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§1. Introduction

The subject of the sub-Riemannian geometry is to study a triple
(M,D, g) of a manifold M , a distribution D on M and a bi-linear pos-
itive definite form g on D, which is called a sub-Riemannian manifold.
Here, a distribution is a sub-bundle of the tangent bundle TM of M .
The object appears naturally as a collapsing Riemannian manifold and
is a generalization of a Riemannian manifold. However properties of
sub-Riemannian manifolds are much different from those of Riemannian
manifolds. In fact, not much is known about the properties of expo-
nential maps and even about smoothness of minimizers. For example
there is a problem which is open for decades: “Are all locally minimizers
smooth on any sub-Riemannian manifold?”

In this article we give a new clue to study of minimizers on sub-
Riemannian manifolds.

For a distribution D, there is an important class of curves called
horizontal curves. A horizontal curve is an absolutely continuous curve
γ : I → M such that γ̇(t) is a measurable and bounded map which
satisfies γ̇(t) ∈ Dγ(t) for almost every t ∈ I.

According to Chow–Rashevsky’s theorem, if a distribution D on a
connected manifold M satisfies Hörmander’s condition, every two points
are connected by a horizontal curve. For a sub-Riemannian manifold
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