
255

10. INEQUALITIES FOR CRITICAL PROBABILITIES .

We first give a theorem of Hammers!ey's (1961) stating that for 

any connected graph Q the critical probability in a one-parameter 

problem for site-percolation on Q( = PH(Q) in our notation) is at 

least as large as the critical probability for bond-percolation on 

Q ( = Ph (Q)> where Q is the covering graph of Q ; see Sect. 2.5). 

Actually, the result is obtained by comparing the probabilities that a 

fixed vertex Zg is connected to some set of vertices V via a path 

with all vertices occupied, and via a path with all edges open, re­

spectively. The proof given below is from Oxley and Welsh (1979). 

Hammers!ey (1980) has generalized this further to mixed bond and site 

problems (see Remark 10.1 (i) below).

Special cases of the above mentioned inequality

(10.1) pH(q) > ph (Q)

are

(10.2) p^(Qg) = cfitical Probability for site-percolation on 

^  2i Ph (^i ) = 2

(see Ex. 2.1(i), 2.1(ii) and Application 3.4(ii)) and

(10.3) pH (S') = -g- _> critical probability for bond percolation

on the triangular lattice = 2sin yg

(see Ex. 2.1(iii) and Applications 3.4(i) and (iii)). In (10.3) we 

clearly have a strict inequality,and various data (Essam (1972)) indicate 

that p^(Qg) * S0 one exPectec* (10-2) to be a strict
inequality as well. Higuchi (1982) recently gave the first proof of 

this strict inequality. Intuitively* the most important basis for a 

comparison of P^(Qq ) and P̂ (Q-j) is the fact that Qg can be


