20 The Second Variation and Stability

We now introduce the concept of stability of minimal surfaces which will play an im-
portant role in the proof of several theorems in the remainder of these notes.

Let © be a precompact domain in a Riemann surface M, X : Q — R? a minimal
surface. From the calculus of variations definition of a minimal surface, we know that
X is a minimal surface if and only if the area A of X is a stationary point of the area
functional A(t) for any variation X (¢). Note that being stationary does not mean that
X has minimum area among all surfaces with the same boundary.

To study when X has locally minimum area, naturally we study the second variation,
namely the second derivative A”(0) of the area functional for any variation family X (¢).
From calculus we know that if A”(0) > 0 then A(0) is a local minimum. Note that
the word local is significant, there are minimal surfaces such that A”(0) > 0 for any
variation family, yet those surfaces do not have minimum area. Hence we define that
X is stable if A”(0) > 0 for all possible variation families X (¢), otherwise X is unstable.
Sometimes one says X is almost stable if A”(0) > 0.

It is important to express the formula for the second variation of X via the geometric
quantities of X. Let (u',u?) be the local coordinates of Q2. We use the fact that X is
conformal harmonic, and write A2 = | X |?> = | X;|%?, A = Dy; + Da.

From (3.4),
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where E(t) = 0X(t)/0t, H(t) is the mean curvature of X (t), and N(¢) is the Gauss
map of X(t). Let £ = aX; + X5 +yN. Since H(0) = 0 we have
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where we write E = E(0), etc. Now suppose that each X(¢) is a C? surface, and the
first and second fundamental forms are given on an isothermal coordinate chart U by

gii(t) = Xs(t) e X;(t),  (97(1) = (95(1)) ™", hu(t) = Xis()e N (2).
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where we write ¢¥/(0) = ¢g¥, etc. From
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