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1. Introduction

One of the major problems in the theory of diffusion processes is to construct
the process for a given set of diffusion coefficients. A diffusion process in R? is
hopefully determined by the two sets of coefficients

a = a(t,x) = {a;(t, x)}, 1<4,j=<d,te[0, ), xe R,

(1) b =b(t, ) = {b(t, 2)}, 1<j<d te[0, ) xeR.

Here a is a positive semidefinite symmetric matrix for each ¢ and x, and b is a
d vector for each ¢ and x. There are various ways of describing exactly what we
mean by a diffusion process corresponding to the specified set of coefficients.
We shall adopt the following approach.

Let Q be the space of R? valued continuous functions on [0, 00). The value of
a function w = x(-) in Q at time ¢ will be denoted by z(¢). The o-field generated
by z(s) for ¢t; < s < t, will be denoted by M;:. If t;, = 0, we will denote this by
M,, and by Mt in case t, = oo, where M is the o-field generated by x(s) for
0 = s < . The space Q can be viewed as a complete separable metric space,
with uniform convergence on bounded intervals defining the topology. Then M
is the Borel o-field in Q. A stochastic process with values in R?, defined for
t = t,, is a probability measure on (Q, M*).

Given the coefficients {a;;(t, )} and {b;(t, x)}, we define an operator L, acting
on functions f(x) € O (R?) by

(12) (L)@ =3 T aylh, @) 5 (.{ + Y bt L
X

We say that a measure P is a solution to the Martingale problem corresponding
to the given coefficients, starting at time ¢, from the point x, if

(a) P is a probability measure on (Q, M*) such that P[x({y) = zo] = 1, and

(b) for each fe CF(RY), f(x(t)) — fi, (Lsf)(x(s)) ds is a martingale relative
to (Q, Mo, P).

Under suitable conditions on the coefficients @ and b, one should attempt to
answer the following questions:

(1) For each ¢, and x,, does a solution P,

ro,xo €Xist?
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