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HARMONIC ~10RPHIS1'1S ONTO RIEMANN SURH\CES 

- SOME CLASSIFICATION RESULTS 

l. INTRODUCTION 

I,et ¢ : H + N be a mapping between smoo"t11 Riemannian manifolds. 

Then ¢ is called a harmonic rnoT'phism if f o ¢ is harmonic on . ¢-l (V) 

for every function f harmonic on an open set V c N . Such mappings were 

firs-t s-tudied in detail by Fuglede [8] and Ishihara [10]. They established 

an al-terna-tive charac-terization as follows. 

For a point x E M at which dql (x) # 0 , let. denote the 

subspace of given by ker dcp (x) , and let H/! deno-te ·the orthogonal 

complemen·t of V M 
X 

in TM 
X 

Say that is hor·i.2ontaUy conformal if 

·the restric-tion mapping drp(x) I is conformal and 

surjec·tive. Le-tting g,h denote ·the me·trics of H,N respec-t:ively, this 

means i:ha·t there exists a nuniber A (x) such that 

A(x) 2 g (X, Y) h (dcp (X) , dt/J(Y)) for each X E ~1 wit~h dcp(x) 
_, 

0 and for r 

all X,Y E H ]Vj Le1: {x E M I d</J(x) o} denote the critical set 
:n: 

qi and set II 0 on c¢ Then ·we obtain a con·tinuous funct:ion 

,_ 
]J[ + IR called the dil-ation of ¢ In geneJ:·al 1\ is no-t smooth, "-

although clearly M + IR is a srnoo·th function. 

(Ll) il map ¢ : M + N is a har•monic mo-;.•phism if and only if it 1:s both 

harmonic and horizontally comfm'lnal [8], [10]. 

It follows therefore that if o> is a harmonic morphism then 

dim M ~ dim N . If dim M = dim N , then in ·the case vJhen dim M = 2 , the 

harmonic morphisms are precisely the weakly conformal mappings between 


