
1 Introduction

Throughout this book, we will work in Ω (except in sections 4.2 and 5.4),
where

Ω ⊂ Rn is open and bounded.

We denote by 〈·, ·〉 the standard inner product in Rn, and set |x| =
√

〈x, x〉 for x ∈ Rn. We use the standard notion of open balls: For r > 0
and x ∈ Rn,

Br(x) := {y ∈ Rn | |x− y| < r}, and Br := Br(0).

For a function u : Ω → R, we denote its gradient and Hessian matrix at
x ∈ Ω, respectively, by
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Also, Sn denotes the set of all real-valued n × n symmetric matrices. Note
that if u ∈ C2(Ω), then D2u(x) ∈ Sn for x ∈ Ω.

We recall the standard ordering in Sn:

X ≤ Y ⇐⇒ 〈Xξ, ξ〉 ≤ 〈Y ξ, ξ〉 for ∀ξ ∈ Rn.

We will also use the following notion in sections 6 and 7: For ξ =t

(ξ1, . . . , ξn), η =t (η1, . . . , ηn) ∈ Rn, we denote by ξ ⊗ η the n × n matrix
whose (i, j)-entry is ξiηj for 1 ≤ i, j ≤ n;

ξ ⊗ η =
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