CHAPTER 6

Deligne-Simpson problem

In this chapter we give an answer for the existence and the construction of
Fuchsian differential equations with given Riemann schemes and examine the irre-
ducibility for generic spectral parameters.

6.1. Fundamental lemmas

First we prepare two lemmas to construct Fuchsian differential operators with
a given spectral type.

DEFINITION 6.1. For m = (m;,)j=o,..p € P;,?l, we put
1<v<n;

N,(m):=(p-1)r+1)+1

6.1
(6.2) My = Zmax{mj,y —14,0}.
v=1

See the Young diagram in (6.32) and its explanation for an interpretation of
the number m; ;.

LEMMA 6.2. We assume that m = (mj),,) 0,..p € 7?152?1 satisfies

Eu’gm
(6.3) M1 > Mo > >Myn, >0 and n>mey1 >myg > >my;
and
(6.4) mo1+ -+ mpa < (p—1)n.
Then
(6.5) N,(m) >0 (v=2,3,....,n—1)

if and only if m is not any one of
(ky ks k ks k ks ko), (koK Kk Kk kK k),
(6.6) (2K, 2k; k, kK, k; k, k, k, k)
and (3k,3k; 2k, 2k, 2k; k, k, k, k, k, k) with k> 2.

PRrOOF. Put

77’]

¢;(t) == Zmax{mj,,, —t,0},
v=1

) for j=0,...,p.
mja
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