
Chapter 8

Systems of Reduced Equations

In this chapter, we explain how the vector fields are used in connection with

the system of reduced equations due to Hörmander [36, 41]. As an immediate

application, we will obtain a detailed version of the lifespan estimate in Theorem 6.7.

Further applications to global existence and the asymptotic behavior will be given

later in Chapter 10.

8.1 Basic estimates

We are going to figure out the main parts of derivatives of solutions to wave equa-

tions by using the vector fields in Γ.

As before, we use the polar coordinates r = |x| and ω = (ω1, . . . , ωn) = |x|−1x

for x ∈ Rn, so that we have x = rω and ∂r =
∑n

j=1(|x|−1xj)∂j . We always suppose

that ω0 = −1. We define

∂± := ∂t ± ∂r. (8.1)

It follows from (5.18) and (5.19) that

∂+ =
1

t+ r
(S + Lr). (8.2)

This simple identity shows that ∂+ϕ has a special feature of rapid decay if we have

a good control of generalized derivatives Γϕ:

Lemma 8.1. There is a universal constant C such that we have

|∂+ϕ(t, x)| ≤ C⟨t+ r⟩−1|Γϕ(t, x)| (8.3)

for a smooth function ϕ = ϕ(t, x).

Proof. (8.3) follows immediately from (8.2) when t+r ≥ 1, while it is a consequence

of a trivial estimate |∂+ϕ(t, x)| ≤ 2|∂ϕ(t, x)| when t+ r ≤ 1.

Using this inequality, we get the following:

Lemma 8.2. For a = 0, 1, . . . , n, we have

∂aϕ(t, x) = ωa(∂rϕ)(t, x) +O
(
⟨t+ r⟩−1|Γϕ(t, x)|

)
, (8.4)

r(n−1)/2∂aϕ(t, x) = ωa∂r
(
r(n−1)/2ϕ(t, x)

)
+O

(
r(n−3)/2|ϕ(t, x)|1

)
(8.5)

for (t, x) ∈ [0, T )× (Rn \ {0}) and ϕ ∈ C∞([0, T )× Rn
)
with T ∈ (0,∞].
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