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Quaternionic Projective Spaces
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§ 0. Imtroduction

Let HP™ (0<n=<o0) be the quaternionic n-dimensional projective
space. We denote the stunted projective space HP"/HP™ ' by HP"
(1€m<n< o). For a space X with a base point, z%(X) means the stable
homotopy groups of the space X.

Let

h: n (HP2)——>H, (HP:; ZY=Z

be the stable Hurewicz homomorphism. Let 4, , be the index of the
subgroup Image & in H,,(HPZ). Our main interest in this paper is in the
following problem.

Problem 1. Determine the number h,, ,.
Notice that the above problem can be stated as follows.

Problem 2. Determine the stable order of the attaching map ¢, ., of
the top cell in the space HP™.

Therefore the e-invariants of the map ¢, , give a lower bound #; ,,
say, for A, ,, that is, A2, divides &, .

There is a folk-lore conjecture which asserts that this lower bound
hi .. is actually equal to the number 4, ,. For the case m=1, the con-
jecture was verified by several authors [12] [13] [14], and the case m=2 is
treated in [7].

Let CP> be the infinite dimensional complex projective space. Using
the transfer map ¢t: HP*—CP> it is easy to see that the odd-primary
component of the number £, ,, can be determined from the solution of the
similar problem for the complex projective space. And the complex case
is treated in [4] [5]. So in this paper we consider only the 2-primary
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component of /,,. In fact this paper is an outgrowth of the third
author’s attempt to apply the methods which were used in [5] to the
quaternion case.

Roughly speaking our main theorem of this paper can be stated as
follows. B S

Theorem. If n is sufficiently la}'ge comparéd with m, then the number
hi . is equal to the number h,, ..

The most fundamental difference between the complex case and the
quaternionic is that the complex numbers have a commutative multiplica-
tion but not the quaternions. Nevertheless they have many similar
algebraic properties.

This paper is organized as follows. In Section 1 we give explicit
algebraic conditions on the spherical elements'in H,,(HP;). In Section 2
we see that these algebraic conditions are periodic; and this periodicity is
realized geometrically in Section 4. The conditions are reformulated in
Section 3 in terms of KO-theory and Adams operations. Section 4 is an
application of the theorem of Mahowald about the sphere of origin of the
image of J in the stable homotopy groups of spheres. In Section 5 we
state and prove our main theorem (Theorem 5.5).

The third author thanks M. Imaoka for valuable conversations with
him.

§ 1. The algebraic conditions

Let j: HP=->HP: be the canonical collapsing map. We denote the
modulo torsion index of j,: n§,(HP )z}, (HP3) by d(n, m), where n=m
=1. Let A, , be the modulo torsion index of the stable Hurewicz homo-
morphism A: 7 (HP3)—H,(HP). Then clearly we have

hn,m - d(na m)=hn,1'

As is well-known, 4, , =(2n)!/a(n) [12] [13] [14], where a(n)=1 if n is even
and =2 if » is odd. So in order to determine the number #, , it is
enough to determine the number d(n, m). In this section we shall give an
upper bound for the number d(n, m).

Let ?(\OJ*(X ) (resp. rK\OJ*(X )) be the reduced real K-homology (resp.
cohomology) of a based space X. Recall that

H*(HP=; Z)=Z[[x"]],
ﬁ*(H.Pm; Z)EZ{‘Bflﬂ ﬁ?: ‘Bgia o '},
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KO*(HP=) =KO*(SIx]l,
KO(HP=)=KO(SHBs P s )

where x¥ e HY(HP~; Z) is the first symplectic Pontrjagin class of the
canonical quaternionic line bundle & over HP>, ¥ e H,,(HP>; Z) is the
dual of (x¥#)%, xe KO‘(HP~) is the KO-theoretic first Pontrjagin class of the
bundle & and B, € KO,,(HP=) is the dual of x* ¢ KO*(HP~).

Let ph,: KO*(HP=)—H*(HP~; Q) be the 4n-th component of the
Pontrjagin character ph. In order to describe ph,(x*) explicitly we need
a certain numerical function.

Definition 1.1 [17] (Central factorial numbers of the second kind).
Define numbers M (n, s) by the following equation;

‘ 2s)!

(eb+e“—2)s=n;1 o) M(n, s)t*.

Lemma 1.2, [17]

1) (Recursive formula)
M, 1)=1 ifn>1and M(l,s)=0 if s>1,
M@, s)=Mmn—1,s—1)+s*Mn—1, s).

In particular, M(n, s) is an integer.
2) Lz.;)_’M(n, H=> (= 1)i(2:g>(s— iy,
=0 i

Y @D Ml 9=+ 3 (0] (F T -3 )iy

Definition 1.3.

N 25)! M(n, 5)
d*(m, m)—gé;f { a(n)a(n—s) }

Making use of the integrality of the Pontrjagin character we have the fol-
lowing proposition.

Proposition 1.4. For n=>m>=1, the integer d(n, m) is a divisor of the
integer d*(n, m).

Proof. From the definition 1.1 and a well-known formula for ph(x)
we have
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(25)!
(2n)!

Since the canonical collapsing map j: HP*— HP; induces monomor-
phisms in both KO-cohomology and ordinary cohomology, using above
facts and the integrality of the Pontrjagin character it is easy to see that if
Ap% e H,,(HP;;; Z) comes from r,(HP;) through the Hurewicz homo-
morphism then the integer 1 must satisfy the following divisibility con-
dition:

ph(x*)= M(n, s)(x¥)".

(2s)!

On)] M(n, s) e aln—s)Z.

for any s=m, 2

Therefore, setting 2=h, ,=h, /d(n, m), we see that for any s=m the
number
(25)! M(n, s)
a(n)a(n—s)-d(n, m)

must be an integer. In other words the integer d“(n, m) is a multiple of
the integer d(n, m). g.e.d.

Remark. From the proof of Proposition 1.4, the e-invariant of the
attaching map of the top cell in HP?, is easily obtained.

§2. Some properties of the integer d4(n, m)

In this section we shall study some properties of the integer d4(n, m).
As mentioned in Introduction, we are only interested in the 2-primary
component. We use the following notation.

Definition 2.1.
dél(n’ m) = VZ(dA(n> m))a
dz(n, m) =p2(d(n, m))a

where v,(7) is the exponent of 2 in the prime decomposition of an integer i.
Lemma 2.2. For any n>mz=1, di(n, m)<2n—3.
Proof. From the definition of d4(n, m) it is obvious that
di(n, m)<di(m, m+1 <. <di(n, n—1) <di(n, n).
From 1) of Lemma 1.2, we have

M@np, n—1)=(n—Dn2n—1)/6.
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So

( (2n—2)! M(n, n—1) ) uz( (2n)! )}

d4(n, n—1)=min {uz Sora(l 0
R e}
((j(’;)) ) if n=1mod 8,

(2n)! .
( ())—i—uz(n——l) 3 ifn1modS8.

Let «(i) be the number of I’s in the 2-adic expansion of an integer i.
Then, as is well-known,

=min

v (k) =k —a(k).

Then using the above formula it is easy to see that for any n>m>1,
di(n, m)<2n-3. q.ed.

Let b be a non-negative integer. We denote the number max {2, 2°-%}
by t(b).

Lemma 2.3. Ifb<2n—1, then for any s=>1

2! M(n,s) . (25)!M(n+1(b),s) mod 2°
a(nya(n—s) ~ a(n+1t(b)) a(n+t(b)—s) '

Proof. Note that

@s)!M(m,s) _ % B
a(n)a(n—s) _( a(m)a(n—s) )(25 DIM(n,s)

and that 2s/(a(n)a(n—s)) is an integer. Since b<2n—1, using the formula
3) of Lemma 1.2 and the fact that (odd)*® =1 mod 2°, we have the

desired result. g.e.d.
Proposition 2.4. For any n and m such that n=>m=1, we have
di(n,m)y<m*—1.

For the proof of Proposition 2.4 we need the following Lemma 2.5.
We postpone its proof until Section 3. In this section we assume Lemma

2.5.

Lemma 2.5. For any n>m=1,
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di(n, m+1)—di(n,m) <2m—+1.
Proof of Proposition 2.4.

di(n,m)y—djm, 1)
=(di(n, m)—di(n, m—1))+(di(n, m—1)~dj(n, m—2))+ - - -
+(@d(n, 3)—di(n, 2))+(di(n, 2)—di(n, 1))
2m—14+2m—34.. . +3=m"—1.

Since d4(n, 1)=1, so d{(n, 1)=0. Therefore we have the desired result.
q.e.d.

Corollary 2.6.
1) If di(n, m)=b then di(n-+-t(b), m)=b.
i) If di(n, m)=>b then di(n+1t(b+1), m)=>b.
iii)y For an integer m fixed, if we regard the integer di(n, m) as the
Sunction of n, then the function d(n, m) is periodic.

Proof. 1) and ii) are obvious from Lemmas 2.2-2.3. iii)) From
Proposition 2.4 we see that the function di(n, m) is bounded above.
Therefore the function df(n, m) has a maximum b,. Then put D(m)=1(b,).
From i) and ii) it is easy to see that D(m) is a period. q.e.d.

Let D(m) be the number cited above, that is,

D(m) =t(max (di(n, m))).

By direct verification we have:
Examples.
D(2)=2.
D(3)=16.

Remark. The smallest period, p(m) say, is a divisor of D{(m). For
example, p(3)=8. 1In later sections we show that the period D(m) can be
realized geometrically.

§ 3. A geometrical interpretation of d“*(n, m)

In this section we shall give a geometrical interpretation of the
number d4(n, m) in terms of KO-theory and the Adams operation.
Throughout this section KO-theory is localized at (2).
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Proposition 3.1. Let o, be an arbitrary generator of the free part of
n$,(HP*=). Then

_@n!
h(an) - a(n) ﬁ" >
h¥o(g,) =" (25)! M (n, s) By

=1 a(nya(n—s)

where h is the ordinary Hurewicz homomorphism, h*°{is the KO-Hurewicz
homomorphism and we identify ,I-(\O/“,,_s)(S") with the integers Z.

Proof. The first assertion is well-known [12] [13][14]. The second
assertion is obtained using the first and methods like those in the proof of
Proposition 1.4, g.e.d.

As an immediate corollary we have

Proposition 3.2. Let j: HP*—HP3, be the canonical collapsing map.
Then
!
jsh¥o(e) =" @29)! M(n, 5) B,.

szm a(ma(n—s)

Note that the right hand side of the above equation in Proposition
S ——
3.2 can be rewritten as d“(n, m)xX9, for some xX9 e KO,,(HP;). Since

r~/
KO,,(HPz) is torsion free, the element xX9, is uniquely determined.

Lemma 33. Let U*: KO, (HP=)—KO,,(HPZ) be the stable Adams
operation. (KO,( ) is localized at (2).) Then kernel (¥*—1) is isomorphic
to Z, and generated by the element xX9, defined above.

Proof. As is well-known, rank (kernel (¥*—1)) is equal to the rank
of H,,(HP7). So kernel (¥*—1) has a single generator. As d“(n, m)x59,
is spherical, d4(n, m)xX9, belongs to kernel (¥*—1). On the other hand,
from the definition of d“(n, m), xX0, cannot be divisible in KO, (HPZ).
Since KO,,(HPy) is torsion free, xX9 must be a generator of kernel
T3-1). q.e.d.

Though Lemma 3.3 gives us an interpretation of the number d4(n, m),
this is inconvenient, because Ker (¥*—1) is not a homology theory.
Therefore we prefer to use the following theory.

Let bo,( ) be the (—1)-connected cover of fK\OJ*( ) and bspin,( ) be
its 2-connected cover. As is well-known [11] the operation ¥*—1: rI(\O/*( )
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—>fK\Oj*( ) can be uniquely lifted as
Us—1: boy( )—>bspin,( ).

We denote the fibre theory of this Adams operation by 4,( ). So there
is a long exact sequence:

d. ¥3—1 .
<o« ——>bspin, ., ( )——>A )—>bo,( ) bspin,( )—>- -

There is a Thom map T: 4,(X)—H,(X; Z,) which factors the Hurewicz
map and the generator of A,(S°)=Z,, defines the Hurewicz map i*: 75 (X)
—A,(X) factoring the KO-theory Hurewicz map. Thus Lemma 3.3
implies:

Lemma 3.4. The integer d*(n,m) is the modulo torsion index of
Jx> Au(HP<)— A, (HP?).

Proof. Recall that there are canonical isomorphisms: bo,,(HP*)=
r~ ™~/ r~/
KO, (HP™), bo,(HP;)=KO,(HP), bspin, (HP*)=KO,,(HP""") and

bspin,,(HP )= I/{\OJM(HP;‘I) and that these isomorphisms are compatible
with Adams operations. Note that 44(s,) is a. generator of the free part
of A, ,(HP*)=Z, +Torsion. Therefore from Lemma 3.3 and the defini-
tion of A-theory, Lemma 3.4 follows. g.e.d.

Now we shall prove Lemma 2.5. We need:

Lemma 3.5. For any m>=1, there is a stable self map g of HP>, such
that

g*(ﬁf) — 22m+ 1(4n-m_ 1)[35;
where g, H,,(HP*; Z)—H,,(HP*=; Z) is the homomorphism induced by g.

Proof. From Theorem 1 in [13], there is a stable map f(0, s): HP=
—» HP* such that

1O, 9 i=ats— (5 (~ /(% o=z

Let g=/(0,2)—8 (4™~'—1) id, where id is the identity map. Then the
map g has the desired property. qg.e.d.

Proof of Lemma 2.5. Consider the following commutative diagram:
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Sy Hp=Ims gpe %, gims

l& lg ) g Za

St s HPzImHps s Sine,
where the horizontal sequences are cofibrations, g is the map in Lemma
3.5 and g, is induced from g. By Lemma 3.5 g, is null homotopic. Let
Xu,m € Ay (HP;) be an arbitrary generator of the free part of A, (HP3)=
Z o, +Torsion. Then applying 4,,( ) to the above diagram we have that
through the homomorphism j,. the element g,x, ,,, comes from some
multiple of x, ,, up to torsion. It is clear that the modulo torsion index
of g, in A-theory is the same as that in ordinary homology. Thus the
modulo torsion index of j,. divides the modulo torsion index of g,.
Combining these facts and Lemma 3.4, we see that the integer d“(n, m+-1)/
d*(n,m) is a divisor of 2*7+*'(4"-™—1), This completes the proof of
Lemma 2.5. q.ed.

§ 4. The unstable Adams periodicity.

In [9] or [10] Mahowald determined the sphere of origin of the image
of J in the stable homotopy groups of spheres. In this section we apply
this result.

The following theorem is due to Mahowald [9] [10].

Theorem 4.1. Let b be an integer such that b>1. Let t(b)=max (2,
2275, Letebe0,2,1 or 0 according as b=0, 1,2 or 3 mod 4. Then for
any k=1, there is an unstable map f, ,: S*®+2+e,§%+e+1 guch that the
order of f, , is 2°, f,,., represents stably an element of order 2° in the image
of J in the (4kt(b)— 1)-stem.

Let M, be the mod 2° Moore spectrum, that is,
M,=S5"Uze.

We denote the inclusion from S° to M, by i, and the projection from M,
to S' by . Let

7 if b<3,

2b+2 if b=4 and b=0 or 3 mod 4,
126+3 if b=4 and b=2 mod 4,

2b+4 if b=4 and b=1 mod 4.

7(b)=

Proposition 4.2. For any b>=1 and k=1, there exists an unstable map
kB, O+ 1ML S ST M, such that m,o*B, o i, represents stably an ele-
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ment of order 2° in the image of J in the (4kt(b)—1) stem of the stable
homotopy groups of spheres.

Proof. First we prove in case that b1 and b#3. From Proposi-
tion 1.8 in [16] it is enough to show that the (unstable) Toda bracket [16]
{2°, 3 fi.5» 2°}; contains zero, where f , is the element in Theorem 4.1.
By Corollary 3.7 in [16], the above bracket contains zero if 5=2. Now let
b=1 or 3. Then it is known that there exists an unstable map 4,: XM,
—2"M, such that w0 A, 0 i,=2°""3¢’, where ¢’ is a generator of = (S).
Using the structure of m,,(S®) ([16]), it is not hard to see that there is a
choice of B, of A, such that stably z,0 B, lies in the image of the J-map,

Ja: AQM)—>7Y(2"M,),

where j, is a map obtained using the solution of the Adams conjecture.
(See [5] or [6].) Since j, commutes with unstable maps, we see that for
any k=1, m,o B% lies, stably, in the image of j,. This implies that
m, 0 B¥ o i, stably represents an element of order 2° in the image of J. So
we may put *B,=B%. This completes the proof. g.e.d.

The following lemma is well-known [1].

Lemma 4.3. Let o: X' OM,—M, be a stable map such that the

r~ —~/
Adams e-invariant of myo a0 iy is 27°. Then a*: KO*(M,)—KO*(Z**® M,)
is an isomorphism.

For this reason we call the map *B, in Proposition 4.2 Adams perio-
dicity. Combining Proposition 4.2 and Lemma 4.3, we have the following
important fact.

Proposition 4.4. Let BSp be the classifying space of virtual symplectic
vector bundles. Let 2, € n,,(BSp) be a generator. Then for b=>1 and k=1,
if 1(b) <4n—1 the following diagram commutes up to a unit of Z/2t:

E

Semrkeon-131 By > Sin=1pL
Ty o
S4(n+kt(b)) S‘"

Mm(b) ﬁ
BSp.

Proof. Since [2*"~*M,, BSp] E/K\OJ“(Z oM =Z/2® with generator
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m¥ 2., using Proposition 4.2 and Lemma 4.3 we see that the above diagram
commutes up to a unit. q.e.d.

Let ¢: BSp—0Q~3~HP~ be the Becker-Segal splitting [3] [15]. We
choose the splitting map and fix it. Then as a generator of the free part
of n} (HP*) =7, (23~ HP>) we can take z,1, [15]. From now on we
denote this element in z{,(HP*) by ¢,. Let j, , be an element of order 2°
in the image of Jin the (4kt(b)— 1)-stem of the stable homotopy groups
of spheres. Then we have:

Proposition 4.5.

D) Ifr)y<dn—1, then *B¥(n*0,)=r*0, , w1y UP 10 @ unit.

i) If4nz=2b-+te+1, then ,0j,,=0 in wie . piqy (HP*), where e is
the function of b in Theorem 4.1,

Proof. Obvious from the definition of the element of ¢, and Propo-
sition 4.4,

As an easy corollary of the above proposition we have

Theorem 4.6. Let j: HP=—HPZ be the canonical collapsing map.
Let n=m and b be a non-negative integer. If j,0,=2, , for some y, ., €
ﬁin(HP::L) and Zf‘ 7/(b)éli'n— 1’ thenfor any kZ 13 j*on+kt(b) =2byn+kt(b),mf0r
SOME Vi eioym € Tamarnny HPL). In particular, if the assumption holds
when b=d(n, m) then d,(n+kt(b), m)=b.

Note that if n>=m-1, then the assumption that 7(b)<4n—1 is
always satisfied (See Lemma 2.2.). As an application of the above theo-
rem we have

Corollary 4.7, [7] dy)(n, 2)=di(n,2)=3 if n is even and =1 if n is
odd. Moreover j.a, is divisible by 2 in ni (HPY).

Proof. Easy computations in the spectral sequence:
H (HP%; mi(SY)==>r5(HP™)

tell us that j,(g,) is divisible by 8 in z{(HPy) and j,(o,) is divisible by 2
in 75,(HPy). On the other hand by direct calculation it is easy to see that
di(n,2)=3ifnis even and =1 if n odd. Therefore, applying Theorem
4.6 we have the desired results. g.e.d.

]
Remark. 1) Let HP™'-HP~—HP;—YHP™ ' be the cofibre
sequence. If the assumption of Theorem 4.6 holds, that is, if j,0, =2, ,
for some y, , € n},(HP;) then there is an element
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Ya+rt@wy,m € Wi(n+kt(b))(HP;:)

such that

7 —b
JxOn+xt(d) =2V, oy, mo

and
ayn+kt(b),m € <ayn,m’ ZD’ jk,b>a

where { , , > is the (stable) Toda bracket. (Cf. [7]).

2) From computations of the above spectral sequence unless n=14
mod 16, we can show that dy(n, 2) =d#(n, 3), where di(n, 3)=3 if n is odd,
=4 if n=0mod4, =5 if n=2mod 8 and 7 if n=-—2mod 8. The
difficulty in the case that n=14 mod 16 is that we do not know whether
Jx0u 18 divisible by 27 in zi(HPy) or not. In other cases j,o, is divisible
by 2ag (%)

§ 5. The canonical Adams periodicity

In this section we shall show that there is a stable Adams periodicity
map which has a certain nice property and using this Adams periodicity
obtain our main theorem.

Proposition 5.1. Let b>1 and k>1. Let *B,: Z*'®~M _>M, be
any stable Adams periodicity map. Let o, ¢ n5,(HP>) be the generator of
the free part which is obtained by the Becker-Segal splitting. Then for
any b=1 and k=1, if 4n=2b+e—+1, there exists an element ;) €
T tnswron(HP ™) such that 6}, Is a generator of the free part of the 2-
component of T iy (HP™) and 6,0 1,0 *By =0, 1,y © 75 Where e is the
function of b stated in Theorem 4.1.

Proof. Since *B, is an Adams periodicity map, stably m,0*B, 0 i,=
Ju,o- So from Proposition 4.5,

6,00 "B, oiy=0, °.jn,k=0'

Therefore there is an element o7, .y € Tinrien(HP™) such that g, 0,0
“B,=00 .1 T, Consider the induced homomorphism

rx B w T QAT+ R (DY)
O E ke : KO(HP*)——>KOX(S ).

Let ¢; € k\()/“(S“““)) be a generator and x e %*(HP“’) be the first Pon-
trjagin class (see § 1). Then
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7 (075 () =" B (i (03(x)))
=*B¥(z¥(¢,_,)) (By Proposition 3.1)
=75 (tusiey-1)-  (By Lemma 4.3)

This implies that g}, ., is @ generator of the free part of the 2-component
of Tien+ econy(HP ™). q.e.d.

Let x, ., € A,,(HP;) be a generator of the free part of A4,,(HP;)
(x,,,=h*(o,) by Lemma 3.3), d,: A (HP:)—bo (HP:) be the natural
homomorphism in the long exact sequence in Section 3 and x%X9 e

,K\OJM(HP;‘;) be the element introduced in Section 3.
Lemma 5.2. Letn=mZ=>1.

1) AHP)=Zy+Z24---+2Z)2.
2) d(x,.)=xEKS and dx, ., is independent of the choice of x,,_,, and of

order 2% ™™ where we identify bo,,(HPZ) with /K\OJM(HPz)CIr(\O/m(HP;‘;).
3) ]*hA(O'n) = 2d‘24(n’m)xn,m‘

Proof. Note that bspin (X)=Im {;(\dq(X « ‘3))—>KI(\0/q(X @-M)} and
bo (X)=Im {KO (X (‘1>)—>If(\OJq(X @by}, where X @ is the g-th skeleton of a

complex X. Now consider the following commutative diagram;

. r3—1
bspin,, .,(HP*)—> A, (HP>) iﬁ—>bo4n(HP *Y——>bspin,,(HP*)

Je Ja Jx Jue

4 4 dﬂ< v -1 .
bspinﬂin-kl(HPﬁ)—_)AAm(HP;) _—)bo4n(HP:r°L)_—)bspln4n(HP::L)

0 0 )

v v dy w1
bspin,,(HP™ ")——>A, (HP™ )—>bo,, _,(HP™ ) ——>

d.. A ys—1
bsping (HP®) —»A,, (HP*)—*>bo,, (HP*)— >,

where all straight sequences are exact. Note that j, : bspin,, . (HP*)—
bspin,, . ,(HP:) and j,: bo, (HP*)—bo,,(HP;) are epic. Also remark
that bo,,_,(HP>) and bo,, _,(HP™"") are zero. Then by chasing the above
diagram 1) and, 2) easily follow. In general, by Lemma 3.4, j (h'c,)=
2efmmyx 1 torsion. Using 1) and Corollary 4.7, 3) follows. g.e.d.

Let 7Y(X; Z/2%) be the stable cohomotopy theory with mod 2°-
coefficients, that is, z/(X; Z/2")={X, 2'M,}. Similarly let A (X; Z/2%) be
A-cohomology with mod 2°-coefficients. Any Adams periodicity map
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acts on 7(X; Z/2%) and AY(X; Z/2°) as an operator.
In [6] canonical stable periodicity operators B, are constructed which
have the following nice properties.

Theorem 5.3. [6] Let X be a finite complex. For any b=1 and k=1,
there exists a stable Adams periodicity map *B,: 3% M,—M, which has
the following property. Assume x e kernel (h*: zY(X; Z]2")—AYX; Z/2")).
If there exists an integer k such that 4kt(b)y>dim X —I +3 and Z**®-X
is a triple suspension of some space, then *B,(x)=0.

As an application of the above theorem we have

Theorem 5.4. Let n>m>1 and b=1. If di(n, m)=b, then for any
k such that kt(b)=n—m+1 there exists some generator o), ;. (in the 2-
component) of the free part of T, ey (HP™) such that j,(ch, i) =2
Jfor some y € wi, .oy (HP), and in particular dy(n-kt(b), m)=b, where
Jj: HP=—HP:, is the canonical collapsing map.

Proof. Let & be the canonical symplectic line bundle over HP»~™,
Let M be some multiple of J-order of & Then as is well-known ([8] or
[2]) the stunted quaternionic quasi projective space Qy _p.n-m+; 18 S-dual
to HP%. Also there is an S-duality map S'—M, A M,.

Now consider the following commutative diagram;

hA
(S=M,, HPZ}—— {30, HP2 A A}
= ha =
(S-IM,, HPL) o 5(3%1,, HP? A A)
" ($-dual) = (S-dual)

hAa
{QM—m,n—mHs 24(M_n)_1Mb}—>{QM—m,n—m+17 ZMM_W)—IMZ;/\A}:

where homomorphisms in the vertical direction are all isomorphic. Let
z=jog,omye {2 'M,, HP;} and x € {Quy_mn_ms1» 2 ¥ ™' M,} be the
element corresponding to z under the isomorphisms. Then the assump-
tion that di(n, m)=b and 3) of Lemma 5.2 imply that A4(z)=0. Let
X=0y nn-ms and /=4(M—n)—1. Then x belongs to the kernel of
B 7l(X; Z)20)—AYX; Z/2Y). 1t is easy to see that if kt(B)=n-t+tm-+1
then 4k7(b)=dim' X—/43. Since X is a Thom complex of a certain real
4(M —n)—1 dimensional vector bundle over HP"~™, so from the obstruc-
tion theory X is a (4(M +m—2n)— 1)-fold suspension of a space Y. Thus
Uiy = Jkioymnemy  Therefore, applying Theorem 5.3, we see that
“B,(x)=0 and zo*B,=0. Using Proposition 5.1 it follows easily that
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there exists an element o7, ;) € Tin g0y (HP™) such that jo o), . o7,
=0. This completes the proof of Theorem 5.4. q.e.d.

As a corollary we have the following theorem.

Theorem 5.5. Let m=1. Then for any n such that n=2D(m)--m,
dy(n, m)=di(n, m), where D(m) is the integer mentioned in Corollary 2.6.

Proof. We may assume that m>2. Under the assumption clearly
there is an integer k2>1 such that n—m++1<2kD(m)<2n—2m. Since
D(m) is a period of di(n, m), di(n, m)=di(n—kD(m), m). Let di(n, m)
=b. Since kD(m)=Fkit(b) for some I>>1 and since kD(m)=n—kD(m)—
m-+1, by Theorem 5.4, we have the desired result. g.e.d.
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