
32 Appendix The Eigenvalue Problem 

In order to discuss the stabilities of a minimal surface, we need some general knowledge 
of the (Dirichlet) eigenvalues of a self-adjoint second order elliptic operator. 

Let Sl C Rn be a bounded domain and L be a self-adjoint second order elliptic 
operator 

Lu = Di(aij Dju + biu)- b;Diu + cu, 

where ( aij) is symmetric. We suppose that L satisfies 

n 

:L laij(xW:::: A2 , 2)\- 2 L (W(xW + A- 1 lc(x)l):::: v2 , Vx En, 
i=l 

for some constants A, A, v > 0. 
Define (u, v) = fn uv dx, and a quadratic form on H = H(Sl) = Wt'2 (0) by 

£(u, v) = k (aij D;uDjv + biuDiv + bivDiu- cuv)dx = -(Lu, v). 

The ratio 
J(u) = £(u, u) ,+ H 

( ) , u ::r= 0, u E , 
u,u 

is called the Rayleigh quotient of L. 

(32.186) 

By (32.186) and (32.187) we see that J is bounded from below. In fact, writing 
b = (b\ · · ·, bn) and lbl 2 = I:i lbil 2 , we have 

£(u,u) [ (aij DiuDju + 2biuDiu- cu2 )dx 
Jll 

> k [J\1Dul 2 - (tJ\IDul2 + 2,\-1 1Wu2 + cu2) J dx 

(by (32.186) and Schwarz's inequality) 

> k (t,\1Dul 2 - ,\v2 lul 2) dx (by (32.187)) (32.188) 

> (~c- 1 - ,\v2) k lul 2 dx (by Poincare's inequality). 

Hence we may define 
A1 = inf J. 

H 
(32.189) 

We claim now that ,\1 is the minimum eigenvalue of L on H; that is, there exists 
a non-trivial u E H such that Lu + ,\1u = 0 and ,\1 is the smallest number for which 
this is possible. To show this we choose a minimizing sequence { um} C H such that 
llumll£2 = 1 and J(um)--+ A1. 
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