
Chapter 4

Noneffectively hyperbolic
Cauchy problem I

4.1 C∞ well-posedness

Let
P (x, D) = D2

0 +
X

|↵|≤2,↵0<2

a↵(x)D↵ = P2 + P1 + P0

be a second order di↵erential operator, defined in an open neighborhood of the
origin of Rn+1, hyperbolic with respect to the x0 direction and with principal
symbol p(x, ξ) where x = (x0, x1, ..., xn), ξ = (ξ0, ξ1, ..., ξn).

We now state more precisely our assumptions. We shall assume in the fol-
lowing that p vanishes exactly of order 2 on a C∞ submanifold ⌃ on which σ
has constant rank and p is none↵ectively hyperbolic, that is we assume that
⌃ = {(x, ξ) | p(x, ξ) = 0, dp(x, ξ) = 0} is a C∞ manifold and

(4.1.1)

8><
>:

Sp(Fp(ρ)) ⊂ iR, ρ ∈ ⌃,

dim T⇢⌃ = dimKer Fp(ρ), ρ ∈ ⌃,

rank
�
σ|Σ

�
= constant, on ⌃

where Sp(Fp(ρ)) denotes the spectrum of Fp(ρ). According to the spectral
structure of Fp(ρ), two di↵erent possible cases may arise

(4.1.2) Ker F 2
p (ρ) ∩ Im F 2

p (ρ) = {0}

and
Ker F 2

p (ρ) ∩ Im F 2
p (ρ) ∕= {0}

about which we made detailed studies in the previous chapter.
As shown in Proposition 3.2.1 if p verifies (4.1.2) then p admits an elemen-

tary decomposition. In this chapter, assuming (4.1.2), we prove that the Cauchy
problem is C∞ well posed deriving energy estimates via elementary decompo-
sition under the Levi or the strict Ivrii-Petkov-Hörmander condition.
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