g+ - - - +o, of G and any natural number n satisfying
nzdega,+ - - -+dego,.

(2 (GL/*XGX SL(Z}Ll deg pit+i— b, (Pl+ ce +Pm)®/11 +(Pk+1*

+ o R 1A+ - - -+ 4y) (1 =k =r) for any t =0.
(3) (LT X GX SLy, (o1t - - - + )@ A+ (pp st - - - +p)O1+1

@(/11—}- 4+ A4, +AF) A LkZr) for any pair of natural numbers (t, n)
satisfying t =1 and n=t —1+degp,+ - - - +deg p,.

Proof. By Theorem 2.5 (resp. Theorem 2.7, Theorem 2.8), we have
(1) (resp. (2), (3)). Q.E.D.

A classification of 2-simple P.V.’s of type II is more difficult than
that of type I because we have to classify 2-simple P.V.’s of type (GL*+s+!

XSL XSLn, (A(*)+ +A(*))®1+(A(*)®A(*)+ +A(*)®A(*))+

1®(/1‘*)+ -4+ A)) where A{* stands for the standard representation
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A4, or its dual A{*. One can see after using some P.V.-equivalences that

the most essential part is to investigate the prehomogeneity of (GL,F**+*X
s k t

SLyXSLy, (A -+ AR+ A - -+ ABA)+1QUFA -+
A¥)) with km>n >mg2 and r>1. Actually this was the most difficult
part of a classification of 2-simple P.V.’s. Before stating the result, we
need some definitions.

Definition 5.3. Let R be the set of triplets (k, m, n) of natural num-
bers satisfying k=2, n>m>=2 and k+m*+r2>kmn+2. We define a
map ¥: R—Z,={0,1,2, - - - } by ¥'(k, m, n)=min {i; ¢,<0} where c_,=n,
c_y=m, c,=kc,_,—c,_, ({=0). Define a sequence {¢,} by a_,= —1, a,=0,
a,=ka,_,—a,_, and put b,=a,la,., (i=0).

Theorem 5.4 (See Theorem 4.13 in {K-K-T-I]). A triplet (GL %

t

SL,XSL,, (4£ -+ A1+ (U@ A - -+ A®A)+1QUFL -+
AF) (km>n>m§2 t=1)isa P.V. if and only if (k,m,n)e R and s+ kt
<m—bn—t) where j=¥(k, m, n).

The basic idea of Theorem 5.4 is due to M. Inuzuka, and developed
by T. Kimura. S. Kasai and M. Taguchi improved its proof. The scalar
multiplications have a delicate role in our classification. For example,
we have a following proposition due to T. Kimura and M. Taguchi.

Proposition 5.5 (Theorem 4.18 in [K-K-T-1]). The following condi-

tions are equivalent.
s—1 k

(1) (GL#***X SLyX SLy, (AF + A4 - -+ AR+ (4@ A4 - - -+

L 1

ARA)+1QAF+ A+ - —i—Al) (s=1, t=1, km>n>m) zs aP.V.

k+s 2

(@) (GL,iXGL, ., (hif -+ ADI+(LOA A -+ 4D+

k+t 2

1®(4, —|— -+ Ay))isa P.V.

From the classification of 2-simple P.V.’s of type I, we can prove
the following theorem.

Theorem 5.6 (M. Inuzuka and T. Kimura). Let G, and G, be simple
algebraic groups. Assume that (G, X G,, p, V) is a non-irreducible P.V.
which contains a non-trivial P.V. as an irreducible component. Then it
must be one of the following P.V.’s.

(1) (SpuX SLyp,1, 4, Q4,41 4F) (n>m).

D (SpaXSLypys, QML +1R4) (n>m=2).
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Moreover, they have infinitely many orbits.

Proof. 1If (G, X G,, p, V)is a P.V,, then (GL,* X G, X Gy, p(=p,®- -
®@pw), V) is a 2-simple P.V. of type I without any relative invariant and
hence we obtain (1) and (2) from Theorem 5.1 by checking their generic
isotropy subalgebras. It is easy to prove that (1) and (2) are actually
P.V.’s. By Proposition 1.4 in [K-K-Y], if (1) and (2) are F.P.’s, then
(SP, X SL,,, .1, 4,@4,+1®4,) and (Sp, X SL;,, ., 4,@4,+1&4F) are also
F.P.’s. But they are not P.V.’s, i.e., a contradiction. Q.E.D.

§6. A classification of reductive P.V.’s with finitely many orbits

A triplet (G, p, V) such that V' decomposes into a finitely many G-
orbits must be clearly a P.V. However the converse is not true in general.
Actually since this condition is very strong, we can classify all such P.V.’s
under the assumption that G is reductive without assuming the irreduci-
bility of p ((K-K-Y]). A P.V. with a finitely many orbits is called a finite
P.V. (abbrev F.P.).

Lemma 6.1 (cf. p. 148 in [S-K]). If (HXGL,, p®4,, V2" (m=
dim V>n2=1) is a F.P., then (HXGL,, p®4,, VRQ¥) is also a F.P. for
any k<n.

Proof. We identify V®0" with M, ,. Define a map « of M, , to
the set T'= U?_, Grass, (V) by «(v)=the vector subspace of V' spanned
by column vectors of v. Since GL, acts on each fibre transitively, there
is a one-to-one correspondence between the orbits of (H X GL,, p&®4,,
M., ) and the H-orbits in 7. Hence U¥%_,Grass,(¥) has a finitely many
H-orbits. This implies our assertion. Q.E.D.

As an example, we prove that a castling transform (SL, X GL,, 34,®
A, V@OR®V () of (GL,, 34,, V(4)) has infinitely many orbits. Ifitis a
E.P., then (SL, X GL,, 34,Q4,, V(4)QV(2)) must be a F.P. by Lemma 6.1.
Since dim SL,X GL,=7<dim V(4)®V(2)=38, it cannot be a P.V. by
Lemma 3.1. This is a contradiction.

Proposition 6.2. An irreducible P.V. (GL,X G, X - - - X Gy, 0@ - - @
e V()R- - -QV(d) (d,= - - -d,=2) with k=4 has infinitely many orbits.

Proof. Ifitisa F.P., (GL, X SL(d)) X SL(d,) X SL(dy) X SL(d,- - - dy),
A,Q@4,®4,4,) must be also a F.P. Applying Lemma 6.1 several times,
we see that (GL; X SLyX SLyX SL,X SLy, 4,QA4A,R4,%4;, VQRQV(2)®
V(2Q)QV(2)) is also a F.P. However since dim GL,; X SL,X SL,X SL, X
SL,=13<16, it cannot be even a P.V., i.c., a contradiction. Q.E.D.
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By this way, T. Kimura determined all irreducible F.P.’s ([Kimura 1],
also partly in [S-K]). V.G. Kac has also determined all irreducible F.P.’s
independently ([Kac 1], [Kac 2]).

Theorem 6.3 (A classification of irreducible F.P.’s).

(1) An irreducible trivial P.V. (HXGL,, p®4,, M, ) (m<n) is a
F.P. if and only if (H, p) is one of (SL,,, 4,), (SO, 4,), (Sp,,+» A,) (m=2m").

(2) ((GL;X)SLyy X SLy, (4,) 4:@4,, V(mQ2m+1)Q®V(2)) (m=2)
is a F.P. if and only if m=2, 3.

(3) Under above restriction (1) and (2), all irreducible F.P.’s are given
in the list of Theorem 3.3. Note that property to be a F.P. is not invariant
under castling transformations as we saw above.

Also, in [Kac 3], V.G. Kac has completed the classification of F.P.’s
when each irreducible component is (GL,X GL,, 4,Q4,, V()QV(m))
which is the development of the results of P. Gabriel ([G]). T. Kimura
classified simple F.P.’s.

Theorem 6.4 ([K-K-Y]). All simple F.P.’s(GL*X G, p(=p,®" - -Dpy;))
are given as follows.

(1) G=SL,, p=4,24(D 1), LA (@A), 24,41, A,D AP
(n==6,17).

2 G=S5p,, p=424(B4), 4,24, (n=2), 4,D4, (n=3).

(3 G=Spin,, p=the spin rep. @ the vector rep. (n="T), a half-spin
rep. @ the vector rep. (n=38, 10, 12).

Now we denote a triplet (GXG’, AQA’, VQV’) by a diagram

G ‘G . . ' G )
4 4 o. If G=GL, or SL,, we simply write 244 o. Moreover, if

. A G Son ey
A=4, (also for Sp,), we write o (resp. Pn_ 4G ). Any

diagram should be assumed that on each irreducible component, the
scalar multiplications act independently. Now the key point of the clas-
sification of the general case is the following “Basic Theorem” due to
T. Kimura.

. H
Theorem 6.5 (Basic Theorem). Let o G (m=2) be a F.P. such
1pHpl H
that o=~ is not a F.P. If o LA oG is a F.P., it must be
one of the following type.
H
QO L e
H n
(2) o e lg oO——=———0 op (n__>:2)
H 1
O S L )
2 Sp, 1
0

“)
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H 2 1
Moreover, if m=2 and o b s o is a F.P., then (1) ~(4) are actually

F.P’s.

We can apply the basic theorem to all irreducible F.P.’s except (SL,
XGL,,, 4,®4), (Sp,XGL,,, 4,&4)) and (GL,, 4,). O. Yasukura investi-
gated F.P.’s with these irreducible components. S. Kasai did a lot of
calculation for orbital decompositions to prove the finiteness of the num-
ber of orbits ([Kasail).

§7. Some generalization of castling transformations and a classification of
certain P.V.’s (Y. Teranishi’s result)

Let d, ---,d, be positive integers and put n=d,+---+4+d,. We
denote by GL(d,, - - -, d,) the parabolic subgroup of GL, consisting of all
matrices of the form

8 &1 &ir
g=|0 gu» where g, € GL,,.
[ 0 Zir

Now let p be a rational representation of a connected linear algebraic
group G on V=0™ Define representations p,, p;, pf, p¥ of GX
GL(dU ) dr) on Mm,n by pl(g’ a)x=P(g)xa_1a Pz(ga a)x=(0(g)xza,
o¥(g, a)x="p(g) 'x'a, pF(g, a)x="p(g) 'xa~* respectively for ge G, ae
GL(d, ---,d,)and xe M, ,. Clearly (GXGL(,, ---,d,), p M, )=
(GXGL,, - -+, d), po, M) and (GXGL(,, - -+, d,), pf, M, ,)=(GX
GL(drs ) dl)) p;k’ Mm,n)‘

Proposition 7.1 ({T1]). For m>n, the following conditions are equiva-

lent.

(1) (GxGL(dla R} dr)9 P Mm,n) isaP.V.

@ (GxGLm—nd, -+, dy), p¥, M, ) isa P.V.

When r=1, then GLW, ---,d,)=GL,, GLm—n,d,, ---,d))=
GL, .M, 0, =M, ,and we obtain Theorem 2.7. Hence Proposition

7.1 is a some generalization of a castling transformation.

Proposition 7.2 ((T1]). Let G be a connected linear semisimple algebra-
ic group, B, the group of all n X n upper triangular matrices, p an irreducible
n-dimensional rational representation of G. Then a triplet (GX B, p,, M)
is a P.V. if and only if (G, p)=(SL,, 4,), (SP, 4;) (n=2m), (SO,, 4,).

Remark 7.3. Y. Yeranishi ([T1] [T2]) investigated P.V.’s in Propo-
sition 7.2 in detail.
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§8. A classification of certain reductuve P.V.’s (M. Sato’s unpublished
result I)

Let ¥V be a d-dimensional vector space over £ and G a connected
reductive subgroup of GL(V). Then we have V=V,®- - -®V, with
d,=dim V, and d=d,+ ----+d, where G acts on each V, irreducibly
(1<i<m). By a remark above Lemma 3.2, we have V,=V,.®---®
Vi, with d,,=dim V,, and d,=d,,- - -d,; (k,=0, p=1, - - -, m; 2=d,, <
d(=9)) where some simple component of G acts on V,, irreducibly.
Now let G, be a connected semisimple subgroup of SL,. In this situation,

let us consider (G, X G, 2"RV).

Theorem 8.1 (M. Sato). Assume that (G, X G, 2"RV)isa P.V. Then
we have the following assertions.

(i) Ifo<n<d-—3, then we have k,<2.

(i) Ifo<n<L2d—6—1 and dim G, < tn(n-+1), then we have k,<2.

(i) If6xn<2d—6+1 and dim G, < tn(n—1), then we have k, <2.

Proof. By Lemma 3.1, we have dim G,-+dim G=dim (2"®V)=nd.
Since n*—12=dim G, (resp. }n(m+1)=dim G,, {n(n—1)=dim Gy) in (i)
(resp. (i), (iii)), we have dim G=n(d—n)+1 (resp. $n(2d—1—n),
$n(2d+1—n)). In general, we have x(a— x) =x,(a—x,) for x,<x<a—x,
since x(a— x) — xy(a— x,) = (x— x,}(a— x,— x) == 0. Hence we have dim G >
(d—98)+1 (resp. dim G=46(2d F1—9)) in (i) (resp. (ii) (ii)). Let G, be
the image of G—GL(V,). Since G—G,;X --- X G, is injective, we have
dim G£dim G,+ - - - +dim G,,. Hence we have N,+N,4---4N,<0
for (i) and N + N,+ - - -+ N, <0 for (ii), (iii) with N, = —dim G,+(d, — 5)
+1, N,=—dimG,+dd, Q=Zp<m) and Ni=—dim G,+dd,—d)+
$8(60F1). Since Ny =N; =N, we have N,+N,+ ---+N,_ <0 also for
(i), (iii). We shall show that N,=>0 Q<u<m). When k,=0, then
dim G,=1, d,=1 and N,=—1+45=20. When k,>1, we may assume
2<d, =d, without loss of generality. Since dimG,<1+4(d,*—1)+---
+ @, —D=1+k,-(d,"—1) and d,=d,,-2"", we have N,=—dim G,
+od,=z—1—-k, (d,—1)+d, 25" = Q2% —k,)-d*+ k,—1. Since
2¢-'—k>0forany k=1, wehave N,=0(2<u<m). Now N,+N,+ - - -+
N, £0 implies 0= N,= —dim G|+ &(d;, — )+ 1= — k,(8* — 1) +6*(2"*—1)
=(2F 1 —1—~k)*+k,. Thus we have 2"-'—1—k, <0 and hence k,<2.

Q.E.D.

Now we shall classify all P.V.’s (G, X G, 2"®QV) when k,=—=2. First
we assume that, by the action of G, the scalar multiplications act on each
V, independently (1 <i<m). But as a result (Theorem 8.4), we will see

that there is no P.V.’s without this assumption.
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Lemma 8.2. Assume that k,=2. Put N,= —dim G,+(d,—d)+1
and N,= —dim G,+dd, Q< pu<m). Then we have:

(1) N,=—2 and (G, V;)=(SLyX GL,, V()@ V(2)).

(2 0=N,=2,0=N,+---+N,=2, 0£k,<2 and G, V)=(GL,
XSLWE,) X - - - X SLdy,), V(d,)® - - - @V (dye,) for 2= p<m.

B (G, V)=(G, VD -BG,, V), i.e, G=G X -+ XG,,.

Proof. (1) Since G,CSL;XGL(d,), we have N,=—dimG,+
od—0)+1=Z— (" +dy' —1)+08(0dy, — 0) + 1 =0"dp—2) —dy’ +2. If
d,=>3, then N,=>"—d,;>4+2=2>0. Since 0=N, (See the proof of
Theorem 8.1), it is a contradiction, and hence we have d;;=2, dim G, <
0*+3,and 0= N,= —dim G, 441, 1.e. 9*+3=dim SL,X GL,=>dim G, >
6’+1. There is no proper non-abelian simple subgroup of SL, with
codimension at most 2, and hence we have G,=SL,X GL, and N,= —2.

(2) In the proof of Theorem 8.1, we have 0N, Q< p<m) and
N+---4+N,Z0,ie, Ny+---+N,=2. Now 0=dim GL, X SL(d,,) X
X SL(d,,) — dim G, <1+ k- (d, — 1) + (N, — 3d,25) S (3 —k,) +
d (k,—2"") (=4). If k,=1, then 4=2. If k,=2, then A=1. If
k,=3, then 0<4<0, ie., a contradiction. Hence 0=k, <2 and 42,
Thus, as (1), we have G,=GL, X SL(d,) X - - - X SL(d,,)-

(3) Since 0<dim G, X -+ - XG,—dimG<Ldim G+ - - - +dim G, —
od+---+d,—0)—1=—(N,+Ny+ - - +N,)=2—(Ny+-- - +N,) =2,
we have G=G; X - - - X G,, by the same reason as (1). Q.E.D.

Lemma 8.3. We have only the following possibilities for 2<pu<m
where Ny+ - - -+ N, <2.
(I) N,=2,(G, V) =(SL; X GL,, V(3)®V(2),
(I-1) (G, V)=(GL,, ¥ (1)), I-2) (G,, V) =(GLy, V(2)).
(II ) N,,——‘ 17 (Gb Vl) = (SL2 X GLza V(2)® V(2)):
(I-1) (G, V)=(GL,, V(1)), (II-2) (G,, V,)=(SL,X GL,, V(2)
QV(2)).
dam N,=0, (G, V,)=(GL,, V(9)).

Proof. We have 0<k,<2 by Lemma 8.2. If k,=0, then N,=
—dim G,+dd,=6—1<2 and hence §=2, i.e. (II-1) or §=3, i.e., (I-1).
If k,=1, then N,= —d,’+0d,=(6—d,)d,<2 and hence §=3, d,=d, =2,
ie., (I-2) or 6=d,=d, ie., (). If k,=2, then N,=(6—d,)d,+
(d.—2)d, +(d,—d,)+1<2, and hence §=d,,=d,,=2, i.e., (II-2).

Q.E.D.

Since N,+ - - - + N, <2, we have only four possibilities (N, - - -, N,,)
=(@) (0, ---,0), (i) (1,0, ---,0), (i) (1,1,0,---,0), (v) (2,0, ---,0).
We shall check the prehomogeneity of each case.
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(i) The case for (N,, ---, N,)=(0, - - -, 0).

By Lemma 8.3, we have (G,V)=(GL;XSL,, V()QV(2)D(GL,,
V(e)™-'. Since dim G=md*+3=n(d—n)+1 with d=(m-+1)§, we have
2> (n—08)(mo—n) with 6<n<més. Thus we have (i-a) n=4 or n=md, or
(i-b) m=2; =2 with n=3 or §=3 with n=4, 5. In the case (i-a), we
have dim G,=>dim SL,—2 by Lemma 3.1, and hence G,==SL, (cf. the
proof of (1) in Lemma 8.2). Hence, to check the prehomogeneity, we
may assume that n=4¢ since they are castling-equivalent. Then, by Theo-
rem 2.5, the prehomogeneity of (G,X G, 2"®V) reduces to that of an
irreducible triplet (SL,X SL,X GL,, 4,Q4,&4,). By Section 3, it is a
regular P.V, for §=2,3 and a non P.V. for §=4. In the case (i-b), we
have also G,=SL, similarly as (i-a). Hence, by a castling transformation,
we may assume that n=5--1 with §=2, 3. If we denote by ~a castling-
equivalence, we have (G,X G, 2"QV)=(SL(E+1)X(GL;X SL,X GL;),
V(E+ DRV (@ORV(2)+ V(9)) ~(SL(G+1) X (GL; X SLy X GLy), V(3 +1)®
(V(ORV(2)+ V(1)) ~(SLy; X (GL; X SLyX GL,), V(O)QV (DR V(2)+ V(1))
=(GL;X SL;X GL,, 4,Q4,Q4,+A,R1&1) (6=2,3). They are regular
P.V.s (cf. p. 99in [S-K] for §=3 and (3) with n=4, m=2 in Theorem 5.1
for =2). Note that (SL,X SL,, 4,Q4)~(S0,, A).

(ii) The case for (N,, ---, N,,)=(1,0, .-, 0).

By Lemma 8.3, we have §=2. In our case, dim G=n(d—n)+1 (cf.
the proof of Theorem 8.1) implies that (n—2) (d—2—n)<1. Hence we
have n=2 or n=d—2. Note that n=3 and d=6 is not a solution because
dis odd or d=8. If n=2, we have Gy=SL,. If n=d—2, dim G,+
dim G=dim G, (2d —2) =(d —2)d implies dim G,=(d —2)*—2 and hence
G,=SL(d—2). By a castling transformation, we may assume that G,=
SL,, and by Theorem 2.5, we may assume that m=2. When (G,, V)=
(SL,XGL,, V()R V(2)), it is not a P.V. Because GL,-part of a generic
isotropy subgroup of (SL,X SL,X GL,, 4,QA,®A4)=(SO,X GL,, 4, R4,
is O, (p. 100 in [S-K]) and hence the prehomogeneity implies that of
(GL*X S0, A4,PA), which is a non P.V. (Theorem 4.2). When (G,, V)
=(GL,, V(1)) i.e. (II-1), it is a regular P.V. since (GL, X SO,, 4)) is a P.V.
with a reductive generic isotropy subgroup.

(i) The case for (N, - -+, N,)=(1, 1,0, - - -, 0) with m=>3.

Similarly as before, we have (n—2) (d —2—n)<1 and hence n=2 or
d—2. We have G,=SL, and hence we may assume that n=2 and m=3.
If one of (G,, V,) (=2, 3) is (II-2) (SL,X GL,, V(2)QV(2)), it is not a
P.V. by (ii). Hence (G,, V,)=(GL,, V(1)) (=2, 3). Butitis nota P.V.
either. Because the projection to Lie (G,) of a generic isotropy subalgebra
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of (G, X G, X G,, Vi@V + V7)) is {0}, its prehomogeneity implies that of
(GL,, V(2)), which is a contradiction.

(iv) The case for (N, - -, N,)=(2,0, - .-, 0).

In this case, we have §=3 by Lemma 8.3. Similarly as above, we
have (n—3) (d —3—n)<0 (3<n<d—3) and hence n=3 or d—3. We
have G,=SL, in this case by dimension reason, and hence we may assume
n=3, and m=2. Also we may assume that (G,, V;)=(GL,, V(1)) by a
castling transformation. In this case, as we saw in (i), it is a regular P.V.

Thus we obtain the following theorem.

Theorem 8.4 (M. Sato). Assume that (G, X G, 2*QV) is a P.V. with
0<n<d—0 and k,=2 (cf. Theorem 8.1). Then it is one of the following
regular P.V.’s.

(1) (SL,X(GL;X SL) X GL,"~7), 2*Q(V (R V(D) + V()" 1) (m=
1;n=¢ ord—é;6=2,3).

(@ (SL,X((GL,X SLy)X GL;), 2"V (0)RV(2)+V(9))) (6=2, n=
3;70=3,n=4,5).

(3 (SL,X((GLyXSL)X GL, X GL;"™?), 2"V (QV(2)+ V(k)+
VR ) (m=2;n=3 0ord—3: k=1 or 2).

4 (SL,X({(GL,XSL)X GL, X GL,™"%), 2"@(V(QQV()+V(H)+
V(Q)™%) (m=2; n=2 or d-2).

Remark. Although "= V{(n), we use Q" as a representation space
of G, to distinguish from that of G.

§9. Prehomogeneity of some reductive triplets

The starting point to prove Theorem 5.4 was to show that a triplet
k

(GLF#XSL,XSL,, A,Q4,4---+A4,&4,) (m=+n) is a P.V. if and only if

dim G=dim V, i.e., k+m*+4-n*=kmn+2; and when dim G>dim ¥, it is

transformed to a trivial P.V. by j-times castling transformations where

J=1 (k, m, n) in Definition 5.3 (Theorem 4.5 in [K-K-T-I]). With this in
t

e N——
mind, we shall consider the triplet (GL,* X SL,;, X - - -+ X SL,, (4,® - - -®4,)
k

—_——
+- AR -®A)) with m, = - - - =m, =2, k=2 and ¢t =3. If m=
km,- . .m,, then it is clearly a trivial P.V. Hence we shall investigate its
prehomogeneity when km,. - -m, >m, (=m,). If it is a P.V., we have
dim G=dim ¥V by Lemma 3.1 and hence we have f(m,) =0 where f(x) =x* —
(kmy- - -m)x+(ml+ - - - +m} +k—1t). Its discriminant D=(km,- - -m,)’
—4(mi+ - - - +m+k—1t) is positive because D=(Kk*—Hm,?- - -m2+4t
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—4k+4(mr. - mP—mt— . . —mD = 16(k*—4) + 12 — 4k + 4(4*~*m,2 —
(t —Dm =4 k(4k —1)—13}+16(4 > —£)+16 =4+ 16+ 16 >0. We shall
show that m,>%{(km,- - -m,)++'D}. For this purpose, it is enough to
show L{(km,---m)—+/D}<m, (<m). LH.S.={(km,---m)—D}/
{20kmy- - -m, + ¥ D)} = 2m* + - - -+ m?* + k — t)[(kmy- - -m, + ¥ D)<
2{(t — Dy 4+ k—1)/20~*%km,<m, if and only if (4=)2'~*k —t+ Dmi+
t—k>0. However we have A=4(2' %k —1t)+4+1t —k=Q"'—1)k-—3t
+4>23t42>0.

Lemma 9.1. Ifdim G=dim V and km,- - -m,>m, with t =3, then we
have (m;=)Ykmy- - -m, —m,<mj.

Proof. Assume that m{>m, Then we have km,- - -m, —m,=>m, >
+{(km,- - -mz)+¢5}, i.e., km,---m,—2m,=>+/D. Hence we have m,z2+
mi—+ - +mr+k—t)=mir(km;- - -m,). Since m,=> - --=m, =2, we have
tmiP+k—12=2"%kmy? ie., 0=k —t)m’—k+1t=42%k—1t)—k-}t
=2'—Dk—3t=2"*'—3¢ —2>0 for 1 =3, which is a contradiction, and
hence mj <m,. Q.E.D.

Theorem 9.2 (T. Kimura). Let (G, p, V) be a triplet such that G=
1 k 1

—— —— ——
GL*XSLy X+ - XSLy,, p=(U4@- - Q4)+ -+ +(UA®---®4), V=

r—’L
Vim,- - -m)®@- .- ®V(@m,-- -m) withm=---=m, =2, t =3 and k=2.
(1) Ifdim G>dim V, then it is castling-equivalent to a trivial P.V.
() Ifdim G=dim V and k=3, it is castling-equivalent to a regular
k

simple P.V. (GL,*XSL, _,, 4;®- - @Ay, My_, )
() Ifdim G=dim V and k=2 (such as m,=1, my=m,;=2, t =3), it
is not a P.V.

Proof. First note that the number k and dim G —dim V are invariant
under castling transformations. We denote this (G, p, V) by T'(m,, - - -,
m,) with m,>-.-=m,=2. (1) If it is not a trivial P.V,, it is castling-
equivalent to some T'(ny, - - -, n,) with n,=m,=>n,>> - .- >=n, and t =s by
Lemma 9.1. If s <2, it is castling-equivalent to a trivial P.V. (cf. Theorem
4.5 in [K-K-T-I]). If it is not a trivial P.V. with s >3, we can use Lemma
9.1 again. Repeating this procedure, finally we obtain our result. Note
that T'(m,, m,) with dim G>dim V implies m,#~m,. (2) (3) First we show
that T(my, - - -, m)m,= - - - =m, =2, t =2) with dim G=dim V cannot be
a trivial P.V. In fact, if m,=km,- - -m, and k—t+m*+ - - - +m*=km,
coemy (Em?), we have 40— D < (= Dm 2 <m’ - - - +m <t—k<t -2,
i.e., 3t<2, which is a contradiction. Hence, by Lemma 9.1, it is castling-
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equivalent to T(m,, - - ., m,) with ¢t<<2. T(m,, m,) with dim G=dim ¥ and
k=3 implies m,#m, and hence, by Theorem 4.5 in [K-K-T-I], we have (2).
T(m,, my) with dim G=dim V" and k=2 implies m,=m,, which is not a
P.V. If dim G=dim V and k=2, only (GL?, V(1)® is a P.V. which is not
castling-equivalent to any T'(m,, - - -, m,) with ¢ =>3. Q.E.D.

r-—’t‘-\
Proposition 9.3. A rriplet (GL?XSL,,, X -+-XSL,,, 4,&---®4,+

t—-1
——
LFRAFQ - - @A, V(my- - -m)BV'(m,- - -my)) with m=- .- Z=m, =2
and t =2, is not a P.V.

Proof. Assume that it is a P.V. If 2m,- - -int>m1, then we have
2my,- - -m,—m,<m, by Lemma 9.1 (#=3), which is concerning only the
dimensions of the representation spaces. Hence m, >2m,- - -m,—m, >m,

-.m,. Inany case, we have m,>m,- - -m,. By Theorem 2.8, (GL, X SL,,
t-1 t—1

—— ——
X+ XSL,,, (4 - RA)QUPR - - -R4{*¥)) must be a P.V. and hence
1+m2t—D4 . - +mE—-D=(m,- - -m,)’. Thus we have (z —1)m,>—
(t—2D=m; 4% ie. 0=t —2+mi(4' 2 —t+1)>0 (¢ =3), which is a con-
tradiction. When #=2, it is known (cf. § 5). Q.E.D.

Theorem 9.4 (T. Kimura). Assume that (GL*XSL, X ---XSL,,,
t k t

—— e e ——
AR QAP o L APR - - RAFY (k=2,t=3) isa P.V. Then it
is castling-equivalent to one of (1) a trivial P.V. (2) (GL*X SL(k—1),
k

k-1

Ax@ T @Al) (3) (GL1k>< SLm; A1® e ®A1®Aik) (k— 1 gm)

/—’L /—/;
Proof. We may assume that p=4A,® .- -Q4+AFR - - QA
k-1 L
4o AR QAP with my > - - =m,=2. If one of A{® for SL,,
=
is A¥, then it is not a P.V. by Proposition 9.3, i.e., p=4,Q(U,&Q - - - @4,
-1 k-1 t-1 o
FAFR . RAF L FAPR - @A), If it s not trivial P.V., then
by Lemma 9.1, it is castling-equivalent to (GL,*X SL,,;X - - - X SL,,;, A{*
t k 4

—— —— —— .
R - RQAF 4+ FAPR - QA with my=m{= - - - =m,;>=1. Hence

if m;>2, we may assume that any A{* for SL,,=SL,, is 4, by Proposi-
tion 9.3. Repeating this procedure, we have our result by Theorem 9.2.
k

Note that (GL*X SL,,, 4,®---®A) (m=k) is a trivial P.V. Q.E.D.
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Remark 9.5. In Theorems 9.2 and 9.4, the case for k=1 (resp. t=1,
t=2) has been treated as an irreducible P.V. (resp. a simple P.V., a 2-
simple P.V.).

Now recall that ((GL,,, X - -+ XGL,)YXGL,, (V(n)®- - -V (m,)®
V(n)) is a F.P. (and hence P.V. See Section 6) for any m,, - - -, m,, n with
1<k<3 ([G], [Kac 3], [K-K-Y]). We shall study when k=4. First we
shall prove the following Theorem.

Theorem 9.6. ((GL,,, X GL,,)) X (GL,, X GL,)), (V(m)® V(my)) ®
(V(n)DVm,))) is a P.V. if and only if m,+m,+n,+n,.

Proof. If m,+m,=n,+n,, we may assume that m,+m, <n,+n, If
m+m,<n, or m,+m,<n,, it is a P.V. by Theorem 2.5 and the above
result. If m+m,>n, (i=1, 2), it is castling-equivalent to ((GL,,,X GL,,,)
X(GL, X GL,), (V(m)@V(m)QV(m)DV(n))) with nj+n;<m,+m,
where n;=m,+m,—n, (i=1,2). Repeating this procedure, we have our
result for m,+m,+#n,+n,. To prove the case m,+m,=n,~+n,, first we
prove two lemmas.

Lemma 9.7. ((GL,XGL,)X(GL,XGL)), (V(im)DV(n)Q(V(m)®
V(n))) is not a P.V.

Proof. For m<n; A, A,eGL,; B, B,eGL,; XeM,, YeM,
ZeM, , and We M, ,, the prehomogeneity of (X, Y, Z, W)—(4,X*°4,,
B,Y'B,, A,\Z'B,, BiW'A,) reduces to that of (Z, W)—(A,Z'B,”", B,"'WA,™)
which is not a P.V. since it has a non-constant absolute invariant det (ZW)
(cf. Theorem 1.2).

Lemma 9.8. ((GL, X GL,)X(GL,,XGL,,),(0=)4®1Q(AR1+1&
A)+H1QARUFR1+-1R4F)) (m<n,, n,) is not a P.V.

Proof. For g=(A, A’,B,, B,) ¢ GL,XGL,XGL, XGL,, and x=
X Y,Z W)eM, , ®M,,DOM, . OM, ., we have p(g)x=(4X'B,
AY'B,, A’ZB,"", A’WB,") and hence f(x)=det (X*Z)/det (Y*W) is a non-
constant absolute invariant. Q.E.D. for Lemma 9.8.

Now we shall prove Theorem 9.6 for m,+m,=n,+n,. We may as-
sume that m, <m, and n,<n,. If m,=n,, then m,=n,, and hence it reduces
to Lemma 9.7. If m, <nm,<n,<my,, since (n,+n,) —m,=m,, it reduces to
Lemma 9.8 by a castling transformation. Q.E.D. for Theorem 9.6.

Corollary 9.9. For any algebraic group G, a triplet (G, (6,+ - - - +0,)
(it +17), (V(m)D- - - V()W ()@ - -DV(n))) with m+
coedmy=n+ - +n, (s=2, t=2) isnot a P.V.
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Proof. Ifitis P.V., then ((GL(m,) X GL(m,~ - - - +m,)) X (GL(n,) X
GL(ny+ - - - +n,), (V(m)®V(my+ - - - +m)QV (n)DV(n,+ - - - +n,))
(m,+(my+ - - - +m)=n,+@y,+ - - - +n,)) must be a P.V., which is a
contradiction. ' Q.E.D.

Theorem 9.10. ((GL,,XGL,,XGL, ,XGL,)XGL,, (V(m)DV(m,)
DV(n)DV(m )RV (n) is a P.V. if and only if m,+m,+m,+m,=2n or
n<max {m,}.

Proof. Assume that m,+m,+m;+m,=2n with n>m,=>m,>m,>
m,. Then we have m|+m,=m,+m,<n with m,=n—m, and it is castling-
equivalent to ((GLy;X GL,) X(GLpy X GL,,,) X GL(n), (V(m1)+V(m2)®
V(n)*+(V(ms)+V(m,)QV(n)), which is P.V.-equivalent to ((GL,; X GL,,,)
X (GL,, X GL,,)), (V(m})+ V(m))Q(V(n;)®V(n,))) by Theorem 2.8, which
is not a P.V. by Theorem 9.6. If some m,>n, it reduces to the case k=3
by Theorem 2.5 and hence it is a P.V. Now assume that m,-+m,+m,+
m,#2n and n>max{m;}. If n=m,+m,+m;+m,, it is a trivial P.V,,
and if m,+m,+m,+m,>>n, we may assume that m,+m,+m,-+m,>2n
by a castling transformation. Put m,=n—m, (1<i<4). Then we have
m+ - +mi=4dn—(m,+ - - - +m)<<dn—2n=2n<m;+ - - -+m,, and it
is castling-equivalent to ((GL,; X ---XGL,) X GL,, (V(m)+---+
Vim)QV®m). If mi+-. -+m,<m, it is a trivial P.V. If m{+---+
m,>n, we have n>n'=m|4+ ...+ mi—n and mj+ ... +m,>2n.
Repeating this procedure, we have our result. Q.E.D.

§10. P.V.’s of associative algebras (M. Sato’s unpublished result II)

First we recall the definition of quasi-regularity of P.V.s. Let
(G, p, V) be a P.V. with the Zariski-dense orbit Y=F—S. Let G, be a
subgroup of G generated by the commutator subgroup [G, G] and a
generic isotropy subgroup G, (x € Y). This does not depend on a choice
of a generic point x, and a rational character X of G corresponds to some
relative invariant if and only if it annihilates G, and the rank N of the
character group of G/G, coincides with the number of basic invariants.
Let g (resp. g,) be the algebra of G (resp. G,) and g* the dual vector space
of g. Then we have the following lemma.

Lemma 10.1 (Lemma 1.1 in [S-K-K-O]). For w e g*, there exists a
rational map ¥,: Y—V* satisfying (1) ¥ (o(g)X)=p*(g)¥ ,(x) for g € G,
xeY, Q¥ (x), do(A)xy=w(A) for all xe Y and Aeg if and only if
w(g)=0.

Definition 10.2. A P.V. (G, p, V) is called quasi-regular if there exists
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€ (g/g)* such that ¥,: Y—V* is dominant. If there exists a rational
character X corresponding to a relative invariant f'such that ¥';, =grad log f
is dominant (i.e., f=non-degenerate), we say that (G, p, V) is regular.
Hence regularity implies quasi-regularity. As we shall see, the converse
is not true. However if G is reductive, it is equivalent.

Definition 10.3. Let &/ be a finite-dimensional associative algebra
over C with the identity 1, and .o/ the multiplicative group of all inver-
tible elements in .«7. Then G=./* acts on V=<7 by p(a)b=ab for a ¢ G,
beV. Clearly the triplet (G, p, ¥) is a P.V. which is called the P.V. of
the associative algebra <f. Let </* be the dual vector space of «/. Then
o/* becomes bi-o/-module by {axb, y>={x, bya) for a, x, b e o/ and
yes*

Definition 10.4. We call o7 a Frobenius algebra when there exists an
isomorphism ¥': .o/ —.o7* satisfying ¥(ab)=a¥ (b) for all ¢, b e /. This
map ¥ induces the adjoint map ¥*: (A *¥)*=d—>F* We call & a
symmetric algebra if there exists ¥ satisfying ¥ =¥* and ¥(ab)=a¥(b)
foralla, b e of. If we put B(a, b)={a, (b)) and y,=¥ (1), then we have
B(a, b)={ab, y,». Hence & is a Frobenius (resp. symmetric) algebra if
and only if there exists y, € o * such that the bilinear form {ab, y,) on &
is non-degenerate (resp. non-degenerate and symmetric).

The remaining part of this section will be devoted to prove the fol-
lowing unpublished work of M. Sato around 1962.

Theorem 10.5 (M. Sato). Let (G, p, V) be a P.V. of an associative
algebra <.

(1) The dual triplet (G, p*, V*) is a P.V. if and only if & is a
Frobenius algebra.

(2) The triplet (G, p, V') is a quasi-reqular P.V. if and only if o/ is a
symmetric algebra.

(3) The triplet (G, p, V) is a regular P.V. if and only if </ is a semi-
simple algebra.

To prove this theorem, we shall prove several lemmas.

Lemma 10.6. ./ is a Frobenius algebra if and only if there exists an
element y, of s/* satisfying of* =Ly,

Proof. Let o be a Frobenius algebra, and ¥': o&/—./* be a left /-
module isomorphism. Put y,=¥(1). Then we have o/*=¥()=Ay,
since ay,=¥(a) for all @ € /- Conversely, if o/*=y,, then ¥(a)=ay,
(ae &) is a left o/-module surjective homomorphism. Since dim &/ =
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dim 7%, it is injective.

Lemma 10.7. For y, e &/*, we have o/*=.y, if and only if o/*=
Yol .

Proof. We have B(a, a’)={a, a’y,y ={a’, y,a> and this is non-
degenerate if and only if det (B(a,, a,))#0 where {a,, - - -, a,} is a basis of
&/ over C. Hence we have &/ *=./y,&B(a, a’)=0 for all &’ ¢ o/ implies
a=0&det B(a,, a,)) 05 B(a, @')=0 for all a e o7 implies ¢’ =0 *=
VoA Q.E.D.

Now we ready to prove (1) of Theorem 10.5. Since p* is defined by
{gx, p*(g)y)={x,y) for all x e o and y e &*, we have {(x, p*(g)y>=
(g%, yp={(x,yg Y forall x e o, ie., p*(g)y=yg ' forye o/*and g e
G=4/*. Hence the dual triplet (G, p*, V'*) is a P.V. if and only if there
exists an element y, in &/* such that p*(G)y,=y,&/* is dense in V*=.7*.
Since y X Cy,of and /% is dense in &/, y,./* is dense in «/*, if and
only if y,.of = o/*, i.e., & is a Frobenius algebra by Lemmas 10.6 and 10.7.
This proves (1).

As we have seen above, &/ is a Frobenius algebra if and only if
B(a, a’)y={ad’, y,» (a, @’ € &) is non-degenerate for some y, € «/*. More-
over, &/ is a symmetric algebra if and only if B is a non-degenerate sym-
metric bilinear form for some y,.

Let us prove (2) of Theorem 10.5. First assume that (G, p, V) is
quasi-regular. Then by the definition and Lemma 10.1, there exists y, in
g¥*=o/* and a dominant G-admissible rational map ¥: V—S=.*—
V¥=o/* satisfying {ax, T(x)>={a, y,» for any aeg=«/ and x e V—
S=4/%. Moreover, by Lemma 10.1, we have {g,, y,>=0 and hence
{ab, y,y=(ba, y,» for any a,beg=.s/. On the other hand, we have
¥(1)=y, because <a-1, ¥(1))={(a, y,y for all ae.o/. This implies that
U(L*)=y, > is dense in o/*, and hence y.o/ =o/*. Thus o is a sym-
metric algebra. Conversely, assume that .« is a symmetric algebra. Then
there exists y, in &/* such that y,.o/ =/* and {(ab, y,>=<ba, y,» for any
a,b e of/. Define amap ¥': o/*—o/* by ¥(g)=y,g " for ge o/%. Then
¥ is clearly G-admissible and dominant. By Lemma 10.1, it is enough to
show that {ax, T(x)>={a,y,y for any x e V—S=/* and aeg=.
However, it is obvious since {ax, T'(x))={ax, yx " >={x"(ax), y,y=
{ax)x, y,p={a, y,y. This proves (2).

Finally we shall prove (3) of Theorem 10.5. Assume that .o/ is semi-
simple. Then we have &f =M(m,, C)®- - -®M(m,, C) where M(m,, C)
denotes the totality of m, X m, matrices over C. Let N (resp. Tr) be the
norm (resp. trace) of &7, i.e., N(@)=(det a,)™- - -(det a,)™* (resp. Tr (a)=
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mytra,+ .- -4+mtra,) for a=(a, - - -, a,) € &Z. We identify o7 and o/*
by the bilinear form Tr (¢b). We have G=GL(m,, C)X - - - X GL(m,, C)
and S={a e &; N(a)=0}. For x e GL(n, C), we have grad log det x=
(grad det x)/det x="x"" and hence, we see that grad log N(a) is dominant,
i.e., the triplet (G, p, V) is a regular P.V. Conversely assume that .7 is
not semi-simple and let #(+0) be the radical of /. Then there exists
a semi-simple subalgebra 7, satisfying & =/ @®Z%. Let g=g,+n,
(g, € o, n, € X) be invertible in /. Put g-'=g{+n;. Then 1=g,g;+ny.
Since 1 € o7, we have n)/=0, g;=g,”", and hence g,+n,=g,(1+g,"'n.).
Put U={1+n;ne %}. Since Z is a nilpotent ideal, U is a unipotent
group. Let f(x) be a relative invariant of (G, p, V) and X its character.
Let x, be a generic point satisfying f(x,)=1. Then for x=gx, e V-5,
we have f(x)=X(g). If g=g,+n, (g, € ,, n, € Z) then g=gu (u=1+
g, 'n, € U), and hence X(g)=72(g,). Note that X|U=1 since U is uni-
potent. This implies that f(x) is function only on ./, and hence Hess
log f(x)=0, i.e., (G, p, V) is not regular. This proves (3) and this com-
pletes the proof of Theorem 10.5.

Let (G, p, V) be a P.V., and C[p(G)] the vector subspace of End (V)
generated by p(G)(CGL(V)). We shall close this section by proving the
following Remark due to T. Kimura.

Remark 10.8. Let (G, p, V) be a P.V. such that p is faithful. Then
it is a P.V. of some associative algebra .« if and only if (1) a generic iso-
tropy subgroup H is the identity group, and (2) dim C[p(G)]=dim V.

Proof. If V=uof, G=o* and p(a)b=ab for a, b € o where < is an
associative algebra, then a generic isotropy subgroup H is the identity {1}
and C[«&*]= ., and hence we have (1) and (2). Conversely, assume (1)
and (2). Let x, be a generic point and define a map ¥": C[p(G)]—V by
U(SS cp(g))=2c.p(g:)x, € V. Clearly it is surjective and hence an iso-
morphism by the condition (2). Since C[p(G)] is an associative algebra,
V has a structure of an associative algebra which we denote by .»/. Since
C[p(G)J* is connected and dim C[p(G)]* =dim p(G), we have C[p(G)]*=
p(G) =G, ie., Z*=G. Q.E.D.

§11. A classification of regular irreducible P.V.’s with universally
transitive open orbits (J. Igusa’s result)

Let k be a field of characteristic zero. Let G be a connected linear
k-split algebraic group, p: G—GL(X) with X=Af" a k-homomorphism.
Assume that (G, p, X) is aregular irreducible P.V. In this case, the singular
set .S is an irreducible hypersurface and its complement Y is necessarily
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k-open. Put G=p(G). The number £=4,(G, X )=|G(k)\ Y (k)| of G(k)-
orbits in Y'(k) is finite [(Serre)]. We say that Y is a universally transitive
open orbit if £=|G(k)\Y(k)|=1 for all k satisfying H'(k, Aut (SL;))=0,
i.e., there exists a nonsplit quaternion k-algebra. This condition is satis-
fied by every local field k other than C.

Theorem 11.1 ([Igusa 2]). The number ¢=|G(k)\Y (k)| is invariant
under a castling transformation.

By this theorem, it is enough to check the universal transitivity for
all regular irreducible P.V.’s in Theorem 3.3 (Section 3). Using Galois
cohomology, J. Igusa obtained the following result.

Theorem 11.2 ([Igusa 1], [Igusa 2]). A regular irreducible P.V. has a
universally transitive open orbit (,i.e., {=1) if and only if it is castling-
equivalent to one of the following P.V.’s.

(1) (HXGL,, p®A,) where p is an m-dimensional irreducible repre-
sentation of H.

2 (GL;, 45)

(3) (Sp.XGL,,, 4,@4,)

@) (GL,xS0,, A,®A)) where n is even and n=4.

(5) (GL, X Spin,, 4,Rthe spin rep.)

(6) (GL,XSpin,, A,Qthe spin rep.)

(7) (Spiny X GL,, a half-spin rep.QA,)

(®) (GL,XE;, 4,®A)) with deg (A,)=27 for E,.

Theorem 11.3 ([Igusa 2]). (1) If all octonion k-algebras split over k,
e.g., if k is a p-adic field then not only P.V.s in Theorem 11.2 but also {=
|GU\Y (k)|=1 for (GL,, 45, V(35)). (2) If k=R, we have £,(G, X)=1if
and only if all roots of the b-function of the reduced P.V.’s in the castling-
equivalence classes of (G, X) are integers.

Remark 11.4. For the b-function, see [S-K-K-O], [Kimura 4]. A
P.V. (G, p, V) is called “reduced” if any castling transform (G, p’, V")
has a property that dim V”>=dim V. Each castling-equivalence class con-
tains the unique reduced P.V. in the irreducible case (See p. 39 in [S-K]).

§12. Universal transitivity of simple P.V.’s and 2-simple P.V.’s

T. Kimura, S. Kasai and H. Hosokawa proved the invariance of ¢
(See Section 11) under various P.V.-equivalences (e.g. P.V.-equivalence in
Theorem 2.8) and classified simple P.V.’s, 2-simple P.V.’s of type I, 2-
simple P.V.’s of type II with universally transitive open orbits respectively.
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Theorem 12.1 ([K-K-H]). All non-irreducible simple P.V.’s with uni-
versally transitive open orbits are given as follows.
k

(1) (GLF*'XSL,, 4;®-- - ®A4PA®) 1Lk<n, n=2)
k

@ (GL#'XSL,, 4,PAPD-.-PAF) (1£kL3, n24) except
(GL*X SL,, ,®N®NL®AF) with n=odd.
(3) (GL’XSLyy,1, 4:D4y)  for m=2.
4 (GL#XSL,, A,DA,DAF).
k

e —
(5) (GL*XSp,, 4,©---®4) (k=2,3).
(6) (GL.*XSpin,, a half-spin rep. ® the vector rep.) with n=38, 10.
(7) (GL?XSpin,,, ADA) where A=the even half-spin representation.

Corollary 12.2. All non-irreducible regular simple P.V.’s with univer-
sally transitive open orbits are given as follows.
(1) (GLXSL,, 4,@45).

() (GL*XSL, A@---DA).

——
() (GL*"'XSL,, 4;D- - - @4,D4).
(4 (GLSXSLy,, L,DAFDA™).
(5) (GL{XSLyp.1, 4,D4,).
(6) (GL*XSLy, .1, 4,D4,D(4,D4)P).
() (GLX Sp,. 4,D4)).
(8) (GL;?XSpin,, a half-spin rep. ® the vector rep.) with n=38, 10.
(9) (GL}?X Spiny, APA) where A=the even half-spin representation.

Theorem 12.3. Any non-irreducible 2-simple P.V. (GL,*X G, p(=p,
@---Dpy) of type 1 with the universally transitive open orbit is castling-
equivalent to one of the following P.V.’s.

1) G=8L,,, . XSL,, p=4Q4+14(+T) with T=1Q4,(+1
®4,).

(2) G=SL;XSL,, p= 4,0 4,4+ AFRU(+ 1Q4,(+ 1 1))

(3) G=SL,XSLy, p=AD 4 +(4f + 4HD1.

4 G=Sp,XSL,, p=A4QA4+T, with T=1Q(UP+ - - -+ 4{*)
(1=ZkL3) except 1Q(A,+ A+ AF) with m=odd, A, Q1 +1Q(AF + - - -+
AF) 0Lk L2) except A, Q14 1Q(A,+ AF) with m=odd, 1Q 4, (m=o0dd),
1A+ 4F) (m=5).

(5) G=8p, X SLyp 1, p=4,Q@ 4,4 (4 + A)R1.

(6) G=Spiny, X SL,, p=a half-spin rep. QA+ 1QA(+ T) with T=
1Q4,(+1®4,).



Prehomogeneous Vector Spaces 249

Corollary;12.4. Any non-irreducible regular 2-simple P.V. of type 1
with the universally transitive orbit is castling-equivalent to one of the fol-
lowing P.V.’s.

(1) (GL*X SLyX SL,y, 4,04,+(AF+4H)R).

(@ (GL{X Spy X SLyy, 4,Q 4,4 1Q(AF + A(F)).

(3 (GLXSp,XSLyy.ss 4,4+ 4,®1).

@ (GL*XSp, X SLyp .1, 4,Q4,+ 4,1+ 1Q(4,+ A4)*),

(5) (GL?XSpiny, X SL,, a half-spin rep. @A4,+1Q(A,+ 4,)).

(6) (GL,*XSpinyXSL,, a half-spin rep. @ 4,+1Q(4,+ A, + 4,)).

One can see also that any non-regular irreducible P.V., which is not
castling-equivalent to (Sp, X GL,, 4,Q2/,), has the universally transitive
open orbit. Any 2-simple P.V. of type II in Theorem 5.2 has the univer-
sally transitive open orbit if and only if so is the corresponding simple
P.V. There are many other 2-simple P.V.’s of typs II with universally
transitive open orbits (See [K-K-H]).

§ 13. Irreducible P.V.’s of characteristic p >3 (Z. Chen’s result)

In [C3], [C4], Z. Chen obtained the following result. Since all irredu-
cible P.V.’s are defined over Q (Section 3), by the reduction modulo p, one
obtains corresponding P.V.’s in characteristic p. If p>5, every regular
irreducible P.V. of characteristic 0 induces a regular irreducible one of
characteristic p by the reduction modulo p([C4]). There is one exception
if p=35 and 6 exceptions if p=3. But not every irreducible P.V.’s of
characteristic p can be obtained by the reduction mudulo p. In fact,
when p>2, there are following 4 new types.

1) (GL,, (14p)4,;, V() (s>0, n=2).

@ (GL,, 4i+p° Ay, V() (s>0, n=3).

(3 (GL,XSL;, 4,&(4,+4), VINRV(T)) (p=3).

4 (GL,, A+ 4, V(16)) (p=3).

Among them, Z. Chen investigated a P.V. (4) in detail. It is a regu-
lar irreducible P.V. with the irreducible relative invariant of degree 8.

§14. A classification of irreducible P.V.’s of parabolic type and their real
forms (H. Rubenthaler’s result)

Let g be a complex semisimple Lie algebra, §) a Cartan subalgebra.
Let R be the root system w.r.t. (g, §) and fix a base ¥ of R. Let § be a
subset of ¥. Put h,={x € h, a(x)=0 for all « € §} and define an element
H? of hy, by a(H®)=0 for « ¢ § and a(H*)=2fora e U —f0. Forne Z,
put d,(0)={Xeg; [H’, X]=2nX}. Then we have [d,(0), d,(0)]Cd,, ,6)
and hence we obtain Z-grading.
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The space d,(f), which is denoted by £,, is a reductive subalgebra of
g. It operates on each d,(f) by the adjoint action. Let L, be the con-
nected subgroup of G corresponding to £, where G is adjoint group of g.
Then we have the action of L, on d,(f) which corresponds to that of ¢,
on d,(f). Itis known (Vinberg) that (L,, d,(#)) is a P.V. of paraboilc type.
It is an irreducible P.V. if and only if Card (¥ —68)=1. H. Rubenthaler
classified irreducible P.V.’s of parabolic type [R1]. Irreducible regular
P.V.’s of parabolic type are given by (1) with (H, p)=(SL,, 4,), (2) ~(9),
(Sp,., 4,) m=2n"), (SO, 4,). (10) with n=1, (12), (13), (15), (16), in (I)
in Theorem 3.3. H. Rubenthaler also investigated their real forms
(R1], [R2]).

§15. Indecomposable commutative Frobenius algebras and J-functions;
Examples of quasi-regular, non-regular P.V.’s (M. Sato’s unpublished

result III)

Let A=C[x,, - - -, x,] be the polynomial ring of n variables over C.
Any finite-dimensional commutative algebra 4 over C can be expressed
as A= A/J where J is an ideal of 4 satisfying m>DJ D m* for some k with
m=Ax,+-.-+4x,. Let #,={PD)(x,, ---,x,); P(D) is a partial
differential operator with constant coefficients} be the hyperfunctions with
the support at the origin of C", where d(x,, - - -, x,) is the Dirac’s delta
function. By the inner product (f, A(x)):f_f(u)A(u)du, we can regard
#,, as the dual A* of 4 canonically. Note that %,, is an A-module.
The dual 4* of 4is given by A*={A(x) € Z,,; (f, A(x))=0 for all fe J}.
By Lemma 10.6, 4= A/J is a Frobenius algebra if and only if 4*=AA(x)
for some A(x) e A*C4#,,. Note that a commutative Frobenius algebra
is a symmetric algebra. When A*= A/A(x), the ideal J is given by J=

{ fed; {f, TAR)Y= J fWA(u)du:J T f A)du= T, f A(X)>=0 for all

Ve A}={ fed; fA(x)=0}. Hence, for any given A(x) e 4,,, we can
get a commutative Frobenius algebra 4=A/J by the ideal J={f ¢ 4;
fAX)=0} of A=CIx,, - - -, x,]. Conversely, any finite-dimensional in-
decomposable commutative Frobenius algebra can be obtained by this
method.

Remark 15.1. {x*=x,"t...x,*}is a base of A=C[x,, - - -, x,]. The
dual base of Z,,, is given by {((—1)'?'/gN3P(x)}, i.e., (x, (—1)"*'/gDd®(x))
=1 (a=p) and =0 («#p).

Remark 15.2. Assume that A=A4,®- - - @4, where each 4, is a two-



Prehomogeneous Vector Spaces 251

sided ideal of 4. Then A is a Frobenius algebra (resp. symmetric algebra)
if and only if each 4, is a Frobenius algebra (resp. symmetric algebra).

Remark 15.3. Both 4=Clx,, - - -, x,] and &, are of infinite dimen-
sion. If one wants to consider a finite-dimensional vector space, one can
modify our argument as follows. Let It* be the ideal of A=Clx,,- - -,x,]
generated by x /%, - - -, x, %, i.e.,, M= Ax*+ - - - + Ax,* and put 4, = A4/IMN*.
For A=A/J,, we have 4,—A4—0 (exact) for a sufficiently large k. Its
kernel J is given by J=J/M*. Now A, is a finite-dimensional vector space
over C. Let #,™ be the totality of less than k-th derivations of the §-
function. Then #Z,,® is the dual of 4,.

Now we shall investigate the correspondence between #,, and 4=
A/J (=a Frobenius algebra) in detail. Assume that 4 has two expression:
(1) A=C]x,, - - -, x,]/J; which corresponds to A, (x) with n-variables, (2)
A=C[x,, - -+, x,..]/J. which corresponds to A,(x) with (n-+r)-variables.
In this case, put Aj(x)=A(x) o(x,,))---6(x,,,) and J;={feC[x,,---,
Xnsrl; fAI(X)=0}. Since J, contains x,,;, -+, X,,,, W& have (3) 4=
Clxy, oy Xps + + *» Xp4,)/J1. Thus we may assume that two expressions
have the same number of variables, i.e., A=C][x,, - - -, x,]/J; (A,X))=
Clys, -+ 5 Y JI(E2(y). We have 4=C®N where N is the radical of
A. Nakayama’s lemma says that elements u,, - - -, u, of N generate A as
an algebra if and only if u, mod N?, - - -, u, mod N? generate N/N* as a
vector space. Put u,=x, modJ, and v,=y, mod J, (1<i<n). We may
assume that (1) u;, v, e N (1<i,j<n), ) {u, - -+, u,}mod N* and {v,

-+, U,}mod N* are bases of N/N* so that A=Clu,, - - -, u,, - -+, U,]=
Cluy, - -, u,] etc. Put u,=¥,(v) and v,=@u). We have v,=3 a,u,
mod N? (1<i<n). If n=m, we have det(a,;)0. Even if n>m, we may
take ¥ and @ such that det (a,;)#0, and hence u,=¥",(v) and v,= @ ,(u) are
non-singular transformations at the origin. We say that A,(x) and A,(x)
are equivalent (denoted by A,(x) =~ A,(x)) if one is transformed from the
other by (1) the coordinate transformation A(u)du— AT (v))@¥ (w)/ov) - dv
and (2) A@)du— f(u)A(u)du where f(f(0)0) is an invertible operator.
If A,~/,, then the corresponding Frobenius algebras are isomorphic,
i.e., {equivalence class of Z,,}& {isomorphic class of indecomposable

commutative Frobenius algebras}.

Example 15.4 (one variable). We have a,6"(x)+a,6" " P(x)+ - - -+
a,6(x) (a,0)=6"(x). It is transformed by (1) (also possible by (2)).
Put A=C[x]. Then 4A6™(x)=Cs™(x)D- - -BCV(x)®CH(x), and J=
{f € C[x]; f6"(x)=0}=C[x]-x"*'. Hence A=A4/J=C-1®C-xD---@D
Cx"mod x"*'. We shall consider a commutative Frobenius algebra ob-
tained in such a way. Namely A=C-1®C-u®- - -@Cu"* with u"=0.
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This is obtained from §™-"(x). For an element g=a,+au+ - -+
a,_ "' of 4, we have

a, !

{

i

(g,gu, ""7gun_l)=(1au’ ~‘_,un—1) a‘l “ ) 0 ih
’ ap_y =« ao‘

Hence detg=gq," and G= A*={a,+au+---+a,_u"*;a+0}. By
Section 10, (4%, A) is a quasi-regular, non-regular P.V.

Proposition 15.5. There exist n G-invariant closed 1-forms on an n-
dimensional commutative Frobenius algebra 7.

Proof. For x=xu+---+x,u,e* and fesl, put x &=
Ux, Hu,~+ - - -+ ¥, (x, Ou, where {u,, ---,u,} is a base of /. Since
dlogx=x"'dx and (gx)"'(g&=x7¢, U'(x,dx), ---, ¥, (x,dx) are G-
invariant closed 1-forms. Q.E.D.

Example 15.6. We shall consider &/ =C-1®C-uPCu* (u*=0). For
X=X, Xu+xu* € o, we have log x=1og x,+1og (14 (x,/x)u-+ (x,/x)u)
=log x,+ (;/x)u+ (ofx, — % (x:/x,))u*  since log(1+1)=1t—%¢*mod %
Hence dlogx=1/x,dx,+(dx,/x)u+(d(2x,x,—x.)/2x)u* and we obtain
G-invariant closed 1-forms ¥ =dx,/x,, ¥,=d(x,/x,) and T,=d((2xx,—
x/2x}). Now ¥, corresponds to a rational relative invariant fi(x)=1x,,
and ¥, (resp. ¥,) corresponds to a transcendental relative invariant f,(x)
=exp (x,/X,) (resp. fo(x)=exp ((2xx, —x,")/2x,")). We have fi(gx)=a,f(x),
Si(gx)=(exp ai/a,) fi(x), fogx) = (exp ((Rxyx,—x")/2x) f(x) for g=a,+
autau’ e 7. Since grad log £ 051352 ="(5,/x — 1%,/ X,E — Sp(Xy X+ x5/
X3, 8/x,—8px,/ x5 8o/x,), we can see the quasi-regularity again. This
quasi-regular P.V. can be considered as a deformation of a regular P.V.
(GLS, V(3)). We shall explain this fact for a 2-dimensional commutative
associative algebra A=C@®Cu. The structure of an algebra is determined
by giving 2 and v for #*=2-4vu. Using v'=u—v/2, we may assume that
v=0 and *=2. If 250, then (=/*, &) is a regular P.V, isomorphic to
(GLZ2, V(2)). In fact, putting e,=4% +u/(2v/ 2 ) and e,=% —u/(2v/ 2 ), we

have g(e,, e,)=(e,, e2)<g 2) for g=ae,+be, e o/ =Ce,®PCe,. However,

as the limit of 2—0, we obtain a quasi-regular, non-regular P.V.
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