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§ 1. Introduction 

A few years ago there appeared several interesting attempts [1-4] to 
apply some group theoretical point of view to the explicit integration of 
the Toda lattice. In this direction, however, no result seems to have been 
established for the infinite lattice without free ends or any periodicity. 

This paper presents an algebraic approach toward the integration of 
the infinite Toda lattice which, in general, does not fall into the cases dis
cussed in [1-4]. As a result, the initial value problem for the Toda lattice 
hierarchy [5] is explicitly solved. 

To set up the initial value problem, let us briefly review the Toda 
lattice hierarchy [5]: 

Let x=(xb xz, ... ) and Y=(Yb Yz, ... ) be independent variables with 
infinite many components, and L, M matrices of size ZXZ (Z denotes the 
totality of integers) of the form 

(1.1) L=(bj_i(i, X, Y))iJeZ, bj =0 U> 1), b l = 1, 

M = (cj_;(i, X, Y))ijEZ, cj =0 U< -1), C_ I *0. 

bj and cJ serve as the unknown functions of the nonlinear differential equa
tions describing the Toda lattice hierarchy. Auxiliary matrices B,,, C", fj 
= 1, 2, .. " are introduced by 

(1.2) 

where the symbols (A)± denote for a matrix A=(aiJ)iJEZ of size ZXZ 
the triangular matrices (aijYl-i)iJEZ, respectively, with Ys+=O (s<O), =1 
(s>O), Ys-=l (s<O), =0 (s>O). 

The Toda lattice hierarchy is defined by the system of the Lax type 

(1.3) a"'I'L=[B", L], av"L=[C", M], 

a",,,M=[B,,, M], aVI'M=[C", M], fj=1,2,···, 
-------

Received March 25, 1983. 


