
CHAPTER 11

Shift operators

In this chapter we study an integer shift of spectral parameters λj,ν of the
Fuchsian equation Pm(λ)u = 0. Here Pm(λ) is the universal operator (cf. Theo-
rem 6.14) corresponding to the spectral type m = (mj,ν

)
j=0,...,p
ν=1,...,nj

. For simplicity,

we assume that m is rigid in this chapter unless otherwise stated.

11.1. Construction of shift operators and contiguity relations

First we construct shift operators for general shifts.

Definition 11.1. Fix a tuple of partitions m =
(
mj,ν

)
j=0,...,p
ν=1,...,nj

∈ P(n)
p+1. Then

a set of integers
(
ϵj,ν
)

j=0,...,p
ν=1,...,nj

parametrized by j and ν is called a shift compatible

to m if

(11.1)

p∑
j=0

nj∑
ν=1

ϵj,νmj,ν = 0.

Theorem 11.2 (shift operator). Fix a shift (ϵj,ν) compatible to m ∈ P(n)
p+1.

Then there is a shift operator Rm(ϵ, λ) ∈ W [x] ⊗ C[λj,ν ] which gives a homomor-
phism of the equation Pm(λ′)v = 0 to Pm(λ)u = 0 defined by v = Rm(ϵ, λ)u. Here
the Riemann scheme of Pm(λ) is {λm} =

{
[λj,ν ](mj,ν)

}
j=0,...,p
ν=1,...,nj

and that of Pm(λ′)

is {λ′m} defined by λ′j,ν = λj,ν + ϵj,ν . Moreover we may assume ordRm(ϵ, λ) <
ordm and Rm(ϵ, λ) never vanishes as a function of λ and then Rm(ϵ, λ) is uniquely
determined up to a constant multiple.

Putting

(11.2) τ =
(
τj,ν
)

0≤j≤p
1≤ν≤nj

with τj,ν :=
(
2 + (p− 1)n

)
δj,0 −mj,ν

and d = ordRm(ϵ, λ), we have

(11.3) Pm(λ+ ϵ)Rm(ϵ, λ) = (−1)dRm(ϵ, τ − λ− ϵ)∗Pm(λ)

under the notation in Theorem 4.19 ii).

Proof. We will prove the theorem by the induction on ordm. The theorem
is clear if ordm = 1.

We may assume that m is monotone. Then the reduction {λ̃m̃} of the Riemann
scheme is defined by (10.33). Hence putting

(11.4)

{
ϵ̃1 = ϵ0,1 + · · ·+ ϵp,1,

ϵ̃j,ν = ϵj,ν +
(
(−1)δj,0 − δν,1

)
ϵ̃1 (j = 0, . . . , p, ν = 1, . . . , nj),
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