CHAPTER 11

Shift operators

In this chapter we study an integer shift of spectral parameters A;, of the
Fuchsian equation Py, (A)u = 0. Here Py, (\) is the universal operator (cf. Theo-
rem 6.14) corresponding to the spectral type m = (m;,) j=o...., - For simplicity,

v=1,...,n;

we assume that m is rigid in this chapter unless otherwise stated.

11.1. Construction of shift operators and contiguity relations

First we construct shift operators for general shifts.

DEFINITION 11.1. Fix a tuple of partitions m = (mj,,,) j=0,...p € P}gi)l. Then

v=1,...,n;
a set of integers (51‘,”) j=0,....,p parametrized by j and v is called a shift compatible
v=1,...,n;
to m if
p ny
(11.1) >3 ejumy, =0.

j=0v=1

THEOREM 11.2 (shift operator). Fiz a shift (e;,) compatible to m € 73]()1)1.
Then there is a shift operator Ry (€, \) € Wz] ® C[\;,] which gives a homomor-
phism of the equation Pym(AN)v =0 to Pu(A)u =0 defined by v = Ry (e, \)u. Here
the Riemann scheme of Pm(X) is {Am} = {[Njv](m,.)} i=0....p0 and that of Py (N')
is {Am} defined by X, = X\, + €;,,. Moreover we may assume ord Rm(e,N) <
ordm and R, (€, \) never vanishes as a function of A and then Ry, (e, \) is uniquely
determined up to a constant multiple.

Putting

(11.2) T = (Tj’y) 0<5<p with Tjv = (2 + (p — 1)n)(5j,0 — mj’,,
1<v<n;

and d = ord Rm (€, ), we have
(11.3) PO\ + €)Rm(6,A) = (=1)? R (6,7 — X — €)* Pm(\)
under the notation in Theorem 4.19 ii).

PrOOF. We will prove the theorem by the induction on ord m. The theorem
is clear if ordm = 1.

We may assume that m is monotone. Then the reduction {S\{h} of the Riemann
scheme is defined by (10.33). Hence putting

(11.4) = o1t F L L
€jv =€y + ((—1) 3,0 — (5,,,1)61 (J=0,...,p, v=1,...,n5),

109



