
CHAPTER XIV 

SPECIAL FUNCTIONS DEFINED BY INTEGRALS 

147. The Gamma and Beta functions. The two integrals 

f xn¯λerxdx, B(m,rì) = ļ x^~\l — ) ~ (1) ƒ 
Jo 

converge when n > 0 and m > 0, and hence define functions of the 
parameters n or n and m for all positive values, zero not included. 
Other forms may be obtained by changes of variable. Thus 

Γ W = 2 Í V “ - ¾ “ 4 by x = f, (2) 

Γ ( Λ ) = f ( l o ^ .W> *~* = 2Λ (3) 

B(m, n ) = Γ r i ( l - y ) « r i = B(n,m), by * = 1 - y, (4) 

B(m, ŵ)= -r^-—r^— > by æ = —^-¯-, (5) 
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B(m, ) = 2 ƒ sin*“'-!φcos2—V¿Φ, by x = sin2φ. (6) 

If the original form of (n) be integrated by parts, then 

J Γ∞ 1 I00 1 Γ∞ 1 

I -ap-ie-*dx - xne~x + - I a?e-*dx = - Γ(w + 1).  
» Jo nX n ĸ J 

The resulting relation T(n + 1) == nΓ(τ¾) shows that the values of the 
Γ-function for n + 1 may be obtained from those for and that con
sequently the values of the function will all be determined if the values 
over a unit interval are known. Furthermore 

T(n + 1) = nT(n) = n(n - l)Γ(n - 1) “ 
= n(n-l)---(n- k)T(n - k) ^ } 

is found by successive reduction, where is any integer less than n. 
If in particular n is an integer and = n — 1, then 

T(n + 1) = n(n - 1) - - - 2 • 1 • Γ(l) = n ! Γ(l) = n ! ; (8) 
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