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Linear Representations of the Galois Group
over Local Fields

Hiroaki Hijikata

Let F be a p-field, i.e. a complete discrete valuation field with a finite
residue field of characteristic p, F*'¢ be an algebraic closure of F, F*? be the
separable closure of F in F*s, Let G=Gal (F*¢|F)=Gal(F**|F). Itisa
profinite group with the Krull topology. For a profinite group H, let
R(H) (resp. H) denote the set of the equivalence classes of the finite di-
mensional continuous (resp. irreducible) representations ¢ over the complex
number field. We are concerned with the classification or the parametri-
zation of the set G.

0.1. 1In[4], we gave a parametrization of a certain family of irreducible
supercuspidal representations of GL,(F) induced from a certain class of
representations (=trés cuspidal representations of Carayol [1]) in terms of
multiplicatively generic elements in F*? (cf. § 5). In view of local Langlands
conjecture (cf. [8]), it is desirable to have a similar parametrization for G.

0.2. There are many interesting results on Galois representations,
only a few of which I had occasions to study carefully. Primitive repre-
sentations are studied by Weil [11], and finally classified by Koch [5]. Tame
representations (i.e. (degg, p)=1) are classified by Howe, Koch-Zink [7] or
Moy [9]. Representations of degree p are classified by Koch [6]. However,
the method employed there does not seem to match the way I imagine. In
my talk at the meeting, I reported partial results on the parametrization,
and more generally on the study of Galois representations based on the
natural filtration of G by the absolute (upper) ramification groups G”.
But, later I noticed that, in the latter respect, a substantial work had been
done by Deligne-Henniart [2]. Therefore in this note, confining ourselves
to the former respect, we give a criterion of irreducibility of induced repre-
sentations in Section 2, some reduction by r-invariant in Section 3, the
description of the dual group of G*/G®* in Section 4, and its relation to
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the multiplicatively generic elements in Section 5.
0.3. For any finite subextension L of F¢, let
vy: L—»Z U{co}

denote the normalized valuation and for ve R,

A (v) (resp. A (v+))={x e L|y (x)=v (resp. >v)},

U, (00=4,0)", Uyv)=1+4,(v) forv>0,

U, (v+)=14+4,(v+) for v=0,
e, r (resp. f1,r), be the index of ramification (resp. residual degree). If
L|F is separable, let 9., » be the exponent of the different i.e. §, r=v.(D.r)

and cL]F=5LIF—(eLlF— 1).
Let y=y, also denote its unique extension to F*¢, and set

A(V) (resp. A(v+))={x € F*8u(x)=v (resp. >v)},
I(v)=A(v)— A(v+),
Uv+)=14+A4w+) for v=0.

0.4. For the fundamental of the theory of local fields, we refer to
Serre [10].

1.

For a real number v=> —1, let G® be the upper ramification group of
G ([10] IV §3 Remark 1]).
For convenience we put

(1) G'=G for v< —1
and for any v € R,
(2) G°* =the closure of ) G***.

>0
Thus, G~'* =G is the ramification group, G°* is the wild ramification
group.

1.1. Since G° is normal in G, G acts on G® by gr=r0I(g™): x>
(g 7'xg), x € G*. Let Norg(z) denote the normalizer of z by this action:
(3) Norg (1)={g € Gz o I(g)=7}.

If ¢ € G, the restriction Res (g, GlGY) is a sum @, r, of G-conjugate
irreducible representations ¢, of G°. The map ¢+>conjugate class of z (z=1,)
induces the surjection =43,
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(4) 6: G—»G\G".

1.2. If o e R(G) is not a trivial representation, i.e. ¢(G)s1, there
exists a unique real number v> — 1 such that ¢(G")=~1, ¢(G**)=1. Hence
we can define an invariant a(¢) = (¢) of ¢ by

(5) ale) =sup {v|a(G*) = 1}=inf {v|e(G**)=1}.

We put a(e)=—o0 if o(G)=1. If ¢(G%=1, this invariant «(c)
coincides with the a(s) defined in [2] (for the Weil group).

Similarly one can define three more invariants.

(6) ¢(0): =sup {v]|o(G*) & Center of o(G)},
(7) ab(g): =sup {v|a(G") is not abelian},
(¢(o)=2ab(g) = — oo if ¢(G) itself is abelian.)
(8) r(g): =sup {v]e(G") is irreducible},
r(o) = {— 0 %f o is reducible,
oo if dego=1.

When v<0, the third invariant ab (¢) is introduced in [7] in terms of
lower ramification groups. Indeed they classified the irreducible represen-
tations with ab (¢)<0.

1.3. Let a(o)=ay(c) (resp. sw(0)=swy(g)) denote the Artin (resp.
Swan) condgctor of a.
(i) Ifeeg,

(9) a(o)=a(c)/dega—1 ([10] VI §2 Proposition 5)

(10) =sw (o)/deg o if a(0)=0.
__[a(o)—dega if a(6) =0,
(11 Sw(”)—{o if a(o)= — 1.
(i) If =g, is a finite sum of ¢; € G,
(12) a(o)=Min a(s,),
(13) ale)+1=<alo)/deg 0.

In (13), the equality occurs if and only if ¢ is a-homogeneous i.e. a(o;)
=uafo,) for any i. j,

1.4. For any finite subextension L of F*P, fixed by the closed sub-
group G, of G, there is associated ([10] IV §3 Remark 2) a function
Yrz,»: R— R, characterized by the properties:

(14) V. r i continuous and ., -(0)=0,

15 Dy p(X)=e,£[G**G,: G117,
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(16) D 7(X) =6, [G°G.: G.]™
where D* (resp. D~) denotes the right (resp. left) derivative. It is originally
defined for x> —1, we have extended it to R by our convention (1).

The function +r,, is piecewise linear, strictly increasing, hence has an
inverse

a7 Orirs =VIip

A point of discontinuity of V7, (resp. ¢7, ) is called a jump of ;5
(resp. ¢ 7). Let a(L|F) denote the last jump of , » (and a(L|F)= —co
if L=F), thus we have

(18) a(L|F)=inf{v|G,DG"*}.

This a(L|F) is again essentially equal to that of [2]. Following their
notation, set

19 Y7 (X)) =ep w2 X—Cpps YLir: S(wa)_1~

1.5. We write down the properties of ., which we shall use.

(i) (@0 Yz (X)) =5 (%) iff x=a(L|F).
@21 NL]F( U.(w)c UF(90L|F(U)) v=0.
({10] V § 6 Proposition 8)
(22 TL]F(AL(U)): Are72(V) ve R
23) G.NG'=G% with w=+r; (V).

(214), (22+4), (23+) One can replace v, w by v+, w+.
(ii) Let M be an intermediate extension of L|F. Then

(24 Yrx o Vur=Viie

(25 Oup°PrLiy=PL p-

Assume v>0, a(L|F), a(M|F)<v, and put w=+, (V)= ),
U=y (V)=v5 (V). The map x—1+x, x e A (w) (or A,(u)) induces
the following commutative diagram:

26) AL A9 1) A ) A )
14-x 14+x
Niixw
U W)/ U (w+)——Uu)/ Uy (u+).

A proof of the above is given in [2] 3.8 as a corollary to the evaluation
of the error term N, (E(x))— E(T,#(x)) of the cut exponential map E(x)
=>#-1x'/il. The commutativity of (26) itself can be also derived from
([10] V §3 Lemma 5) without recourse to E(x).
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Let L be a finite subextension of F**, e=e, p, f=f; 5 =0, and
c=cyp. Letpe R(G.), o=Ind(p, G,1G) and

(0) w=az(o), v=¢:.p<w>=-j—(v+c).

2.1. If p is w-homogeneous i.e. a.(p)=a.(p)/deg p—1, then

1 ap(0) _ 1 aio) . 5
(D dege e degp +

([10] VI §2, Corollary to Proposition 4)

’ ax(0)
(1 dego

1.e. —1=¢7 . (0)=v0.

2.2, If ¢ is irreducible, then (of course p is irreducible and)
(2) a(L|F)Scr(0)Sar(o)=v
2.3. If a(L|F)<v, then
(3) aplo)=0v
Hence by (1), ¢ is a-homogeneous.
24, Ifa(LiF)<v,pe G and moreover

( 4 ) (aF(G)s deg U): ls
then ¢ is irreducible.
The condition (4) is equivalent to (4) & (4”).

(4) f=1

(4" (ar(p)+0degp, edegp)=1.
Further if a,(0) =0, (4”) is equivalent to (4*%).

(4*) (swu(p)+c deg p, edeg p)=1.

2.5. Proposition. Ifdegp=1, a,(o)=sw.(0)=w=0,
(5) a(L]F)__<:—1-(w+c) and (e, w-+o)=1,
e

then o=1Ind (o, G,1G) is irreducible, ay{c)=swy(o)/dego=e"'(w+c)=
o, 7w) and
(6) aby (6)=a(L|F).

2.6. Proofof2.1~2.5.



166 , H. Hijikata

1. The quoted proof of [10] is given for deg p=1; it is valid without
any change.

2. If c=cp(e)<a(L|F), then G, D G°*. Since ¢(G°*)C Center of
a(G), p lifts to G°*G, hence Ind (p, G,1G°*G,) and consequently ¢ can
not be irreducible.

3. In general a(o)<a(e)/dego—1 (1.2(13)), hence a(o)<v by (1).

If a(LIF)<v ie. G,CG*", then GY* =G, NG"*=G"*. Since pe
R(G./GEY), 0 € R(G[G"*), i.e. 0(G°*)=1 and alo)=v.

4. Let o=@g, with g, € G. a(L|F)<v implies by 2.3 that ¢ is a-
homogeneous, i.e. a(a)/dego=a(s,)/deg ¢, for any i. Now (4) implies
degol|dego;ic. o=0;.

By (1), a(o)=f(a.(p)+3 deg p), and deg g=ef deg p, hence (4)(4')
& (47).

5. It remains to see (6). Let v=a(L|F). If 0(G") is abelian, then p
lifts to G°G, 2 G, and ¢ cannot be irreducible. Hence ¢(G?) is not abelian.
Let K be the Galois closure of L|F. Res (¢, G|Gy) is the sum of the con-
jugates of Res (p, G.|Gyg), hence ¢(Gy) is abelian. Since G, DG®* and
G** is normal in G, Gz DG"* and ¢(G*) is abelian.

3.

Let ¢ ¢ G, and r(o)=r, i.c. a(G") is irreducible and ¢(G"*) is reducible.
We call ¢ to be r-isotypic iff Res (o, G|G™*) is isotypic i.e. Nor, (6(¢))=G
by the map =63 of 1.1.

3.1. Proposition. ¢ is not r-isotypic if and only if there exists (L, p)
satisfying the folloiwng (0) ~(3).

(0) peG,,  o=Ind(p, G,1G).

(1) Ay » has only one jump r,
consequently, Y, o(r)=r and G,N G+ =G .

(2) One of the following two holds:

2.1) rp)=r and p is r-isotypic,

22) ryp>r.

(3) Norg (677 (p)=G. by 6 of 1.1.

3.2. Proposition. If (L, p), (L', p') satisfy (0)~(3) of the above,

Ind (g, G11G) is equivalent to Ind (o', G..1G) if and only if (L, p) is conjugate
to (L', p') by some g e G, i.e. gL=L' and p'=p - I(g™").

3.3. Proposition. Let r=—1o0r0.
(1) There is no r-isotypic ¢ with r(¢)=r. Hence any a with r(¢)=r



Galois Representations of Local Fields 167

is induced from p of 3.1 with r (o) >r.
(ii) In the statement of (3.1) the condition (3) can be replaced by the
apparently weaker

(3) Norg (07.(0) =G
(i) If r=-—1, 0:(p)=p and G, is normal in G. Hence (3') is simply
the condition of Ind (p, G.1G) to be irreducible.

(iv) Thus, the reduction with respect to -r(e) is fairly complete for
r=0, —1, really complete for r= —1.

It is also easy to observe that r(¢)= —1 if and only if ¢ is induced
from some unramified G,.

3.4. Proof of 3.1, 3.2 is straightforward. We take L as G,=
Norg(0%*(6)). 3.3 follows from the fact that G7/G™* is procyclic for r =0,
—1.

Let v=0, and £ be the fixed field of G°. Let DG" be the closure of
the commutator subgroup of G%, hence the fixed field of DG" is the maxi-
mum abelian extension 2*° of 0.

If LR, then 4z x(V)=137(v). Hence by (19) ~(22) of Section I,
the family of groups {4, (. (V)| L C 2} (resp. { U (., (V)| L = 2}) together
with the trace (resp. norm) map, is an inverse system of profinite groups.

4.1. Let w,: L*—Gal(L*®|L) be the reciprocity homomorphism.
The map

(0) §DG"—>wz(g]Lm)

induces the following G-module isomorphisms.
(1) G*/DG*=1im U(yr (V)
(2) G*/G** = 1im Uy (4w (V)] Ul 1 2(0) ),
(3) ~lim A,y #(V)/ AL 5(0) +)s
(4) GG ~lim A, () A2 (0)+),

where in the right, L runs over all finite subextensions of £. In the proof
of (3), we have used the commutativity of (26) Section 1.

4.2. Fix one additive character ¢: F—C, such that (Ax(0)51,
7(A-(0-+))=1, then identify L with its dual group L by

(5) x——>%: y——>o (T #(x9)).

Then the annihilator A,(yr,x(V))* is given by
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(6) AL(‘I’LIF(U))leL(—‘eU)zA(—‘v)ﬂL-

Hence (4) turns into

(7) GG ~ A(—v) N Q/A(—v)+)N 2
and

(8) GG —1~TII(—v) N 2%/ UO+) N 2*.

4.3, Theorem. The map 8=0% of 1.1 induces the map 8:

{0 € Gla(e) = )—>G\TT(— v) N QX JUO+) N 2%

G\E)UO+)«—=G\I(~)/UO+).

Thus we have associated for any ¢ € G with a(¢)=0, an invariant 8(o),
taking the value in G\(F~¢)*/U(0+), and

Nor, (6(¢)) = Nor, (6(c)).

4.4. TIf v is not a rational number, G°/G°*=1 by (2). Hence we
assume v ¢ @, and write as

(9) v=mfn, n=n'p’, (m,n)=(',p)=1.

Let = be a prime of F, pC(F*€)* be the group of the roots of unity
of order prime to p. Fix one 7 such that 7"=z"". Then 7x is a set of
representatives of I7(—v)/U0+).

Foroe G, ¢, ¢’ € u, we have

(10) o(7e)=re’ mod* U(0+) if and only if

o(Te)™ =),

T=F((«e)?") is the maximal tamely ramified subfield of F(qe), and
1) Nor, (e mod* U(0+))=G.

4.5. Proposition. Let 0(¢)=7¢ mod*U(0+).
(i) The following three conditions are mutually equivalent.

a) Nor, (6(c))=G.

b) (o) <alo).

¢) n=p*andece F*.
(i) If o does not satisfy any of a) b) ¢), ¢ is induced from Norg(6(s))
=GrCG,, with tame T, hence r(o) is either —1 or 0.

4.6. Remark. In the case of i) the invariant 6(¢) takes the value in
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the G-fixed points set ((F*¢)*/U(0+))¢, which is isomorphic to F*/U,(0-+)
®Z|1/p] by the map 7e—>c@m/p*, Hence our 8(s) coincides with the
invariant g, of Henniart [3].

5.

Let 4: A(0)—>A(0)/A(0+) be the reduction homomorphism. Let E
be a finite extension of F. We call x e (F®*8)* to be multiplicatively generic
over E, iff the multiplicative group (E*, x), generated by E* and x, satis-
fies the following (0)=(0.1)-+(0.2).

0.1 V(CEX, x))=2(E(x)*)

0.2) AKE™, xy N A(0))
generates the residue field A(4z(,(0)) over A(4z(0)).

Let # 5 denote the set of all multiplicatively generic elements over E,

and .#7% denote the subset of .# consisting of elements of degree n over
E.

5.1. For a natural number », an integer m such that (n, m)=1, and
an unramified extension M over F, let EX(M) denote the set of all monic
polynomials f(X)=X"+a())X* of degree n over M satisfying the follow-
ing (N=(1.1)+(1.2)

(1.1) v(a(@)+iminzm 0<i<n

(1.2 w(a(0)) —m.

Let EX(M)5= denote the subset of EX(M) consisting of f(X) with the
extra condition (1.3).

(1.3)  2(z~™a(0)) generates the residue field 1(A4,(0)) over 2(4(0)).

If u=m/n, the map x+ °‘the minimal polynomial of x over the
maximal unramified subfield M of F(x)’ induces the natural bijection:

(2) G\ r NI (W)= [] Ex(M)*"
where the righthand side is the disjoint union over all finite unramified ex-

tensions M over F.
Restricting the attention to degree n part,

(3) G\( A5 N TT(w) = Ex(F).

If E is a finite Galois extension of F, and e=ey,, is prime to n, the
definition (1) implies EX(F)C E:(E). Hence we have a natural inclusion

(4) G\( A NI (W))=—>G\(AE N [T(w)).

5.2. Since 7¢ of 4.4 is multiplicatively generic over F, together with
(2), we have the diagram:
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(5) ]JE"(M)P=G\ My N II(—0)—>G\(Mp T I(—v)/UO+)
!
[HEZ (M) ~ = G\ITI(—v)/U(0+)

where f(X)=X"+-- -+ 7 "c(0) ~G(X)=X"~+ - . - +7""d(0) iff c(0)=
d(0) mod>* U(0+).

5.3. Starting with f(X) e E*, (M), let g be a root of f(X)=0, and
L=F(f). Assume a(L|F)<<v and put w=+,,,0)=+v5(v). By 4.2, B
determines § e U (w/2) —\-)?U L(w+). Let X e L be a lift of B, and leto
=Ind (%, G;1G). Using (iii) 3.3, one can see that ¢ is irreducible, and
a(o)=v, dego=[L: Fl=n[M: F]. Thus to a pair (f, X), we have associated
an irreducible representation ¢ of G, arriving to the situation (not quite
but) somewhat similar to that of GL.

What will happen if a(L|F)=v? Can we get all representation ¢
with a(e)=v (or at least the ones with (sw(s), deg ¢)=1) in this way?

5.4. In view of 3.3 and 4.5, the essential case is when Nor (8(¢)) =G,
i.e.n=p* and 8(¢) € II(—v) N #%. Since c(¢)>vin this case, if we assume
o is of degree n and is induced from some (p, L) with deg p=1, then
a(L|F)<<v by 2.2, and (p, L) is necessarily of the form given in 5.3.

In general (still assuming (sw(p), deg p)=1), r(¢)>0 by 4.5, and ¢'=
Res (g, G| G°) is irreducible. Since G°* is a pro-p-group, ¢’ is induced
from some 1-dimensional representation of some subgroup.

Hence there exists a tamely ramified finite Galois extension E over F,
such that ¢z=Res (g, G| Gp) is irreducible and ¢ is induced from some
1-dimensional representation. Let e=ey,»; then az(o;) =ev=em/n, (em, n)
=1. Hence ¢y is induced as in 5.3, from some g’ with vz(8)= —ev, i.e.
B e AyNII(—v).

This means, in the parameter space G\I/(—v), if fe A2NI(—v)
gives L=F(B) with «(L|F)=v, we shall substitute 8 by g, which is
sufficiently near to 8 in the inclusion (4), is lying in 4% NII(—v) with
a(E(R) E)<ev.

5.5. Thus, if one admit the restriction ¢, all important representa-
tions are obtained from multiplicatively generic elements. The restriction
should correspond to the base change lift in GL. Since the multiplicatively
generic elements behave very well like (4) at the tamely ramified base
change, we will investigate the relation in more detail in the future.
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