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1. Introduction
In this paper we discuss some methods of factor analysis. The entire discussion is centered around one general probability model. We consider some mathematical problems
of the model, such as whether certain kinds of observed data determine the model uniquely. We treat the statistical problems of estimation and tests of certain hypotheses. For
these purposes the asymptotic distribution theory of some statistics is treated.
The primary aim of this paper is to give a unified exposition of this part of factor analysis from the viewpoint of the mathematical statistician. The literature on factor analysis
is scattered; moreover, the many papers and books have been written from many different points of view. By confining ourselves to one model and by emphasizing statistical
inferences for this model we hope to present a clear picture to the statistician.
The development given here is expected to point up features of model-building and
statistical inference that occur in other areas where statistical theories are being developed. For example, nearly all of the problems met in factor analysis are met in latent
structure analysis.
There are also some new results given in this paper. The proofs of these are mainly
given in a technical Part II of the paper.
In confining.ourselves to the mathematical and statistical aspects of one model, we
are leaving out of consideration many important and interesting topics. We shall not consider how useful this model may be nor in what substantive areas one may expect to find
data (and problems) that fit the model. We also do not consider methods based on other
models. In doing this, we do not mean to imply that the model considered here is the most
useful or important. It seems that this model has some usefulness and importance, it
has been studied considerably, and one can give a fairly unified exposition of it.
Extensive discussion of the purposes and applications (as well as other developments)
of factor analysis is given in books by psychologists (for example, Holzinger and Harmon [10], Thomson [23], Thurstone [24]). Some general discussion of statistical inference
has been given in papers by Bartlett [9] and Kendall [12].
PART I. EXPOSITORY

2. The model
The model we consider is
(2.1)

X = Af+ U+js,

This work was started while the authors were research associates of the Cowles Commission for
Research in Economics. It has been supported in part by the Office of Naval Research.
III

