CHapTER 4,  APPLICATIONS

This chapter describes three different general applications of
the theory developed so far. The first part of the chapter contains a proof
of the information inequality and a proof based on this inequality of Karlin'
theorem on admissibility of linear estimators.

The second part of the chapter describes Stein's unbiased estimat
of the risk and proves the minimaxity of the James-Stein estimator as a
specific application of this unbiased estimate.

The third part of the chapter describes generalized Bayes estimat
and contains two principlé theorems describing situations in which all admiss
ble estimators are generalized Bayes -- or at least have a representation
similar to that of a generalized Bayes procedure. This part of the chapter
deals with two basic situations. The first is estimation of the natural
parameter under squared error loss, and the second is estimation of the
expectation parameter under squared error loss. The so-called conjugate pric
play a natural role in this second situation.

The exercises at the end of the chapter contain a non-systematic
selection of some of the specific results derivable from the more general

development in the body of the chapter.

INFORMATION INEQUALITY

The information inequality -- also known as the Cramer-Rao
inequality -- is an easy consequence of Corollary 2.6.
The version to be proved below applies to vector-valued as well a

real-valued statistics. For vector-valued statistics one needs the multi-
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variate Cauchy-Schwarz inequality, as described in the following theorem.
If A,B are symmetric (mxm) matrices, write A > B to mean that

A - B is positive semi-definite.

4.1 Theorem
Let Tl’ T2 be, respectively (2x1) and (mx1) vector-valued random

variables on some probability space. Let

B11 E(T1 Ti) (2 x 2)
By, = E(Ty Té) (2 x m)
By, = E(T2 Té) (m x m)

and suppose B11 exists and 822 exists and is non-singular. Then

-1
(1) By 2 Byp By By
Remarks. If 2 =m =1 this is the usual Cauchy-Schwarz inequality:
2 2 2
(2) E(TI)E(TZ) > E (Tl T2)

If 822 is singular the inequality (1) remains true with generalized

inverses in place of true inverses. See Exercise 4.1.1.

If 4.1(1) is applied to the random vectors T1 - E(Tl)’ T2 - E(Tz)
it yields the covariance form of the inequality:
(3) 1y 2 I 5k
11 = *12 #22 21
N
Proof. Consider the ((2 + m) x 1) random vector U = (T ) . Then
2
B 512\
0 < E(UU') = ( )
Byy By
-1
/I B1282
Let W = . Then
\0 -1 /

Bop



92 STATISTICAL EXPONENTIAL FAMILIES

0 < E(WUU'W') = WE(UW")W'

-1
11 " B1BasByy 0

_1/
0 822

B

-1 .
It follows that 0 < By, - B{,B,,B,;, as desired. [

One further preparatory lemma is needed for the form of the

information inequality which appears below.

4.2 Proposition

Let {pe} be a standard k-parameter exponential family. Let T be
a statistic taking values in Rl. Suppose 60 € N° and the covariance matrix
Zeo(T) of T exists at 6o Then Ee(T) exists on a neighborhood of 6.
(8 eN°(11ITI1) in the notation of 2.6.)

Proof. For some € > 0, ||6 - eoll < e implies 6 € N. Let

|le - eoll < g/2 . Then, by the ordinary Cauchy-Schwarz inequality,

(1) EUITID = ST exp(6 = x - $(8))v(dx)

STITC) ] exp((6 -0) = x - w(8) + w(6y)) exp(8y « x - w(By))v(dx)

2
i

IA

CAIIT) T exp(ey + x = ¥(8g)) v(dx)

I exp(2(e - 60) < x - 2p(e) + Zw(eo))exp(e0 . X - xp(eo))\)(dx)fé

1
2

5 (17001 [P)exp w(2(o - 8g) + og) - 20(6) + y(egh*

since E, (lIT(x)lIz) < ® by assumption and since 2(6 - eo) +0, €N |
0

4.3 Setting
The following version of the information inequality applies to

differentiable exponential subfamilies, as defined at the end of Chapter 3.
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Let {pe: 6 € 0} be such a family with 0 m-dimensional. Let 6p €0. For
N a neighborhood in RMlet o : N+oc Rk, with e(po) =6, be a parametrization

of © in a neighborhood of eo. By definition ve(p) is the mxk matrix with

elements
36.(p)
(1) (vo(p))y; = —+— l<iz<m, 1<j<k
1] 3pi —

The parametrization can always be chosen so that v6(p) is of rank m, and
we assume this is so.

Define the information matrixz J(p) at p = Po by
(2) J(po) = (VG(DO))(Z(GO)(VG(DO))'

If {pe} is a minimal exponential family then Z(eo) is non-singular, and so
J(po) is then a positive definite mxm symmetric matrix. The chain rule and
the basic differentiation formula 2.3(2) yield two alternate expressions for

J; namely

L % log pe(po)(X) 3 log pe(Po)(X)\
ij 8o\

3P4 304

2] X
= -E, (3 °9 Po(py) M)y
0 3pi apj

The first expression of (3) is, of course, the usual definition of
J in contexts more general than differentiable subfamilies.

If T is a statistic taking values in Rl let
(4) e(p) = eT(D) = Ee(p)(T)

Suppose 6 € N°(]|T]]). Then Ee(T) and its derivatives exists at 6, by

Corollary 2.6. The chain rule then yields
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(5) Te(og) = (V0(og))(VE (T))

(The preceding formulation of course includes the case where
{pe} is a full exponential family. Simply set p = 6 so that 6(p) = 6.
In that case J(po) = Z(eo) and Ve(po) = VEg (T) .)

0

4.4 Theorem (Information inequality)

Let {pe: 6 € 0} be a differentiable subfamily of a canonical
exponential family with eo = e(po), as above. ‘Let T be an f-dimensional
statistic. Suppose zeo(T) exists. Then e(p) = Ee(p)(T) exists and is

differentiable on a neighborhood of Q> and the covariance matrix of T

satisfies

(1) 2. (1) 2 (ve(pg))* 97H(op)(ve(oy))

Proof. 8g € N°(||T||) by Proposition 4.2. Now apply the Cauchy-Schwarz
fnequality 4.1(1) with T) =T - £ (T) and

(2) T = v inpg y(X) = (velpy)) (X - £(8p))

Then By; = £, (T)

(3) By, = E(T, T5) = (v8(pg)) 2(8y)(ve(py))' = dlpg) »

and

(4) Bjp = E(TyTy) = (velpg))(vEg (T)) = velpp)

. . -1
by 2.6(3) and 4.3(5). The Cauchy-Schwarz inequality says 511-3 BlzB22 821

which is the same as (1). ||

A useful feature of the form of Theorem 4.4 is the absence of
any regularity condition on T other than the existence of Ze (T). Many other
0
versions of the information inequality contain further assumptions about T (See

e.g. Lehmann (1983, Theorem 7.3).) but these are superfluous here.
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An information inequality 1like Theorem 4.4 is needed for applications of the

following type.

4.5 Application (Karlin's Theorem on Admissibility of Linear Estimates)

The information inequality can sometimes be used to prove
admissibility. In these situations other, more flexible, proofs can also
be used, but the information inequality proof is nevertheless easy and
revealing. The following result is due to Karlin (1958). The information
inequality proof, due to Ping (1964), is a generalization of the first
proof of this sort in Hodges and Lehmann (1951). See Lehmann (1983, p.271) for

further references and details of the proof.

Theorem. Let {pe} be a full regular one-dimensional exponential family with
N = (o, 8), - <6< 6 < w. Consider the problem of estimating £(6) = Ee(X)
under squared error 1oss. The risk of any (non-randomized) estimator § is

thus R(8, §) = Ee((G(x) - g(e))z). Then the linear estimator

(1) aa,s(x) = ax + B

is admissible if 0 < o <1 and if
(2) J exp(-v® + ap(8)) do

diverges at both 8 and 8, where y,\ are defined by

_ 1 = Y
(3) @ T TR B = T3
Proof. We consider here only the case 8 = 0 = y . (See Exercise 4.5.1.)

Fix a. Let & be any estimator with finite risk. Let b(e) = Ee(s(X)) - ag(8).

The information inequality yields

[(ag(8) + b(0))'1%

£'(e)

(4) R(6, ) + ((0)(1 - a) - b(e))?

|v

azs'(e) + 20b'(6) + (£(6)(1 - o) - b(e))2

|v



96 STATISTICAL EXPONENTIAL FAMILIES

since £(6) = Ee(X) and £'(8) = J(8) = Varg X . For 6a,0

(5) R(68, 8, 9) = a’€'(0) + (1 - a)® £2(0) .
Hence, if
(6) R(8, 6) < R(8, 8, 1)
then
(7) 2b'(0) - 2g(8) b(8) + (1 + 1) b*(8) < 0
Let
k(o) = VO b(e)
Then (7) becomes
(8) 2 () + (1 + ) K2(0)eM(®) < ¢

Now, let by € (a, b) and make the change of variables

t(8) = eg exp(Ay(t))dt.

0

Correspondingly, define k(t) by k(t(6)) = K(8), so that (8) becomes
(9) 2k'(t) + (1+2) KA(t) < 0

where - < t < » by (2). The only solution of (9) for t € (-», «) is k = 0

since integration of (9) shows that for t > t, k is non-increasing and

1

k) -kl e) > @ -te s

!
and hence k(tl) < 0 is impossible. A similar inequality for t < t1 shows

that k(tl) > 0 is also impossible. It follows that (6) implies b = 0 , which
in turn implies § = Ga 0 (a.e.(v)) by completeness. This proves admissibility

of 65,0 ° |

It is generally conjectured that the condition 4.5(2) is necessary
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as well as sufficient for admissibility of da 8" However only partial results
are known in this connection. See Joshi (1969) and also Exercises 4.5.4,

4.5.5.

4.6 Further Developments

It is useful in considering asymptotic theory to have
available a few further results concerning the information inequality.
These results are sketched below; the proofs are left for exercises. These
results have nothing to do specifically with exponential families but only
require a setting in which the information inequality is valid. Nevertheless,
for precision assume below the setting of Theorem 4.4, and let S < R™ denote
a (possibly large) open set on which Ze(p)(T) exists. For convenience we

consider below only estimation of p under the quadratic type loss function
(1) L(ps 8) = (8 -p)" J(p)(6 - p) »

and under a truncated version of this loss. (See (3) below.) For proof of the
following assertions see Exercises 4.6.1 - 4.6.7 and Brown (1986).

Let h be an absolutely continuous probability density onS,

supported on a compact subset H < S. Then the expected risk satisfies

vh(p)y+ 5-1,_y(Yh(p)
(2) f Ros on(e)dp 2 m - (e 37 o) (RED o) do

Note that the right side of this inequality is independent of §, and thus
provides a lower bound for the Bayes risk under the prior density h.

A natural truncation of the loss (1) is the function
min(L(p, 8), K). Generalizations of the information inequality and of (2),
like those to be described below, can be stated for this natural truncation;
however the statements and proofs are easier under a different truncation which
is equally useful in asymptotics. This truncation will now be described.

Let K> 0. For v € R define
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-K v < -K
Vg © vl v <K
K v >

For v € Rk define v to be the vector with coordinates (VK)i = (Vi)K s

i=1,...,k. Now let
(3) Lelos 8) = (8- 0); I7H)(s - o),

Let RK denote the risk function corresponding to this truncated loss function.

If § is an estimator of p, let

(4) Sy(xs @) = o+ (8(x) - 0)
and
(5) b(K)(p) = ES(S(K)(X, p)) - p = e(K)(p) -

Let Al(p) > ... g_xm(p) > 0 denote the ordered eigenvalues of J(p). Let

o be any number satisfying 0 < o < 1. Then

( a
6 1 ——— =) R, (p, §
(6) {1+ T a)Asz) g(es 8)

2 o Tr(d(p)(ve(yy (o))" J'l(p)(Ve(K)(p))) + Tr(3(p)byy ()b gy (R))

(Note: Ve<K) exists except possibly for a countable number of
values of p. At these values interpret the right side of (6) as its 1im sup;
or use right (or left) partial derivatives in place of Ve(K), for these
always exist.)

This inequality becomes more interesting as K gets large relative

to l/Am , for then o can be chosen near 1 but so that ?——4%717 is small.
m

1-a)
The inequality (6) leads to an inequality concerning the Bayes

risk just as the usual information inequality leads to (2). With h as in (2)
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7 1+ —2 ) [ R(p, 6§)(p)d
7 ( C - a)Asz) A

i
C o2 (Yh(p) -1/ /Yh(p))
> on - ] () ) neres
The above bound, unlike (6), does not involve & (through e(K)).

UNBIASED ESTIMATES OF THE RISK

An unbiased estimate of the risk as a tool for proving inadmissi-
bility of estimators first appears in Stein (1973), and has been widely
exploited since then. The basic technique is embarassingly simple. It
involves merely an integration by parts which succeeds because of the term
ee'X appearing in the exponential density. Here we describe the method and a
few of the easier applications. For further (more complex) applications, see,

for example, Berger (1980b), Berger and Haff (1981), and Haff (1983). Here

is the heart of the method.

A function t : Rk + R is called absolutely continuous if

t(xl,...,xk), is absolutely continuous in Xi» i=1,...,k, when all Xj> Jj#i are

; ro= 9t
held fixed. Let ti o] .
4.7 Theorem
Let s : Rk > R be absolutely continuous. Assume
(1) Fs(x)[e¥ X dx < = , and
(2) fls%(x)lee'x dx < oy, i=1,....k
Then
Bex _ 1 e'X
(3) 0; Is(x)e dx = -f si(x)e dx
Proof. Set i = 1 for convenience. For almost every (xz,...,xk)
Bex

(4) / IS(Xl, X2"°"xk),e dx; < =
and

\ 0-x .
(5) S olsy(xps Xpsensx )[e7 T dxy <



100

because of (1), (2). For any such (XZ""

B+x
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,xk) integration by parts yields

(6) elf s(xl, x2,...,xk)e dx1
B
. 0x
= 1im 8, [ S(X;sXpse..5X, )€ dx
pow 125 S0 k 1

. B 8ex il

= lim { 7 s H(XysXpseeesX, ) Tdx, + {s(x 3 XoseeasX, )@ ]
B {8112 k 1 1°%2 k J
xl=—B
B

0+Xx .. OeXx
dx1 + lim inf [s(xl,xz,...,xk)e ]

Boxoo

= -f si(xl,xz,...,xk)e

06X

= -f si(xl,xz,...,xk)e dx

by (2) and then (1). Integration over XosennsXy then yields (3). I

The assumptions (1) and (2) are slightly more stringent than

necessary, and also can be given alternate forms. For example the assumption

(5) together with

; 0ex _
(7) Tim s(xl, XpseenaX,)e =0

+
X 1-)__00

Or, for

for almost every x,,...,x, implies (4), and hence (3) when i=1.

example, when k = 1 a potentially useful result is the equality

(8) {mes(x)eex dx = -{ms'(x)eex - s(0+)

for absolutely continuous functions s having fls'(x)leexdx < o and

Tim s(x)eex = 0.
X0

However, the version of the theorem given above suffices

for the usual applications.
Theorem 4.6 can be expressed in other forms which are more

suggestive of its applications, as in the following two corollaries.
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4.8 Corollary
Let pe(x) be a probability density on Rk (relative to Lebesgue

measure) of the form

(1) Pg(x) = h(x) exp(6 « x - y(8))

where h > 0 is absolutely continuous. Let t : Rk -» R be absolutely

continuous. Let t' = 2t . Then
1 X,

h:
(2) 0 Eolt) = -Egllt] + —=1t)

provided both expectations in (2) exist.

k k

Let t : R >~ R° be absolutely continuous. Then

- . vh |

(3) Ee(e t) = Ee(v t+ t)

k )
where v » t = T — t. , provided that

s_q OXs 1

i=1 "7

Bti

(4) eIz, ) < =

and

vh .
Ee(l Het) <., i=1,....k.

(In expressions (2), (3), (4) and similar expressions below

define — =0 if h =0 .)

h
3 h!
Proof. For (2) note that TR (th) = (t; + ﬁl )h and apply Theorem 4.7.
.i

For (3) apply (2) with i=1,...,k and sum. I
Remarks. Expression (2) immediately yields

| .. W
(5) BE(t) = -Eg(Vt+ t )

provided the expectations exist. (3) can also be derived directly from Green's

theorem which implies (under suitable conditions) that

(6) rs(x)(7e® Xydx = - s(v - s(x))e®"X dx
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It can also be worthwhile to apply Theorem 4.7 repeatedly, as in

the next proposition which is needed for Theorem 4.10.

4.9 Proposition

Let pe be as in Corollary 4.8. Assume that h% is also absolutely

continous, and that

h!
i
(1) Egll) < =
and
(2) EglI=H) < =y dtlk
h W oo 02 h
(where hii = 5;?-h) Then
i
2
2 _ (v
(3) [1811° = Eg(™)
2 k
(where V°h = ¢ h?i ).
i=1
Proof. Apply Theorem 4.6 twice for each i=1,...,k and sum over i. [

Combining the preceding results yields the following unbiased

estimator of risk for squared error loss.

4.10 Theorem

Let {pe} be an exponential family whose densities are of the form

4.8(1) with h satisfying 4.9(1), (2). Let &: RX > RK be any absolutely

continuous estimator of 6. Suppose

(1) E(11611%) < =
and
h!
(2) Eg(l8; + 5= 6]) < =, i=1,....k
Then
2
(3) Eg(lls - e||2) = Ee(]|6||2 -2(v .8+ YE . §) + Yﬁﬂ)
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Proof. Note that
2 2 2
Eo (116 - 0112 = E(IIs[®-20 - 6+ [[o]|?)

Now use 4.8(3) and 4.9(3) to arrive at (3). [

Remarks. The left side of (3) is the risk function for squared error loss.
As previously, we frequently use the notation R(6, 8) for a risk function
when the loss function (here ||§ - 9][2) is clear from the context. The
integrand of the right side of (3) is free of 8; nence this integrand is an
unbiased estimate of R(6, ). For most applications of (3) one actually needs
only an unbiased estimate of R(8, 61) - R(s, 62) where 61 and 62 are two given
estimators. In that case, the term llellz, leading to Z%ﬁ in (3), cancels.
Assumption 4.9(2) is therefore not needed to arrive at an unbiased estimate of

the form
(4) R0, 6,) - R(8, 8,0 = Eg(116711% = [18,1% + 2(v + (5 - 6,)

+ T (s) - 8,)))

4.11 Application (James-Stein estimator)

The neatest application of Theorem 4.10 is to prove the mini-
maxity of the James-Stein estimator for a multivariate normal mean. (The
original result in James and Stein (1961) uses a different method of proof.)
Let X be k-variate normal, k > 3, with mean £(6) = 6 and covariance I.

Consider the problem of estimating £ under squared error loss. The usual
estimator Go(x) = x is minimax. However, when k > 3 it is not admissible. Let
(1) s(x) = (1 - fxI)

Hxi12

where r is absolutely continuous, non-decreasing, and

(2) 0 < r(s) < 2(k-2)
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Then
(3) R(6, 6) < R(6, &g) = k

Strict inequality holds in (3) except when r = 0 or when r = 2(k - 2), as

can be seen from (5) below.

The normal density is of the form 4.8(1) and YE-= -X. With ¢ as
in (1)
2
2 2 Vh _ r(lixll
ogh12 - 116112 + 2T v (s - 6) = - UxI)
Ix1]

so that 4.10(4) yields

(20 - DUIXIX rz(HXIU)

(4) R(6, ¢ ) = R(e, 6) = E
(6, % X112 X112

0
(It remains to check the regularity conditions needed for 4.10(4), and these
will be discussed below.)

X k-2

5 = > . Hence (4) yields
1Ix1] Fixt

Observe that v -

(5)  R(e, 85) - R(e, &) = E (CLELEL (o(2) — r(iixin)) + o TULIKLLD,
X1 11X

The unbiased estimator of the risk which appears on the right of (5) is non-
negative because of (2); hence (3) follows. The first estimator of James
and Stein was of the form (1) with r = k - 2, which is the best possible

constant value of r. However, a better estimator (as also noted by James and

Stein) is
(6) ') = (1- X2
Iixl
which corresponds to the choice
a2
r(t) = min(t%, k-2)

See Exercise 4.11.1. See also Exercises 4.11.5, 4.17.5, and 4.17.6 for
generalizations.

(It is also of interest to note that in general if
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§. = 601 +v.,, 1i=1,...,k, then 4.10(4) yields
ks 2

The integrand is formally the same as the Cramer-Rao lower bound (in which
b(+) replaces vy(¢)). See 4.5(7) (with A = 0) and Exercise 4.5.6. Hence the

fact that the inequality

(8)

1

"nomMx

9 2
2470 Y;-v; > 0
1 axi i i

has a non-trivial solution if and only if k > 3 Teads to the proof of the
fact that 60(x) = x is inadmissible if and only if k > 3.)

The regularity conditions stated in Theorem 4.10 are not always

satisfied by an estimator of the form (1). (If, for example, r(x) = k-2 then
8 is not continuous at ||x|| = 0.) Justification of (4) therefore requires
a supplementary argument: suppose & is an estimator of the form (1) with a

specified r(+). Let 68 be the estimator with r(+) replaced by
. 2
(9) re(HIx[]) = min(][x]|%e 5 r(][x]]))

Then §_ satisfieds the conditions of Theorem 4.10 so that (4) holds for §_.
Passing to the 1imit as € + 0 yields that (4) also holds for §.

There is a very extensive literature concerning the problem of
estimating a multivariate normal mean. For an introduction and some references

consult Lehmann (1983, Chapter 4).

4.12 Remark

For discrete exponential families there is an analog of the
unbiased estimates in 4.8 and 4.10 which involves difference operators instead
of partial derivatives. These results are based on the deceptively simple

equality

(1) A = 2 h(x - 1
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They have been particularly useful for certain problems involving Poisson or
negative binomial variables. See Hudson (1978), Hwang (1982), and Ghosh,

Hwang, and Tsui (1983) for some theory and applications.

GENERALIZED BAYES ESTIMATORS OF CANONICAL PARAMETERS

We first define the concept of a generalized Bayes estimator in the
current context and state some foundational results. Then we discuss estimation
of the canonical parameter of an exponential family. Later in this chapter we
discuss estimation of the expectation parameter, including the topic of

conjugate priors for exponential families.

4.13 Definition

Let {pe: ® € 0} be an exponential family of densities. Let

z: 0 > RE be measurable. Let G be a non-negative (o-finite) measure on O,

locally finite at every 6 € 0. G is called a prior measure on 0. Let S < Rk.

Then 8: S = R is generalized Bayes on S (for estimating ¢ under squared error
loss) if

J £(8)pg(x)G(ds)
(1) 5(x) = , X€ES ,
J pg(x)G(do)

where both numerator and denominator exist for all x € S. We say 6§ is
generalized Bayes if it is generalized Bayes on S where v(Sc) = 0. We will
use the symbol GG to denote the generalized Bayes procedure for G, when this
exists.

If the loss is squared error loss --
- 2
(2) L(e, a) = [la - z(8)]] --

for estimating z(6) and if the Bayes risk,

(3) B(G) inf B(G, 8') = dinf S R(8, &')G(de)

8 s'

inffEe(L(e, 8'(X))G(d8)s
Gl
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satisfies B(G) < ». Then by Fubini's theorem any Bayes estimator for G (i.e.
one which minimizes B(G, §)) must also be generalized Bayes for G. One

of the topics in which we shall be interested below is that of characterizing
complete classes of procedures under squared error loss (2). Since L is
strictly convex the nonrandomized procedures are a complete class. The
following theorem is our main tool for proving complete class theorems.

(In the current context a complete class is a set of procedures which contains

all admissible procedures.)

4.14 Theorem

With {pe} and L as above every admissible procedure must be a
limit of Bayes estimators for priors with finite support. More precisely, to
every admissible procedure corresponds a sequence Gi of prior distributions

supported on a finite set (and hence having finite Bayes risk) such that

(1) 8g (x) - &(x) a.e.(v) s

where (as above) 8 denotes the Bayes estimator for Gi‘
i

Proof. This theorem is apparently "well known". 1Its proof is outside the
intended scope of our manuscript. However, I do not know any adequate
published reference for it, so a proof is given in the appendix to the mono-
graph. See Theorem Al2. Theorems 3.18 and 3.19 of Wald (1950) come close
to the above theorem as do some comments in Sacks (1963) and in Le Cam (1955).

/1

We now concentrate on estimation of the canonical parameter. In
this case generalized Bayes estimators have a particularly convenient form,

as described in the next theorem.

4.15 Theorem
Let {pe} be a canonical exponential family and let G be a prior

measure on © for which the generalized Bayes procedure, GG for estimating 6
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exists. Define the measure H by
(1) H(de) = e ¥(®) g(de)

and (as usual) let AH(x) =/ e?x H(d6) denote its Laplace transform. Then 8

satisfies
(2) 6G(x) = Vln AH(x) = V¢H(X) , X € K° .

(If v(3K) = 0 then, of course, (2) completely defines 8¢ since
v((k°)°™) = v(ak) = 0.)

Proof. By definition the generalized Bayes procedure is

70 e H(de)

(3) 8n(x) R T RN
6 s ee X H(de)

a.e. (v)

By assumption the integrals on the right of (3) exist a.e.(v); hence
NH > K° . The denominator exists on N,, by definition, and by Theorem 2.2,

the numerator exists on N and is given by VAH(x). This proves (2). [

If 6§ is only generalized Bayes on S = K relative to G one clearly

has an analogous representation of & on S°, namely
(4) 8(x) = wy(x) , X €S°

An interesting special consequence of the above is that if k = 1,
and |8(x) - x| is bounded, and A8(x) is generalized Bayes on K° for 0 < A <1
then §(x) = x + b. See Meeden (1976).

The foundation for the following major theorem has been laid

above and in Section 2.17. The first theorem of this type was proved by

J. Sacks (1963) for dimension k = 1. Indeed Sacks claimed, but did not prove,
validity of the result for arbitrary dimension. Brown (1971) proved the
result for arbitrary dimensions when {pe} is a normal location family; and that

proof was extended to arbitrary exponential families by Berger and Srinivasan
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(1978). The proof below follows Brown and Berger-Srinivasan. The proof of

Theorem 4.24 is somewhat more like Sacks' original proof.

4.16 Theorem
Let {pe} be a canonical k parameter exponential family. Then § is
admissible under squared error loss for estimating @ only if there is a
measure H on & =« N such that
s 0e9"% H(de)
(1) §(x) = —w - - VwH(x) , for xe€eK° a.e.(v)
S e H(de)
Remarks. The expression (1) implicitly includes the condition NH > K°, so
that both numerator and denominator in (1) are well defined for all x € K°.
IfH(G - 0) = 0 so that @ = 8 € N, then

one may define
(2) 6(do) = e¥(®) p(do)
and rewrite (1) as

! epe(x)G(de)
(3) §(x) = —M x € K°
s pe(X)G(de)

Thus & is generalized Bayes on K° relative to G. This observation leads to

Corollary 4.17 and to further remarks which appear after the corollary.

Proof. Let § be admissible. By Theorem 4.14 there is a sequence of prior

measures Gi’ having finite support, such that 8¢ (x) - GG(x)

j
a.e.(v). Let Xy € K° such that GG‘(XO) > 6(x0). Since Gi has finite support
i

s 8 Xov(8) 6:(dg) < w. Let

~

(2) H.(de) = e v(®) Gi(de)/fec'x°-W(C)Gi(dc)

This is a normalized version of 4.15(1), so, letting y. = ¢
i
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(3) (SG'i(X) = Vll).i(x)

Since fex°'eﬁi(de) = 1 we assume without loss of generality the existence of a
limiting measure H, for which Hi + H weak*. (Apply 2.16(iv) to the measure
eX°'eﬁi to get eX0"® ﬁi - H*, say, and Tet H = e X% fgx ) et x' € k°
such that 4.14(1) holds at x'. Then there is a finite set S < K° such that
4.14(1) holds on S and such that B = conhull S satisfies Xq € B°,

x' € B°. Let x € S. Then

(4) b0 = ylg) = 1= xg) = Ty # olx = xg))op

< (x=xg) (X)) < [x o= xg ] 1185 (x) ]
by Corollary 2.5. (Note that wi(xo) = 0.) It follows that

(5) 1im sup sup wi(x) = sup [|8(x)]| ||x - x0|| < o
o0 X€ES X€ES

This is the principle assumption of Theorem 2.17, which now implies the
existence of a subsequence Hi' and a 1imiting measure, which must be H, such

that wi(x) > wH(x), x € B°, and also vwi(x) - va(x), X € B°, by 2.17(5).

Since Vwi(x') = Gi(x') -+ &§(x') we have

(4) s(x') = w(x")

This proves (1) since x' is an arbitrary point of K° satisfying 4.14(1),

and since 4.14(1) is satisfied a.e.(v). I

4.17 Corollary

Suppose 0 is closed in Rk and
(1) v(ak) = 0

Then the generalized Bayes procedures form a complete class.
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Proof. As noted the admissible procedures are a (minimal) complete class.

If § is admissible then for some prior measure H on @ = &

GRS
(2) s(x) = Loe Al (y)
Je H(de)
by 4.16(1) and (1), above. Let G(dg) = ew(e) H(de) as in 4.16(2) to get the

desired representation,

s epe(x)G(de)
(3) §(x) = —m—— a.e. (v) . I
s pe(x)G(de)

Remarks. If v is dominated by Lebesgue measure then (1) holds since the
Lebesgue measure of the boundary of any convex subset of Rk is zero. (To
see this note that if C is bounded and convex with 0 € intC then

(1 +he - - he -

3C= -
1 1 i

i

n o8
=X

Ci , say, where (as usual)
1

aC = {x: 3y € C, x = ay}. See e.g. Rockafeller (1970). Then S dx = afdx
aC C

so that J dx = lim ./ dx = ]im(lv)f dx = 0. If C is unbounded apply the
ac & 2i%¢

result for bounded C to C n {x: IIxIl < b} and et b » =.)

If v(3K) # 0 then there are, in general, admissible procedures
which are not generalized Bayes. See Exercise 4.17.1. Similarly, if 0 is
not closed in Rk there will again be admissible procedures which are not
generalized Bayes, even when v(3K) = 0. See Exercise 4.17.2. When © = N and
the exponential family is regular then 0 is closed if and only if N = Rk.
Hence when 0 # Rk one cannot assert that all admissible procedures are
generalized Bayes. However, the representation 4.16(1) remains valid. This
representation is qualitatively similar to a generalized Bayes representation
and is generally as useful as one.

Not all estimators which can be represented in the form 4.17(3)

or 4.16(1) are admissible. In fact, many are not. Nevertheless, representa-

tions of this form are valuable stepping-off points for general admissibility
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proofs. See Brown (1971, 1979).

The most conspicuous example of an inadmissible generalized Bayes
estimator occurs in the problem of estimating a multivariate normal mean
already discussed in 4.11. The usual estimator 8(x) = x is generalized Bayes,
but when k > 3 it is not admissible. When k > 3 the positive part James-
Stein estimator, defined in 4.11(6), dominates &§(x) = x. However, the positive
part James-Stein estimator cannot be generalized Bayes (see Example 2.9);
hence is itself inadmissible. So far as I know the problem of finding an
(admissible) estimator which dominates 4.11(6) remains open. However,
theoretical and numerical evidence indicates that such an estimator cannot
have a much smaller risk at any parameter point; hence 4.11(6) remains one of
the many reasonable alternatives to &§(x) = x when k > 3. (See e.g. Berger

(1982).)

GENERALIZED BAYES ESTIMATORS OF EXPECTATION PARAMETERS CONJUGATE PRIORS

The statistical problem of estimating the expectation parameter
£(6), is more often of interest than that considered previously, of estimating
the natural parameter. (Of course for normal location families the two problems
are identical.) In this case, too, there is a representation theorem for
generalized Bayes procedures and a complete class theorem based on a repre-
sentation similar to that of generalized Bayes. (In some (not fully
developed) sense the generalized Bayes representation available here is dual to
that in the preceding section -- the differentiation operator is with respect
to 6 and appears inside the integral sign instead of being with respect to x
and appearing outside it.) Both these main results are somewhat more limited
than those for estimating 6; but are nevertheless useful.

A new feature of considerable statistical interest appears here.
The Tinear estimators are (generalized) Bayes for the conjugate (generalized)

priors. This result is presented first; the conjugate priors are defined in
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4.18 and the existence and linearity of their (generalized) Bayes procedures

is proved in Theorem 4.19.

4.18 Definition

Prior measures having densities relative to Lebesgue measure of

the form
(1) g(e) = c 2 YMI(O) vye R, a0 .

are called conjugate prior measures. Note that if the prior is of the
form (1) then the posterior distribution, calculating formally, has the same

general form, with new parameters vy + x and A + 1. For a sample of size n the

n
parameters become y + s =y + I x; and A + n. (Note in (1) that g = 0 if
i=1

8 £ N since then y(8) = » .)
Arguments resembling those in the following proof show that the
conjugate prior measure is finite, and hence can be normalized to be a prior

probability distribution if and only if
(2) A > 0 and y/x € K°

See Exercise 4.18.1.

For estimating &£(8) = Ee(X), under squared error loss, the Bayes
procedures for conjugate priors are linear in x. This fact (often under
extraneous regularity conditions) has been known for decades. See, for
example, De Groot (1970, Chapter 9) and Raiffa and Schlaiffer (1961). The
following precise statement and its converse first appeared in Diaconis and

Ylvisaker (1979). (See Exercise 4.19.1 for a statement of the converse.)

4.19 Theorem
Let {pe} be a regular canonical exponential family and let g(e) be
a conjugate prior density as defined by 4.18(1). Then the generalized Bayes

procedure for estimating £(0) exists on the set
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(1) S = {x: &(x) = XXX € ko)
A+ 1

and has the Tinear form

(2) §(x) = + —L_ = gx+8 , X €S

Remarks. If v(SC) = 0 then § is generalized Bayes. If 0 € K this always
occurs for y = 0, A > 0. It occurs for y = 0, XA =0 if (and only if)
v(3K) = 0. It can occur for other values of y,\ as well.

If x ¢S then the generalized Bayes procedure does not exist at x

since f ee°x-w(e) g(6)de = ». See Exercise 4.19.1.
For the relation between the condition that v(SC) = 0, so that ¢

is generalized Bayes, and Karlin's condition, 4.5(2), see Exercise 4.19.2.

Proof. Let x € S. The generalized Bayes procedure at x, if it exists,

has the form

- 0 - (A+1)y(8))de
(x+1)y(e))de

(3) 8(x) = S (vy(6)) exp((x+y)
Jexp((x+y) - 6 -

because of the form of g and of Pg> and because £(6) = vy(B8) on N and g(6) = 0
for 6 € N.
If the integrals in the numerator and denominator of (3) exist

then Green's theorem in the form of 4.7(3) yields

(4) (x +y) [exp((x +y) 8- (x+1)y(6))ds

= (A +1) s (vy(6)) exp((x +v) - & - (X + 1)y(e))de

Rearranging terms in (4) yields (2). It remains only to verify that the

numerator and denominator of (3) exist.

Let z = %;% . z € K° since x € S.

Hence
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(5) 1im inf y(e) -6 -z > 0
1181 e el

by 3.5.2(1) (or by 3.6(3) and translation of the origin). It follows that

for some € > 0
(6) exp ((x +v) - 8- (A +1)w(e)) = o(eslel)

This proves existence of the integral in the denominator of (3).

Now consider El = 5%2 on N. For simplicity of notation below,
1
let £ (8) =0 if 8 £ N. Fix Bps-rsB) - gl(el,ez,...,ek) is monotone
in 6, for 6 € N. Thus for some g = q(ez,...,ek) €R , 51(61,92,...,ek) <0

for ;< q and gl(el,ez,...,ek)

|v

0 for 61 > q. Hence
(7) I |El(el’92"“’ek)l EXP((X+Y) + 6 - (7\+1)1P(9))d91

q
= ;im é - £1(81589,...,8,) exp((xty) + 68 - (A+1)y(6))do,

B
+ éim i) gl(el,ez,...,ek) exp((x+y) » 6 - (x+1)w(e))de1 .
o q

The function exp(—(k+1)w(61,ez,...,ek)) is absolutely continuous in 8,
since {pe} is regular. (If {py} were not regular there could be a discon-
tinuity at the boundary of N.) Let e = (q(92"2"ek)’ 92,...,ek). Ordinary

q
integration by parts yields

(8) Hm Z - £1(6875855---58,) exp((xty) - 8 - (M+1)y(e))de,

1im {-(x1+y1)

B0

ZexN(ww)‘ 6 - (A+1)y(s))de,

q
+ Lexp((xHy) = 8 - (A+1)p(8))] }
61=-B

= ~(xprry) 1 el(xn) - © - (wD)u(e))de, + exp((xrv)w0g - (+1)u(0g))
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by (6). Note that (again by (6))

k

(9) exp((x+y) * 8, = (W1)u(s,)) = Ofexp(-c I o))
j=2

Reasoning similarly for the second integral on the right of (7), integrating

both integrals over 62,...,9k, and using (9) yields
(10) ﬁk le,(6)] exp((x+y) = & - (A+1)y(6))de < =
Finally, the identical reasoning on Ei» i=1,2,...,k, shows that

F(Hwe(e) 1) exp((x+y) = 8 - (A+1)y(e))de < «

which verifies that the numerator of (3) exists. As noted previously, this

completes the proof. I

4.20 Application

For a given k-parameter exponential family {pe} the conjugate
prior distributions, {gy,A} , say, form a (k+l)-parameter exponential family
with canonical statistics B1sevva0ps -y(6). This (k+1)-parameter family is
minimal except when y(8) is a linear function of 8. This linearity occurs
when Pg is the I'(a, o) family with known o, and in certain multivariate
generalizations of this univariate example.

Many familiar exponential families are the conjugate families of
prior distributions for other familiar exponential families of distributions.
(Conjugate prior measures which are not finite then appear as limits of these
distributions.) For example, the N(y, A'II) distributions are conjugate to
the N(p, I) family. The proper conjugate prior distributions for the
T(a, (:%7) family (o known, 6 < 0) are those of -0 where @ ~ T'(xa, -vY),

y <0, A > 0. The proper conjugate priors for the P(ee) family have density

0
(1) g, ,(8) = €07, y<0, A0

with respect to Lebesgue measure on (-o, «). Thus the density of £ = e is
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r'(-y, 1/x). See also Exercise 5.6.3.

The basic representation theorem for generalized Bayes procedures
is a simple consequence of Green's Theorem 4.7(3), and is an obvious extension
of 4.19(4) in the proof of Theorem 4.19. The regularity conditions in the
following statement may be modified as noted in the remark following the

theorem.

4.21 Theorem
Let {pe} be a regular canonical exponential family and let G be a
prior measure on ©. Suppose G has a density, g, with respect to Lebesgue

measure. Suppose g(e)e'w(e) is absolutely continuous on Rk. Assume for x € S

(1) ;8 X O ggydp < W

(2) £ 1vge)]] e® X ¥ 4o < o ,
and

(3) 5 vee) || g(8)e? X V() 4o ¢ w

Then the generalized Bayes procedure, &, for estimating £(8)

under squared error loss, exists on S and is given by the formula

F(vg(6))e® X V() 4o
fg(e)ee'x'w(e) de

s§(x) = x+

Remarks. If v(S¢) = 0 then, of course, the unrestricted generalized Bayes
procedure exists and is given by (4).

Conditions (1) and (2) are of course necessary for the represen-
tation (4) to make sense. Condition (3) is necessary in order that the
generalized Bayes estimator be well defined. However it can often be deduced

as a consequence of (2) and so then need not be checked directly. Suppose
(5) g(0)e® X < (o))

for some function h(8) satisfying
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(5") j°° tk-1 h(t)dt < = .
0

Then (1) is satisfied, and condition (2) implies condition (3). See Exercise
4.21.1.

The representation (4) is exploited in Brown and Hwang (1982) as
the starting point for a proof of admissibility of generalized Bayes estimators

under certain (important) extra regularity conditions.

Proof. Conditions (1), (2), and (3) justify use of the integration by

parts formula 4.7(3), which yields
(6) 7 x(9(8)e™V®))e" % g = 1 (<vg(8) + glo)u(e))ed ¥ V(O] ag
Rearranging terms (each of which exists by (1), (2), (3)) yields (4). [

We now turn to the complete class theorem comparable to Theorem
4.16. The result proved below applies only to one parameter exponential
families. It appears to us that there exists a satisfactory multiparameter
analog of this result which, however, is somewhat more complex to state (and to
prove). We hope to present this multiparameter extension in a future
manuscript.

As with Theorem 4.16 the representation of admissible procedures
involves a ratio of integral expressions similar to the formula for a
generalized Bayes estimator. Again, under certain additional conditions, this
representation reduces to precisely that of a generalized Bayes procedure. A
new complication appears in the integral representation below. It applies
only on an interval Ig whose definition involves &§(-) itself. (See 4.24(1).)
However, as explained in the remarks following the theorem, the values of &(x)
for x ¢ T are uniquely specified by monotonicity considerations. Hence the
theorem actually describes exactly the values of &8(x) except for at most two

points -- the endpoints of I In this sense the complication presented by

5 -
the presence of 16 is just a minor nuisance.
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We begin with a technical lemma.

4.22 Lemma

Let Y, be a sequence of probability measures on Rl. Suppose for

some ¢z > 0

(1) 1im inf vn({x >K}) > ¢z > 0

n-> o«

for all K < =, Let € > 0. Suppose Av (e) <o, n=1,... . Then
n

o

;e vy (dx)

(2) ]im E——-—— = 1
N A (e)
\)n

for all K < «,

Remarks. The negation of (1) is the condition
(3) Tim Tim inf v _({|x] >K}) = 0
Koo N n

This is the usual necessary and sufficient condition for there to exist a
subsequence n' and a non-zero limiting measure v such that Ve >V
The conclusion (2) can be paraphrased by saying that the sequence

of probability measures e“* v (dx)/A. (e) sends all its mass out to +.
n v,

Proof. Let K< o, T <m < », Then
;7 e vn(dx) ;e vn(dx)
K mK
W e 2k
s ey (dx) ey (dx)
> &SR (o> m)

Now let n > » and m - « to find
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s e* v, (dx)
(5) Viminf F—— = =,
e e®X v, (dx)

which proves (2). [

4.23 Theorem

Let {pe : 6 € 0} be a regular exponential family on Rl. Consider
the problem of estimating the expectation parameter, £(8), under squared error
loss. Let § be an admissible estimator. Then, &(+) must be a non-decreasing

function. Let
(1) Ig = {x: v({y: y >x, 8(y) € K°}) >0 and v({y: y < x, 8(y) € K°}) > 0}.

Then there exists a finite measure V on O such that for all x € I

£(6) o
(2) R T )T " Vie)
p—

Remarks. In (2) the functions 7 ?éeg ' and T }g DI have the obvious

interpretation on the boundary of N. (In other words, if N = (a, b) then

E(b _ E(a _ . . _ . = oo
ﬁé‘(‘t{-}—l =1, 1%“:-(%)—' = -1, etc., since ;lg £(6) = oo, ;121 £(0) = -».)

By monotonicity of §, I must be an open interval. Say I = (i, i),

-0 < i <7 <o Suppose K® = (k, k), -=<k<k<w Thenk<i (7c<k,

respectively) and, by monotonicity and the definition of I, §(x) = k for

k<x<i (8(x) =k for T<x<k). Fori<x<i, &(x)is defined by (2).

Thus, the theorem fails to define §(x) only for x = i if -» < k < i or for
x =k if -= < k = i, and, if k < », for x = 7 or k depending on whether 7 < k

or i = k. If v, the dominating measure for {pe} » 1s continuous then these
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two points have measure 0 and the theorem completely describes §. Similarly,
if K = (-», «) then irrespective of v the theorem completely describes &

If V(N - N) = V({a, b}) = 0 then (2) can be rewritten as

g(o0) G(de
(3) 5x) - S Pg(x)6(de) , cer
S pe(X)G(de)

where

(o)
)1 v(de)

G(de) 1+ 15(8

Thus, & is then generalized Bayes on I in the ordinary sense. (This must,
of course, occur if N = Rl.) When N # R1 there may exist admissible procedures
having representation (2) but not (3). See Exercise 4.24

Finally, note as with Theorem 4.16 that there are many inadmissible

procedures satisfying (2). See for example Exercise 4.5.4.
Proof. If G is a prior density then the Bayes procedure (assuming it is

well defined for x € K) is given by the formula

5 £00)e®* ) gede) . s £(8)e®™ H(de)
9% ¥(8) 4(4q) 7 e H(de)

(4) 65(x) =

where H(d8) = ce'w(e) G(de). £(8) is monotone on N. The family of densities
eex/feexH(de) is an exponential family (with parameter x) relative to the
dominating measure H. In particular, it has monotone likelihood ratio.

Hence, 6G is monotone non-decreasing by Corollary 2.22. (GG is actually
strictly increasing unless G is concentrated on a single point.) A1l admissi-
ble procedures are (a.e.(v)) limits of Bayes procedures by Theorem 4.14,

and 1imits of monotone functions are monotone. Hence all admissible procedures
must be monotone non-decreasing. (A different proof of a better result is
contained in Brown, Cohen and Strawderman (1976).)

Let § be admissible and let GG- be the sequence promised in
i
Theorem 4.14 having GG + 6 a.e.(v). Since all GG are monotone non-

n n
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decreasing there is no loss of generality in assuming &, (x) = &(x) for all
n
X € K°, and we do so below.

Assume 0 € I = K°. Define the probability measures,

(5) V_(de) (1 + 15(001) ) 5 (a0)
e =
" [+ 1e(e)1) eV g (do)

Let € > 0 such that € € K°. Then

£(e) €8y (do
(6) 6G (€) = I 1+ |€(ejl € n )
" J 1= }s gy e Vp(de)

Suppose for some ¢ > 0

(7) 1im inf Vn({e >K})>zg>0 for all K<

n->e

Let 6, be the unique value such that g(eo) =0, and let K > 6g- The function

'I’ig%%%ng' is increasing for 6 > 0,. Apply Lemma 4.23 to get

) 9 K €8 K *© €6
8) J 1—:$§3f677-e€ V(de) . - [ eV (do) + I‘éﬁz%ET'Kf eV, (do)

f e€9 v,(ds) B J e Vn(de)

1+¢g(K

Similarly, T+ lé 7] is decreasing for 6 > eo so that

K -
o) | T Terr o Valde) ) £ %V (d0) + ey o & Vy(ee)
J’ eEe Vn(de) - J’ eee Vn(de)
1
T+ E(K)

Substitute (8) and (9) into the formula, (6), for 8g (e) and let K » «» to find
n
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(10) 8(e) = 1lim 8g () > Tlim g(K) .
n

n-o K=o

This holds for all € > 0 with € € K°. It follows from (10) that 0 £ I,
contrary to assumption. Hence (7) must be false. A symmetric argument shows
that 1im inf vn({e < -K}) >z >0 is also impossible. Hence

n-o

(11) Tim 1im inf Vn({lel >K}) =0

Koo n-e

By translating the origin the same argument can be applied at any

x € T < K°. The conclusion is that x € T implies

[ e8* v, (de)
(12) Tim 1im inf 812K = 0

o e ey (de)

This is slightly more than is needed to apply the corollary of Theorem 2.17
stated in Exercise 2.17.2. ((12) implies 2.17.2(2) with the roles of 6 and
x interchanged so that pn,x(de) = eexvn(de)/ eexvn(de).) The conclusion of
this exercise is that there exists a subsequence {n'} and a limiting measure V
on O such that

(13) v (de) » e™V(de) and A, () o+ AMX) . xer
nl

and

ky _ _ s : . (o6
Note that V(R") = AV(O) = lim Avnl(O) 1. Since both TF [£(8)]

T Ié o) are bounded continuous functions on @, (13) and (6) yield directly
that for x € I
£L6 X0
T+ £(8]] e™” V(de)
X0
TFIE06)T © V(de)

§(x) = Tlim 8g .(x) =
n

n'-o

This verifies (2), and completes the proof. [
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EXERCISES

4.1.1

(i) Prove the Cauchy-Schwarz inequality (4.1(1)) with 852 in place
of BE; when 822 is singular.(ii) Show the inequality remains valid when Tl, T2
are respectively (gxs) and (mxs) matrix valued random variables. [ (i) Reproduce
the proof of Theorem 4.1 with 852 in place of BE%; or rotate coordinates so
that B,, is diagonal with diagonal entries d.,; >0, 1 <1 <r, and d;; = 0,

r+l1 < i <m, and apply 4.1(1) for the first r coordinates of T2.]

4.2.1

Let v be a measure on Rk and let T be a real valued statistic.
Suppose 0 € N° and E(TZ) < o, Show for every € > 0 there is a polynomial
p(x) such that E((T - p)2) < €. (In other words, the monomials xl,...,xk,xi,
Xq Xpsee form a complete basis for Lz(v).) [For k = 1 (for simplicity) let

- - 2 .
fo =1, f + a19° f2 a,,X + X + a0 be orthonormal functions

1 -
in Lz(v). Let o,

N

< ET2 so that g = _? aifi € Lz(v).

E(Tf,). Then Zog
i i—= -
(G i=0

T-gc€ Lz(v), 0 € N°(T - g) and AT{%(O) =0, j=0,1,... .]
4.3.1

Verify formulae 4.3(3) and 4.3(5).
4.3.2

Let Pg be a full canonical exponential family and let & = £(8)
denote the expectation parameter. Show that relative to this parameter the

information matrix is J(g) = Z-l(e(g)).

4.4.1

Let M be a fixed 2x% positive semi-definite symmetric matrix.

Write the information inequality for Eg ((T - p)" M(T - u)) where T is an
0

f-dimensional statistic with mean u and finite covariance at 90. [This is

immediate from Theorem 4.4 and (T - p)' M(T - p) = Tr(M(T = (T - u)").]
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Show that the information inequality 4.4(1) is an equality if and

only if for some matrix A and vector b
(a) T(x) = A(W(pg))X + b

[Show the Cauchy-Schwarz inequality is an equality if and only if T2 is an

affine transformation of Tl.]

4.4.3

Let {pe: 6 € 0} be a differentiable subfamily and T an &-
dimensional statistic. Suppose Zeo(T) exists for some 60 € 0. Then the
information inequality is an equality for all 8 € © if and only if © is an
affine subspace of N and T is an affine function of the canonical minimal
sufficient statistic for the exponential family {pe: 8 € 0}. (That such a
characterization holds under mild regularity conditions for a general
family {pe} was proved in Wijsman (1973) and Joshi (1976).) [Use
Exercise 4.4.2.]

4.4.4
Suppose {pe} is a canonical one-parameter exponential family. Show
that when the information inequality is not an equality it can be improved to

an inequality of the form:

(1) Vareo T > e'(eo)M(eo)e(eo)

where e(8) is the jx1 vector with
(2) e(0), = -2 e(o) =100 00d

and M(g) is an appropriate jxj symmetric matrix, not depending on T. In

-1
fact, M(8) is the covariance matrix at 6 of the vector with coordinates
(3) RN SRR &S W

(The inequality (1) with M-1 as in (3) is called a Bhattacharya inequality.
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Such inequalities are valid also for full k parameter exponential families
and for %-dimensional statistics, as well as for differentiable subfamilies
(p replaces 6 in (1) - (3)). See e.g. Lehmann (1983, p.129). [A direct proof
is possible which also yields the formula (3). An alternate proof assumes

8y = 0, w(eo) =1 (w.l.0.g9.) and uses Exercise 4.2.1 to write

2
%5

7 (T(x) - ag)? w(dx) >
1 i

fT(x)fi(x)v(dx). ]

1

" Me.
[ e SN

1

Suppose X are i.i.d. observations from a differentiable

1
exponential subfamily. Let N be a stopping time with Pe (N <) =1 and
0

(1) Eg (exp(e N)) < o for some e>0
0

Let Sn =

1

n™Ms

Xs and let T(SN’ N) be a statistic for which Ze (T) < ». Then
1 0

(2) 2, (1) 2 (Eg (N)71 (ve(pg))' 37H(pg) (ve(py))

0

where e(p) = Eq(y(T(Sy, N)) . [Prove directly or use Exercise 3.12.2 (ii1)
and Theorem 4.4. The regularity condition (1) can be considerably relaxed

or modified, but some condition on N is needed in general. See Simons (1980).]

4.4.6

(i) When {pe} is a full canonical exponential family and
Eeo(TZ) < =, the Bhattacharya inequalities 4.4.4(1) tend to equality in the
limit as j » ». (ii) If {pe} is an m-dimensional differentiable subfamily
with m < k then there are statistics T for which the appropriate Bhattacharya
inequalities do not tend to equality as j -~ «. [(i) Use Exercise 4.2.1 and
proceed from the proof sketched in the hint in Exercise 4.4.4. (ii) Consider

a curved exponential family in the canonical version 3.11(1), and let

_ 2
T(x) = Xy = Xl‘]

4.5.1

Prove the assertion in 4.5 when 8 # 0. [Let Y = X - vy. Apply 4.5
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to yield oY as an admissible estimator of £(8) - y. Hence aY + vy is

admissible for £(6).]

4.5.2

Show the condition 4.5(2) implies Ga B(x) = (ax + B) € K a.e.(v).
[The theorem would be false otherwise! But a direct proof not involving the

theorem is also of interest. Use Lemma 3.5.]

4.5.3

Suppose (A, y) satisfies condition 4.5(2), A' < A, and either
vy € K° or v is a discrete measure. Then (X', y) satisfies condition 4.5(2).

If y € 3K = K - K°, and (Al, Y), (AZ, vy) both satisfy 4.5(2), and Al <A< Az

then (X, y) satisfies 4.5(2).

4.5.4

Let X ~ I'(a, o), a known, and consider the problem of estimating
o = E(X) under squared error loss. (i) Using Karlin's theorem verify that

_ . .. . 1 _ . 1
Gu’e(x)-ax + B is admissible if a = Fragt B=0or if a ST g >0.

(i1) Show that if a,B do not satisfy these conditions then da 8 is inadmissible
£}

since there is an admissible linear estimator which is better.

4.5.5

Consider the one-parameter exponential family defined by 3.4(1)
with 6, = -1 and 6 = 6; € (-=, 0). Consider the problem of estimating £(8)
under squared error loss. Let 6a 8 be a linear estimator as in 4.5(1).

Observe that condition 4.5(2) of Karlin's theorem is not satisfied at 6 = O.

Show that Ga 8 is inadmissible. [For the case a = 1, 8 = 0 let

X Xx<c
(1) 8(x) =

c + (x-c)/2 X>cC

Then R(6, 6&){5 R(0, &, 0) for £(6) < c and, for £(8) > c, a crude bound yields
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(2) R(6, 6')

1A

(%) Varg(X) + (%)(£(8) - c)? + £%(e)

£3(0)/8 + (£(6) - c)?/4 + £%(e)

Hence for ¢ sufficiently large R(6, §') < R(e, 8y 1) = g3(e)/2 also when
g(e) > c.]

4.5.6
Let {pe} be as in 4.5. Suppose it is desired to estimate
g(8) = &(8) + W'(8) under squared error loss. Show the estimator Ga 8 is

admissible if

(1) S exp(ap(e) + (1 + A)W(8) - yr(0)de

diverges at both @ and 6. [Define b(+) as in 4.5. 4.5(7) becomes

(2) 2b'(8) - 2(AE(8) + (1 + AW'(8))b(6) + (1 + A)b2(6) < O .]

(See Ghosh and Meeden (1977). Although an estimator 6a may be admissible

5B
here, it is not clear that it is desirable, whereas for the case W = 0 of

4.5 these estimators are very natural.)

4.5.7
Let {pe} be a canonical two dimensional exponential family with

N = RZ

Consider the problem of estimating £(6) with squared error loss (so
that R(6, §) = Eg(||6(X) - E(e)llz)). Show that the estimator &§(x) = x
is admissible. Apply this result when (Xl’ Xz) are independent normal,
independent Poisson, independent binomial, or the sample means from Von-Mises
variables. [Using the bivariate information inequality leads to replacement

of 4.5(7) by
(1) 2v - b(e) + ||b(e)[|% < ©

abi(e)
where V « b(9) = z TP

i=1 ]

If b satisfies (1) so does
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2m

(2) Be) = (2n)! 177 ;' b(ay0)do
0

where
/cos ¢ -sin ¢)

Q
¢ \sin [0 cos o

b is spherically symmetric; hence can be written as b(8) = 8(||6]])6 . Let

t = [le]]. (1) becomes

(3) 2k8(t) + 2t8*(t) + t%8%(t) < 0
Now Tet K(t) = t28(t) to get

(4) 2k (t) + K(t)/t < 0

in place of 4.5(8). (Note how the argument fails if k > 2!)]1 (Stein (1956),
Brown and Hwang (1982, Corollary 4.1).)

4.5.8

Let X ~T(o, o), o > 0 a specified constant. Consider the

problem of estimating o = -% under the loss function
= 8. 3y
(1) Lo, a) = 2-1m(@) -1

(See Chapter 5 for a natural interpretation of this loss. See also Exercises
4.11.3 and 4.11.4.) Let Go(x) = é and let &(x) = (1 + ¢(x))60(x) be any

estimator. Let
(2) e(e) = Ee(¢) and W(t) = t-1In(1+1t), t> -1

(i) Show that

) > - 20) 4 y(e(o))

(3) R(e, &) - R(8, 65) > s

(i1) Use (3) to show that §; is admissible among all estimators having
e(8) < B for all 6 € (-~, 0). (60 is actually admissible with no restriction

on §. See Brown (1966).)
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[(i) R(8, 8) - R(B, 83) = Eg(-8Xe(X) - In(1 + ¢(X)))

= -ge'(8)/a + Ee(¢(X) - In(1 + ¢(X))). For (ii) follow the pattern of the
proof of Theorem 4.5. (It is also possible to use (3) to prove 6, is admissi-

ble with no restriction on §.)]

4.6.1

Prove 4.6(2). [Use the information inequality to write
S h(p)R(p, 8) dp > m + sf{2h(p) Tr(Vb(p)) + h(p)Tr(J(p)b(p)b'(p))}do .

Integrate by parts the first term in the integrand in order to get an integral
whose integrand is a quadratic in b(p) for each fixed p. Minimize this inte-
grand for each p to get 4.5(2).] See Exercise 5.8.1 for a statistical

application of 4.5(2).

4.6.2

In preparation for the proof of 4.6(6) prove the following facts:
(i) For each K, Ve<K)(p) exists for all but at most a countable number of
points, p.

Fix pgs K for which ve(K)(po) exists. Let 6*(x) = G(K)(x; 00) >
ex(p) = Ee(p)(a*(X)), and D = (dij) = ve*(po) - Ve(K)(pO). Show

(ii) d,. =0, i#3j, and

ij
(111) |51 < Poro y (1% - 851 2 K).

6(p,

Let |D| = (Idijl) with d. as above and let J = J(pg) be symmetric

positive definite with eigenvalues Al > ... Z.Am > 0. Show
Al RK(DO’G)

2

A
(iv) Tr(JDJ-lD) < Xl Tr|D| <
m AmK

[Since Idiil < 1 the eigenvalues -- and hence diagonal elements -- of oo™ !

A

all have magnitude at most 1 . Then R

X K = Tr(0™E) 3_%— Tr E where

m 1

E = Epo((s - po)(d - po)') .1
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Also in preparation for the proof of 4.6(6) prove the following

matrix inequalities

(i) Tr(JA'J'lA) > 0 for any (kxk) positive definite symmetric J
and any (kx k) matrix A.
(1) Tr(I(A' + 87N + 8)) > o Tr(oa's™lA) - 2 Tr(os'a”lB)

[(i) Diagonalize J (and J'l) and then write out Tr(-) as a sum of individual

terms. (ii) follows from (i).]

4.6.4

Now prove 4.6(6). [Write the information inequality for &*.
Substitute Ve*(po) = Ve(K)(pO) + D and use 4.6.2(iv) and 4.6.3(ii). (Note
that both these inequalities are nearly trivial when k = 1, so in that case

the overall proof is much simpler to follow.)]

4.6.5

The inequality 4.6(6) is never sharp (except sometimes in the
limit as K > »). To examine how far from sharp the inequality is compare RK
and the best lower bound from 4.6(6) in the case where k = 1, L is ordinary
squared error loss, X N(8, 1), p =10, and &(x) =ax (0 < a<1).
(Fora =1, K=1, I getR, =.516 > .250 = best lower bound. For a =1,

K=3 IgetR =.991>.5625 and fora =1, K=10 R, = .999+ > .891 .]

4.6.6

Prove 4.6(7). [See 4.6.1.]

Investigate the sharpness of (7) by comparing the Bayes risk for
LK and the bound on the right of 4.6(7) when k = 1, L is ordinary squared
error loss, X ~ N(8, 1), p =6, and h is a normal (0, o?) density. (Note:
h does not have compact support, but it can be shown (Exercise !) that the

tails of h decrease fast enough so that 4.6(7) is still valid.) [When K = =
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so that 4.6(7) reduces to 4.6(2) the Bayes risk is 02/(1 + 02) and the lower
bound is (o2 - 1)/02. Thus even when K = ~ the bound is not sharp, although

it is asymptotically sharp as 02 + » also.]

4.11.1

Let & denote the James-Stein estimator 4.11(1) with r = k - 2 and
let st denote the corresponding "positive part" estimator 4.11(6). Show that
R(e, 6%) < R(0, 6). [Write R(o, &) - R(e, 6%) = Eg(g(]|[X]|%). MNote S™(g) = 1
and IS (g) = -1, and (trivially) Ea(g(llxllz)) > 0. Use Exercise 2.21.1.]

4.11.2
Suppose X ~ N(yu, 021) (X € Rk) and, independently, V/o? ~ x;. It
is desired to estimate u with squared error loss -- 02 is unknown. Let
k > 3. Let 6% = V/m and
s = (1 - s(llxllz,A%EL) .
[Ix11%/0

where 0 < s(+) < 2(k-2)m/(m + 2) and s(-, &%) is differentiable and non-

|A

decreasing for each value of 82. Show that &§(x) is better than do(x) = X.
[Assume (w.1.0.g.) that o® = 1. Condition on 32; apply 4.11(5) with

r(e) = 325(-, 32); and take the expectation over 32. (A frequently recommend-
ed choice for s is s(||x|{2, %) = min(llxllz/gz, (k-2)m/(m + 2)) corresponding

to 4.11(6).1

4.11.3

Let ; be independent P(ai’ Oi) variables with o known,
i=1,...,k. Consider the problem of estimating o = (01,...,ok) with loss
function L(o, a) = Zoi(l - ai/ci)z' The best linear estimator for this problem
is 8y with Goi(x) = Xi/(ai +1). (i) When k = 1 this estimator is admissible.
[Use Theorem 4.5.1 (ii) for k > 2 define § by
k

(1) §;(x) = x3/(a; + 1) + (k-1)ay + l/jil(aj + 1)3/Xj
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Show that R(o, &) < R(e, 50). (This is the easiest of several interesting

related results in Berger (1980b).) [Let ¢,(x) = (a; + 1)(8;(x) - 6oi(x))/xi }

Using Corollary 4.7 show

(2) R(Os 60) = R(Ga 6) =
2 2 2
2X5 X: &5 2X50. (X)
I ( — e 2 gl (x) ] LM 2 5. (X))
( ((’..i + 1)2 BX,i 1 (J._i +1 (a"i + 1)2 Bxi 1 )

since oi(l - a/ci)2 = (a/ -ei - 1/ —ei)z. Then show the expectand on the
right of (2) is negative. (Use the fact that 5%7 ¢i(x) < 0 to eliminate the
i

. . )
terms involving ¢i 3% ; )1

4.11.4

Let Xi ~ F(ai, oi), a; > 0 specified constants, i=1,...,k, as

in Exercise 4.11.3. Consider the loss function

(1) L(o, a) =

nmMmx

i=1

Define 60 by Goi(x) = x/ai. (See Exercise 4.5.7.) Let k > 3 and define § by

Gi(x) = (1+ ¢i(x)) éoi(x) where

co. In X,
(2) 65(x) = - ——— 2

1+ Z(ai In X;

with 0 < ¢ < 1. Show that R(o, 8) < R(o, 60), o > 0. [The unbiased estimator
of R(g, §) - R(o, 60) is

3¢i

X,
(3) BUGD) 5 + 05 - In (1+4))]
1 1

(The following algebra can be simplified by changing variables in (3) to
yi = a In x;, i=1,...,k.) Then show this is always positive, using the

facts that [65] < c/2 and t - Tn (1 +t) < 2t%/3 for |t <% (You will see
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that values of c somewhat larger than 1 can also be used in (2).)] See Dey,
Ghosh, and Srinivasan (1983).

(Change variables in Exercise 4.5.7(3) to o = -% = ¢(8), and
compare with the i -th term in brackets in (3), above. This identity of
expressions is analogous to that which occurs in the estimation of normal

means with squared error loss. See 4.11(8).)

4.11.5

Let X ~N(6, I). Consider the problem of estimating 6 € Rk

under squared error loss. Suppose for some C <, € >0
(1) (61(x) -Xx)+x > 2-k+e for lixil > C .

Then 61(x) is inadmissible.

[Let 8,(x) = §,(x) - el(lIxI] - Of a1 |le|2

and use 4.10(4).1 (Note that this generalizes Example 4.11 since Gl(x) = X

satisfies (1) when k > 3.)

4.15.1

(i) Show that for estimating the natural parameter the corres-
pondence between prior measures and their generalized Bayes procedures is one-

one if Supp v has a non-empty interior (i.e. show 6g = $ a.e.(v) implies

H
G = H). [Use Theorem 4.15 and Corollary 2.13.1 (ii) Give an example to

show that this unicity may fail if (Supp v)° = ¢.

4.15.2

Show that every admissible estimator of 6 under squared error

loss satisfies the monotonicity condition
(1) (x5 = x7) = (8(x5) - 6(x;)) > 0 a.e.(vxv)

[Use 4.14, 4.15, and 2.5. (Do not use 4.16(1) for this would not yield (1)
for x; € 3K.)]
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Let X ~ P()). Let < < 0. Show that the estimator §(0) = Cos

§(x) = In x, x=1,2,... , is not an admissible estimator of the natural
parameter 8 = Tn A under squared error loss. (& is the "maximum likelihood

estimate" of 6; see Chapter 5. Also, the squared error loss function

L(6, a) = (a - 9)2 can be justified in its own right, or one can transform

tor = e’ and let b = e2. The loss then takes the form (In b - In A)z
2
= (In (b/2))

also that 6*(x) = x is an inadmissible estimator of A under loss L*. Losses

= L*(A, b). The inadmissibility result, above, then says

of the form L* appear naturally in scale invariant problems; see Brown (1968).)

[Use Theorem 4.16. If & is of the form 4.16(1) then, by monoto-

nicity,
A (x)
(1) In [x] < W < 1In ([x1 +1) , Xx>1

Hence AH(x) - © as X » o but AH(x) o(eex) as x » o, Ve > 0. This is

impossible by Lemma 3.5 and Exercise 3.5.1.]

4.17.1

Let X ~ Bin{n, p), n > 3, and consider the problem of estimating
the natural parameter 6 = 1n (p/(1 - p)) under squared error loss. Show that

the procedure

'
—
x

n
o

§(x) = 0 1

noA
A
=
0
-

is admissible. But, & is not generalized Bayes. (Note that Corollary 4.17
is not valid here because 4.17(1) is not satisfied. Of course, Theorem 4.16
is satisfied with H giving unit mass to the point 6 = 0.)
[Let &' be another estimator. Suppose §'(0) = -1+ a, o > 0. Then

Tim 1ol L(R(e, §') - R(8, 8)) = a>0 .

f—-c0
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Hence R(0, 8') < R(8, 8), Vv 0, implies (i) §'(0) < -1. Similarly (ii)
§'(n) > 1. Among all procedures satisfying (i), (ii) & uniquely minimizes
R(0, 8). Hence & is admissible, If & were generalized Bayes the prior G

would have to have support {0} by 2.5; but this would imply &§(0) = 0 = §(n).]

4.17.2

Let Z ~ r(a,0) as in 4.17.3, below. (i) Show that the estimator
so(x) = 0 cannot be represented as a generalized Bayes estimator of 6 = 1/o.
(ii) For o < 2 show 8, is admissible. (iii) For a > 2 show 8, is inadmissible.
[(ii) If & # 8, then, for some € > 0, R(8,5) > €6 as 8 -~ 0. (iii) Let
8(x) = (a-2)/x.]

Let Z ~ '(a, 6), a known. Then the distributions of X = -Z form
an exponential family with natural parameter 6 = 1/0. Consider the problem

of estimating 6 with squared error loss. Show that
(1) 8(x) = be* (= be’?)

can be represented in the form 4.16(1). [Let H be a Poisson distribution!

It can further be shown that & is admissible when a < 2 since it uniquely

minimizes . .

(2) H({0}) 1im sup R(8, G)ew(e) + I H({i}HR3, 6)e¢(1) ]
60 i=1

4.17.4

Let {pe) be any exponential family with K compact (Binomial,
Multinomial, Fisher, Von Mises, etc.). Show that §(x) = x is an admissible
estimator of 6 under squared error loss. [Show that & is Bayes for the prior
distribution, G, with density c exp(y(8) - ||e[[2/2) and that B(G) < « .
Admissibility then follows from basic decision theoretic results. See, e.g.

Lehmann (1983, Theorem 3.1). Use Exercise 3.4.1 to verify that B(G) is
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finite (and also that G is finite).] Caution! &(x) = x is not a very natural
estimator of 6, in spite of its admissibility. Hence its use in this problem
is not necessarily recommended (unless the prior G is indeed as above).

If Supp v is finite then §(x) = x is a natural estimator of £{(8), and is
admissible under squared error loss for estimating £(8). See Exercise 4.5.5

and also Brown (1981b).

4.17.5

Let X ~ P(X). Consider the problem of estimating X under loss
function
(1) L &) = (In(@/)

Show that estimator dl(x) = X is generalized Bayes, but not admissible. [The
question is equivalent to asking whether the estimator §(x) = x is generalized
Bayes, or admissible for estimating the canonical parameter, 6, under squared
error loss. Reason as in Exercise 4.17.4 to show &6(x) = x is generalized
Bayes. However, for estimating 6, direct calculation shows that &'(x) = bx,
el < b <1 is better than §(x). This inadmissibility result shows that the
general result of Exercise 4.17.4 does not extend to problems with K not
compact, even when k = 1. (A1l estimators of the form §(x) = bx, 0<b <1,
are generalized Bayes for estimating 6. We conjecture that none of them are

admissible.)]

4.17.6

Let X ~ N(6, I). Consider the problem of estimating 6€ Rk under
squared error loss. (i) Let G be a generalized prior density. Show that

the generalized Bayes estimator (if it exists) can be written in the form

(1) 6G(x) = x + yg;%é}

where

(2) g*(x) = J pg(x) G(d6)
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(i) Consider the linear partial differential inequality
(3) Ve (g*(x) wu(x)) < 0 [[x]]>1
subject to the condition that u is continuous on ||x|| > 1, and

(4) u(x) = 1 for ||x]| = 1, u(x) < 1 for ||x]] >1

Show that if (3), (4) have a non-constant solution which also satisfies

v k
(5) Eo11%41%) < =, eert,

then GG is inadmissible.

[(i1) Let &(x) = 6G(x) + Y% . Use (5) and Green's theorem to
justify an expression like 4.10(4) for R(e, 5G) - R(6, 8) but with an extra
term involving a surface integral over {x: ||x|| = 1}. This extra term is
non-negative because of (4), and the remainder of the expression is non-
negative because of (3). (Note that Exercise 4.11.5 is a special case of

the above. Brown (1971) proves that solubility of (3),(4) implies inadmissi-

*(x

bility of §; (condition (5) is not required), and conversely if Vg* x

is bounded -- and somewhat more generally -- then insolubility of (3), (4)

implies admissibility of GG' See also Srinivasan (1981).]

4.17.7 (Berger and Srinivasan (1978).)
(i) Again let X ~ N(6, I) and consider the problem of estimating
0 € Rk under squared error loss. Suppose
- Bx 1
(1) §(x) = x *+ ot o(”x”?)

for two constant kxk matrices B and M. Show that § is inadmissible unless
B = cM for some ¢ € R.

[Theorem 4.17 and the representation 4.17.5(1) imply

v(in g*(x)) = 8% + o(—L1—)
X 'Mx llxllz

By considering Tine integrals over closed paths show this is impossible
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unless B = cM. The calculations are easier if B and M are simultaneously
diagonalized (w.1.0.9.). Then when k = 2 the only paths that need be considered

are those bounding sets of the form {x: x; >0, x, >0, r < |[x]| <r+e}.]

(i1) Suppose, instead, that X ~ N(6, %) with ¥ known (positive
definite); and & is given by (1). Now write a necessary condition on B and
M for admissiblity of §. Does the condition involve ¥? What if the loss
function is L(6, a) = (a - 6)' D(a - 8) for some (known positive definite

matrix D?

4.18.1

Verify the assertion in 4.18(2). [Use Lemma 3.5 and Exercise

If x £ S as defined in 4.20(1) then s pe(x)g(e)de = o, 50 that the
generalized Bayes procedure for the conjugate prior does not exist at x.

[See Exercise 4.19.1.]

4.20.2

Show that Karlin's condition 4.5(2) implies that S = K°. (Hence,
if v(oK) = 0 it implies that the estimator 4.20(2) = 4.5(1) is generalized
Bayes.) (ii) Give an example where 4.5(2) is satisfied but 4.20(2) = 4.5(1)

is not generalized Bayes.

4.20.3

Let {pe: 6 € 0} be a stratum of an exponential family, as

defined in Exercise 3.12.1. Suppose it is desired to estimate

£(1)(e) . ,
n(e) = 55_1157' under squared error loss. (Note that in the sequential
2)

setting of 3.12.2(iii) and 3.12.3, n(8) = Ee(Y) is a very natural quantity

to estimate.) State general conditions to justify the formal manipulation --
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J n(e)ee.x de(].)

E

(1)

S VR CL

x
—~
N
~

Bex

(1)
which says that §(x) = X is generalized Bayes on (K(l))° relative to the
(2)

prior measure de(l) on 0% = {(8(1), 6(2)(6(1)))6 0: e(l) € (N(l))°} .

(The conclusion is justified in the situation of 3.12.2(ii) and in that of

3.12.2(iii) if pe(N < NO) = 1, and somewhat more generally.)

4.20.4

Generalize 4.20.3(1) to obtain a representation for certain estimators

X + a
of the form %L‘F—B

(2)

4.21.1

Show that 4.21(5) and 4.21(2) imply 4.21(1) and 4.21(3).
[4.21(1) is trivial from 4.21(5'). For 4.21(3) reason as in the proof of

Theorem 4.19. The key fact is that, with q as defined there,

9 e q e
£ o5y000- 000001 MO a0y = - g (ayle) 4 égg%l )e®x-v(e)

v glo)e?XnHO))’
-B

s, etc.

Now integrate over 92""’9k and let B » =. The first part of the expression

is bounded because of 4.21(1), (2), and the second part because of 4.21(5').]

4.21.2 (Converse to Theorem 4.19.)

Let G be a prior measure whose Bayes procedure for estimating £(8)
exists on S and satisfies 6(x) = ax + B. Suppose S° # ¢. Assume further
that G possesses a density g satisfying 4.21(1), (2), (3). Then G is a
conjugate prior measure, and its conjugate prior density, 4.18(1), has

a=1/(A+1) and 8 = y/(x + 1).) Apply 4.7(3) to the last integral of the
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equality
(1) O+1)r(7w(8))g(0)e® X ¥ (g = yrg(0)e® ¥ ¥(8)gg + xrg(e)e® X ¥(O)ge
rearrange terms and invoke completeness to find
(2) vg(e) = (v - avy(e))g(e) |

(Diaconis and Ylvisaker (1979) show that this statement is true
without this "further" assumption that G possess a density.)

(A question of interest is whether this unicity result extends
to non-Tinear generalized Bayes estimators. To be more precise suppose the
generalized Bayes procedures for estimating £(8) under priors G and H exist
and are equal everywhere on S with S° # ¢. Does this imply G = H? In the
case of the normal distributions or the Poisson distribution the answer is
yes. See 4,15.1 for the normal distribution and Johnstone (1982) for the

Poisson distribution.)

4.24.1

Suppose &(+) is admissible for estimating £ under squared error
loss. Then v{x : &8(x) £ K} = 0.

[Define §'(x) as the projection of &(x) on K. 1If
vix : 8(x) # 6'(x)} # 0 then R(6, &') < R(6, &) whenever R(8, §) <= .

(If 6 is admissible there must exist some 6 for which R(6, §) < «.)]

4.24.2

(i) Verify that the conclusion of Theorem 4.24 remains valid when
{pe} is a steep exponential family and 6 < N°. (ii) Even more generally, it

is valid for any one-parameter exponential family if
(1) 0 < {0: Ee(x) = g(6) € R}

and if the definition 4.24(1) is modified to
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(2) Ig = s v(ly:y > x, 8ly) € 6(N°)°}) >0
and E({y: y < x, &(y) € g(N°)°}) > O}

(ii1) Extend Theorem 4.24 to the problem of estimating p(6) under squared
error loss where p: N° = R is a non-decreasing function. [The formulation

and proof are identical to (ii), above.]

4.24.3

Let v = vy + 2 where Vi is Lebesgue measure on (0, 3) and V) gives
mass 1 to each of the points x = 1,2. Consider the estimator § of £ (under

squared error loss) given by

0 x <1
(1) §(x) = 1 x =1
14 l<x<?2
24 X =
3 X >

(i) Show that & has the representation 4.24(2) on I = (1,2), but (ii) this
representation cannot be extended to the points x = 1,2 even though
§(x) € K° for these points. (iii) Show that & is a pointwise limit of a

sequence of Bayes procedures. (& is also admissible. See Exercise 7.9.1.)

4.24.4

Let X have the geometric distribution with parameter p(Ge(p)),
under which
)X

(1) Pr{X =x} = p(l-p x=0,1,...

(i) Show that §(x) = x/2 is an admissible estimator of Ep(X) = (1-p)/p under
squared error loss. [Use Karlin's Theorem 4.5. Note also that the estimators
§(x) = cx with ¢ > % fail to satisfy 4.5(2) and are not admissible.] (i1)
Suppose it is known in addition that p < %, so that Ep(X) > 1.. Using Theorem

4.24 show that the truncated version of 8-- namely &'(x) = max(8(x), 1) --
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is inadmissible. . (iii) Can you find an (admissible) estimator better

than &' ??)





