
CHAPTER 4

Radon transform and propagation of singularities
in Hn

The purpose of this chapter is to extend Theorem 1.6.6 to the asymptotically
hyperbolic metric on Rn

+ in the sense of singularity expansion.

1. Geodesic coordinates near infinity

1.1. Geodesic coordinates. We shall study the metric

(1.1) ds2 = y−2
(
(dx)2 + (dy)2 + A(x, y, dx, dy)

)

on Rn
+ defined in Chapter 2, Subsection 2.1, i.e. the metric satisfying the condition

(C) in Chap. 2. Our aim is to transform (1.1) into the following canonical form

(1.2) ds2 = y−2
(
(dx)2 + (dy)2 + B(x, y, dx)

)

in the region 0 < y < y0, y0 being a sufficiently small constant, where B(x, y, dx)
is a symmetric covariant tensor of the form

B(x, y, dx) =
n−1∑
i,j=1

bij(x, y)dxidxj .

Passing to the variable z = log y, we rewrite the Laplace-Beltrami operator ∆g

associated with (1.1) as

∆g = ∂2
z + e2z∂2

x +
n−1∑
i,j=1

aij(x, ez)e2z∂xi∂xj

+ 2
n−1∑
i=1

ain(x, ez)ez∂xi∂z + ann(x, ez)∂2
z

up to 1st order terms. Then
(
gij

)
in the variables x and z takes the form

(1.3) gij =




e2z
(
δij + hij(x, z)

)
, 1 ≤ i, j ≤ n − 1,

ezhin(x, z), 1 ≤ i ≤ n − 1,

1 + hnn(x, z), i, j = n,

where hij(x, z) satisfies in the region z < 0

(1.4) |∂α
x ∂β

z hij(x, z)| ≤ CαβW (x, z)−min(|α|+β,1)−1−�0 ,

and
W (x, z) = 1 + |z| + log

(
|x| + 1

)
.
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