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1. Introduction and summary

Toss a fair coin independenltly n tiiiues anid let S,, be the numuiiber of heads
mlinlUs the iiumber of tails. Klhiiitchliiie [26] proved the law of the iterated
logarithm
(1) rnlin suip (2n log log n)-12S= 1, a.s.

n

Tlhus if the supreCIiuIm1 of aii cmpty set of niatural niumlbers is understood to be 0,
then

(2) P: = sup {n: (2n log log n)-112Sn > C5

is a raudomi- variable for c > 1 represeintiiig the speed of the upper half of
the law of the iterated logarithm.

In the first part of this paper we will be mainly concerined with the distribution
of P anid of similar random variables. Our research has beeii initiated by a
remiiarik of Professor Alfred R16ntyi to the effect that ET = oc. Here is a simple
proof:
(3) ET > E (numiiber of times n such that (2n log log ,)-1/2Sn > c)

PiPr (2n log log n)-112S > c'-

b)y niormiiial approximat ion.
UInfortunately, this argumienit seemiis to lhave a very limited scope. Rteplace, for

inistanice, (2n log log n)-(i/2) in the definiition of T by (2n(log n + log log n))-(1 2)
anid puit c = 1. 'T'hen ET = x (as will follow from corollary 4.7 of this paper),
but

(4) E Pr {(2n(log n + log log n))-1/2'S& > 1, < .
n

Moreover, the argumienit (3) fails if applied to im-omenits other tlhani the meani.
In order to state our first result in a more suggestive way, let us introduce a

Hahilitationssehrift zur Er]ingung der venia legendi fiir Alathernatik an der Uiiiversiuit
IErlangeni-Nuriiberg. This p)aper was prel)are(d while the atuthor was Habilitand(elIstipenl(diat
of the D)eutsche Forsc(lungsg,einieiis(cliaft.
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